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The notion of intersectional soft subalgebras of a BE-algebra is introduced, and related properties are investigated. Characterization
of an intersectional soft subalgebra is discussed. The problem of classifying intersectional soft subalgebras by their inclusive

subalgebras will be solved.

1. Introduction

In 1966, Imai and Iséki [1] and Iséki [2] introduced two classes
of abstract algebras: BCK-algebras and BCI-algebras. It is
known that the class of BCK-algebras is a proper subclass
of the class of BCI-algebras. Ma et al. studied (€, € vq)-tyle
(interval-valued) fuzzy ideals in BCI-algebras and soft R,-
algebras (see [3-5]). As a generalization of a BCK-algebra, H.
S. Kim and Y. H. Kim [6] introduced the notion of a BE-
algebra and investigated several properties. In [7], Ahn and
So introduced the notion of ideals in BE-algebras. They gave
several descriptions of ideals in BE-algebras. Song et al. [8]
considered the fuzzification of ideals in BE-algebras. They
introduced the notion of fuzzy ideals in BE-algebras and
investigated related properties. They gave characterizations of
a fuzzy ideal in BE-algebras.

Various problems in system identification involve charac-
teristics which are essentially nonprobabilistic in nature [9].
In response to this situation, Zadeh [10] introduced fuzzy
set theory as an alternative to probability theory. Uncertainty
is an attribute of information. In order to suggest a more
general framework, the approach to uncertainty is outlined
by Zadeh [11]. To solve complicated problem in economics,
engineering, and environment, we cannot successfully use
classical methods because of various uncertainties typical
for those problems. There are three theories: theory of
probability, theory of fuzzy sets, and the interval mathematics
which we can consider as mathematical tools for dealing

with uncertainties. But all these theories have their own
difficulties. Uncertainties cannot be handled using traditional
mathematical tools but may be dealt with using a wide range
of existing theories such as probability theory, theory of
(intuitionistic) fuzzy sets, theory of vague sets, theory of
interval mathematics, and theory of rough sets. However,
all of these theories have their own difficulties which are
pointed out in [12]. Maji et al. [13] and Molodtsov [12]
suggested that one reason for these difficulties may be due
to the inadequacy of the parametrization tool of the theory.
To overcome these difficulties, Molodtsov [12] introduced the
concept of soft set as a new mathematical tool for dealing
with uncertainties that is free from the difficulties that have
troubled the usual theoretical approaches. Molodtsov pointed
out several directions for the applications of soft sets. At
present, works on the soft set theory are progressing rapidly.
Maji et al. [13] described the application of soft set theory
to a decision making problem. Maji et al. [14] also studied
several operations on the theory of soft sets. Chen et al.
[15] presented a new definition of soft set parametrization
reduction and compared this definition to the related concept
of attributes reduction in rough set theory. The algebraic
structure of set theories dealing with uncertainties has been
studied by some authors. Cagman et al. [16] introduced fuzzy
parameterized (FP) soft sets and their related properties.
They proposed a decision making method based on FP-soft
set theory and provided an example which shows that the
method can be successfully applied to the problems that



contain uncertainties. Feng [17] considered the application
of soft rough approximations in multicriteria group decision
making problems. Aktas and Cagman [18] studied the basic
concepts of soft set theory and compared soft sets to fuzzy and
rough sets, providing examples to clarify their differences.
They also discussed the notion of soft groups. After that,
many algebraic properties of soft sets are studied (see [19-
29)).

In this paper, we introduce the notion of int-soft sub-
algebras of a BE-algebra and investigate their properties.
We consider characterization of an int-soft subalgebra, and
solve the problem of classifying int-soft subalgebras by their
inclusive subalgebras.

