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We know from the classical sequence spaces theory that there is a useful relationship between continuous and 𝛽𝛽-duals of a scalar-
valued FK-space 𝐸𝐸 originated by the AK-property. Our main interest in this work is to expose relationships between the operator
space ℒ(𝐸𝐸𝐸𝐸𝐸𝐸 and 𝐸𝐸𝛽𝛽 and the generalized 𝛽𝛽-duals of some 𝑋𝑋-valued AK-space 𝐸𝐸 where 𝑋𝑋 and 𝐸𝐸 are Banach spaces and 𝐸𝐸𝛽𝛽 =
{(𝐴𝐴𝑘𝑘𝐸𝐸 𝐴𝐴𝑘𝑘 ∈ ℒ(𝑋𝑋𝐸𝐸𝐸𝐸 𝑋 𝑋∞

𝑘𝑘=𝑘 𝐴𝐴𝑘𝑘𝑥𝑥𝑘𝑘 converges in 𝐸𝐸𝐸 for all 𝑥𝑥 ∈ 𝐸𝐸𝑥. Further, by these results, we obtain the generalized 𝛽𝛽-duals of
some vector-valued Orlicz sequence spaces.

1. Introduction

e idea of dual sequence space was introduced by Köthe
and Toeplitz [1]. en, Maddox, [2], generalized this notion
to 𝑋𝑋-valued sequence classes where 𝑋𝑋 is a Banach space.
is brings an important contribution to the operator matrix
transformation of Banach space-valued sequence spaces.
Remember that 𝛽𝛽- and 𝛼𝛼-duals of a (complex-valued)
sequence space 𝐸𝐸, denoted by 𝐸𝐸𝛽𝛽 and 𝐸𝐸𝛼𝛼, respectively, are
de�ned to be

𝐸𝐸𝛽𝛽 = 𝑎𝑎𝑘𝑘 ∈ 𝑤𝑤𝑋
∞

𝑘𝑘=𝑘
𝑎𝑎𝑘𝑘𝑥𝑥𝑘𝑘 convergent for all 𝑥𝑥=𝑥𝑥𝑘𝑘 ∈ 𝐸𝐸 𝐸

𝐸𝐸𝛼𝛼 = 𝑎𝑎𝑘𝑘 ∈ 𝑤𝑤𝑋
∞

𝑘𝑘=𝑘

𝑎𝑎𝑘𝑘𝑥𝑥𝑘𝑘 < ∞ for all 𝑥𝑥 ∈ 𝐸𝐸 𝐸

(1)

where 𝑤𝑤 is the space of all complex-valued sequences. e
(𝑎𝑎𝑘𝑘𝐸 in the classical de�nitions of Köthe-Toeplitz duals is
replaced by a sequence (𝐴𝐴𝑘𝑘𝐸

∞
𝑘𝑘=𝑘 of linear operators, not

necessarily continuous, from 𝑋𝑋 into another Banach space
𝐸𝐸. us, if 𝐸𝐸 is a nonempty set of sequences 𝑥𝑥 = (𝑥𝑥𝑘𝑘𝐸 with

𝑥𝑥𝑘𝑘 ∈ 𝑋𝑋, then generalized 𝛽𝛽- and 𝛼𝛼-duals of 𝐸𝐸 are de�ned to
be

𝐸𝐸𝛽𝛽 = 𝐴𝐴𝑘𝑘 𝑋
∞

𝑘𝑘=𝑘
𝐴𝐴𝑘𝑘𝑥𝑥𝑘𝑘 convergent in the 𝐸𝐸-norm

for all 𝑥𝑥 ∈ 𝐸𝐸 𝐸

(2)

𝐸𝐸𝛼𝛼 = 𝐴𝐴𝑘𝑘 𝑋
∞

𝑘𝑘=𝑘

𝐴𝐴𝑘𝑘𝑥𝑥𝑘𝑘 < ∞ for all 𝑥𝑥 ∈ 𝐸𝐸 (3)

respectively. It is clear that this notion depends on the space
𝐸𝐸 and if 𝐸𝐸 𝐸 𝐸𝐸(𝑋𝑋𝐸, then

𝐸𝐸𝛼𝛼(or 𝛽𝛽𝐸 𝐸 𝐸𝐸 (𝐿𝐿 (𝑋𝑋𝐸 𝐸𝐸𝐸𝐸 𝐸 (4)

where 𝐿𝐿(𝑋𝑋𝐸 𝐸𝐸𝐸 is the space of all linear operators from𝑋𝑋 into
𝐸𝐸. Without the loss of generality we can restrict ourselves in
this work to continuous operators and ℒ(𝑋𝑋𝐸𝐸𝐸𝐸 being the
space of all continuous linear operators from 𝑋𝑋 into 𝐸𝐸 and
𝐸𝐸(𝑋𝑋𝐸 being the space of all 𝑋𝑋-valued sequences which is a
natural generalization of 𝑤𝑤 = 𝐸𝐸(𝑤𝐸.

We know from the classical sequence spaces theory that
there is a useful relationship between continuous and 𝛽𝛽-duals
of a sequence space whenever it has the AK-property. Related
results are also expressed in [3, page 176]. Here, we are going
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to show that there is an analogue relationship for 𝑋𝑋-valued
sequence spaces in the context of generalized 𝛽𝛽-duals with
respect to another �xed Banach space𝑌𝑌. Further, by applying
this result, we obtain generalized 𝛽𝛽-duals of some vector-
valued Orlicz sequence spaces. We think that our results give
a fruitful way to �nd generalized duals of this kind of vector-
valued sequence spaces.

