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Numerical method based on three geometric stencils has been proposed for the numerical solution of nonlinear singular fourth-
order ordinary differential equations. The method can be easily extended to the sixth-order differential equations. Convergence
analysis proves the third-order convergence of the proposed scheme. The resulting difference equations lead to block tridiagonal
matrices and can be easily solved using block Gauss-Seidel algorithm. The computational results are provided to justify the

usefulness and reliability of the proposed method.

1. Introduction

Consider the fourth-order boundary value problem:

u® () = f (r, u(r),u® (r),u® (r),u? (r)) ,

@
a<r<p
subject to the necessary boundary conditions:
u(@ =0, u?@=aq,
o 2)
u(B) = Po> u” (B) = o>

where f € C*[a, 8] and &, &}, By, and B; are real constants
and-oco < a <1< f<o0.
Or equivalently

u? () =v(r),
v () = f(ru@),u® @), v ). @), 0

a<r<f
subject to the natural boundary conditions:

v(x) = ay,

v(B) = Bi-

u (o) = (2%

u(pB) = Bo»

(4)

Fourth-order differential equations occur in various areas
of mathematics such as viscoelastic and inelastic flows,
beam theory, Lifshitz point in phase transition physics (e.g.,
nematic liquid crystal, crystals, and ferroelectric crystals) [1],
the rolls in a Rayleigh-Benard convection cell (two parallel
plates of different temperature with a liquid in between)
[2], spontaneous pattern formation in second-order materials
(e.g., polymeric fibres) [3], the waves on a suspension bridge
[4, 5], geological folding of rock layers [6], buckling of a strut
on a nonlinear elastic foundation [7], traveling water waves in
a shallow channel [8], pulse propagation in optical fibers [9],
system of two reaction diffusion equation [10], and so forth.

The existence and uniqueness of the solution for the
fourth and higher-order boundary value problems have been
discussed in [11-14]. In the recent past, the numerical solution
of fourth-order differential equations has been developed
using multiderivative, finite element method, Ritz method,
spline collocation, and finite difference method [15-18].
The determination of eigen values of self adjoint fourth-
order differential equations was developed in [19] using
finite difference scheme. The motivation of variable mesh
technique for differential equations arises from the theory of
electrochemical reaction-convection-diffusion problems in
one-dimensional space geometry [20]. The geometric mesh
method for self-adjoint singular perturbation problems using



finite difference approximations was discussed in [21]. The
use of geometric mesh in the context of boundary value
problems was studied extensively in [22-24]. In this paper, we
derive a geometric mesh finite difference method for the solu-
tion of fourth- and sixth-order differential boundary value
problems with order of accuracy being three. The simplicity
of the proposed method lies in its three-point discretization
without any use of fictitious nodes. The scheme is compact
and applicable to both singular and nonsingular problems.
The resulting difference equations are solved using block
Gauss-Seidel algorithm for linear case, and corresponding
Newton’s method has been applied to nonlinear problems.

The paper is outlined in the following manner: in
Section 2, the derivation of the method is discussed in detail.
In Section 3, we define the procedure for numerical solution
to singular problems in such a way that the method retains
the order and accuracy even in the vicinity of singularity. In
Section 4, algorithmic details are provided for the numerical
solution of sixth-order differential equations. The conver-
gence property has been discussed briefly in Section 4. The
numerical illustrations based on geometric mesh as well
as uniform mesh were provided in Section 5. The paper is
concluded in the last section with future development and
remarks.

2. Derivation of the Numerical Scheme

We discretize the solution region [e, 8] such that & = 1, <
rp <+ <t, <ty =P Lethy=r,—r_andk=11)n+1
be the nonuniform step size, and let o, = hy,,/h;. > 0 be the
geometric mesh ratio. Let U, = u(r,) and V. = v(r;) denote
the exact solution values of u and v at the mesh r, and v, v;,
be their approximate solutions, respectively.

Consider the following three-point geometric mesh dis-

cretizations for u®(r) = v(r) and v(z)(r) = f(r):
h2
Usr = (1 + 0) U + 0 Uy + 12 (PkVierr + @i + Vi)

=o(l), k=1()n,
©)

h2
Vi = (1 +03) Vi + 04 Vi, + T (Prfrsr + A fic + i frn)

=E, k=1(1)n
(6)
where
_ 2\ £6)
Ek = %O'k (20'k + 1) (O'k + 2) (1 - O'k) fk (E)
+O(hy), 1y <E <
(7)

