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We study sectional curvature, Ricci tensor, and scalar curvature of submanifolds of generalized f.p.k.-space forms. Then we give
an upper bound for foliate £, -horizontal (and vertical) CR-submanifold of a generalized f.p.k.-space form and an upper bound
for minimal &_-horizontal (and vertical) CR-submanifold of a generalized f.p.k.-space form. Finally, we give the same results for
special cases of generalized f.p.k.-space forms such as S-space forms, generalized Sasakian space forms, Sasakian space forms,

Kenmotsu space forms, cosymplectic space forms, and almost C(«)-manifolds.
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1. Introduction

In 1978, Bejancu introduced and studied CR-submanifolds of
a Kéhler manifold [1, 2]. Since then, many papers appeared
on this topic with ambient manifold such as Sasakian space
form [3], cosymplectic space form [4], and Kenmotsu space
form [5, 6]. Recently Falcitelli and Pastore [7] introduced
generalized globally framed f-space forms. Globally framed
f-manifolds are studied from the point of view of the
curvature and are introduced and the interrelation with
generalized Sasakian and generalized complex space forms
is pointed out. In this paper, we study CR-submanifolds of
generalized f-space forms.

The theory of a submanifold of a Sasaki manifold was
investigated from two different points of view: one is the case
where submanifolds are tangent to the structure vector and
the other is the case where those are normal to the structure
vector [8].

In the class of f-structures introduced in 1963 by Yano
[9], the so-called f-structures with complemented frames,
also called globally framed f-structures or f-structures with
parallelizable kernel (briefly f.p.k.-structures) [10-13] are
particulary interesting. An f.p.k.-manifold is a manifold

M on which an f-structure is defined, that is a (1,1)-
tensor field ¢ satisfying ¢° + ¢ = 0, of rank 2#, such that the
subbundle ker ¢ is parallelizable. Then, there exists a global
frame {£;}, i € {1,...,s}, for the subbundle ker ¢, with dual
1-form rf, §atisfying q)z =-I+ r]i ®¢&;, ni(fj) = 8;, from which
@&, = 0,7 o @ = 0 follow. An f.p.k.-structure on a manifold
M is said to be normal if the tensor field N = [¢, @] +
2dnf ® &; vanishes, [@, ] denoting the Nijenhuis torsion of
@. It is known that one can consider a Riemannian metric
g on M*™* associated with an f.p.k.-structure (¢,&,7'),
such that g(pX,Y) = g(X,Y) - Y, ;1i(X);1i(Y), for any
X,Y € T(T**M), and the structure (¢, ., g) is then
called a metric f.p.k.-structure. Therefore, T*"**M splits as
complementary orthogonal sum of its subbundles Im ¢ and
ker ¢. We denote their respective differentiable distributions
by D and D*.

Let Q denote the 2-form on M*™** defined by Q(X,Y) =
g9(X,@Y), forany X,Y € T(T*"**M).

Several subclasses have been studied from different points
of view [10, 11, 14-16], also dropping the normality condition,
and, in this case, the term almost precedes the name of
the considered structures or manifolds. As in [10], a metric



f.p.k.-structure is said a J-structure if it is normal and
the fundamental 2-form Q is closed; a manifold with a % -
structure is called a % -manifold. In particular, if dy' = Q,
for all i € {1,...,s}, the H -structure is said to be an -
structure and M*"** an §-manifold. Finally, if d' = 0 for
alli € {1,..., s}, then the % -structure is called a €-structure
and M>"** is said to be a @-manifold. Obviously, if s = 1,a % -
manifold M*"*! is a quasi Sasakian manifold, a @-manifold
is a cosymplectic manifold, and an &-manifold is a Sasakian
manifold.

The purpose of the present paper is to study Ricci tensor,
sectional curvature, and scalar curvature of submanifolds of
a generalized f.p.k.-space form. In Section 2, we state defini-
tions of f.p.k.-space form, its curvature tensor, £-horizontal
CR-submanifold, and & -vertical CR-submanifold. Section 3
is devoted to the study sectional curvature of submanifold
of an f.p.k.-space form. Finally, in Section 4, we investigate
Ricci tensor and scalar curvature of submanifold of an f.p.k.-
space form and obtain upper bound for scalar curvature.

2. Preliminaries

We recall that the Levi-Civita connection V of a metric f.p.k.-
manifold satisfies the following formula [10, 11]:

29 ((Vx9) Y. 2)

=3dQ (X, Y, ¢Z) - 3dQ (X,Y, Z)

. (1)
+g(N(Y,2),¢X) + NP (Y, 2) ' X

+dn! (pY, X) 1/ (2) - 2dn (92, X) 1 (),

where NJ(Z) is given by N](.z) (X,Y) = 2d11j(ch, Y) - 2d11j
(oY, X).

