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The gravitational field of conical mass distributions is formulated using the general theory of relativity. The gravitational metric
tensor is constructed and applied to the motion of test particles and photons in this gravitational field. The expression for
gravitational time dilation is found to have the same form as that in spherical, oblate spheroidal, and prolate spheroidal gravitational
fields and hence confirms an earlier assertion that this gravitational phenomena is invariant in formwith variousmass distributions.
It is shown using the pure radial equation of motion that as a test particle moves closer to the conical mass distribution along the
radial direction, its radial speed decreases.

1. Introduction

In recent articles [1–4], we introduced an approach of
studying gravitational fields of various mass distributions
as extensions of Schwarzschild’s method. Of interest in this
article is the gravitational field of conical mass distributions
placed in empty space. Sputnik III, the third Soviet satellite
launched on May 15, 1958 has a conical shape. This study is
aimed at studying the behaviour of test particles and photons
in the vicinity of conically shaped objects placed in empty
space such as Sputnik III.

2. Gravitational Metric Tensors

It is well known [5, 6] that the general relativistic metric
tensor for flat space-time (empty space without mass) is
invariant (invariance of the line element) and can be obtained
in any orthogonal curvilinear coordinate (𝑡, 𝑢, V, 𝑤) by the
transformation (𝑡, 𝑥, 𝑦, 𝑧) → (𝑡, 𝑢, V, 𝑤). It is worth noting
that the metric tensor obtained through this standard proce-
dure

(i) satisfies Einstein’s field equations a priori and
(ii) yields the expected equations of motion for test

particles and photons in flat space-time.
Using these crucial facts, we now realize that choosing

the particular orthogonal curvilinear coordinate (𝑢, V, 𝑤)

corresponding to the geometry of the body facilitates the
formulation of boundary conditions on the universal grav-
itational scalar potential which is always expected to be a
part of the metric tensor. Thus, transforming Schwarzschild’s
metric into the particular orthogonal curvilinear coordinate
using the invariance of the line element subject to the fact
that the arbitrary function in the metric tensor transforms as
𝑓(𝑡, 𝑟, 𝜃, 𝜙) → 𝑓(𝑡, 𝑢, V, 𝑤) yields the metric tensor for the
mass distribution of the orthogonal curvilinear coordinate.
Thus, the arbitrary function 𝑓 is determined by the mass or
pressure distribution and hence possess symmetries imposed
by the latter a priori. In approximate gravitational fields,
the arbitrary function is equal to the gravitational scalar
potential.

Thus, to obtain the metric tensor for a homogeneous
conical mass distribution placed in empty space in conical
coordinates:

(1) coordinates are transformed from spherical polar
(𝑟, 𝜃, 𝜙) to conical (𝑟, V, 𝑤) on the right hand side of
Schwarzschild’s world line element;

(2) the arbitrary function 𝑓(𝑟) in Schwarzschild’s field is
transformed to 𝑓

󸀠(𝑟) in the field of a homogeneous
conical mass.
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Now, the spherical polar coordinates (𝑟, 𝜃, 𝜙) are related
to the Cartesian coordinates (𝑥, 𝑦, 𝑧) as follows:

𝑟 = (𝑥
2
+ 𝑦
2
+ 𝑧
2
)
1/2

,

𝜃 = cos−1( 𝑧

(𝑥2 + 𝑦2 + 𝑧2)
1/2

) ,

𝜙 = tan−1 (
𝑦

𝑥
) .

(1)

Also the Cartesian coordinates are related to the conical
coordinates (𝑟, V, 𝑤) as follows:

𝑥 =
1

𝛼
𝑟(𝛼
2
− V
2
)
1/2

(𝛼
2
+ 𝑤
2
)
1/2

,

𝑦 =
1

𝛽
𝑟(𝛽
2
+ V
2
)
1/2

(𝛽
2
− 𝑤
2
)
1/2

,

𝑧 =
1

𝛼𝛽
𝑟V𝑤,

(2)

where 𝛼2 + 𝛽2 = 1.
Expressing the spherical coordinates in terms of the

conical coordinates, we obtain

𝜃 (𝑟, V, 𝑤) = cos−1 (V𝑤
𝛼𝛽

) , (3)