P =1-0x -0}
qkz—(O'k+1)(0‘i+30'k+1),

T = 0k \O) — O — .
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Define
T - U1 — (1 - 0’13) Uy - O']%Uk—l
k hor (1 +0y) ’ "
Vi - (1=03) Vi - 0V,
Vkl _ +1 k k kVk-1 ,
hkO'k (1 + Uk)
2
g (1+20%) Ugyy = (1 + 04) Uy + 02Uy
e hoi (1 +0y) ’
2
v (1+20%) Vi = (1 +03) Vi + 03Viey
e hoi (1 +0) )
g - Yt (1+0)’ U -0 2+ o) Uy (9
! hoi (1 +0) ,
2
7o ~Vierr + (1 +03) Vi = 05 (2 + 01) Vieey
k=1 hkak(l +O'k)
iy ! 7!
Jis1 = f(rkil’Uktl’Ukil’Vkﬂ’Vkil)'
It is easy to verify that
7 h ©) 3) 3
St = frn = 0% (0 + 1) (GU + H V) + O ()
7 h ©) ©) 3
fer = S - 5 (o + 1) (GU + BV ) + O (),
(10)
where G, = (3f/oU"), , H, = (3f /ov"), , and so forth.
Now, let
Ui = U + v (Vi = Vit »
o o (a
Vi = Vi + 0y (fior = fior)»
where y and § are free parameters to be determined.
With the help of (8) and (11), it follows that
=4 (1) hl% (3) 3
U =U" + E(ak+6y(1+ak))Uk +O(hk),
(12)

_ hy
Vi =viy Ek (0p +68(1+0)) VY +0 ().

Further, we define
fi= [ (reUnUu Vi V). (13)

With the help of (12)-(13), it follows that

- W2
fe=fit Ek (0p + 6y (1 +0y)) GkUS)

(14)
2

h
+ Ek (0 +68 (1+0)) HyV + 0 (hi) .
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With the help of approximations (10), (14), the difference
equation (6) at each internal mesh ry, is approximated as
follows:

- _ _
Ve = (L+0) Vi + 0 Vi + E (Pkfk +qifi + rkfk—l)

=E, k=1(1)n,

(15)
where

h4
Ek = — 7_;U]£3)Gk (1 + Gk) (6)/ + (1 + 24y) Gk (1 + Uk)

4

h
+(1+6y)0}) - 7—§V,§3)Hk

x(1+0y) (66 +(1+248) oy + (1 +608) 02)

+O(h2), O'k?l: 1.
(16)

The difference scheme (15) to be of O(hi), the coeflicients of
ht in (16) must be zero, and hence we obtain

6y + (1 +24y) 0 (1 +0;) + (1 +6y) 0 = 0,
17)
68 + (1 +248) 0y, (1 + ;) + (1 +68) 03, = 0.

Thus the values associated with (17) are given by y = 6§ =
~0i (07 + 0y + 1)/(6(1 + oy)(07 + 30, + 1)), and the local
truncation errors given by (16) becomes E;, = O(1), oy # 1.
However, for oy, # 1, the error reduces to Ej = O(h}).

3. Application to Singular Problem

Consider the singular fourth-order linear differential equa-
tion in cylindrical polar coordinates:

2 2
A4u<r>f<%+%%>u<r>=g<r>, 0<r<1 (1)

or equivalently

u? (1) =v(r), (19)

v () =a (r) w0 ) +b@)v(r)+c(r) uV (rN+g(r),
(20)

where a(r) = -2M/r, b(r) = —-AA — 2)/r%, and c(r) =
A = 2)/r® are the singular coeflicients. The associated
boundary conditions are given by (4). For A = 0, L, or 2,
the differential equation (18) shows planar, cylindrical, or
spherical geometries (see, [25, 26]).

Applying the difference schemes (5) and (15) to (19) and
(20), respectively, we obtain a system of coupled difference
equations for k = 1(1)n:

1 12 1 4 12
s s Ui ], dg dgy U,
sb,f1 sb,f2 Vit dg,%1 dg,%2 Vi
112 11 @0
SPr SPx [Uk+l] Ry
+ = ,
P P | WVen ] | RY
where
sby' = 0 spi =1,
hZ
dg,i1 =-1-o0y, sb,i2 = érk,
hi hi
12 12 11
P = EPk) dg,” = ﬁqk, R, =0,
e
12(1+0y)

X (Yhgray (0xsy + (2 + ) (@_y + 61))

~0% (@ = Prerr) + (2 + 03) 1 (g + 61) 5
h
21 k
P = 120, (1 + 0;.)
X (Y ((20% +1) Geyy + G1)

+ (203 + 1) Gy P + Gl — ThG1) »

h

21 k

dg, = —— (03 (q% = PrGes + x-1)
120k

= Ger1Pre T TrCe-1 ~ GGk

Yy (1 + 03) (Geyy + Ger)) >
Yhi
Sbliz =0k — —lzk‘Jk (abi—y + &)

hy.