Furthermore, for &'-manifolds we have V& =X, j=
1,...,s, [10]. Putting € = Y851 = X5 n; is its dual form
with respect to g and

(Vx9) Y = g (pX, @Y) E+7 (V) ¢°X. @)

We remark that (2) together with £, g = 0 and £51_17j =0,
i,j € {1,...,s}, characterizes the &-manifolds among the
metric f.p.k.-manifolds.

A metric f.p.k.-manifold (M*™**,¢,&,#', g) has point-
wise constant (p.c.) @-sectional curvature if at any p €
M, c(p) = R, (X, X, X, X) does not depend on the ¢-
section spanned by {X, ¢X}, for any unit X € D,. Several
results involving the pointwise constancy of the ¢-sectional
curvatures of an almost contact metric manifold (i.e., for
s = 1) are recently obtained in [17-19]. We refer to [20] for
a systematic exposition of the classical curvature results on
contact metric manifolds.

We recall some known results.

Geometry

Proposition 1 (see [6]). A Sasaki manifold (M*"**, ¢,&,1, g)
has p.c. @-sectional curvature c if and only if its curvature tensor

field verifies

R(X,Y,Z)

:i(c+3){g(Y,Z)X—g(X’Z>Y}

+4—11(c— 1 {g(X,9Z) 9Y - g(Y,0Z) pX

+29 (X, 9Y)9Z +n(X)n(2)Y

-n(Nn(2)X+g(X,Z2)n(Y)§
-9 (Y, 2)n(X) ¢},

for any X, Y, Z tangent to M*"*".

A Sasaki manifold M*"™*" with constant g-sectional cur-
vature ¢ € R is called a Sasakian space form and denoted by
M2"+1(c). It is well known that, if # > 2, a Sasaki manifold
M>™! with p.c. p-sectional curvature ¢ is a Sasakian space
form. As examples of Sasakian space forms, we mention R*"*!
and §"*!, with standard Sasakian structures [14].

Definition 2 (see [10]). An almost contact metric mani-
fold (M*™**,¢,&,1, g) is a generalized Sasakian space form,
denoted by (M*™*, f,, f,, f3), if it admits three smooth
functions f;, f,, f5 such that its curvature tensor field verifies
that, forany X,Y,Z € TM

R(X,Y,2)

= filg(2)X - g(X, 2)Y}

+ [,19 (X, 92) Y — g (Y, 9Z) pX
(4)
+2g (X, 9Y) 9Z}

+ X)) n@2)Y -n(YV)n2) X
+g (X, Z2)n(M)E-g (Y, Z)n(X)¢E},

Remark 3. Any generalized Sasakian space form has p.c. ¢-
sectional curvature ¢ = f; +3 f,. Obviously, a Sasaki manifold
of p.c. p-sectional curvature c satisfies (4) with f; = (1/4)(c+
3)and f, = f; = (1/4)(c — 1). A cosymplectic manifold with
p.c. p-sectional curvature c satisfies (4) with f, = f, = f5 =

(1/4)c.

Proposition 4 (see [10, 21]). An S-manifold M*"** has p.c. ¢-
sectional curvature c if and only if its curvature tensor field
verifies
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R(X,Y,Z)
- }1 (c+35) {9 (9X, 92) 9°Y
-9 (9Y,9Z) 9’ X}
+ }1 (c-9{g(Z.oV)9X - g(Z.px)gy )
+29 (X, ¢Y) 9Z}
I X)7(2) QY — (V)7 (2) 9’ X

+9 (pY,0Z) 7 (V) € - g (9X, 92) 7] (X) &} .

for any X, Y, Z tangent to M*"*".

An S-manifold M*"** with constant ¢-sectional curvature
¢ € Ris called an S-space-form and denoted by M*"**(c).
Moreover, it is also well known that if n > 2, then an S-
manifold with p.c. ¢-sectional curvature ¢ is an S-space form.
We remark that for s = 1 (5) reduces to (3).

Definition 5. In [22], Oubina introduced the notion of a
trans-Sasakian manifold. An almost contact metric manifold
M is called trans-Sasakian manifold if there exist two func-
tions o and 3 on M such that [22-24]

(Vx@) (V) = a{g (X, Y)E -5 (V) X}

(6)
+B{g (X, Y)E—n (V) pX},
for vector fields X, Y on M. From (6) it is easy to see that
Vi§ = —apX + B (X -1 (X))E. (7)

In particular, if B = 0, then M is said to be an «-
Sasakian manifold. Sasakian manifolds appear as examples of
a-Sasakian manifolds with & = 1.