2. Prerequisites

We use the notationsℕ, ℂ, and ℝ for the sets of all positive
integers, complex numbers, and real numbers, respectively.
For some locally convex (lc, for short) space 𝑋𝑋, 𝑋𝑋∗ denotes
the continuous dual of 𝑋𝑋 and we denote by 𝐵𝐵𝑋𝑋 and 𝑆𝑆𝑋𝑋 the
closed unit ball and the sphere of some normed space 𝑋𝑋,
respectively.

An FH-space is an lc Fréchet space 𝐸𝐸 such that 𝐸𝐸 is a
vector subspace of a Hausdorff topological vector space 𝐻𝐻
and the topology of 𝐸𝐸 is larger than the restricted topology
of𝐻𝐻 to 𝐸𝐸; that is, the inclusion map: 𝐸𝐸 𝐸 𝐻𝐻 is continuous.
If 𝐻𝐻 𝐻 𝐻𝐻 then an FH-space is called an FK-space. With a
little extension, an 𝑋𝑋-valued sequence space 𝐸𝐸 is called an
FK-space whenever 𝐻𝐻 𝐻 𝐻𝐻𝐻𝑋𝑋𝐻 where 𝑋𝑋 is a Banach space.
In fact, the theory of FK-spaces can be developed without
the local convexity. However, we are interested only in locally
convex FK-spaces. Note that, 𝐻𝐻𝐻𝑋𝑋𝐻 𝐻 𝑋𝑋ℕ and so its topology
is the weakest topology such that the projections

𝑃𝑃𝑛𝑛 ∶ 𝐻𝐻 𝐻𝑋𝑋𝐻⟶ 𝑋𝑋, 𝑃𝑃𝑛𝑛 𝐻𝑥𝑥𝐻 𝐻 𝑥𝑥𝑛𝑛, 𝑛𝑛 𝐻 𝑛, 𝑛,𝑛 (5)

are continuous.
An Orlicz function is a function𝑀𝑀 ∶ 𝑀𝑀,𝑀𝐻 𝐸 𝑀𝑀,𝑀𝐻

which is continuous, nondecreasing, and convexwith𝑀𝑀𝐻𝑀𝐻 𝐻
𝑀, 𝑀𝑀𝐻𝑀𝑀𝐻 𝑀 𝑀 for all 𝑀𝑀 𝑀 𝑀 and𝑀𝑀𝐻𝑀𝑀𝐻 𝐸 𝑀 as 𝑀𝑀 𝐸 𝑀. An
Orlicz function𝑀𝑀 can always be represented in the following
integral form:

𝑀𝑀𝐻𝑀𝑀𝐻 𝐻 
𝑀𝑀

𝑀
𝑝𝑝 𝐻𝑡𝑡𝐻 𝑑𝑑𝑡𝑡, (6)

where 𝑝𝑝, known as the kernel of𝑀𝑀, is right differentiable for
𝑡𝑡 𝑡 𝑀, 𝑝𝑝𝐻𝑀𝐻 𝐻 𝑀, 𝑝𝑝𝐻𝑡𝑡𝐻 𝑀 𝑀 for 𝑡𝑡 𝑀 𝑀, and 𝑝𝑝 is nondecreasing
and 𝑝𝑝𝐻𝑡𝑡𝐻 𝐸 𝑀 as 𝑡𝑡 𝐸 𝑀.

Consider the kernel 𝑝𝑝𝐻𝑡𝑡𝐻 associated with Orlicz function
𝑀𝑀𝐻𝑀𝑀𝐻, and let

𝑞𝑞 𝐻𝐻𝐻𝐻 𝐻 sup 𝑡𝑡 ∶ 𝑝𝑝 𝐻𝑡𝑡𝐻 ⩽ 𝐻𝐻 . (7)

en 𝑞𝑞 possesses the same properties as the function 𝑝𝑝.
Suppose now

𝑁𝑁𝐻𝑣𝑣𝐻 𝐻 
𝑣𝑣

𝑀
𝑞𝑞 𝐻𝐻𝐻𝐻 𝑑𝑑𝐻𝐻. (8)

en 𝑁𝑁 is an Orlicz function. e functions 𝑀𝑀 and 𝑁𝑁 are
called mutually complementary Orlicz functions, and they
satisfy the Young inequality,

𝑀𝑀𝑣𝑣 ⩽ 𝑀𝑀𝐻𝑀𝑀𝐻 + 𝑁𝑁 𝐻𝑣𝑣𝐻 for 𝑀𝑀, 𝑣𝑣 𝑡 𝑀. (9)

An Orlicz function𝑀𝑀 is said to satisfy the Δ𝑛-condition
for small 𝑀𝑀 at 𝑀 if for each 𝑘𝑘 𝑀 𝑀 there exist 𝑅𝑅𝑘𝑘 𝑀 𝑀 and 𝑀𝑀𝑘𝑘 𝑀 𝑀
such that𝑀𝑀𝐻𝑘𝑘𝑀𝑀𝐻 ⩽ 𝑅𝑅𝑘𝑘𝑀𝑀𝐻𝑀𝑀𝐻, for all 𝑀𝑀 𝑢 𝐻𝑀, 𝑀𝑀𝑘𝑘] [4].