+ m (e (Yarawg, 100 + (1 + 0y) iy )

+0 (P — @) »

3
22 Yhi hy

= 1 _— _—

SPk Ik (@beey + ) + 120, (1 + 07)

X (hk (vakay ((20% + 1) @y + )
+03 (0k + 1) Pibis )

+(1+20%) prttss — ey + aka>’



Advances in Numerical Analysis

dg,f2 = -1-0 where
+ T (o1 (quk = Prtiir + 1) Elva,z(l = ((12quakak(ak +1)°h +6 (0 +1) 0y
~ PGt + i1 — Wi X (=1%0% + Ok P = G0k — 2 hk) Ck
~higye (Yar (op + 1) (@gpy + @) =~ beoy)) + (—6quakak(cfk +1)°h +6 (0 + 1)
R = - %aqu (Ger - Git) X 0 (pko,f + 1.0y + 2rk) hi) M =3(op +1)
2 X 0} (pkoi + rk) hka - 30y (0 +2)

- (quk + PkGke1 + TkGk-1) -
" (qukaka( )+ a,({z)rk) hi

(22)
+ 60y (0p +2) (03 + 1) (rkak + yaqu) h2
—6rkak(fk (Uk + 2) (Gk + 1) hk)
-1
Note that the scheme (21) fails when the solution is to x (720k((7k + 1)2) >
be determined at k = 1. We overcome this difficulty by
modifying the scheme in such a way that the solutions retain P = (6‘1k‘1k)’0k (0p+2) hkak
order and accuracy even in the vicinity of singularity » = 0. -
We consider the following approximations: + (12ak)"1k(0k +1)"hy +6 (0 +1)
x (205 +1) pe = 75 + g) hk) Gk
+ 6hy (01 + 1) (qrayyoy (o3, + 1) by,
h2 2 h 0, (1)
o = a + oa® + 1; ka](() I;'kal(f) +0y (20 + 1) pr + 1)
h4 4 ( ) ( +3 (Uk + 1) Gk (pko'i + T’k) hka + 3rka](<2)ak
MOk (4 5
+0O(h ) -
| A k)> 3 2\71
41 2 23) x (o +2) ) x (720,(1 + 0)7)
h h
_ (1) k_2) _ "k (3) 21
Wy = q — ey + 2% T 3% dgy :(ffk (0 +2) (0% + 1) (‘11(<3)Vk + 3Mkak‘11(<2)) hy
he ~30, (0 +2) (0 + 1) (2yqaal +aPr ) 1
+—',‘a;(<4)+0(hi)- k(k )(k )(Mkkk i k) k
4! 3 &) MY 7,2
- 6(0k + 1) (pk(fkck + 2quakck + T’ka ) hk
2
=66 (04 +1)” (=140 + 0% POk~ TiH G+ Pic)
2 _1
Using the similar approximations of b, ,, ¢, and gy, and % hk) % (720"(0" 1 ) ’
neglecting O(hi) terms, we can rewrite (21) with the help of —n ) 5 5
compact operators as sb, =1+ (6qu0k (0 + 1) hgay, — 6h0;
2
X (yhiqk ((ai -1+ ok) a,(cl) +b (o, +1) )
~0 (0 + 1) (pr - Qk)) a + 6p0;
sb,i1 sb,i2 dg” dgi2 x (o, +1) hia,il) 30} (pkaz + pkai - rk)
21 —22 [ k_l] | —21 —2 [Uk]
sb, sby | Vit dg, dg, | LVk o hzal(cz 60, (0, + 1) (Pk"i + ”k) hibzil)
Sp]il Sp]iz [ k+1] Rllcl + 6hi0k(ak + 1)2 (rkbk - YQkahk))
AN A

X (720i(ak + 1)2)_1,
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Pe =1+ (12%)’(% + 1)2}’;“1?
+ (6qkyak (a,f -1+ ak) hza,(cl)
+ 6q4Yb0y (0 + 1)y
+6(0; + 1) (204 pr = 1 + G + i) hk) a
+6(0 +1) (Zpko,f + 0P+ Tk
X hia,(cl) + 30y (pkai + pkai - rk) hia,(f)
+6(0op+1)0y (pko',i + rk) hib,il)
+ 604670k (0y + 1)°hy + 6poyby

X (o + l)zhi) X (720k(ak + 1)2)_1,

Zlgiz =-1-0
+ ( - 12y(0y + 1)3qkhiai
+ (6y0k (0 +2) (0 + 1) qkh,ia,(cl)
- 3y0;. (03 + 2) (0 + 1) qila’
+6y0y (0 + 1) g b
+(6(0x = 1) (0p +1)*qic +6(0 +1)°
X (1 = Pr) ) hk) a, - 6(oy +1)°
X (0% P + 1%) h,ia,(f) + 30y (0p +2) (0 + 1)
X rkh,ia,(f) +6(0y +1)0; (0.1 — 1) hib,il)
+ 300y + 1)2 (oﬁpk + rk) hib,iz)
~aP0; (01 +2) (op + 1) i
+60,.b (0 + l)zqkhz) X (720k(ak + 1)2)71,