On the other hand, if « = 0, then M is said to be a -
Kenmotsu manifold. Kenmotsu manifolds, defined in [25],
are particular examples with 8 = 1.

Another important kind of trans-Sasakian manifolds is
that of cosymplectic manifolds obtained for o = 3 = 0.

Proposition 6 (see [25]). An almost contact metric manifold
is said to be an almost C(«)-manifold if its Riemannian
curvature tensor verifies

R(X,Y,Z,W) = R(X,Y,0Z,oW)
+a{g(X,W)g(Y,2)
-9(X,Z)g(,W) (8)
+9(X,9Z) g (Y, oW)
-9 (X,oW) g (Y, 9Z)},

forvector fields X, Y, Z, and W on M, where a is a real number.
Moreover, if such a manifold has constant g-sectional curvature
equal to ¢, then its curvature tensor is given by

R(X,Y)Z

(c+36*){g(V,2) X - g(X,2) Y}

e

oL ema?) g (X g2) ¥~ g (. 92) o

9)
+2g (X, 9Y) @Z

+nXOn2)Y -n(V)n(2) X
+9(X,Z2)n(Y)¢
-9 (Y, 2)n(X) ¢},

and so, it is a generalized Sasakian space form with f, =
(1/4)(c + 3a?) and fr=f3=01/4)(c- a?).

Let  denote any set of smooth function F;; on M
such that Fj; = Fj; forany i, j € {1,2,...,s}.

Definition 7 (see [7]). A generalized f.p.k.-space form,
denoted by M*"**(F,,F,, %), is a metric f.p.k.-manifold
(M, 0., ;1i, g) which admits smooth functions F,, F,, and
F such that its curvature tensor field verifies

R(X,Y,Z)
= F, {9 (9X,02) ¢’Y - g (¢, 9Z) 9’ X}
+F,{g(Z,9Y) X - g(Z,9X) ¢Y
+2g (X, 9Y) 9Z}
s . . 10
+ Y B n X1 (2)¢’Y 1

ij=1
-1 (V) (2)9’X
+1 (X)&;9 (9Y, 9Z)

-1 (V)& (9X, 9Z)} .

For s = 1, we obtain a generalized Sasakian space form
M Y(fy, fo f3) with f; = Fy, f, = Fyand f; = F, = Fp. In
particular, if the given structure is either Sasakian, Kenmotsu,
or possibly cosymplectic, then (10) holds with F,, = 1, F, =
(1/4)(c+3), F, =(1/4)(c—1),and f5 = F, — F;; = (1/4)(c -
1) = f, in the first case, F;; = -1, F, = (1/4)(c - 3), F, =
(1/4)(c+1)and f5 = F,—F;; = (1/4)(c+1) = f, in the second
case,and F;; = 0, F; = (1/4)c, F, = (1/4)c, and f; = (1/4)c
in the last case.

Definition 8. Let M be an m-dimensional submanifold
immersed in M. M is said to be an invariant submanifold
iff, € TMforany1l < a < sand ¢X € TM for any
X € TM. On the other hand, it is said to be an anti-invariant
submanifold if X € T*M for any X € TM.



An m-dimensional Riemannian submanifold M of a gen-

eralized f.p.k.-space form M is called a CR-submanifold
if £,’s are tangent to M (so, dim M > s) and there exist two
differentiable distributions D and D" on M satisfying

(i) TM = D ® D* (direct sum),

(ii) the distribution D is invariant under ¢, that is, D, =
D, forany x € M,

(iii) the distribution D" is anti-invariant under ¢, that is,
D, € Ty M forany x € M.

We denote by 2p and q the real dimensions of D, and Dy,
respectively, for any x € M. Then, if p = 0, we have an anti-
invariant submanifold tangent to &,,...,&,, and if g = 0, we
have an invariant submanifold.

As an example, it is easy to prove that each hypersurface
of M which is tangent to &,,...,&, inherits the structure of
CR-submanifold of M. Also, pseudoumbilical, totally contact
umbilical, totally contact geodesic, totally umbilical, and
totally geodesic hypersurfaces of a generalized S-space form
are also generalized S-space forms, and, moreover, the bundle
space of a principal toroidal bundle over a Kéhlerian manifold
and the warped product of R times a generalized S-space form
are generalized S-space forms, too [26].

Definition 9. The @-sectional curvature H of M determined
by a unit vector X € D orthogonal to &£’s is the sectional
curvature of the plane section spanned by X and ¢X. Also, we
denote by Ric(X, Y) (and K(X,Y)) Ricci tensor (and sectional
curvature) determined by (orthonormal) vector fields {X, Y},
respectively.