e space ℓ𝑀𝑀 consists of all sequences 𝐻𝑥𝑥𝑘𝑘𝐻 of scalars such
that

𝑀

𝑘𝑘𝐻𝑛
𝑀𝑀

𝑥𝑥𝑘𝑘
𝜌𝜌
 < 𝑀 for some 𝜌𝜌 𝑀 𝑀, (10)

and it becomes a Banach space which is called an Orlicz
sequence space with the Luxemburg norm

‖𝑥𝑥‖𝐻𝑀𝑀𝐻 𝐻 inf 𝜌𝜌 𝑀 𝑀 ∶
𝑀

𝑘𝑘𝐻𝑛
𝑀𝑀

𝑥𝑥𝑘𝑘
𝜌𝜌
 ⩽ 𝑛 . (11)

e space ℓ𝑀𝑀 is closely related to the space ℓ𝑝𝑝 which is an
Orlicz sequence space with𝑀𝑀𝐻𝑀𝑀𝐻 𝐻 𝑀𝑀𝑝𝑝, 𝐻𝑛 ⩽ 𝑝𝑝 < 𝑀𝐻.

Another de�nition of ℓ𝑀𝑀, [4], is given by the complemen-
tary function to𝑀𝑀 as follows:

ℓ𝑀𝑀 𝐻 𝑥𝑥 𝐻 𝑥𝑥𝑘𝑘 𝑢 𝐻𝐻 ∶
𝑀

𝑘𝑘𝐻𝑛
𝑥𝑥𝑘𝑘𝑦𝑦𝑘𝑘 converges, for all 𝑦𝑦 𝑢ℓ𝑁𝑁 ,

(12)

where𝑁𝑁 is the complementary function to𝑀𝑀 andℓ𝑁𝑁 is the
collection of all 𝑥𝑥 in𝐻𝐻 with∑𝑀

𝑘𝑘𝐻𝑛 𝑁𝑁𝐻𝑁𝑥𝑥𝑘𝑘𝑁𝐻 < 𝑀. Clearly,ℓ𝑁𝑁 ⊆
ℓ𝑁𝑁 and ℓ𝑀𝑀 are normed by the Orlicz norm

‖𝑥𝑥‖𝑀𝑀 𝐻 sup
𝑀

𝑘𝑘𝐻𝑛
𝑥𝑥𝑘𝑘𝑦𝑦𝑘𝑘 ∶

𝑀

𝑘𝑘𝐻𝑛
𝑁𝑁 𝑦𝑦𝑘𝑘 ⩽ 𝑛 . (13)

It was shown that these two norms on ℓ𝑀𝑀 are equivalent.
An important closed subspace of ℓ𝑀𝑀, introduced by Y.

Garibanov, is ℎ𝑀𝑀 which is de�ned by

ℎ𝑀𝑀 𝐻 𝑥𝑥 𝐻 𝑥𝑥𝑘𝑘 𝑢 𝐻𝐻 ∶
𝑀

𝑘𝑘𝐻𝑛
𝑀𝑀

𝑥𝑥𝑘𝑘
𝜌𝜌
 < 𝑀, for all 𝜌𝜌 𝑀 𝑀.

(14)

Immediately, we can introduce the vector-valued exten-
sion of the spaces ℓ𝑀𝑀 and ℎ𝑀𝑀 for any Banach space 𝑋𝑋.
erefore,

ℓ𝑀𝑀 𝐻𝑋𝑋𝐻𝐻𝑥𝑥 𝑢 𝐻𝐻 𝐻𝑋𝑋𝐻∶
𝑀

𝑘𝑘𝐻𝑛
𝑀𝑀

𝑥𝑥𝑘𝑘
𝜌𝜌

<𝑀, for some 𝜌𝜌 𝑀 𝑀,

(15)

where 𝐻𝐻𝐻𝑋𝑋𝐻 is the space of all𝑋𝑋-valued sequences and ‖ ⋅ ‖ is
the norm of𝑋𝑋. ℓ𝑀𝑀𝐻𝑋𝑋𝐻 is a Banach space with the Luxemburg
norm

‖𝑥𝑥‖𝐻𝑀𝑀𝐻 𝐻 inf 𝜌𝜌 𝑀 𝑀 ∶
𝑀

𝑘𝑘𝐻𝑛
𝑀𝑀

𝑥𝑥𝑘𝑘
𝜌𝜌

 ⩽ 𝑛 , (16)

and it coincides with ℓ𝑀𝑀 whenever𝑋𝑋 𝐻 ℂ. Further, de�ne the
closed subspace ℎ𝑀𝑀𝐻𝑋𝑋𝐻 of ℓ𝑀𝑀𝐻𝑋𝑋𝐻 by 𝑥𝑥 𝐻 𝐻𝑥𝑥𝑘𝑘𝐻 𝑢 ℎ𝑀𝑀𝐻𝑋𝑋𝐻 if and
only if

𝑀

𝑘𝑘𝐻𝑛
𝑀𝑀

𝑥𝑥𝑘𝑘
𝜌𝜌

 < 𝑀 ∀𝜌𝜌 𝑀 𝑀. (17)

If𝑀𝑀 satis�es the Δ𝑛-condition then ℎ𝑀𝑀𝐻𝑋𝑋𝐻 𝐻 ℓ𝑀𝑀𝐻𝑋𝑋𝐻.
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3. RelativeWeak Topologies