2. Preliminaries

Let K(7) be the class of all algebras of type 7 = (2,0). By a
BE-algebra we mean a system (X; *,1) € K(7) in which the
following axioms hold (see [6]):

(Vx e X)(xxx=1), 1
(VxeX)(x*1=1), )
(Vx e X)(1 % x=x), (3)
(Vx, yrz € X) (x % (y % 2) = y # (x * 2)). (exchangez |
4

A relation “<” on a BE-algebra X is defined by
(Vx,yeX)(x<ye=sxxy=1). (5)

A BE-algebra (X; *, 1) is said to be transitive (see [7]) if it
satisfies

(Vx, y,z€ X)(y*z < (x* y) * (x * 2)). (6)

A BE-algebra (X; *,1) is said to be self distributive (see
[6]) if it satisfies

(Vo yzeX)(xx(yxz)=(x*y)x(xx2). ()

Note that every self distributive BE-algebra is transitive,
but the converse is not true in general (see [7]).

A mapping u : X — Y of BE-algebras is called a homo-
morphism if p(x = y) = u(x) = u(y) forall x, y € X.

A soft set theory is introduced by Molodtsov [12], and
Cagman and Enginoglu [30] provided new definitions and
various results on soft set theory.

In what follows, let U be an initial universe set, and let E
be a set of parameters. Let ?(U) denote the power set of U
and A,B,C,... C E.

Definition I (see [12, 13]). A soft set (f, A) over U is defined
to be the set of ordered pairs

(fLA) ={(x,f(x):x€E, f(x)e2U)}, (8)

where f: E — 9(U) such that f(x) =0if x ¢ A.
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The function f is called an approximate function of the
soft set (f, A).

In what follows, denote by S(U) the set of all soft sets over
U by Cagman and Enginoglu [30].

For any soft sets (f, X) and (g, X) over U, we call (£, X)
a soft subset of (g, X), denoted by (f, X)S(g, X) if f(x) <
g(x) for all x € X. The soft {;,nion 1 of (f,X) and

intersection

. ,X) U (g, X)=(f 0 g, X
(g X) is defined to be a soft set { E;X; A 8,;5:8; A i’X; },where

(fGg)(x)=f(x)ug(x)
{ (FAg) 0= fNg(x) } forall x € X.

Definition 2 (see [31, 32]). Assume that E has a binary
operation <. For any nonempty subset A of E, a soft set ( f, A)
over U is said to be intersectional over U if it satisfies

(Vx»yeA)(XHy€A=>f(x)ﬂf(y)Qf(xHy)()g-)

For a soft set (f, A) over U and a subset y of U, the y-
inclusive set of (f, A), denoted by i,( f;y), is defined to be the
set

is(fiy)={xeAlyc fx}. (10)

3. Intersectional Soft Subalgebras

In what follows, we take E = X as a set of parameters, which is

«  »

a BE-algebra under the operation “x” unless otherwise spec-
ified.

Definition 3. A soft set (f, X) over U is called an intersectional
soft subalgebra (briefly, int-soft subalgebra) over U if it satisfies

(Vx,y e X)(f (x=y)2 f0)Nn f(y). (11)

Example 4. Let E = X be the set of parameters where X =
{1,a,b,c,d} is a BE-algebra with the following Cayley table:

(12)
Let (f, X) be a soft set over U defined as follows:
y; ifx=1,
f: X— 20U, x+— 1y, ifxed{acdl, (13)
y, ifx=b,

where y;,9,, and y; are subsets of U with y; ¢ y, & y5. Itis
easy to check that ( f, X) is an int-soft subalgebra over U.
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Example 5. Let E = X be the set of parameters, andletU = X
be the initial universe set, where X = {1,a,b, ¢, d, 0} is a BE-
algebra [7] with the following Cayley table:

* |1 abcd?oO
1{labcdo0
alllaccd
bll111ccc (14)
cllablabd
dll 1alla
0111111

Let {y, | n = 1,2, 3,4} be a class of subsets of U which is a
poset under the following Hasse diagram:

Ya
Y2 )&}

"

Let (f, X) be a soft set over U defined as follows:

y, iftx=1,
f:X— 2U) xr— 4N if x € {a,c.d},
' ' y, ifx=b,
y; if x=0.
(15)

It is easy to check that ( f, X) is an int-soft subalgebra over U.