Definition 10. A CR-submanifold M of a generalized f.p.k.-
space form M is said to be D-totally geodesic (resp., D*-
totally geodesic) if i(X,Y) = Oforany X,Y € D (resp., X, Y €
D"), and it is said to be (D, D")-mixed totally geodesic if
h(X,Y)=0forany X € D,Y € D*.

Also, CR-submanifold M is said to be minimal if 4 = 0,

where p is the mean curvature vector, defined by 1 = (1/(2n+
s))trace(h).

Definition 11. Let M be a CR-submanifold with horizontal
distribution D and vertical distribution D*. The pair (D, D*)
is called & -horizontal if £ € D, for any x € M, and in a
similar way the pair (D, D) is called &,-vertical if £ € Dy
for any x € M.

Definition 12. LetdimM =n =2p+s+qand{e,e,,...

El’EZ""’ES’e;’e;>"‘

frames on TM such that in case when M is & -horizontal,
{e s ne3p 815850, &} is a local frame field on D and

{e},€},..., e/} isalocal frame field on D*.

Let M be an & -horizontal CR-submanifold of M. The
mean curvature vector field g of M in M is defined by

2p+s
u- 2p+s+q{2h(e,,e) Sne )}_ ()

)ez‘ga
,e;} be a local field of orthonormal

Geometry

If u = 0, then M is said to be minimal. Now, we will define

2p+s

¥p = 2p+szh €e:)

(12)
q

Upt = éZh (e;,el{).

i=1

If yup = 0, then the CR-submanifold M is said to be D-min-
imal, and if ypp. = 0, then it is said to be D*-minimal. Similar
definitions can be given for £ -vertical CR-submanifolds.

We denote by P and Q the projection morphisms of
TM on D and D", respectively. We call D (resp., D*) the
horizontal (resp., vertical) distribution. Then for any vector
field X tangent to M, we have:

X = PX +QX, (13)

where PX and QX belong to the distribution D (horizontal
part) and D" (vertical part), respectively. Also, for a vector
field N normal to M, we put:

@N = tN + N, (14)

where tN and fN denote the horizontal and normal compo-
nent of N, respectively.

Definition 13. Let M be a CR-submanifold of an ambient
manifold M, with horizontal distribution D. Then D is called
involutive (or integrable) if [X,Y] € D for any X,Y € D
where [X,Y] is Lie bracket of X,Y. Also, M is a foliate if D
is involutive (or integrable).

Let M be an m-dimensional : shlpsmanifold immersed in a
generalized f.p.k.-space form M~ . The Gauss-Weingarten
formulas are given by

VY =V Y +h(X,Y); X, Y €TM,
_ (15)
VN =-AyX+ViN; X eTM,NeT"M,
where V* is the connection in the normal bundle, k is the

second fundamental form of M and A the Weingarten
endomorphism associated with N. Then A ; and h are related

by:

9(AxXY) = g(h(X,Y),N). (16)

We denote by R and R the curvature tensor fields
associated with V and V, respectively. The Gauss equation is
given by

R(X.Y,Z,W) = R(X,Y,Z,W) + g (h(X,Z),h (Y, W))

-g(h(X,W),h(Y,2)),
17)

where X,Y, Z, and W belong to TM.
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3. Sectional Curvature of Submanifolds

Let M be a submanifold of a generalized f.p.k.-space form

—2n+s

M (F,,F,, ). Then from the equation of Gauss, we have

R(X,Y,Z,W)
=R(X,Y,Z,W) - g (h(X,Z),h(Y,W))
+g(h(X,W),h(Y,2))
= F,{g9(¢X,92) g (¢’Y, W)
-9(9Y.92) g (9’ X. W)}
+F,{g(Z,¢Y) g (9X, W)

- 9(Z,9X) g(pv, W)
+29 (X, 9Y) g (92, W)} (18)

+ ilF,-j X 29’V W)
=
-1 () (2) g (X, W)
+1 O (W) g (9Y, 92)
-1 (V) (W) g (X, 92)}
- g (h(X,2),h(Y,W))
+g(h(X,W),h(Y,2)),

forany X,Y, Z, and W tangent to M.
Let K);(X,Y) be the sectional curvature determined by
orthonormal vectors X and Y. Then from (18), we have

Ky (X,Y)

= g(h(X,X),h(Y,Y)) - [k (X, Y)|* + 3F,g° (X, 9Y)

+F { (1 - i’lk(X)2> <1 - ink(Yf)
k=1 k=1
s 2
- (Zn" X) 1" (Y)) }
k=1

+ ) F; {n" X)7' (X) <1 - Zn"mz)

ij=1 k=1

(19)

+1 (V) (Y) (1 - Zn"oc)z)

k=1

w21 (X’ (V) Yo (X <Y)} :
k=1

Thus we have the following theorem.

