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The isoperimetric number of a graph G, denoted by i(G), was introduced by Mohar (1987). A graph G and a subset X of its vertices
are given, and let 0(X) denote the edge boundary of X, the set of edges which connects vertices in X to vertices not in X. The
isoperimetric number of G is defined as i(G) = min,jx<y(g)2(10(X)I/|X]). In this paper, some results about the isoperimetric

number of graphs obtained by graph operations are given.

1. Introduction

Given a graph G and a subset X of its vertices, let 9(X)
denote the edge boundary of X that is, the set of edges
which connects vertices in X with vertices not in X. The
isoperimetric number is defined as

0 (X)]

i(G)= min
1xiivelz | X|

@

Clearly, i(G) can be defined in a more symmetric form by

|E (X, Y)]

i(G) =min ———,
min {|X], Y]}

2)

where the minimum runs over all partitions of V(G) = XUY
into nonempty subsets X and Y, and E(X,Y) = 0X = 0Y are
the edges between X and Y.

As examples of isoperimetric numbers, we consider the
following.

(i) The isoperimetric number of the complete graph K,
with n vertices is i(K,,) = [n/2].

(ii) The isoperimetric number of the cycle C, with n
vertices is i(C,) = 2/|n/2].

(iii) The isoperimetric number of the path P, with n
vertices is i(P,) = 1/[n/2].

(iv) The isoperimetric number of the complete bipartite
graph with m + n vertices K,,, , is

- mn )
, if m and » are even
m+n
. mn+ 1 .
i (Kpn) = 1 > if m and n are odd (3)
’ m+n
mn . .
——, if m+nis odd.
‘\m+n-1

It can be briefly shown as i(K,,, ,) = [mn/21/[(m + n)/2].

The isoperimetric number is also closely related to the
notion of bisection width, bw(G), of a graph G. This is the
minimum number of edges that must be removed from G
in order to split V(G) into two equal-sized (within one if the
number of vertices in G is odd) subsets:

bw(©) XI=LV(G)/2] 191 (4)

where X ¢ V(G). If known, one can use the isoperimetric
number of a graph G to establish a lower bound for its
bisection width using the fact that

bw(@G)
_— QG).
v @ ®)

See [1].



The importance of i(G) lies in various interesting inter-
pretations of this number by Mohar as follows [2].

(a) From (2), itis evident that, in trying to determine i(G),
we have to find a small edge-cut E(X,Y) separating
as large a subset X (assume |X| < [Y]) as possible
from the remaining larger part Y. So, it is evident that
i(G) can serve as measure of connectivity of graphs.
It seems that there might be possible applications
in problems concerning connected networks,and the
ways to “destroy” them are by removing a large
portion of the network by cutting only a few edges.

(b) The problem of the partitioning V(G) into two equally
sized subsets (to within one element), in such a way
that the number of the edges in the cut is minimal, is
known as the bisectionwidth problem. It is important
in VLSI design and some other practical applications.
Clearly, it is related to isoperimetric number.

Theorem 1 (see [2]). Some of the theorems that Mohar stated
are given below.

(a) i(G) = 0 ifand only if G is disconnected.
(b) If G is k-edge-connected then i(G) > 2k/|V(G)I.

(c) If6(G) is the minimal degree of vertices in G then i(G) <
8(G).

(d) Ife = uv is an edge of G and |V (G)| = 4 then i(G) <
[deg(u) + deg(v) — 2]/2.

(e) If A is the maximum vertex degree in G then i(G) <
(A =2) +2/lIV(G)I/2]. If G has a cycle with almost
half the vertices of G then i(G) < A - 2.

If aset X ¢ V(G) with |X| < (1/2)|V(G)| reaches the
minimum i(G) = [0(X)|/|X| we call it an isoperimetric set.
ForU < V(G) denoted by G | U, the subgraph of G is induced
onU [2].