An operator 𝑇𝑇 𝑇 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇, for Banach spaces 𝑇𝑇 and 𝑇𝑇, is
called a Hahn-Banach operator if for every Banach space
𝑋𝑋 containing 𝑇𝑇 as a subspace there exists an operator 𝑇𝑇 𝑇
𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 such that ‖𝑇𝑇‖ 𝑇 ‖𝑇𝑇‖ and 𝑇𝑇𝑇𝑇 𝑇 𝑇𝑇𝑇𝑇, for every 𝑇𝑇 𝑇 𝑇𝑇.
us, the classical Hahn-Banach theorem can be restated in
the following way for operators (see also [5]).

eorem 1. Let 𝑋𝑋, 𝑇𝑇 be Banach spaces and let 𝑇𝑇 𝑇 𝑋𝑋 𝑇 𝑇𝑇
be a continuous linear operator of rank 1. en 𝑇𝑇 is a Hahn-
Banach operator.

By some modi�cation on the assertion� norm preserving,
the result remains true if𝑋𝑋 is taken as a locally convex space.
e evidence of this assertion can be found in [6, Section 7.2.].

Hence, by using eorem 1 we derived some tools
for later sections as in the way that is similar to classical
treatments. e proof of the following result is also given in
[7]. Nevertheless, it will be convenient to restate it here.

Corollary 2. Let 𝑋𝑋𝑇 𝑇𝑇 be Banach spaces and 𝑇𝑇 𝑇 𝑋𝑋. en,
for some 𝑎𝑎 𝑇 𝑎𝑎𝑇𝑇, there exists a corresponding operator 𝑇𝑇𝑎𝑎𝑇𝑇
𝑇𝑇𝑋𝑋𝑇𝑇𝑇𝑇𝑇 such that

𝑇𝑇𝑎𝑎 𝑇 1𝑇 𝑇𝑇𝑎𝑎 𝑇𝑇𝑇𝑇 𝑇 ‖𝑇𝑇‖ 𝑎𝑎𝑎 (18)

Proof. If 𝑇𝑇 is not null, take 𝑇𝑇 𝑇 𝑉𝑉𝑉𝑇𝑇𝑉. en 𝑇𝑇 is a closed
subspace of 𝑋𝑋 hence is a Banach space with the same norm.
�e�ne 𝑇𝑇′𝑎𝑎𝑇𝑉𝑉𝑇𝑇𝑇 𝑇 𝑉𝑉‖𝑇𝑇‖𝑎𝑎, for some 𝑎𝑎 𝑇 𝑎𝑎𝑇𝑇, from 𝑇𝑇 into 𝑇𝑇.
en 𝑇𝑇′𝑎𝑎 satis�es the required condition of eorem 1 on 𝑇𝑇.
Hence it is a Hahn-Banach operator such that ‖𝑇𝑇′𝑎𝑎‖ 𝑇 1. e
norm preserving extension 𝑇𝑇𝑎𝑎 of 𝑇𝑇′𝑎𝑎 to 𝑋𝑋 has the desired
properties. e result is obvious for 𝑇𝑇 𝑇 𝑥. �

Corollary 3. Let 𝑋𝑋 be an lc space, 𝑇𝑇 be a Banach space, 𝑎𝑎 be
a vector subspace of 𝑋𝑋, and 𝑇𝑇 𝑇 𝑋𝑋 𝑥 𝑎𝑎. en there exists an
𝑎𝑎 𝑇 𝑎𝑎𝑇𝑇 and a corresponding operator 𝑇𝑇𝑎𝑎𝑇𝑇 𝐿𝐿𝑇𝑋𝑋𝑇 𝑇𝑇𝑇𝑇 such that

𝑇𝑇𝑎𝑎 𝑇𝑇𝑇𝑇 𝑇 𝑎𝑎𝑇 𝑇𝑇𝑎𝑎 𝑇 𝑥 on 𝑎𝑎𝑎 (19)

Proof. Let𝑇𝑇 𝑇 𝑉𝑉𝑉𝑇𝑇𝑉 and consider𝑍𝑍 𝑇 𝑎𝑎𝑍𝑇𝑇. Fix some 𝑎𝑎 𝑇 𝑎𝑎𝑇𝑇
and de�ne the operator

𝑇𝑇′𝑎𝑎 𝑇 𝑍𝑍𝑍 𝑇𝑇𝑇 𝑇𝑇′𝑎𝑎 𝑇𝑧𝑧𝑇 𝑇 𝑇𝑇
′
𝑎𝑎 𝑇𝑠𝑠 𝑠 𝑉𝑉𝑇𝑇𝑇 𝑇 𝑉𝑉𝑎𝑎𝑇 (20)

for 𝑧𝑧 𝑇 𝑍𝑍 (equivalently, for some 𝑠𝑠 𝑇 𝑎𝑎 and 𝑉𝑉 𝑇 𝜆𝜆 (𝑇 ℂ or
ℝ) such that 𝑧𝑧 𝑇 𝑠𝑠 𝑠 𝑉𝑉𝑇𝑇). Clearly, the hyphothesis 𝑇𝑇 𝑇 𝑋𝑋 𝑥 𝑎𝑎
says that 𝑎𝑎 is not dense in 𝑍𝑍. us, 𝑎𝑎 must be closed in 𝑍𝑍
since it is a maximal subspace of 𝑍𝑍 (see [6, Prob. 4𝑎2𝑎5]). But
𝑎𝑎 𝑇 𝑆𝑆𝑆 𝑇𝑇′𝑎𝑎 𝑇 𝑉𝑧𝑧 𝑇 𝑍𝑍 𝑇 𝑇𝑇𝑇𝑧𝑧𝑇 𝑇 𝑥𝑉, hence 𝑇𝑇′𝑎𝑎 is continuous.
Further, 𝑇𝑇′𝑎𝑎 is an operator of rank 1 such that 𝑇𝑇′𝑎𝑎𝑇𝑇𝑇𝑇 𝑇 𝑎𝑎
and 𝑇𝑇′𝑎𝑎 𝑇 𝑥 on 𝑎𝑎. us, the extension 𝑇𝑇𝑎𝑎 of 𝑇𝑇