𝜙 (𝑟, V, 𝑤) = tan−1 [

[

𝛽(𝛼2 − V2)
1/2

(𝛼2 + 𝑤2)
1/2

𝛼(𝛽2 + V2)
1/2

(𝛽2 − 𝑤2)
1/2

]

]

. (4)

Now, consider a spherically symmetric mass distribution
with invariant world line element (Schwarzschild’s line ele-
ment) in the exterior region given [1] as

𝑐
2
𝑑𝜏
2
= 𝑐
2
(1 +

2𝑓 (𝑟)

𝑐2
)𝑑𝑡
2
− (1 +

2𝑓 (𝑟)

𝑐2
)

−1

𝑑𝑟
2

− 𝑟
2
𝑑𝜃
2
− 𝑟
2sin2𝜃𝑑𝜙2,

(5)

where 𝑓(𝑟) generally is an arbitrary function determined
by the distribution of mass or pressure and possess all the
symmetries of the distribution. In approximate gravitational
fields, 𝑓(𝑟) is equivalent to the gravitational scalar potential
function exterior to a massive symmetric sphere.

Let the spherically symmetric mass distribution be trans-
formed by deformation into a conical mass distribution in
such a way that it retains its density and total mass. Thus, the
general relativistic invariant world line element exterior to a
spherical symmetric body is tensorially equivalent to that of
a conical mass distribution and related by the transformation
from spherical to conical coordinates.Therefore, to obtain the
invariant line element exterior to conical mass distributions,
we transform coordinates on the right hand side of (5), from
spherical to conical coordinates and 𝑓(𝑟) → 𝑓

󸀠(𝑟), the
arbitrary function determined by the conical mass.

From (3), we have

𝑑𝜃 =
𝜕𝜃

𝜕𝑟
𝑑𝑟 +

𝜕𝜃

𝜕V
𝑑V +

𝜕𝜃

𝜕𝑤
𝑑𝑤, (6)

where

𝜕𝜃

𝜕V
= −

𝑤

(𝛼2𝛽2 − V2𝑤2)
1/2

,

𝜕𝜃

𝜕𝑤
= −

V

(𝛼2𝛽2 − V2𝑤2)
1/2

,

𝜕𝜃

𝜕𝑟
= 0.

(7)

Also from (4), we have

𝑑𝜙 =
𝜕𝜙

𝜕𝑟
𝑑𝑟 +

𝜕𝜙

𝜕V
𝑑V +

𝜕𝜙

𝜕𝑤
𝑑𝑤, (8)

where

𝜕𝜙

𝜕V
= −

V3𝑤2(𝛼2 + 𝑤2)
1/2

(𝛼2 − V2)
−1/2

𝛼3𝛽(𝛽2 + V2)
3/2

(𝛽2 − 𝑤2)
1/2

,

𝜕𝜙

𝜕𝑤
=
V2𝑤3(𝛼2 − V2)

1/2

(𝛼2 + 𝑤2)
−1/2
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3/2
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,
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= 0.

(9)

Substituting (3), (6), and (8) into (5), the nonzero compo-
nents of the covariant metric tensor exterior to conical mass
distributions are obtained as

𝑔
00

= (1 +
2

𝑐2
𝑓
󸀠

(𝑟)) ,

𝑔
11

= −(1 +
2

𝑐2
𝑓
󸀠

(𝑟))
−1

,

𝑔
22

= −
(𝛼𝛽𝑟𝑤)

2

(𝛼2𝛽2 − V2𝑤2)
2

−
𝑟2V2 (𝛼2 + 𝑤2) (𝛽2 − 𝑤2)

(𝛼2𝛽2 − V2𝑤2) (𝛼2 + V2) (𝛽2 − V2)
,

𝑔
23

≡ 𝑔
32

= −
(𝛼𝛽𝑟)

2

V𝑤

(𝛼2𝛽2 − V2𝑤2)
2

+
𝑟2V𝑤

(𝛼2𝛽2 − V2𝑤2) (𝛼2 + V2) (𝛽2 − V2)
,

𝑔
33

= −
(𝛼𝛽𝑟𝑤)

2

(𝛼2𝛽2 − V2𝑤2)
2

−
𝑟2𝑤2 (𝛼2 − V2) (𝛽2 − V2)

(𝛼2𝛽2 − V2𝑤2) (𝛼2 + 𝑤2) (𝛽2 − 𝑤2)
.