Theorem 6. A soft set (f, X) over U is an int-soft subalgebra
over U if and only if ix(f;y) is a subalgebra of X for all y €
PU).

The subalgebra iy (f;y) in Theorem 6 is called the inclu-
sive subalgebra of X.

Proof. Assume that (£, X) is an int-soft subalgebra over U. Let

y € PU)and x, y € ix(f;y). Then,p € f(x)andy C f(y).
It follows from (11) that

flexy)2fnfly) 2y (16)

that is, x = y € ix(f;y). Thus, ix(f;y) is a subalgebra of X.

Conversely, suppose that iy( f; ) is a subalgebra of X for
ally € P(U). Let x, y € X be such that f(x) =y, and f(y) =
v, Take y = y, Ny,. Then, x,y € ix(f;y),andsox * y €
ix(f;y) by assumption. Hence,

flxxy)2y=y.ny,=fx)nf(y). (17)
Therefore, (f, X) is an int-soft subalgebra over U. O

Lemma 7. Every int-soft subalgebra (f, X) over U satisfies the
following inclusion:

(Vx € X) (f (x) € f(1). (18)

Proof. Using (1) and (11), we have

fO=fxxx)2 fx)nf(x)=f(x) (19)
for all x € X. O

Proposition 8. For any int-soft subalgebra (f, X) over U, if a
fixed element x € X satisfies f(x) = f(1), then

(Vy e X)(f(y) < fx*y)). (20)

Proof. Assume that a fixed element x € X satisfies f(x) =
f(1). Then,

f=fMnfy)=Ff@nfy)cflxy) @
forall y € X. O

Proposition 9. Let (f, X) be an int-soft subalgebra over U. If
a fixed element x € X satisfies the following condition:

(VyeX)(f(y)cf(y=x), (22)
then f(x) = f(1).

Proof. Taking y = 1 in (22) implies that f(1) € f(1 * x) =
f(x) by (3). It follows from Lemma 7 that f(x) = f(1). O

For any BE-algebras X and Y, let y : X — Y bea
function and (f, X), and let (g, Y) be soft sets over U.
(1) The soft set

pH (@ Y) = {(x e (9) ) x e Xu (9) (x) e 2V},
(23)

where //t_l(g)(x) = g(u(x)), is called the soft preimage of
(g,Y) under p.

(2) The soft set
u(£LX)={0nu(N) )y eYu(f)(y) € 9"(U)}(>24)
where
U f& ifu(y)#0,
u(f) () = {x'0) (25)
0 otherwise,

is called the soft image of (f, X) under p.

Proposition 10. For any BE-algebras X andY, lety: X — Y
be a function. Then,

V(LX) eSW) (LX) (u(£X)).  (26)

Proof. Note that ' (u(x)) # 0 for all x € X. Hence,

f@e U f@=u(f)@e)=u" @) x
acp™ (u(x))
(27)
for all x € X, and therefore (26) is valid. ]



Theorem 11. Let u : X — Y be a homomorphism of BE-
algebras and (g,Y) € SU). If (g,Y) is an int-soft subalgebra
over U, then the soft preimage u ' (g,Y) of (g,Y) under u is
also an int-soft subalgebra over U.

Proof. For any x,,x, € X, we have
W (9) (k) N (9) (x2) = 9 (u (%)) N g (1 (%))
€ g(u(x) * p(x2))
(28)

=g (u(x, * x;))

= (9) (31 + x).
Hence, ' (g, Y) is also an int-soft subalgebra over U. O
Theorem 12. Let u : X — Y be a homomorphism of BE-
algebras and (f, X) € SU). If (f, X) is an int-soft subalgebra
over U and p is injective, then the soft image u( f, X) of (f, X)

under y is also an int-soft subalgebra over U.