Theorem 14. Let M be a submanifold of a generalized f.p.k.-

—2
space form M n+S(F1,F2, F). Then the sectional curvature of
M determined by orthonormal tangent vectors {X,Y} is given

by
Ky (X,Y)

= g(h(X,X),h(Y,Y)) - [(X, V)| + 3E,4° (X, ¢Y)

+F { (1 - inkw)z) <1 - ink(Yf)
k=1 k=1
s 2
—(Zn" X) 1" (Y)) }
k=1

+ Y F; {11" (X) 7 (X) (1 - an(Y)2>

i,j=1 k=1

(20)

+17 (V) (V) <1 - Zn"(X)Z)

k=1
i j -k k
+21 (X) 0’ (V) Y " (X)7 (Y)} :
k=1
From this we have the following corollaries for the sec-
tional curvature of submanifold determined by orthonormal

tangent vectors {X, Y}.

Corollary 15. The sectional curvature of a submanifold of an
S-space form Mznﬂ(c) is given by

Ky (X.Y)

=g (h(X, X),h(Y,Y)) - |h(X, V)|?

+§(c—s)g2(X,goY)+;11(c+3s)

(o))
k=1 k=1
s 2
—<Zn" 07 (Y)) } (2D
k=1
+ ) {n" (X) 7’ (X) (1 - Zn"mz)

i,j=1 k=1

+1 (V) (V) <1 - Zn"(X)2>

k=1

w21 () (V) Yo (X) 1" (Y)} .
k=1



Proof. We will get the result by using F;; = 1, forall 1 <4, j <
s; F) = (1/4)(c + 3s); E, = (1/4)(c — s) in (20). O

Corollary 16. The sectional curvature of a submanifold of a
generalized Sasakian space form M(c) is given by

Ky (X,Y) = g(h(X, X),h(V,Y)) - WX, V)I* + f;

+3£,9° (X.9Y) — £ (7" X)+7° (V).

Proof. We will get the result by usings = 1, F, = f, F, = f,,
and F; = f; — f5in (20). O

(22)

Corollary 17. The sectional curvature of a submanifold of a
Sasakian space form M(c) is given by

Ky (X,Y) = g(h(X,X),h(V,Y)) - [h(X, V)I?
+4_11(C+3)+i(c_1) (23)

x (3g% (X,9Y) - 11" (X) - (Y)) .

Proof. We get the result by using f; = (1/4)(c+3), f, = f5 =
(1/4)(c - 1) in (22). O

Corollary 18. The sectional curvature of a submanifold of a
Kenmotsu space form M(c) is given by

Ky (X,Y) = g(h(X, X),h(Y,Y)) - [h(X, V)II?
+Z11(c—3)+;11(c+1) (24)

x (347 (X, 9Y) =" (X) =" (V).

Proof. We get the result by using f; = (1/4)(c — 3) and f, =
f3=(1/4)(c+1)in (22). =

Corollary 19. The sectional curvature of a submanifold of a
cosymplectic space form M(c) is given by

Ky (X,Y)
= g (X, X),h(V,Y) - [h(X, V)| (25)
+ ic (1 + 3g2 (X,9Y) - 112 (X) - 112 (Y)) )

Proof. By taking f, = f, = f5 = (1/4)c in (22), we obtain the
above. O

Corollary 20. The sectional curvature of a submanifold of an
almost C(e)-manifold M(c) is given by

= g(h(X, X),h(Y,Y)) - [|h(X, V)|

+ (c + 3a2) (26)

+ (c - “2) (3g2 (X,9Y) - 112 (X) - 112 (Y)) .

e N

Geometry

Proof. By getting f, = (1/4)(c +30?), HL=f= (1/4)(c - o?)
in (22), we obtain (26). O
Proposition 21. If M is a & -horizontal CR-submanifold of

a generalized f.p.k.-space form Mznﬂ, then the sectional
curvature of M determined by X,Y € D" is given by

Ky (XY)=gh(X X),h(Y,Y))
(27)
— KX, Y)|? + F,.

Proof. From (20) and by replacing #(X) = 0 = #*(Y); 1 <
k < sand g(X, ¢Y) = 0 we get the result immediately. O

Corollary 22. If M is a &,-horizontal CR-submanifold of an
S-space form Mznﬂ(c), then the sectional curvature of M
determined by X,Y € D™ is given by

(28)
IR YR + }1 (c+3s).

Corollary 23. If M is a &-horizontal CR-submanifold of a

generalized Sasakian space form M(c), then the sectional
curvature of M determined by X,Y € D™ is given by

Ky (X,Y) = g(h(X, X),h(Y,Y)) - |h(XYV)I” + £, (29)

Corollary 24. If M is a &-horizontal CR-submanifold of a

Sasakian space form M(c), then the sectional curvature of M
determined by X,Y € D™ is given by

Ky (X,Y) = g(h(X, X),h(Y,Y))

(30)
_ GG + i (c+3).