′
𝑎𝑎 is the desired

operator. �

Let us establish an lc topology on a Banach space𝑋𝑋 with
respect to another Banach space𝑇𝑇. Let𝑤𝑤𝑇𝑇 be a topology on𝑋𝑋
such that, for each net𝑇𝑇 𝑇 𝑇𝑇𝑇𝛿𝛿𝑇 in𝑋𝑋𝑇 𝑇𝑇𝛿𝛿 𝑇 𝑥𝑇𝑤𝑤𝑇𝑇𝑇 if and only
if ‖𝑇𝑇𝑇𝑇𝑇𝛿𝛿𝑇‖𝑇𝑇 𝑇 𝑥 for each 𝑇𝑇 𝑇 𝑇𝑇𝑋𝑋𝑇𝑇𝑇𝑇. It is an lc topology

generated by the family 𝑃𝑃𝑇𝑇 𝑇 𝑉‖ ⋅ ‖𝑇𝑇 ∘ 𝑇𝑇 𝑇 𝑇𝑇 𝑇 𝑇𝑇𝑋𝑋𝑇𝑇𝑇𝑇𝑉 of
the seminorms ‖ ⋅ ‖𝑇𝑇 ∘𝑇𝑇 on𝑋𝑋. Obviously, the norm topology
of𝑋𝑋 is stronger than 𝑤𝑤𝑇𝑇, in general. If 𝑇𝑇 is a scalar �eld of𝑋𝑋
then𝑤𝑤𝑇𝑇 coincidewith the usual weak topology. It is clear that,
a net which is 𝑤𝑤𝑇𝑇-convergent to 𝑥 is also weak convergent to
𝑥. e converse of this assertion is not true.

Example 4. Let𝑋𝑋 𝑇 𝑇𝑇 𝑇 𝑋2.en the sequence 𝑇𝑒𝑒𝑛𝑛𝑇
∞
𝑛𝑛𝑇1 of unit

vectors is weak convergent to 𝑥 in 𝑋2 [8, page 99]. But, it is not
𝑤𝑤𝑋2-convergent to 𝑥. erefore, for the identity operator on
𝑋2, we have ‖𝐼𝐼𝑒𝑒𝑛𝑛‖ 𝑇 ‖𝑒𝑒𝑛𝑛‖ 𝑇 1 ↛ 𝑥.

However, we cannot work this example in 𝑋1 (in fact,
in a Banach space which has the Schur property) since
weak convergence implies the norm convergence in this case.
Hence the following result is obvious from the de�nition of
the Schur property.

eorem 5. Let 𝑋𝑋 be a Banach space having the Schur
property.en weak convergence implies𝑤𝑤𝑇𝑇-convergence in𝑋𝑋
for every Banach space 𝑇𝑇.

Now consider the canonical embedding𝑋𝑋 𝑇 𝑇2𝑇𝑋𝑋𝑇𝑇𝑇𝑇,
where𝑇2𝑇𝑋𝑋𝑇𝑇𝑇𝑇 is the space of all continuous operators from
𝑇𝑇𝑋𝑋𝑇𝑇𝑇𝑇 into 𝑇𝑇 and 𝑋𝑋 and 𝑇𝑇 are Banach spaces, which
assigns each 𝑇𝑇 𝑇 𝑋𝑋 to the operator 𝐹𝐹𝑇𝑇 on 𝑇𝑇𝑋𝑋𝑇𝑇𝑇𝑇 de�ned
by

𝐹𝐹𝑇𝑇 𝑇𝑇𝑇𝑇 𝑇 𝑇𝑇𝑇𝑇𝑇 for each 𝑇𝑇 𝑇 𝑇𝑇𝑋𝑋𝑇𝑇𝑇𝑇 𝑎 (21)

Clearly,

𝐹𝐹𝑇𝑇 𝑇𝑇𝑇𝑇𝑇𝑇 𝑇 ‖𝑇𝑇𝑇𝑇‖𝑇𝑇 ≤ ‖𝑇𝑇‖ ‖𝑇𝑇‖𝑋𝑋 (22)

so that 𝐹𝐹𝑇𝑇 𝑇 𝑇
2𝑇𝑋𝑋𝑇 𝑇𝑇𝑇 and

𝐹𝐹𝑇𝑇 ≤ ‖𝑇𝑇‖𝑋𝑋𝑎 (23)

eorem 1 and the succeeding corollary assert that the
canonical embedding is a linear isometry from 𝑋𝑋 into
𝑇2𝑇𝑋𝑋𝑇𝑇𝑇𝑇 as is in the classical case.