Proof. Let y,, y, € Y. If at least one of 4~ (y;) and y ' (y,) is
empty, then the inclusion

u(H))nu()) culf)n=y) (29

is clear. Assume that u~'(y,) #0 and u~'(y,) #0. Since u is
injective, we have

w(f) ) np(f) (32)

(U re)o( U s
x €ut(yy) xep(y,)
U (FE)nf(x)

xi € ()
xeu () (30)
< U (f (x1 % x3))
xi€u (n)
xeu ()
= U fw
xep ()
=u(f) O * ).
Therefore, u( f, X) is an int-soft subalgebra over U. O

Theorem 13. Let (f, X) € S(U) and define a soft set (f*, X)
over U by

fx) if xeix(fiy),

X 2 U),
f — 2 S {6 otherwise,

31

where y is any subset of U and & is a subset of U satisfying
8 ¢ Nugiy(fiy) S If (f, X) is an int-soft subalgebra over U,
then sois (f*, X).
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Proof. If (f, X) is an int-soft subalgebra over U, then ix(f;y)
is a subalgebra of X for all y € U by Theorem 6. Let x, y € X.
If x, y €ix(f;y), then x = y € ix(f;y). Hence,

frlexy)=flexy)2fGnf(y)=f x)nf ().
(32)

Ifx ¢ ix(fiy)ory ¢ ix(f;y), then f*(x) =S or f*(y) = 0.
Thus,

frlxxy)28=f (nf(y). (33)
Therefore, (f*, X) is an int-soft subalgebra over U. O
Theorem 14. If(f, X) and (g, X) are int-soft subalgebras over
U, then the soft intersection (f, X)N(g, X) of (f, X) and (g, X)
is an int-soft subalgebra over U.
Proof. Let x, y € X. Then,
(fRg)(xxy)=f(xxy)ng(x=y)
2(f)nf()n(gxng(y)
=(f@)ng@)n(fy)ng(y))
=(fg)x)n(fig(y).
Hence, (f, X) A (g, X) is an int-soft subalgebra over U.  [J

(34)

The following example shows that the soft union of int-
soft subalgebras over U may not be an int-soft subalgebra over
U.

Example 15. Let E = X be the set of parameters where X =
{1,a,b,c}is a BE-algebra [7] with the following Cayley table:

(35)

Let (f, X) and (g, X) be soft sets over U defined, respectively,
as follows:

ys ifx=1,

y, ifx=a,

:X QU, 3 5
f — 2(U) X > y ifx=b,
lys ifx=c,

(36)

(y, ifx=1,

y, ifx=a,

:X @U, h >
9: X =20 e y; ifx=0b,

n ifx=c,

where y;, V5, V3> Vs and ys are subsets of U withy; ¢ y, &
Y5 & Vs & V5. It is easy to check that (f, X) and (g, X) are
int-soft subalgebras over U. But (f, X) U (g, X) = (fUg, X)
is not an int-soft subalgebra over U, since (f U g)(c * b) =
(fUg)a) =y, 2y =(fUg)c)n(fT D).
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Theorem 16. Let (f, X) be an int-soft subalgebra over U. Let
y, and y, be subsets of U such that y; ¢ y,. If the y,-inclusive
set of (f, X) is equal to the y,-inclusive set of (f, X), then there
isno x € X such thaty, < f(x) ¢ y,.

Proof. Straightforward. O

The converse of Theorem 16 is not true in general as seen
in the following example.

Examplel7. Let E = X be the set of parameters, andletU = X
be the initial universe set where X = {1,a,b,c,d} is a BE-
algebra as in Example 4. Consider a soft set (f,X) over U
which is given by

X ifx=1,
f: X— PU), x+— 11{l,a} if x € {a,c,d},
{1,a,¢c} ifx=0.