4

. h
R = - ﬁ (2 (0 +1) YQkakg}(cl) + (szpk + fk) gl(<2))
K H?
- ﬁ (oxpr = 1) 91(:) - 1_2 (i + 1 + Pi) G-

(25)

The modified scheme (24) is free from the terms 1/(k + 1),
hence easily solved for k = 1(1)n. The difference equation (24)
along with the boundary conditions (4) gives a 2n x 2n linear
system of equations for the unknowns Uy, Vi, k = 1(1)n. The
resulting block tridiagonal system can be easily solved using
block Gauss-Seidel algorithm.

4. Extension to Sixth-Order
Differential Equations

The proposed method can be easily extended to the sixth-
order differential equations:

u® (r) = f (r, u(r),u (1), u? (1), u® ), u? (r),

u(s)(r)), a<r<p

(26)
subject to the necessary boundary conditions:
w@=0a, u@=a, @@=,
(27)
2 4
u(B) = By u® (B) = B> u® (B) =B,

or equivalently,
u? () =v(r),
) =wr),

w? (r) = f (r, w,u® (), v (), v (), w (), w” (r)) ,

a<r<p
(28)
subject to the natural boundary conditions:
u@=a, vi@=o, w)=o,
29)
u(B) = Po> v(B) = P> w(B) = po.

We outline the similar algorithm for (28) as follows:

Uks1 — (1 - ‘713) Uy - olek—l

=
=

oy (1 +0y) ’
Vi~ (1 - ‘71%) Vi = 0iViy
g oy (1 + ) ’
— Wi - (1 - ‘71%) Wy — g Wy
g hoy (1 + ) ’
ST (1+20)Up,y - (1+0)°Uy + o U,
ol hoy (1 + ) )
— (1+20) Vi, -(1+ ) Vi + AL
k+1 — ’

oy (1 + )

2
A (1+201) Wit = (14 03) Wi + 52 Wiy
ko hyoy (1 + o)

>



— ~Uppy + (1 +0)°U — 0, (24 0) Uy

U = 5
- hoy (1 + )

7o Vi + (1+0)°Vi =0, 2+ 0,) Vi
- hoy (1 + )

W o ~Wier + (1+0)° W, = 0 2+ 0) Wy,
k_l - b

o (1+0y)

ﬁcil =f (rktl’ Ugs1> [71211’ Vis1s Vk,il’ Wit Wk’il) >
Uy = Ul: + Y (Vier = Vie)»

Vi = Vi 4y (Wieay = Wi)

Wk’ = Wk, +yhy (ﬁ(ﬂ - ﬁc—l)’
(30)

where the values of y are same as obtained in Section 2.
Then, the O(hz)—approximations for (26) or (28) can be
obtained by the following relations for k = 1(1)n:

Uk = (1 + 0) Up + 0,Up_,

hZ
*5 (PeVien + @i + Vi) = O (hli)

Vi = (1 +0) Vi + Vi

K X (3D)
+ 1 (PtWierr + @Wi + 1Wye) = O (hk),

Wipr = (1 +03) Wy + oWy,

h? _ R _
+ l_g (Pkfk +qifrt rkfk—l) =0 (h,i)

The boundary conditions (27) are used to obtain values at k+1
for k = 1 and n, respectively. The numerical scheme may be
implemented by neglecting O(h;) terms from (31).

5. Convergence Analysis

In this section, we derive the difference scheme of singular
problem and investigate the convergence property of the
proposed scheme. Consider the model problem

WWr=amu@) +g@), a<r<p (32)
or equivalently

u® () =v(r),
(33)

Wr =amu@) +g(r), a<r<p

along with the boundary conditions (2).

If a(r), g(r) € Cla, Bl and a(r) > 0 on [«, B], then the
boundary value problem (33) has a unique solution. Under
these assumptions (see, [27]), there are constantsa > 0 and g

such that a = min,{a, a(l), a,(f)}, g= ming{gy, g,il), g,(f)}.
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For the convergence, the coefficients p;, q, and 7
associated with (5) and (15) must be negative (see, [22]), from
which we obtain the condition |0}, — V/5/2] < 1/2.