Now, let us investigate how do the bounded subsets of
the 𝑋𝑋 in the 𝑤𝑤𝑇𝑇-topology behave. Note that a subset 𝐴𝐴 of
𝑋𝑋 is called 𝑤𝑤𝑇𝑇-bounded if 𝑇𝑇𝑇𝐴𝐴𝑇 is bounded in 𝑇𝑇 for each
𝑇𝑇 𝑇 𝑇𝑇𝑋𝑋𝑇𝑇𝑇𝑇. It is clear that, for every pair of the Banach
spaces𝑋𝑋 and𝑇𝑇𝑇 𝐴𝐴 𝑌 𝑋𝑋 is𝑤𝑤𝑇𝑇-bounded if it is norm bounded.
e converse of this assertion is the following theorem.

eorem6. Let𝑋𝑋 and𝑇𝑇 be Banach spaces.en𝑤𝑤𝑇𝑇-bounded
sets are norm bounded.

Proof. Let 𝑇𝑇 𝑉 𝑋𝑋 be 𝑤𝑤𝑇𝑇-bounded and 𝑇𝑇 be canonical
embedding of 𝑇𝑇 into 𝑇2𝑇𝑋𝑋𝑇𝑇𝑇𝑇. A hypothesis says that 𝑇𝑇 is
pointwise bounded so it is uniformly (norm) bounded by the
uniform boundedness principle. Hence there exists a 𝐾𝐾 𝐾 𝑥
such that ‖𝐹𝐹𝑇𝑇‖ ≤ 𝐾𝐾 for each 𝑇𝑇 𝑇 𝑇𝑇. So

‖𝑇𝑇‖ 𝑇 𝐹𝐹𝑇𝑇 ≤ 𝐾𝐾 (24)

for each 𝑇𝑇 𝑇 𝑇𝑇. �
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eorem 7. Let 𝑋𝑋 be an lc space and 𝑌𝑌 be a Banach space.
en 𝑤𝑤𝑌𝑌-bounded sets are also bounded in the lc topology of
𝑋𝑋.

Proof. Let𝑉𝑉 𝑉 𝑋𝑋 be𝑤𝑤𝑌𝑌-bounded. We are going to show that
𝑝𝑝𝑝𝑉𝑉𝑝 is bounded for each seminorm 𝑝𝑝 in 𝑃𝑃 where 𝑃𝑃 is the
family of all seminorms generating the lc topology of 𝑋𝑋. For
an arbitrary 𝑝𝑝𝑝 𝑝𝑝 𝑝 𝑝𝑋𝑋𝑝 𝑝𝑝𝑝 is a seminormed space. us we
can show as in eorem 6 that 𝑉𝑉 is bounded in ℒ2𝑝𝑝𝑝𝑝 𝑌𝑌𝑝,
whence,𝑉𝑉 is bounded in𝑝𝑝, that is, 𝑝𝑝𝑝𝑉𝑉𝑝 is a bounded subset
of ℝ. �

We conclude this section with a brief discussion of
equicontinuity. A set Ω of linear maps from one topological
vector space 𝑋𝑋 into another one 𝑌𝑌 is called equicontinuous
if, for each neighborhood𝑁𝑁 of 0 in 𝑌𝑌,

𝑇𝑇−1 𝑝𝑁𝑁𝑝 ∶ 𝑇𝑇 𝑇 Ω (25)

is a neighborhood of 0 in 𝑋𝑋. Equicontinuity is a generaliza-
tion of the uniform boundedness of the family of linear maps
between seminormed spaces.

eorem 8 (see [9]). LetΩ be a collection of continuous linear
mappings𝑇𝑇 from the Fréchet space𝑋𝑋 into the topological vector
space 𝑌𝑌. en Ω is equicontinuous if and only if the set

Ω 𝑝𝑥𝑥𝑝 𝑝 {𝑇𝑇𝑥𝑥 ∶ 𝑇𝑇 𝑇 Ω} (26)

is bounded in 𝑌𝑌, for each 𝑥𝑥 𝑇 𝑋𝑋.

Lemma 9 (see [6]). Let 𝑝𝑇𝑇𝛿𝛿𝑝 be a net of continuous operators
𝑇𝑇𝛿𝛿 from a Fréchet space 𝑋𝑋 into the topological vector space 𝑌𝑌.
en the set {𝑥𝑥 ∶ 𝑇𝑇𝛿𝛿𝑥𝑥 𝑥 0} is a closed subspace of𝑋𝑋.

4. Sectional Properties and Operator Spaces

For an 𝑥𝑥 𝑇 𝑥𝑥𝑝𝑋𝑋𝑝,

𝑥𝑥𝑝𝑛𝑛𝑝 𝑝 𝑥𝑥1𝑝 𝑥𝑥2𝑝… 𝑝 𝑥𝑥𝑛𝑛𝑝 0𝑝… (27)

is called 𝑛𝑛th section of 𝑥𝑥. Further, 𝜙𝜙𝑝𝑋𝑋𝑝 denotes the space of
all �nite sequences in 𝑥𝑥𝑝𝑋𝑋𝑝.