Corollary 25. If M is a &-horizontal CR-submanifold of a
Kenmotsu space form M(c), then the sectional curvature of M
determined by X,Y € D™ is given by

Ky (X,Y) = g(h(X, X),h(Y,Y))

3
I+ (e 3).

Corollary 26. If M is a &-horizontal CR-submanifold of a

cosymplectic space form M(c), then the sectional curvature of
M determined by X,Y € D" is given by

Ky (X,Y) = g (h (X, X),h (YY) = [A(X, V)|* + }LC’ (32)

Corollary 27. If M is a &-horizontal CR-submanifold of
a C(a)-manifold M(c), then the sectional curvature of M

determined by X,Y € D™ is given by
Ky (X,Y)=gh(X,X),h(Y,Y))

(33)
— WXV + }1 (c+3a%).
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Proposition 28. If M is a &, -vertical CR-submanifold of

a generalized f.p.k.-space form MZMS, then the sectional
curvature of M determined by X,Y € D is given by

Ky (X,Y) = g (h (X, X),h (%, 1)) = [ (X, )|
(34)
+F, +3F,g° (X, ¢Y).
Corollary 29. If M is a & -vertical CR-submanifold of an
S-space form Mznﬂ(c), then the sectional curvature of M
determined by X,Y € D is given by
Ky (X,Y) = g (h (X, X),h (Y, 1)) = [ (X, )|
1 3 , (35)
+4_1(C+3S)+ Z(c—s)g (X, 9Y).

Corollary 30. If M is a &-vertical CR-submanifold of space
form M(c), then the sectional curvature of M determined by
X,Y €D,

(i) where M(c) is a generalized Sasakian space form, is
given by:

Ky (X,Y) = g(h(X, X),h(Y,Y)) - [h(X, V)|

+fi+ 3f292 (X, 9Y),

(36)

(ii) where M(c) is a Sasakian space form, is given by

Ky (X,Y) = g(h(X, X),h(Y,Y)) - [h (X, V)|

1 3 (37)
+(c+3)+ > (c— l)gz(X,q)Y),
4 4
(iii) where M(c) is a Kenmotsu space form, is given by
Ky (X%,Y) = g (h(X,X),h(¥,Y)) - [h (X, V)|
(38)

+Z11(c—3)+;1(c+1)g2(X,(pY),

(iv) where M(c) is a cosymplectic space form, is given by

Ky (X,Y) = g(h(X, X),h(Y,Y)) - |h (X, V)|

L (1 +34° (X, goY)), >
4
(v) where M(c) is a C(«)-manifold, is given by
Ky (X,Y) = g(h (X, X),h(Y,Y)) - [h(X, V)|
(40)

+i(c+3cx2)+Z(c—cxz)gz(X,goY).

Proposition 31. The ¢-sectional curvature of a CR-subman-

ifold of a generalized f.p.k.-space form MZMS(FI,FZ, F),
determined by X € TM, is given by

H(X) = g (h(X,X),h (X, ¢X)) - [|A(X, )| (an
+ F, + 3F,.

Proof. By using #*(X) = 0, forall 1 < k < s in (20), we will
get the result. O

Proposition 32. The ¢-sectional curvature of a CR-subman-

ifold of a generalized Sasakian space form M(c), determined
by X € TM is given by

H(X) = g(h(X,X),h(pX, ¢X))

— (X @X)|” + £, + 35>

Corollary 33. The @-sectional curvature of a CR-submanifold
of either an S-space form, a Sasakian space form, a Kenmotsu
space form, a cosymplectic space form, or an almost C(x)-

manifold M, determined by X € TM, is given by:

(42)

H(X) = g (h(X, X),h(9X, X)) = |(X, oX)|” +¢. (43)
We recall the following Lemma [27].
Lemma 34. Let M be a foliate & ,-horizontal CR-submanifold
of a S-space form M2n+s(c); then

h(pX,9Y) = -h(X,Y); X,Y €D. (44)

Proposition 35. If M is a foliate & -horizontal CR-subman-
ifold of a S-space form M2n+s(c); then

H(X)<c¢ XeD, (45)
and the equality holds if and only if M is D-totally geodesic.

Corollary 36. If M is a foliate &-horizontal CR-submanifold
of a generalized Sasakian space form M(c), then

H(X)< fi+3fy; XeD, (46)

and the equality holds if and only if M is D-totally geodesic.

Corollary 37. If M is a foliate &-horizontal CR-submanifold
of either a Sasakian space form, a Kenmotsu space form, a
cosymplectic space form, or an almost C(a)-manifold form
M(c), then

H(X)<¢ XeD, (47)
and the equality holds if and only if M is D-totally geodesic.