(37)

Then, (f, X) is an int-soft subalgebra over U. The y-inclusive
sets of (f, X) are described as follows:

X ifye{0,{1},{a},{1,a}}
{Lb} ify e {{c}.{a,c},{Lacl},
{1t ifyes (U)\{0,{1},{a},{1,a},
{c}.{a, ¢}, {La,c}}.
(38)

ix(fiy) =

If we take y, = {1,c} and y, = {1,b,c}, then y; & y, and
there is no x € X such thaty; € f(x) ¢ y,. Butix(f;y,) =
{L b} # {1} = ix(fi )

Theorem 18. Let (f, X) be an int-soft subalgebra over U. Let
y, and y, be subsets of U such that y, & y, and {y,,y,, f(x)}
are totally ordered by set inclusion for all x € X. If there is no
x € X such that y, € f(x) & v,, then the y,-inclusive set of
(f, X) is equal to the y,-inclusive set of (f, X).

Proof. Since y; ¢ y,, we have ix(f;9,) < ix(f;). Ifx €
ix(f;71), then y; € f(x). Since {y;,y,, f(x) | x € X} is
totally ordered by inclusion and there is no x € X such that
p1 € f(x) & y,, it follows that p, € f(x), thatis, x € ix(f;7,).
Therefore, the y,-inclusive set of (f, X) is equal to the y,-
inclusive set of (f, X). O

Theorem 19. Let (f, X) be a soft set over U in which Im(f) is
totally ordered by set inclusion. For each subset y of Im(f), if
the y-inclusive set of (f, X) is a subalgebra of X, then (f, X) is
an int-soft subalgebra over U.

Proof. Let x, y € X be such that f(x) = y, and f(y) = y,.
Then, either y; € y, or p, € p,. We may assume that y; C y,
without loss of generality. Then, x € ix(f;v1), ¥ € ix(f;12),
and ix(f;y,) € ix(f;y1). Since ix(f;y,) is a subalgebra of X,
it follows that x = y € ix(f;y,) so that

fey)2n=non=Ff@nfy). 69
Therefore, (f, X) is an int-soft subalgebra over U. O

We have the following question.

Question. Let (f, X) be an int-soft subalgebra over U. Does
any subalgebra can be represented as a y-inclusive set of

(f; X)?

The following example shows that the answer to the
question above is false.

Example 20. Let E = X be the set of parameters, and let U =
X be the initial universe set where X = {1,a,b,c} is a BE-
algebra as in Example 15. Consider a soft set (f, X) over U
which is given by

{1,¢} ifx=1,

{c} if x € {a,b,c}. (40)

f: X— 920U, xl—>{

Then, (£, X) is an int-soft subalgebra over U. The y-inclusive
sets of (f, X) are described as follows:

X ifye{och,
ix(fiv)= {1} ifye{{1}.{Lc}}, (41)

0 otherwise.

The subalgebra {1, b} cannot be a y-inclusive set iy ( f; ), since
there isno y € U such thatix(f;y) = {1,b}.

However, we have the following theorem.

Theorem 21. Every subalgebra of a BE-algebra can be repre-
sented as a y-inclusive set of an int-soft subalgebra.

Proof. Let A be a subalgebra of a BE-algebra X. For a subset
y of U, define a soft set (f, X) over U by

) y ifxeA,
f:X— PU), xr—w[@ xgA (42)

Obviously, A = ix(f;y). We now prove that (f, X) is an int-
soft subalgebra over U. Let x, y € X. If x, y € A, thenx * y €
A because A is a subalgebra of X. Hence, f(x) = f(y) =
f(x*y)=y,andso f(x)N f(y) € f(x* y).Ifx € Aand
y ¢ A, then f(x) = yand f(y) = 0 which imply that

fENf(y)=yn0=0< f(x*y). (43)

Similarly, if x ¢ Aand y € A, then f(x) N f(y) € f(x * y).
Obviously, if x ¢ Aand y ¢ A, then f(x) N f(y) € f(x * y).
Therefore, (f, X) is an int-soft subalgebra over U. O

Note that if E = X is a finite BE-algebra, then the number
of subalgebras of X is finite whereas the number of y-inclusive
sets of an int-soft subalgebra over U appears to be infinite.
But, since every y-inclusive set is indeed a subalgebra of X,
not all these y-inclusive sets are distinct. The next theorem
characterizes this aspect.