Now applying the methods (5) and (15) to (33) and using
the similar technique discussed in Section 3 for singular
coefficients a(r) and g(r), we obtain the following system of
difference equations:

PiZy  + QZy + Ry Zyyy = S + Ty ()

(34)
k=1(1)n,
where
hZ
i —0} éak(1+ak—oﬁ)
Py = l—gak(1+ok—a,f) ’
X (ak + hka,(cl)) —0y
Q= (o +1)
- ) -
; 1 é (07 +30,+1)
| 34 @lo+30c+1)a
+4hkak (Gk - ].) a,il) ’
+hiak (0,3 -0
| 1)) L
h ]
p -1 l—g(oﬁ+ak—l)
B (R ra-1)a >
+ho (0 — o +1)a) -1 |

2
o= [0 % (0207 - ) - (0 v 1) g

T
—(02 +4o,f + 40 + l)gk) >
Z. = UuVi]'

Tk (l’lk) = O (h]i) .
(35)

Incorporating the boundary values U, = «, V, = «;, U,,,; =
Bo-and V, ., = f3;, the system of difference equations (34) in

the matrix-vector form can be written as

MZ = ] + Tk (hk) 5 (36)

where M = [P, Q; R;] is the block tridiagonal matrix, J
[S, -P,a,S,,...,S, 1,S, - R,BI", & = [ap,,]", and B
1Bo: Bl

Letz, = [, v ) k = 1()n, and z = [z,,...
which satisfies

,2,] = Z,

Mz =1]. (37)
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Lete = [¢],&),...,¢,]" be the discretization error vector, and
let &g = Z; — 2z, k = 1(1)n be the discretization errors at
the node ;. Subtracting (37) from (36), we obtain the error
equation:

Me = Tk (hk) . (38)
Also, we obtain
hZ
oy + —k0k|l+ak—o,f',
[Py]l, = max m

2
<hsn k+ _Gk|1+0k Uk' |ak+hka(1)

hy
1+—'0k+crk—1|

IRello, = max

2
1<ksn-1 | 1+ 1— ' o+ 0 1)

+hop (ak -0y + 1 1)|

(39)

Thus for sufficiently small 4, or equivalently as i, — 0, we
obtain the relations |P.ll,, = 0%, k =2(1)nand Ry |, =1
k = 1(1)n — 1. Hence, the graph G(M) of the matrix M is
strongly connected, and thus the matrix M is irreducible (see,
(28]).

Further, let Z; be the sum of the Ith row sum of the matrix
M; then we have the following.

Forl =1,

2

_ 1 2
Zl—al+ﬁa,(al +5a,+5),

2

Y., =0+ —ao (6 +50,+5 (40)
+1 = 0] 1211(1 1 )

W h!
+ — 2% (1)01 (301 -0 — 1) 24 l(z)al (013 + 1).

Forl =3(2)2n-3,
hz
%= Elal (0, +1),

2
5, = D+ g (2 1) @
l+1—?61101(01+ )+g (l_ )
h
@ 3
"'ﬁ“l o,(ol+1).

Forl=2n-1,
=1+ h—lz(5o +507+1),

1 1 0 1
2 3

hy Wy (2
=1+ a a (507 +50,+1) + + 540" (of +0,-3)

h!
+ 24611(2)0‘1 (al + 1).
(42)
This implies the following.

7
Forl =1,
W
Zl:Ul"'Eal(Gl +501+5),
2
1 2
S 20+ 17991 (o*l + 507 + 5) (43)
3 4
1 2 1 3
+ Egal (3‘71 -0 — 1) + ﬂgol (‘71 + 1).
Forl =3(2)2n -3,
h2
3 = —lal (0,4 1)
hZ 3
Zl+1 > _lao'l (O'l + 1) + EZQO-I ( — 1) (44)
h4
+ —lao, (0, + 1)
Forl=2n-1,
h
2
%=1+ (507 + 501+ 1),
h2
1 2
T =1+ Eg(s(fl +50;+1) (45)
3 4
1 2 1 3
+ —ao;lo; +0;-3)+ —ao;(0; +1),
" 1 + 01-3) + o gy (a7 + 1)

For sufficiently small value of h, that is, in the limiting case
as b, — 0, we obtain

ZZZGZ>O’ l:1,2,
% =0, [=3(1)2n-2, (46)
%>1>0, I=2n-1,2n.

Hence we find that M is monotone (see, [29, 30]). Conse-
quently M exists, and M~" > 0.
Let Mi_)l1 be the (i, I)th element of M}, and we define

-1
[ II—maxZIM it
1<z<2n

, (47)
11 = max 3 [T ()] = O (k7).
From the theory of matrix, we know that
2n
dYM %=1, 1<i<2n (48)

I=1

Thus the following bounds can be estimated with the help of
series expansions.



8
Forl =1,
2
M <3 =l—h—’(o~,2+501+5)+o(h?),
" o 120
2
-1 -1 1 hija , ,
Mi,l+1 < 2l+1 < ;l - Ta’l (O'l + 50'1 + 5) (49)
hl32 2 4
_Fal(&fl —al—l)+O(hl).