(10)
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The nonzero components of the contravariant metric tensor
for this gravitational field are obtained using tensor analysis
as
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1
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,
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1
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,
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𝑔
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𝑔
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2
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𝑔
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2
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𝑔
22
𝑔
33
− (𝑔
23
)
2
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(11)

Thus, the metric tensor in this gravitational field unlike
Schwarzschild’s metric has six nonzero components. The
contravariant metric components 𝑔00 and 𝑔11 are simply the
reciprocal of their covariant counterparts. The remaining
nonzero components of the contravariant metric have a
common denominator.

3. Motion of Test Particles

The affine connection coefficients of the gravitational field
are obtained using tensor analysis, and the motion of test
particles in the vicinity of a conical mass distribution is
studied using

𝑑
2
𝑥
𝜇

𝑑𝜏2
+ Γ
𝜇

]𝜆
(
𝜕𝑥

]

𝜕𝜏
)(

𝜕𝑥
𝜆

𝜕𝜏
) = 0. (12)

Setting 𝜇 = 0 in (12), we obtain the time equation of motion
as

̈𝑡 +
2

𝑐2
[1 +

2

𝑐2
𝑓
󸀠

(𝑟)]
−1 𝑑𝑓󸀠 (𝑟)

𝑑𝑟
̇𝑡 ̇𝑟 = 0, (13)

where the dot represents differentiation with respect to
proper time 𝜏. Solving (13) yields the expression for gravita-
tional time dilation in this gravitational field as

̇𝑡 = [1 +
2

𝑐2
𝑓
󸀠

(𝑟)]
−1

. (14)

It has the same form as that obtained in the vicinity of
homogeneous spherical [1], prolate spheroidal [3], and oblate
spheroidal [2, 4] mass distributions.Thus, only motion along
the radial direction affects gravitational time dilation.

Similarly, setting 𝜇 = 1 in (12) yields the radial equation
of motion as

̈𝑟 − [1 +
2

𝑐2
𝑓
󸀠

(𝑟)]
𝑑𝑓󸀠 (𝑟)

𝑑𝑟
̇𝑡
2

+
2

𝑐2
[1 +

2

𝑐2
𝑓
󸀠

(𝑟)]
−1 𝑑𝑓󸀠 (𝑟)

𝑑𝑟
̇𝑟
2
− V̇
2
[1 +

2

𝑐2
𝑓
󸀠

(𝑟)]

× {
(𝛼𝛽𝑤)

2

𝑟

(𝛼𝛽)
2

− (V𝑤)2

+
V2𝑟 (𝛼2 + 𝑤2) (𝛽2 − 𝑤2)

(𝛼2 + V2) (𝛽2 − V2) [(𝛼2 + 𝑤2) (𝛽2 − 𝑤2)]
} = 0.

(15)

To obtain a first approximation to the solution of (15), pure
radial motion can be studied. For pure radial motion ̇𝑡 = 0,
V̇ = 0, and (15) reduces to

̈𝑟 +
2

𝑐2
[1 +

2

𝑐2
𝑓
󸀠

(𝑟)]
−1 𝑑𝑓󸀠 (𝑟)

𝑑𝑟
̇𝑟
2
= 0. (16)

Solving the pure radial equation yields solution as

̇𝑟 = 𝐴[1 +
2

𝑐2
𝑓
󸀠

(𝑟)]
−1

, (17)

where 𝐴 is a constant of motion. This shows that ̇𝑟 varies
inversely with 𝑓

󸀠
(𝑟). Thus, an increase in the gravitational

potential retards motion in the pure radial direction, and
hence as a test particle moves closer to the conical mass dis-
tribution along the radial direction, its radial speed decreases.
An astronomical expedition can be undertaken in the near
future at the vicinity of Sputnik III to confirm this interesting
results.