Theorem 22. Let (f, X) be an int-soft subalgebra over U and
lety, ¢y, €U such that {y,,y,, f(x)} is a chain for all x € X.
Two y-inclusive setsix( f; y,) andix(f;y,) are equal if and only
if there is no x € X such that y, ¢ f(x) & y;.



Proof. Let y; and yp, be subsets of U such that ix(f;y,) =
ix(f;7,). Assume that there exists x € X such that y; ¢
f(x) ¢ v,. Then,ix(f;y,) isaproper subset ofix( f; y,), which
contradicts the hypothesis.

Conversely, suppose that there is no x € X such that
1 ¢ f(x) & 9. Obviously, ix(f;v,) € ix(fip1). If x €
ix(fiy), then y; € f(x). It follows from the assumption
that y, € f(x), thatis, x € ix(f;y,). Therefore, ix(f;y,) =
ix(f372)- O

Remark 23. As a consequence of Theorem 22, if E = X is
a finite BE-algebra, then the y-inclusive sets of an int-soft
subalgebra ( f, X) over U form a chain. But f(x) € f(1) forall
x € X. Therefore, ix(f;v,), where y, = f(1), is the smallest
inclusive subalgebra but not always iy (f;y,) = {1} as seen in
the following example, and so we have the chain

ix(five) ix(fim) € cix(fiy) =X (44)
wherey, 2y, 2 2 9,

Example 24. Let A be a subalgebra of a BE-algebra X such
that A+ {1}. Let (f;X) be the int-soft subalgebra over U
which is given in the proof of Theorem 21. Then, Im(f) =
{0, y}. Further, the y-inclusive sets of (f, X) are ix(f;0) = X
and ix(f;y) = A. Thus, we have f(1) = y butiy(f;y) =
A#{1}.

Corollary 25. Let E = X be a finite BE-algebra, and let (f, X)
be an int-soft subalgebra over U. If Im(f) = {y1, V2> -- > Vub
then the family of y;-inclusive sets ix(f;y;), 1 < i < n,
constitutes all the y-inclusive sets of (f, X).

Proof. Lety CUand y ¢ Im(f). Ify; ¢ y ¢ y;, wherey,,y; €
Im(f), thenix(f;y;) = ix(f;y;) = ix(f;y) by Theorem 22. If
Y & v, where y, is the least element (under the set inclusion)
of Im(f), then ix(f;y,) = X = ix(f;y). Assume that y 2 y,,
where y; is the greatest element (under the set inclusion) of
Im(f). If there is x € X such that f(x) =y, CUandy, ¢
Yy & P> thenp, € Im(f). It is a contradiction. It follows from
Theorem 22 that iy (f;y;) = ix(f;y). Thus, forany y ¢ U, the
inclusive subalgebra is one of {ix(f;y;) | y; € Im(f)}. O

The following example shows that two int-soft subalge-
bras over U may have an identical family of y-inclusive sets
but the int-soft subalgebras over U may not be equal.

Example 26. Let E = X be the set of parameters, and let U =
X be the initial universe set where X = {1,a,b,c} is a BE-
algebra as in Example 15. Consider a soft set (f, X) over U
which is given by

y ifx=1,
if x=a, (45)
y; if x e {b,c},

f:X— PU),

X"

where y;, 2 y, 2 y; are subsets of U. It is easy to verify that
(f; X) is an int-soft subalgebra over U. The y-inclusive sets of
(i X)areix(f;y1) =11}, ix(fiy,) = {lL,aandix(f;y;) = X.
Now let §,, 68,, and §; be subsets of U such that §, 2 §, 2 &,
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and§; #y;fori = 1,2,3and j = 1,2, 3. Define a soft set (g; X)
over U as follows:

6, ifx=1,
x+— 190, ifx=a, (46)
6, if x e {b,c}.

g:X— 20U,

Then, (g, X) is an int-soft subalgebra over U, and the y-
inclusive sets of (g; X) are ix(g; 0;) = {1}, ix(g;6,) = {1,a}
and iy(g; 8;) = X. Hence, the two int-soft subalgebras ( f, X)
and (g, X) over U have an identical family of y-inclusive sets.
However, it is clear that (£, X) is not equal to (g, X).