Forl =3(2)2n- 3,

-1 R 2
M) <min, "= ho; (o + 1)
M <minyl<_ 2
L+l = I 1+1 = hlzgo,l (O_l 4 1)
- 2(0;-1) of — 50, +1
3]1120‘1 ((TI + ].) 18201 (Ul + 1)
+0(hy).
(50)
Forl=2n-1,
-1 -1 hlz 2 4
My <3 =12 (507 +50,+1) + O k),
-1 1 hlza 2
Mo <3 s 1-—— (507 + 50, +1) (51)
h3
-0y (of +a1-3) + O (h).

With the help of (48), we obtain the following bounds:

“M_I“ - 2(a+1)  2(g-1)
- hIZQO'l (O'l + 1) 3]1120'1 (O'l + 1)
(52)

o2 — 50, + 1+ 36a(0, + 1)
(1 ] a(o ))+O(hl).

18a0; (0; + 1)

From (38) and (52), we obtain the following error estimates:
lell < M7 - [T, ()] < O (R}). (53)

This proves the third-order convergence of the proposed
method. We generalize the above results in the following
theorem.

Theorem 1. The method given by (15) for the numerical
solution of fourth-order singular differential equation (1) with
sufficiently small by and |0, — \/5/2| < 1/2, 0} # 1 gives a third-
order convergent solution.

6. Computational Illustrations

To illustrate the geometric mesh finite difference method,
we have solved both linear and nonlinear problems. The
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boundary conditions may be obtained from the analytical
solution as a test procedure. The numerical accuracy of results
are tested using maximum absolute errors and root mean
square errors with the error tolerance being <107"°. For the
simplicity in computation, we choose 0, = ¢ = constant, for
k = 1(1)n and define the geometric mesh as follows ([24]):

Xy = a,
(B-a)(1-0)
S (O o<l (54)
"1 (B-a)(0-1)
W, o> 1.

The subsequent mesh spacing is determined by hy,, = ohy,
k = 1(1)n. If the boundary value problems exhibit layer
behaviour near the left boundary (see, [21]), the solution value
can be captured by choosing o > 1. If the layer occurs at the
right boundary, we choose o < 1. If the layer occurs in the
interior region, then mesh in the first half of the interval may
be arranged by choosing o > 1 and second half of the interval
by choosing o < 1.

All the numerical computations are performed using long
double length arithmetic in C under Linux operating system
with 2 GB operational memory.

Example 1. Consider the fourth-order linear problem (see,
[31]) in the polar form:

2 2
Au(r) = ( d +/\i) u(r)

i rar

:(HQJ(A—Z) _A(A—2)>e,, (55)

r r2 r3

0<r<l.

The analytical solution is u(r) = €’. The errors estimates for
various values of n are reported in Tables 1 and 2 for uniform
mesh (0 = 1) and geometric mesh (o # 1), respectively.

Example 2. Consider the boundary value problems that arise
from time-dependent Navier-Stokes equation (see, [32]) for
axis symmetric flow of an incompressible fluid contained
between infinite disks

u® (r) = Au(r) u? r)y-A (r2 - 1)
x(l+4r+r2)e2r—(11+8r+r2)er, (56)
O<r<l1.
The analytical solution is u(r) = (1 - r*)e". The errors

estimates are reported in Table 3 for various values of n and
A =10
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TABLE 1: The maximum absolute errors for Example 1.

A=1 A=2
n o
1 0.9937 1 0.996759
8 0.866e — 04 0.772e — 04 0.290e - 05 0.271e - 05
16 0.223e-04 0.176e — 04 0.190e - 05 0.170e - 05
32 0.123e - 04 0.730e — 05 0.640e — 08 0.246e — 08
64 0.615e - 06 0.348e — 08 0.365e — 09 0.882e — 10

TABLE 2: The root mean square errors for Example 1.

A=1 A=2
n o
1 0.9937 1 0.996759
8  0.664e—04  0.590e—04  0.219¢—05  0.205¢ — 05
16 0.166e—-04  0.13le—-04  0.139e—-05  0.125¢-05
32 0.877e—-05  0.517e—05  0.419e—08  0.239 — 08
64 0.417e—-06  0214e—08  0214e—09  0.483¢—10

TABLE 3: The maximum absolute errors and root mean square errors
for Example 2.

o
" 1 0.998 1 0.998
8 0.302e - 05 0.255e — 05 0.235e — 05 0.199¢ - 05
16 0.238¢ - 06 0.169¢ - 06 0.179¢ - 06 0.128¢e - 06
32 0.167e-07 0.751e - 08 0.124e - 07 0.557e - 08
64 0.111e - 08 0.919¢ - 10 0.819¢ - 09 0.649%¢ - 10

TABLE 4: The maximum absolute errors for Example 3.