Proposition 2 (see [2]). If G is a connected graph then it has
an isoperimetric set X such that G | X and G | (V \ X) are
connected subgraphs of G.

In the next section, we prove a upper bound for isoperi-
metric number of lexicographic product of graphs.

2. Lexicographic Product

The lexicographic product G, [G,] of two graphs G, and G,
has its vertex set V(G,) x V(G,) with (u;,u,) adjacent to
(v1,v,) if either u; adjacent to v, in G, or u; = v, and u,
are adjacent to v, in G,. Note that unlike the union, join, and
Cartesian product, this operation is not commutative.

Theorem 3. Let G be a graph with m vertices, and let q edges
and H be a graph with n vertices. Then,

2g[n/2]

i (G [H]) < min {i(G) n, N (H)} . (6)

Ln/2]

ISRN Combinatorics

Proof. Let X € V(G) and X; be the isoperimetric set of G
and d;(X) edge boundary of G. We know that G[H] includes
n copies of G. If | X| = | Xg|n then [0(X)| < |05(X)|nn. Hence,

10 (X)] § [0 (X)|nn |0 (X)|nn [0g (X)|n
< = = . @
1X] | Xg|n |Xg|n Xl
So,
. {|a(X)|} . {Iac;(X)In}
mmny——— ¢ <mny—————
X Xq]
8)
o {IBG(X)|} »
=min{———n=1i(G)n.
| Xl
Similarly, let X;; <€ V(H) with |Xg| < [n/2] and

| Xyl = rm. We know that G[H] includes m copies of H. If
|X| = rm then we have [0(X)| < r(n — r)2q + |04(X)|m.
Therefore, [0(X)|/|X] < (r(n — r)2q + |04(X)|m)/rm. So,
min{|0(X)|/IX|} < min{(r(n — r)2q + |0x(X)|m)/rm}. The
function (r(n—r)2q+|0y(X)|m)/rm takes its minimum value
atr = |[n/2]. Since | X 4| = [n/2] then [0(X)| = bw(H). We
have

. 2q[n/2]  bw(H)
i(G[H]) < o 2] ©))
The proof is completed by (8) and (9). O

We havei(G)n < 2g[n/2])/m+bw(H)/|n/2] according to
the upper bounds of i(G), and hence we get i(G[H]) < i(G)n.

Corollary 4. Let G be a graph with m vertices, and let q edges
and H be a graph with n vertices. If n is even and i(G) < q/m
and i(G) < 2bw(H)n’ then
2q[n/2]  bw (H)
ln/2]
Proof. If n is even and i(G) < 2bw(H)/n? then i(G)n* <
2bw(H). Hence, we have i(G)n* + qn2 < 2bw(H) + qnz.

i(G)n< (10)

Since i(G) < g/m then 7 (i(G) + i(G)m) < n*(i(G) + q) <

i(Gn* + an < 2bw(H) + qnz. So, we have i(G)mn* <
2 (i(G) +i(G)m) < 2bw(H) + qnz. Therefore, we have
i (G) mn* _ 2bw (H) +qn’  2q(n/2) . bw (H)

mn mn m n/2 )
_2q[n/2]  bw(H)

oom 2T

Corollary 5. Let G be a graph with m vertices, and let q edges

and H be a graph with n vertices. If n is odd and i(G) <

2bw(H)n? — n then

2q[n/2]  bw(H)
ln/2]

Corollary 6. Let T be a tree with m vertices, and let H be a

graph with n vertices. If n is even then

2(m—1)[n/2] bw(H)
m ln/2)

i(G)n < (12)

i(T)n< (13)
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Proof. Forn > 1andm > 1, we know that 0 < (m=2)n*+2m.
Then, mn®> < (2m — 2)n* + 2m. Since bw(H) > 1 and i(T) < 1
then we have i(T)mn* < mn* < (2m — 2)n* + 2mbw(H).
Therefore, we have

i(T)yn < 2(m—1)(n/2) . bw (H)
B m n/2 (14)
_2(m-1)[n/2]  bw(H)
- m n/2] -~

Corollary 7. Let T be a tree with m vertices, and let H be a
graph with n vertices. If nis odd and n — 1 < m then i(T)n <
2(m — 1)[n/2]/m + bw(H)/|n/2].