Lemma27. Let E = X be a finite BE-algebra, and let ( f, X) be
an int-soft subalgebra over U. If y; and y; are elements of Im(f)
such that ix(f;y;) = ix(f;y;), theny, = y;.

Proof. Straightforward. O

Theorem 28. Let E = X be a finite BE-algebra, and let
(f, X) and (g, X) be two int-soft subalgebras over U having the
identical family of y-inclusive sets. If Im(f) = {Yp, Y1>-- > V)
and Im(g) = {8,,9,, ..., 06}, where

Vo2V 22V 6y 28,2208, (47)

then we have
Dr=k
2)ix(f;y;) =ix(g;6,), 0<i<r,
(3) (Vx € X)(f(x) =y, = g(x) =6, 0<i <)

Proof. Corollary 25 implies that the only y-inclusive sets of
(f, X) and (g, X) are the two families iy (f;y;) and ix(g; ;).
Since (f, X) and (g, X) have the same family of y-inclusive
sets, we have r = k which proves (1).

(2) Using (1) and Remark 23, we have two chains of y-
inclusive sets:

ix(fivo) Six(in) ¢ Six(fiv,) =X,
ix(9:00) $ix(9:6,) ¢ Gix(g:0,) = X.

Clearly, we have

(VYPY]' € Im (f)) (Vi 2y =iy (fiv:) $ix (f’ Vj)) >
(49)

(v8,8; € Im(g)) (8; 26; = ix (¢:8;) ¢ ix (9:9;))-
(50)

Since two families of y-inclusive sets are identical, it is clear
that ix(f;y,) = ix(gs 8y). By hypothesis, ix(f;y;) = ix(g; ;)
for some j > 0. Assume that ix(f;y,) #ix(g;6;). Then,
ix(fiy) =ix(gs 8j) for some j > 1,and ix(g;8;) = ix(f;v;)
for some y; ¢ y,. Thus, by (49) and (50), we have ix(g; 8]-) =
ix(iy) & ix(fiy) and ix(fiy) = ix(g:61) & ix(g;6)).
This is a contradiction, and so ix(f;y;) = ix(g;6;). By
mathematical induction on i, 0 < i < r, we finally obtain
ix(f;y;) =ix(g;0;), 0<i<r.

(3) Let x € X be such that f(x) = y; and g(x) = 6j,
where 0 < i < rand 0 < j < r. It is sufficient to show that
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§; = 6;. Now, x € ix(f;y;) = ix(g;9;) implies that g(x) =
8; 2 6;. This gives from (50) thatiy(g; ;) & ix(g; ;). Since
x € ix(g; 6j), it follows from (2) that x € ix(f; yj) and so
f(x) =y 2 vy, Hence, ix(f;y)) ¢ ix(fy;) by (49). Using
(2), we have iy (g;6;) = ix(f;v)) ¢ ix(f; ) =ix(gs Sj). Thus,
ix(g;6;) =ix(g;0;), and so §; = §;. This completes the proof.

O

Theorem 29. Let E = X be a BE-algebra. Given any chain of
subalgebras

AyGA GA G GA =X (51)

there exists an int-soft subalgebra over U whose y-inclusive sets
are exactly the subalgebras of this chain.