A=1 A=2
n o
1 1.11 1 0.994
8 0.338¢ — 03 0.189%¢ - 03 0.322¢ - 06 0.268e — 06
16 0.102e - 03 0.292e - 04 0.261e - 07 0.183e - 07
32 0.337e-04 0.481e — 05 0.186e — 08 0.847e¢ — 09
64 0.111e-04 0.662e — 06 0.125e - 09 0.126e - 10

TABLE 5: The root mean square errors for Example 3.

A=1 A=2
n o
1 L1 1 0.994
8  0255¢—03  0.140e—03  0.245¢-06  0.202¢ — 06
16 0.742¢—-04  0.197e—-04  0.193¢—-07  0.134e — 07
32 0.240e—-04  0.270e—05  0.136e—08  0.589¢ — 09
64 0.782¢—05  0243¢—06  0.900e—10  0.834e—11

TaBLE 6: The maximum absolute errors and root mean square errors
for Example 4.

o
" 1 0.9991 1 0.9991
8 0.380e — 07 0.302e - 07 0.291e - 07 0.230e — 07
16 0.30le - 08 0.186e — 08 0.222¢ - 08 0.134e - 08
32 0.210e - 09 0.587e - 10 0.153e - 09 0.373e - 10
64 0.127e-10 0.913e - 11 0.912¢ - 11 0.654e — 11

Example 3. Consider the sixth-order linear singular problem:

2 3
Au(r) = ( d + &i) u(r)

drr " rdr
_ <1+ 3)L(A2—2) . 3)&()&—24)(/\—4)>Sinh(r)
r r

+§<3+(A—2)2(/\—7)
r T

cosh (r),

+L)4(A_4)> 0<r<l.

(57)

The analytical solution is u(r) = sinh(r). The errors estimates
for various values of n are reported in Tables 4 and 5
for uniform mesh (¢ = 1) and geometric mesh (o # 1),
respectively.

Example 4. Consider the nonlinear problem

@)= 2 (u ") u? (1) +u® ) u® (r)
+u (r)u® (r)) + sinh (r) (1 - 3Asinh (1)),

0<r<l.
(58)

The analytical solution is u(r) = sinh(r). The errors estimates
are reported in Table 6 for various values of n and A = 10°.

7. Conclusion

The numerical results confirm that the proposed geometric
mesh finite difference scheme converges and applicable to
both singular and nonsingular differential equations. The
numerical accuracy obtained using geometric mesh shows
superiority over corresponding uniform mesh. The optimum
mesh ratio parameter within the specified convergent region
may be obtained by simulations. We have employed block
Gauss-Seidel method to solve the block matrix systems. The
method can be extended to general even-order nonlinear
differential equations. Application to the proposed scheme to
nonlinear singular elliptic problems is an open problem.



10

Acknowledgment

The authors are thankful to the Professor Riidiger Weiner
and unknown referee for their valuable suggestions which
improve the quality of paper.

References

[1] R. M. Hornreich, M. Luban, and S. Shtrikman, “Critical behav-
ior at the onset of k — -space instability on the A line,” Physical
Review Letters, vol. 35, no. 25, pp. 1678-1681, 1975.

[2] M. C. Cross and P. C. Hohenberg, “Pattern formation outside
of equilibrium,” Reviews of Modern Physics, vol. 65, no. 3, pp.
851-1112, 1993.

[3] A. Leizarowitz and V. J. Mizel, “One dimensional infinite-
horizon variational problems arising in continuum mechanics,”
Archive for Rational Mechanics and Analysis, vol. 106, no. 2, pp.
161-194, 1989.

[4] A. C. Lazer and P. J. Mckenna, “Large-amplitude periodic
oscillations in suspension bridges. Some new connections with
nonlinear analysis,” SIAM Review, vol. 32, no. 4, pp. 537-578,
1990.

[5] Y. Chen and P. J. McKenna, “Traveling waves in a nonlinearly
suspended beam: theoretical results and numerical observa-
tions,” Journal of Differential Equations, vol. 136, no. 2, pp. 325-
355, 1997.

[6] C. J. Budd, G. W. Hunt, and M. A. Peletier, “Self-similar
fold evolution under prescribed end shortening,” Mathematical
Geology, vol. 31, no. 8, pp. 989-1004, 1999.

[7] C.J. Amick and J. E. Toland, “Homoclinic orbits in the dynamic
phase-space analogy of an elastic strut,” European Journal of
Applied Mathematics, vol. 3, no. 2, pp. 97-114, 1992.

[8] B. Buffoni, A. R. Champneys, and J. F. Toland, “Bifurcation and
coalescence of a plethora of homoclinic orbits for a Hamiltonian
system,” Journal of Dynamics and Differential Equations, vol. 8,
no. 2, pp. 221-279, 1996.

[9] N. N. Akhmediev, A. V. Buryak, and M. Karlsson, “Radiation-

less optical solitons with oscillating tails,” Optics Communica-
tions, vol. 110, no. 5-6, pp. 540-544, 1994.