Corollary 8. Let G be a graph with m vertices, q edges that is
not a tree, and let P, be a path graph with n vertices. If n is even
and i(G) < (m — 1)/m then

2q(n/2) 1 _2q[n/2]  bw(P,)
(n/2) m [n/2]

Proof. If nis even and i(G) < (m—1)/m then i(G)m < m — 1.

Thus, i(G)mn* < (m — 1)n® < (m — 1)n* + 2m. Therefore,

i(G)ymn* Jmn < (m—1)n* +2m)/mn = (m—1)n/m+2/n. So,

2 _2(m-1) n/2

no m

i(Gn< (15)

(m—l)n+

iG)n<

L<M+L (16)

n/2 - m n/2
_2q[n/2]  bw(P,)
 om ln/2]

O

Corollary 9. Let G be a graph with m vertices, q edges that is
not a tree, and let P, be a path graph with n vertices. If n is odd
and i(G) < 2/(n* - n) then

. 2q((n+1)/2) 1 _2q[n2] bw(B)
G < Yoz T m il
17)

Corollary 10. Let G be a graph with m vertices, q edges that
is not a tree, and let C,, be a cycle graph with n vertices. If n is
even and i(G) < (n* + 4)/n”* then

. 29(n/2) 2 2q[n/2] bw(C,)
i(Gn< — + n_/2 = - ] (18)
Proof. It nis even and i(G) < (n* + 4)/n* then
2 2
iGnetiton 2 om, 2
n n m n/2 (19)
2mnf2 2 2q(n/2) 2
= < —+ —.
m n/2 m n/2
So,
. 2q(n/2) 2 2q[n/2] bw(C,)
I(G)HST+m_ e 2] (ZOE)]

Corollary 11. Let G be a graph with m vertices, q edges that is
not a tree, and let C, be a cycle graph with n vertices. If n is odd
and i(G) < (n* + 3)/(n* — n) then

. 2q((n+1)/2) 2 2q[n/2] bw(C,)
iG)n< Tn-ni2T  m /2]
(21)

Corollary 12. Let G be a graph with m vertices, q edges that is
not a tree and let K,, be a complete graph with n vertices.

(a) Ifnis even and i(G) < (g/m) + (1/2) then

_240) s 2qinf2) bw(K,) o

i(G)n m n/2 m ln/2]

(b) If nis odd and i(G) < (n + 1)(2q + m)/mn then

buw (K,,)
ln/2]

2q[n/2]

i(G)n< (23)

Proof. (a) If nis even and i(G) < (q/m) + (1/2) then we have

iGnT 2
m
29 (nf2) n*/4
T &2
_2q[n/2]  bw(K,)
 om ln/2]

The proof for n even is very similar to the proof for odd. [J

Theorem 13. Let P,, be a path graph with m vertices, and let q
edges and H be a graph with n vertices. Then,

i (P, [H])
(2n . .

ot if miseven

2
w, if mis odd and n is even

mn
and bw (H) (m - 1) < n*

2n . . .

— if mis odd and n is even (25)

and bw (H) (m - 1) > n?
2n® + 2bw (H)

if m and n are odd
mn—1

and bw (H)(m - 1) <n* —n
2n

, if mand n are even

and bw (H) (m - 1) > n* - n.

Proof. Let V(P,,) = {1,2,...,m} and X < V(P,[H]) with
|X| < |mn/2]. Fori = 1,2,...,mlet X; = X n (V(H) x
i). Hence, X is the disjoint union of X;,X,,...,X,,. Let
So =1X; 11Xl = 0,1 <i <m}and S, = {X; | |X;| =
n,1 < i < mj}. To prove this theorem, we have three cases.