Proof. Consider a class {y; | i = 0,1,2,...,r} of subsets of U

such that

Vo2V 2 2 (52)

Define a soft set (f,X) : E — PU) by f(A,) = y, and
f(A; —A,}) =y, 0 <i < r. We will prove that (f, X) is
an intersectional soft BE-algebra over U. Note that if x € A,
theny, € f(x).If x € A;, theneitherx € A; - A;orx € A;
fori > j. Thus,ifx € A; - Aj then f(x) = y. If x € Aj
theny; ¢ y; € f(x). Let x, y € X. We distinguish two cases
as follows:

Case I.Let x,y € A; — A;_;. Then, f(x) = y; = f(y). Since
A, is a subalgebra, we have x * y € A;, and so either x * y €
A;— A, orx*yeA,; . Inanycase we know that

fenf=yncflxxy). (53)
Case 2.Fori> jletx € A;—A;_jandy € A; - A; ;. Then,
fx) =7y, f(y) = Vi and x * y € A;. It follows that

fEnf)=yny=ycflxxy). (54

Hence, we conclude that (f,X) is an intersectional soft
BE-algebra over U. From the definition of (f, X), we have
Im(f) = {yo>V1>--->7,}. Thus, the y-inclusive sets of X are
given by the chain of subalgebras

ix(fivo) ix(fim) €~ Six(fiy) =X (55)

Now, ix(f;y,) = {x € X | yy € f(x)} = A,. Finally, we prove
that iy(f;y,) = A; for 0 < i < r. Clearly A; C ix(f;y,). If
x € ix(f;y;), theny, € f(x),andsox ¢ A for j > i. Hence,
f(x) € {y1,v5...,7,}, and thus x € A for some k < i. Since
A, CA,wehavex € A, andsoix(f;y;) = A;for0<i<r.
This completes the proof. O

Theorem 29 is illustrated as an example.

Example 30. Let U = Z be the initial universe set, and let
E = X be the set of parameters where X = {1,a,b,¢,d,0} isa
BE-algebra as in Example 5. Consider subalgebras A, = {1},

A, ={lL,a}, A;={l,a,¢c,d},and A, = X. Then, A, ¢ A, &
A; ¢ A,. Define a soft set (f, X) over U by

Z ifx=1,
27 if x =a,
56
=4z itxeiod, OY

87 if x € {b,0}.

f:X — 2U),

Then, (f, X) is an int-soft subalgebra over U with iy (f; Z) =
{l} = Al) lX(f)ZZ) = {l’a} = A2) lX(f>4Z) = {l,a,C,d}
As,andiy(f;82) =X = A,

Theorem 31. Let (f, X) be a soft set over U, and let y be a
subset of U. Define a soft set (f*, X) over U by

f(x) if xeiy(fiy),

X P U),
f —70) S {0 otherwise.

(57)
If (f, X) is an int-soft subalgebra over U, then so is (f*, X).

Proof. Letx,y € X. If x, y € ix(f;y), then x * y € ix(f;y),
and so

fflxxy)=fx=y)2f@nfy)="@nf ().

(58)

Ifx ¢ ix(fiy)ory ¢ ix(f;y), then f*(x) =0 or f*(y) = 0.
Hence,

frenf(y)=0cf (xxy). (59)
Therefore, (f*, X) is an int-soft subalgebra over U. O

4. Conclusion

Using the notion of int-soft sets, we have introduced the con-
cept of int-soft subalgebras in BE-algebras and investigated
related properties. We have considered characterization of
an int-soft subalgebra and solved the problem of classifying
int-soft subalgebras by their inclusive subalgebras. We have
shown that

(1) every soft image of an int-soft subalgebra is also an
int-soft subalgebra;

(2) the soft intersection of int-soft subalgebras is an int-
soft subalgebra.

We have made a new int-soft subalgebra from the old one.
Work is ongoing. Some important issues for future work are
as follows:

(1) to develop strategies for obtaining more valuable
results,

(2) to apply these notions and results for studying related
notions in other (soft) algebraic structures,

(3) to study the soft set application in ideal and filter
theory of BE-algebras.
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