[10] A. Doelman and V. Rottschifer, “Singularly perturbed and
nonlocal modulation equations for systems with interacting
instability mechanisms,” Journal of Nonlinear Science, vol. 7, no.
4, pp. 371-409, 1997,

[11] A. R. Aftabizadeh, “Existence and uniqueness theorems for
fourth-order boundary value problems,” Journal of Mathemati-
cal Analysis and Applications, vol. 116, no. 2, pp. 415-426, 1986.

[12] R. P. Agarwal and P. R. Krishnamoorthy, “Boundary value
problems for nth order ordinary differential equations,” Bulletin
of the Institute of Mathematics, vol. 7, no. 2, pp. 211-230, 1979.

[13] D. O’Regan, “Solvability of some fourth (and higher) order
singular boundary value problems,” Journal of Mathematical
Analysis and Applications, vol. 161, no. 1, pp. 78-116, 1991.

[14] J. Schroder, “Numerical error bounds for fourth order boundary

»

value problems, simultaneous estimation of u(x) and u (x),
Numerische Mathematik, vol. 44, no. 2, pp. 233-245, 1984.

[15] V. Shanthi and N. Ramanujam, “A numerical method for
boundary value problems for singularly perturbed fourth-
order ordinary differential equations,” Applied Mathematics and
Computation, vol. 129, no. 2-3, pp. 269-294, 2002.

Advances in Numerical Analysis

[16] R. P. Agarwal and Y. M. Chow, “Iterative methods for a fourth
order boundary value problem,” Journal of Computational and
Applied Mathematics, vol. 10, no. 2, pp. 203-217, 1984.

[17] W. K. Zahra, “A smooth approximation based on exponential
spline solutions for nonlinear fourth order two point boundary
value problems,” Applied Mathematics and Computation, vol.
217, no. 21, pp. 8447-8457, 2011.

[18] J.Rashidinia and M. Ghasemi, “B-spline collocation for solution
of two-point boundary value problems,” Journal of Computa-
tional and Applied Mathematics, vol. 235, no. 8, pp. 2325-2342,
2011.

[19] R. A. Usmani and P. J. Taylor, “Finite difference methods for
solving (p(x)y”)” + q(x)y = r(x), International Journal of
Computer Mathematics, vol. 14, no. 3-4, pp. 277-293, 1983.

[20] D. Britz, Digital Simulation in Electrochemistry, vol. 66 of
Lecture Notes in Physics, Springer, Berlin, Germany, 2005.

[21] M. K. Kadalbajoo and D. Kumar, “Geometric mesh FDM for
self-adjoint singular perturbation boundary value problems,”
Applied Mathematics and Computation, vol. 190, no. 2, pp. 1646
1656, 2007.

[22] M. K. Jain, S. R. K. Iyengar, and G. S. Subramanyam, “Variable
mesh methods for the numerical solution of two-point singular
perturbation problems,” Computer Methods in Applied Mechan-
ics and Engineering, vol. 42, no. 3, pp. 273-286, 1984.

[23] R. K. Mohanty, “A class of non-uniform mesh three point

arithmetic average discretization for y” = f(x,y,y") and the
estimates of y';” Applied Mathematics and Computation, vol. 183,
no. 1, pp. 477-485, 2006.

[24] N.Jha, “A fifth order accurate geometric mesh finite difference
method for general nonlinear two point boundary value prob-
lems,” Applied Mathematics and Computation, vol. 219, no. 16,
pp- 8425-8434, 2013.

[25] S. R. K. Iyengar and P. Jain, “Spline finite difference methods
for singular two point boundary value problems,” Numerische
Mathematik, vol. 50, no. 3, pp. 363-376, 1986.

[26] R. D. Russell and L. E Shampine, “Numerical methods for
singular boundary value problems,” SITAM Journal on Numerical
Analysis, vol. 12, pp. 13-36, 1975.

[27] W. Gautschi, Numerical Analysis, Birkhause, 2011.

[28] R. S. Varga, Matrix Iterative Analysis, vol. 27 of Springer Series
in Computational Mathematics, Springer, Berlin, 2000.

[29] P. Henrici, Discrete Variable Methods in Ordinary Differential
Equations, John Wiley & Sons, New York, NY, USA, 1962.

[30] D. M. Young, Iterative Solution of Large Linear Systems, Aca-
demic Press, New York, NY, USA, 1971.

[31] J. Talwar and R. K. Mohanty, “A class of numerical methods for
the solution of fourth-order ordinary differential equations in
polar coordinates,” Advances in Numerical Analysis, vol. 2012,
Article ID 626419, 20 pages, 2012.

[32] A. R. Elcrat, “On the radial flow of a viscous fluid between
porous disks,” Archive for Rational Mechanics and Analysis, vol.
61, no. 1, pp. 91-96, 1976.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