Proposition 38. If M be a D*-minimal €,-horizontal CR-sub-

manifold of a generalized f.p.k.-space form Man(Fl, E,, F);
then M is D*-totally geodesic iff

Ky (X,Y) = F, (48)
forany X,Y € D*.

Proof. Let M is D*-minimal & -horizontal CR-submanifold

of generalized f.p.k.-space form MZMS, then by definition of
D*-minimal, we have:

(49)
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4. The Ricci Tensor and Scalar
Curvature of a Submanifold

where {ei,e;, ...
for any X € D+

, e;} is a local frame field on D*. Therefore,

h(X,X)=0. (50)  Let M be a submanifold of a generalized f.p.k.-space form

2n+s

(F,, F,, F). Then it is straightforward to calculate the

On the other hand, from (20), we have for X,Y € D*

Ky (X,Y) = g (h(X, X),h(Y,Y)) = [h(X,Y)|* + F,. (51)

Hence, M is D*-totally geodesic if and only if for any X,Y €
DJ_

Ky (X,Y) = F,. (52)

O

Proposition 39. If M is a D-minimal & -vertical CR-subman-
ifold of a generalized f.p.k.-space form ﬁzms(Fl, E,, F), then
M is D-totally geodesic if and only if

Ky (X,Y) = F,, (53)
forany X,Y € D with g(X,¢Y) =

Proposition 40. If M is a & -horizontal CR-submanifold and
(D, D*)-mixed totally geodesic of a generalized f.p.k.-space

form M2n+S(F1, E,, %), then

Ky (X,Y)=g(h(X,X),h(Y,Y))

+F (1 - Zs:’?k(X)z)

k=1 (54)

+ Y B (X) 7/ (X),

ij=1
forany X € DandY € D*.

Proof. By using 7*(Y) = 0, forall 1 <k < sand g(X,X) =0
and h(X,Y) = 0, we arrive at the aforementioned equation,
easily. O

Proposition 41. If M is a & -vertical CR-submanifold and

(D, D*)-mixed totally geodesic of a generalized f.p.k.-space
form M (F,, E,, &), then

+F, (1 - ink(Yf)

k=1 (55)

Z () (Y
i,j=1
forany X € DandY € D*.
Proof. By using #*(X) = 0,forall 1 < k < s, g(X,pX) =

0, h(X,Y) = 0 and (20), we arrive at the abovementioned
equation, easily. O

R1cc1 tensor of M as follows

Ric (X,Y) = ig(R

(e X) Yser)
k=1

Z {9 (per oY) g (9* X, ¢;)
-9 (9X, 9Y) g (¢ e )}

+ ZFZ

9 (Y, 0X) g (pey ex)

- g (Y, per) g (9X, er)
+29 (e, 9X) g (¢Y; er)}

-3 3B ) 109 (¢7X,e)

pates)
-1 7 (V) g (97X, )

(ex) 9 (9X, 9Y)
1 ()7 (ex) g (9er 9Y)}

-g(h(enY), h(X,e))

+ 9 (h(epe),h(X,Y))

ol

S -1+ Sor (ek>)2)}

+1 (ex)

99X, 9Y) - g (9X, 9Y)

+%4wxn—2¢am%n}

a=1

+ Y F; {—Zni (ex) 1’ (V) g (X, pe;.)

i, j=1 k=1

+17 (X) 7' (V) Y g (e pey)
k=1

n

+9(pX,0Y) Y 1f
k=1

ek) ’7 ek

M:

- (X)

( k)g(‘PY’SDek)}

k 1
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N i [9(h(ewer) b (X, X)) Theorem 42. Let M be a submanifold of a generalized f.p.k.-

—2
et space form M n+S(F1, F,, F). Then the Ricci tensor and scalar

curvature of M (resp.) are given by
—g(h(X, ), h (Y e))]

=F(n-s-1) Ric(X,Y) = ((n —-s—1)F, +3F, + iFiz‘> g(pX, 9Y)
i=1
x| g(X,Y)=- ) 0" (X)n" (Y))
( ; +(n—s)z i (X) ' (V)
s 1] 1
+ 3F, <g(X,Y) - YO (Y)) n
o + 2 [9(h (6 X), h(ewer))
s k=1
(-8 y
" L Fy =9 0 ) g (h(Xoe) A (e,

N <ZF) (g(X)Y) B ina O (Y)) p=(n-s) <(n—s— 1)F, + 3F, +2ZF,.,.>
i=1 a=1 i=1
i + ) [g(hlene) h(eje)))