Case 1. Let m be an even integer. To prove this case, we have
three subcases.

Subcase 1.1. If | X| = r where 1 < r < nthen [0(X)| > rn+ 1.
Therefore, |0(X)|/|X| = (rn + 1)/r. The function (rn + 1)/r
has its minimum value at r = n — 1, and we have

min{la(X)I}Z(n—l)n+l. (26)
|X]

n-1
Subcase 1.2. 1f S, > 0 and S, > 0 and |X| = r wheren < r <
mn/2 then [0(X)| > n* + (m — So — S04 (X)|. Therefore,
PX)|/IX] = (n* + (m = S, — S,)|0 (X)|)/r. The function
(n* + (m - So — S0y (X)I)/r has its minimum value at r =
mn/2. If r = mn/2 then (m — S, — S,,)|0,(X)| = 0. Thus,

[ X] m
Subcase 1.3. If (S, = 0,S,, = 0) or (S, = 0,S,, > 0) or (S, >
0,S, =0) and | X| = r where n < r < mn/2 then

10 (X)] > [%J <n— léJ>2q+ 19 ()| m

(e LD
+ [0y (X)|m > [%J (n— [iJ) 2m-2) +m.
(28)
Thus, [0(X)|/|1X] = (lr/m](n - |r/m])(2m — 2) + m)/r. The

function (|r/m](n - |r/m])(2m —2) + m)/r has its minimum
value at ¥ = mn/2, and we have

o

o Lmn/2) [m] (n — [(mn/2) [m]) (2m —2) + m
- mn/2

w'm—n® +2m

mn
(29)

By (26), (27), and (29), if m is even then i(P,[H]) =
(2n/m).

Case 2. Letmbe an odd, and let n be an even integer. To prove
this case, we have four subcases.

Subcase 2.1. If | X| = r where 1 < r < nthen |0(X)| > rn+ 1.
Therefore, |0(X)|/|X| = (rn + 1)/r. The function (rn + 1)/r
has its minimum value at ¥ = n — 1, and we have

min{la(x)l}z(n_l)n+1. (30)
X

n-1
Subcase 2.2. If S, > 0and S, > 0 and |[X| = r wheren <
r < (m - Dn/2 then [0(X)| = n® + (m — So = Slog (X)I.
Therefore, [0(X)|/|X| > (n* + (m — So = S0 (X)1)/r. The
function (n* + (m— So=S,)19y (X)])/r has its minimum value
atr = (m—-1)n/2.Ifr = (m—1)n/2 then m—S,-S,)|04(X)| =

0. Thus,
. [ lo(X)] n _2n
mm{ IX] }Z(m—l)n/z‘m—r G
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Subcase 2.3. 1t S, > 0and S, > 0 and |X| = r where (m —
Dn/2 < r < mn/2 then [0(X)| = #* + bw(H). Therefore,
[P(X)I/1X]| = (n* + bw(H))/r. The function (n* + bw(H))/r
has its minimum value at » = mn/2. Thus,
(10X AP +bw(H) 2n*+2bw(H)
m‘“{ IX] } ) ) ‘

mn/2 mn
(32)

Subcase 2.4. 1f (S, = 0,5, = 0) or (S, = 0,S,, > 0) or (S, >
0,S,, =0)and |X| = r where n < r < mn/2 then

r

0 (X)] > {;J (n— [%J)zm 10 (20| m
FI
e

Thus, [0(X)|/|X]| = (lr/m](n — |r/m])2m — 2) + m)/r. The
function (|r/m|(n — |r/m])(2m — 2) + m)/r takes minimum
value at » = mn/2, and we have

min { 2GO1]
X1

o Lmn/2) [m] (n — [(mn/2) [m]) (2m - 2) +m
h mn/2

<n— lLJ>2(m— 1)+ |0 (X)|m  (33)
(n-

>
>

wim—n® +2m

mn

(34)

By (30), (31), (32), and (34), we have that if 1 is odd and

n is even and bw(H)(m — 1) < n* then i(P, [H]) = n* +

2bw(H))/mn, and if m is odd and # is even and bw(H)(m —
1) > n* then i(P,, [H]) = 2n/(m — 1).