De�nition ��. Let 𝐸𝐸 𝐸 𝜙𝜙𝑝𝑋𝑋𝑝 be an FK-space. If, for each 𝑥𝑥 𝑇
𝐸𝐸,

𝑥𝑥𝑝𝑛𝑛𝑝 ⟶ 𝑥𝑥 in 𝐸𝐸𝑝 (28)

then𝐸𝐸 is called anAK-space. Further,𝐸𝐸 is called anAD-space
whenever 𝜙𝜙𝑝𝑋𝑋𝑝 is dense in 𝐸𝐸. If, for each 𝑥𝑥 𝑇 𝐸𝐸, the sequence
𝑝𝑥𝑥𝑝𝑛𝑛𝑝𝑝 is bounded in 𝐸𝐸 then 𝐸𝐸 is called an AB-space.

An AK-(AD-, AB-) space is also called to have AK-(AD-,
AB-) property.

Let 𝐸𝐸 𝐸 𝜙𝜙𝑝𝑋𝑋𝑝 be an FK-space and de�ne the set

𝐵𝐵 𝑝 𝑥𝑥 𝑇 𝐸𝐸 ∶ 𝑥𝑥𝑝𝑛𝑛𝑝 is bounded in 𝐸𝐸 . (29)

Clearly, 𝐵𝐵 𝑉 𝐸𝐸 and 𝐵𝐵 𝑝 𝐸𝐸 whenever 𝐸𝐸 is an AB-space.

�o de�ne another important classes we consider the
mappings

𝐼𝐼𝑘𝑘 ∶ 𝑋𝑋⟶ 𝐸𝐸 𝐼𝐼𝑘𝑘 𝑝𝑎𝑎𝑝 𝑝 0𝑝… 𝑝 0𝑝
𝑘𝑘th position

𝑎𝑎 𝑝 0𝑝… (30)

and de�ne the set𝑊𝑊𝑌𝑌, for some Banach space 𝑌𝑌, by

𝑊𝑊𝑌𝑌 𝑝 𝑥𝑥 𝑇 𝐸𝐸 ∶ 𝑇𝑇𝑥𝑥 𝑝 𝑥𝑥𝑇𝑇 𝑇 𝐼𝐼𝑘𝑘 𝑥𝑥𝑘𝑘 ∀𝑇𝑇 𝑇 ℒ 𝑝𝐸𝐸𝑝 𝑌𝑌𝑝 .
(31)

Proposition 11. For each Banach space 𝑌𝑌𝑝 𝑊𝑊𝑌𝑌 𝑉 𝐵𝐵.

Proof. Let 𝑥𝑥 𝑇 𝑊𝑊𝑌𝑌 and 𝑇𝑇 𝑇 ℒ𝑝𝐸𝐸𝑝 𝑌𝑌𝑝 then we can write 𝑇𝑇𝑥𝑥 𝑝
∑𝑝𝑇𝑇 𝑇 𝐼𝐼𝑘𝑘𝑝𝑝𝑥𝑥𝑘𝑘𝑝, that is,

𝑛𝑛
𝑥𝑥
𝑘𝑘𝑝1

𝑇𝑇 𝑇 𝐼𝐼𝑘𝑘 𝑥𝑥𝑘𝑘⟶ 𝑇𝑇𝑥𝑥 𝑝𝑛𝑛⟶𝑛𝑝 in 𝐸𝐸. (32)

Since
𝑛𝑛
𝑥𝑥
𝑘𝑘𝑝1

𝑇𝑇 𝑇 𝐼𝐼𝑘𝑘 𝑥𝑥𝑘𝑘 𝑝 𝑇𝑇𝑥𝑥
𝑝𝑛𝑛𝑝𝑝 (33)

𝑇𝑇𝑥𝑥𝑝𝑛𝑛𝑝 𝑥 𝑇𝑇𝑥𝑥; that is, the sequence {𝑥𝑥𝑝𝑛𝑛𝑝} is 𝑤𝑤𝑌𝑌-convergent
hence it is 𝑤𝑤𝑌𝑌-bounded. us, it is also bounded in the lc
Fréchet topology of 𝐸𝐸 byeorem 7. �

Proposition 12. For each Banach space 𝑌𝑌,

𝑊𝑊𝑌𝑌 𝑉 𝜙𝜙 𝑝𝑋𝑋𝑝𝑝 (34)

where 𝜙𝜙𝑝𝑋𝑋𝑝 is the closure of 𝜙𝜙𝑝𝑋𝑋𝑝 in 𝐸𝐸.

Proof. Let 𝑥𝑥 𝑇 𝑊𝑊𝑌𝑌. en, for every 𝑇𝑇 𝑇 ℒ𝑝𝐸𝐸𝑝 𝑌𝑌𝑝 such that
𝑇𝑇 𝑝 0 on 𝜙𝜙𝑝𝑋𝑋𝑝,

𝑇𝑇𝑥𝑥 𝑝 𝑥𝑥𝑇𝑇 𝑇 𝐼𝐼𝑘𝑘 𝑥𝑥𝑘𝑘 𝑝 𝑥𝑥𝑇𝑇0𝑝… 𝑝 0𝑝 𝑘𝑘th𝑥𝑥𝑘𝑘𝑝 0𝑝…

𝑝 𝑥𝑥0 𝑝 0.
(35)

is implies 𝑥𝑥 𝑇 𝜙𝜙𝑝𝑋𝑋𝑝. If this is not so, then there exists an
𝑎𝑎 𝑇 𝑎𝑎𝑌𝑌 and a corresponding operator 𝑇𝑇𝑎𝑎𝑝𝑇 ℒ𝑝𝐸𝐸𝑝 𝑌𝑌𝑝𝑝 such
that

𝑇𝑇𝑎𝑎 𝑝𝑥𝑥𝑝 𝑝 𝑎𝑎 𝑎 0𝑝 𝑇𝑇𝑎𝑎 𝑝 0 on 𝜙𝜙 𝑝𝑋𝑋𝑝 (36)

by Corollary 3. is is a contradiction. �

Proposition 13. Let 𝐸𝐸 𝐸 𝜙𝜙𝑝𝑋𝑋𝑝 be an FK-space with AD- and
AB-property. en 𝐸𝐸 also has the AK-property.