(h(X,X),h(eex)) i1
-g(h(X,er),h(Y,e))]- -9 (h (e,.,ej),h (e,-,ej))] :

(56) (58)
—2n+s

Also, the scalar curvature p of a submanifold M of M~ " (F,

F,, %) is then given by Theorem 43. Let M be a minimal CR-submanifold of a

generalized f.p.k.-space form M. Then

= ZRiC (ene) = (Fi(n—s-1)+3F) Ric(X,Y)

« (ig e e) ZZ('I‘X (et))2> - ((n —s—1)F, +3F, + ZFii> g (¢X, 9Y) (59)

=1 t=la=1 i=1

+ Z Fj;(n-s) Z”Ii (e)n’ () + (ZE‘:‘) S l]zl i o7
ij=1 t=1 i=1
n n s , is negative semidefinite and
<(Yotoe)- 30 )
=1 t=la=1 p<(n-s)
n n s (60)
+ZZ[9(h(et>et)’h(6k>ek)) (57) X<(n_5_1)F1+3F2+2ZFii>'
t=1k=1 i=1
g (h(eer) e er))] Theorem 44. Let M be a &, -horizontal (resp., &, -verti-
= (n-s)((n-s—-1)F, +3F,) calz)n+sCR submanifold of a generalized f.p.k.-space fornf
(F\, F,, ). Then the Ricci tensor of M for any X, Y € D
) ZS:F fnes) ZS:F (resp X,Y € D) is given by
" Ric(X,Y)=<(n—s—1)F1+3F2+ZFii>g(X,Y)
+ 2 [a(n(ene).nlepe))) o
ij=1 i (o (h(X,¥), ) (61)
t2.19 »1),nle;e;
=g (1 (ene;) h(ene;))]- =

Thus, we obtain the following. -g(h(X,¢;),h(Y,e))].
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TABLE 1

Manifold

Ricci tensor of Minimal E -horizontal CR-submanifold

2n+s

(F, F,, F)

—2n+s

M(fy, o f3)

(n-s—1)F, +3F, + ZF”)g((pX PY) + (n—s) Z Fyn' (X)n'(Y)

i=1 1]1

) Z 7 (X' (V)

i,j=1

ﬂ(X)ﬂ(Y)(3f2 +(n—- 2)f3)

i(Sc +s+ (n—s—-1)(c+3s)g(eX, oY) + (

(=1 fi +3f, = f)9(X.Y) -

Mo, (©) 2G0TI +3) + ¢ 9) = (e = D+ V(X))

My © Lg00Y) (e~ 3) +¢+5) = L(e+ D+ DY)

Mgy @ 21+ (g Y) = n(0n()

Mew(© LI0CY (e +30%) + €= 5a) = S (n-+ 1)(e - @ (OR(Y)
Where M (Fy, By, &), M, M(fy1 fa» f3) Misas(©): Micen (€), Meggym (€), and Mg (¢) denote generalized f.p.k.-space form, S-space form, generalized

Sasakian space form, Sasakian space form, Kenmotsu space form, cosymplectic space form, and C(e)-space form, respectively.

TABLE 2

Manifold

2n+5

(Fy, By, F)

—2n+s

M(fy> fo f3)

Scalar curvature of Minimal & -horizontal CR-submanifold
S

(n-s)((n—s-1)F, +3F,+2) F,)

i=1

i(n—s)(3c+ 55+ (n—c—1)(c+ 3s))

(n—=1)(nfi+3f,-2f3)

— 1
Ms,i(c) Z(n— D(c—1+n(c+3))
— 1
My, (c) Z(n— 1)(c+1+n(c-3))
L
Mcosym (€) Zc(n -1)
1 2 2
y(€) Z(n—l)(c—a + n(c + 3a%))
Where M (Fl By, F), Mznﬂ MC(f15 frs f3)s Mgas(€), Mien (€), Mcosym (c), and MC(“)(C) denote generalized f.p.k.-space form, S-space form, generalized

Sasakian space form, Sasakian space form, Kenmotsu space form, cosymplectic space form, and C(e)-space form, respectively.

Theorem 45. Let M be minimal & -horizontal (resp., &,-
vertical) CR-submanifold of a generalized f.p.k.-space form

2nH(Fl,FZ, F). Then for any X,Y € D* (resp., X,Y € D)

Ric(X,Y) — ((n -s—1)F, +3F, + ZS:F,-,) g(X,Y) (62)
i=1

is negative semidefinite.

Corollary 46. One has for Ricci tensor of minimal &,-hor-
izontal CR-submanifold Table 1.

Corollary 47. One has for scalar curvature of minimal & ,-hor-
izontal CR-submanifold Table 2.

Remark 48. Similar results can be written for minimal & -ver-
tical CR-submanifolds, easily.
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