Also, setting 𝜇 = 2 and 𝜇 = 3, the respective V and 𝑤

equations of motion are obtained as

V̈ + 2Γ
2

12
̇𝑟V̇ + 2Γ

2

13
̇𝑟𝑤̇ + Γ

2

22
V̇
2
+ 2Γ
2

23
V̇𝑤̇ + Γ

2

33
𝑤̇
2
= 0,

𝑤̈ + 2Γ
3

12
̇𝑟V̇ + 2Γ

3

13
̇𝑟𝑤̇ + 2Γ

3

23
V̇𝑤̇ + Γ

3

33
𝑤̇
2
= 0.

(18)

4. Orbits in the Vicinity of a Conical Mass
Distribution

The Langrangian for any gravitational field is defined [7] as

𝐿 ≡
1

𝑐
(−𝑔
𝛼𝛽

𝑑𝑥𝛼

𝑑𝜏

𝑑𝑥𝛽

𝑑𝜏
)

1/2

, (19)

which can be written explicitly in this gravitational field as

𝐿 =
1

𝑐
[−𝑔
00
(
𝑑𝑥0

𝑑𝜏
)

2

− 𝑔
11
(
𝑑𝑥1

𝑑𝜏
)

2

− 𝑔
22
(
𝑑𝑥2

𝑑𝜏
)

2

−𝑔
33
(
𝑑𝑥3

𝑑𝜏
)

2

− 2𝑔
23
(
𝑑𝑥2

𝑑𝜏
)(

𝑑𝑥
3

𝑑𝜏
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(20)
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Now, consider spatial motion along the radial direction only,
then the Langrangian reduces to

𝐿 =
1

𝑐
[−𝑔
00
(
𝑑𝑥0

𝑑𝜏
)

2

− 𝑔
11
(
𝑑𝑥1

𝑑𝜏
)

2

] (21)

or more explicitly as

𝐿 = −𝑐 (1 +
2

𝑐2
𝑓
󸀠

(𝑟)) ̇𝑡
2

+
1

𝑐
(1 +

2

𝑐2
𝑓
󸀠

(𝑟))
−1

̇𝑟
2
. (22)

Transforming the radial coordinate 𝑟 to the angular coordi-
nate 𝜔 using 𝑟 = 𝑟(𝜔) and defining 𝑢(𝜔) = 1/𝑟(𝜔), we have

̇𝑟 = −
1

1 + 𝑢2
𝑑𝑢

𝑑𝜔
. (23)

Substituting (23) into (22) and using the fact that 𝐿 = 1 for
time-like orbits and 𝐿 = 0 for null orbits, we obtain

𝑑2𝑢

𝑑𝜔2
−

2𝑢

1 + 𝑢2
𝑑𝑢

𝑑𝜔
=
(1 + 𝑢2)

2

𝑐

𝑑𝑓 (𝜔)

𝑑𝑢
, (24)

𝑑2𝑢

𝑑𝜔2
−

2𝑢

1 + 𝑢2
𝑑𝑢

𝑑𝜔
= 0 (25)

as the respective planetary equation of motion and photon
equation of motion in the vicinity of a conical mass distri-
bution placed in empty space. Equation (24) can be used to
study the motion of orbiting particles moving in the vicinity
of conical masses.

5. Remarks and Conclusion

The results obtained in this paper have paved the way for
the study of gravitational fields of conical mass distributions
like Sputnik III. The immediate consequences of the results
obtained in this paper are as follows.

(1) Einstein’s geometrical field equations can be con-
structed using our metric tensor. The striking fact
about these field equations is that they have only one
unknown 𝑓

󸀠(𝑟) which is determined by the mass or
pressure distribution. Thus, the field equations can
be easily solved and explicit expressions obtained for
𝑓
󸀠(𝑟).

(2) The planetary equation of motion and the photon
equation of motion can be solved to describe the
motion of test particles and photons in the vicinity
of conical masses. These equations are opened up for
further research work and astrophysical interpreta-
tion.

(3) In approximate gravitational fields, the arbitrary func-
tion 𝑓

󸀠
(𝑟) can be conveniently equated to the grav-

itational scalar potential exterior to a conical mass.
Thus, if the complete expression of 𝑓󸀠(𝑟) is obtained
from the field equations, it will depict a hither to
unknown generalization of the gravitational scalar
potential function for this field.

(4) Other gravitational phenomena such as gravitational
spectral shift could be studied in the vicinity of conical
masses.
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