Case 3. The proofs of the case in which m and » are odd are
similar to that of Case 2. O

The isoperimetric number of i(P,,[P,]) is given in the
following corollary.

Corollary 14. Let m and n be positive integers. Then,

i (P [Pa])
(2n . .
-, if miseven
- f
2n +2
1 , if mis odd and n is even
mn
and (m-1) < n?
2
" T if mis odd and n is even (35)
_im-
- and (m-1) > n?
2n +2
" , if mis odd and n is odd
mn—1
and (m-1)<n*-n
2
A if mis odd and n is even
m—1
and (m—-1)>n*—n.
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The isoperimetric number of i(P,[C,]) is given in the
following corollary.

Corollary 15. Let m > 5 and n be positive integers. Then,

i(P,[C,])
(2
il if mis even
m
2n* + 4
" , if mis odd and n is even
mn
and 2(m—1) < n?
2
nl’ if misodd and n is even (36)
m—
= and 2(m—-1) > n’
2n* + 4
" if misodd and n is odd
mn—1
and 2(m—-1)<n*-n
2
e , if mis odd and n is even
m-—1
and 2(m—-1)>n’* —n.

The isoperimetric number of i(C,,[P,]) is given in the
following corollary.

Corollary 16. Let m > 5 and n be positive integers. Then,

i(Cn [P])
4
—n, if m and n are even
4
and m > Zn
) n-+ 2
4n” +2
1 , if mis odd and n is even
mn
and m < 2n* + 1
4
nl) if mis odd and n is even
m_
and m > 2n* + 1
2
-1
n , if mis even and n is odd (37)
n
= < 4n2
and m < —
n-—1
4n . . .
—, if mis even and n is odd
m
4n’
and m > —
) n-—1
4
ﬁ, if mis odd and n is odd
m-1)n
and m < 2n* —=2n+1
an’ +2
~ T if misodd and n is odd
mn —
and m > 2n* - 2n + 1.

The isoperimetric number of i(K,,[P,]) is given in the
following corollary.

5
Corollary 17. Let m and n be positive integers. Then,
i (K, [P.])
[ Pm —n® + 4 . .
_ if niseven
2n
2 2 2
- +3
1 w, if mis even and n is odd
2mn
2 2 2
- +5m-—1
pmonmrome if m and n are odd.
2(mn—1)
(38)

The isoperimetric number of i(K, ,,[P,]) is given in the

following corollary.

Corollary 18. Let m and n be positive integers. Then,

i (Kl,m [Pn])

(W’m+2m+2 . )
————, if niseven
(m+1)n
and 2m +2 < n*
n, if nis even
and 2m +2 > n*
wm+2m+3

(m+1)n
= 4 and 2m + 3 < n?

if nand m are odd
(39)

n, if nand m are odd

and 2m + 3 > n*

2
nm+2m+2
— , if nis odd and m is even
m+1)n-1

and 2m+2 <n* —n

n, if nis odd and m is even

and 2m+2 >n* - n.

The isoperimetric number of i(K, ,,[C,]) is given in the

following corollary.

Corollary 19. Let m and n be positive integers. Then,

i (Kl,m [Cn])

(W’m+am+4
——, if niseven
(m+1)n
and 4m + 4 < n*
n, if niseven
and 4m + 4 > n*

2
nm+4m+5
———, if nand m are odd

m+n ° (40)
= - and 4m +5 < n*
n, if nand m are odd

and 4m + 5 > n*

2
nm+4m+4
—— , if nis odd and m is even
m+1)n-1

and 4m+4 <n* —n
n, if nisodd and m is even

and dm+4>n* —n.
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