Proof. De�ne

𝐴𝐴𝑛𝑛 ∶ 𝐸𝐸⟶ 𝐸𝐸𝑝 𝐴𝐴𝑛𝑛 𝑝𝑥𝑥𝑝 𝑝 𝑥𝑥
𝑝𝑛𝑛𝑝 − 𝑥𝑥𝑝 for 𝑛𝑛 𝑝 1𝑝 2𝑝… .

(37)

en the sequence {𝐴𝐴𝑛𝑛𝑝𝑥𝑥𝑝} is bounded by the AB-property.
erefore {𝐴𝐴𝑛𝑛} is equicontinuous byeorem 8. On the other
hand 𝐴𝐴𝑛𝑛𝑝𝑥𝑥𝑝 𝑥 0 for each 𝑥𝑥 𝑇 𝜙𝜙𝑝𝑋𝑋𝑝, at is,

𝜙𝜙 𝑝𝑋𝑋𝑝 𝑉 𝑥𝑥 𝑇 𝐸𝐸𝑥 𝐴𝐴𝑛𝑛 𝑝𝑥𝑥𝑝⟶ 0 𝑝 Λ. (38)
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Since Λ is a closed subspace of 𝐸𝐸 from Lemma 9, we obtain
that 𝜙𝜙𝜙𝜙𝜙𝜙 𝜙 Λ. us

𝐴𝐴𝑛𝑛 𝜙𝑥𝑥𝜙 = 𝑥𝑥
𝜙𝑛𝑛𝜙 − 𝑥𝑥𝑥 𝑥 (39)

for each 𝑥𝑥 𝑥 𝜙𝜙𝜙𝜙𝜙𝜙 (= 𝐸𝐸 by the AD-property), whence, 𝐸𝐸 has
the AK-property. �

eorem 14. Let 𝐸𝐸 𝐸 𝜙𝜙𝜙𝜙𝜙𝜙 be an FK-space. en 𝐸𝐸 is an AK-
space if and only if 𝐸𝐸𝛽𝛽 and ℒ𝜙𝐸𝐸𝐸𝐸𝐸𝜙 are isomorphic for every
Banach space 𝐸𝐸.

Proof. Let 𝜙𝑇𝑇𝑘𝑘𝜙 𝑥 𝐸𝐸𝛽𝛽 where each 𝑇𝑇𝑘𝑘 𝑥 ℒ𝜙𝜙𝜙𝐸𝐸𝐸𝜙 and de�ne
𝐴𝐴𝐴𝜙𝑇𝑇𝑘𝑘𝜙] = 𝑇𝑇 by

𝑇𝑇𝑥𝑥 =
∞

𝑘𝑘=𝑘

𝑇𝑇𝑘𝑘𝑥𝑥𝑘𝑘 (40)

for each 𝑥𝑥 𝑥 𝐸𝐸. Write

𝜂𝜂𝑛𝑛 =
𝑛𝑛

𝑘𝑘=𝑘

𝑇𝑇𝑘𝑘 ∘ 𝑃𝑃𝑘𝑘𝐸 (41)

where 𝑃𝑃𝑘𝑘 ∶ 𝐸𝐸 𝐸 𝜙𝜙𝐸 𝑘𝑘 = 𝑘𝐸 𝐸𝐸𝐸 is the 𝑘𝑘th (continuous)
projection de�ned by𝑃𝑃𝑘𝑘𝜙𝑥𝑥𝜙 = 𝑥𝑥𝑘𝑘.en each 𝜂𝜂𝑛𝑛 is continuous
and the sequence 𝜙𝜂𝜂𝑛𝑛𝜙 is pointwise convergent since the
series∑𝑇𝑇𝑘𝑘𝑥𝑥𝑘𝑘 is convergent. So, the operator 𝑇𝑇, which is also
de�ned by

𝑇𝑇𝑥𝑥 = 𝑇𝑇𝑇 𝜂𝜂𝑛𝑛 𝜙𝑥𝑥𝜙 𝐸 (42)
is continuous by the Banach-Steinhauss closure theorem,
whence, 𝑇𝑇 𝑥 ℒ𝜙𝐸𝐸𝐸 𝐸𝐸𝜙. at 𝐴𝐴 is injective comes from the
following discussion. Let 𝐴𝐴𝐴𝜙𝑇𝑇𝑘𝑘𝜙] = 𝑇𝑇 = 𝑥. en, for each
𝑎𝑎 𝑥 𝜙𝜙,

𝑇𝑇 ∘ 𝑇𝑇𝑘𝑘 𝜙𝑎𝑎𝜙 = 𝑇𝑇𝑘𝑘𝑎𝑎 = 𝑥𝑎 (43)
is implies each 𝑇𝑇𝑘𝑘 = 𝑥, that is, 𝜙𝑇𝑇𝑘𝑘𝜙 = 𝑥. Further, for each
𝑇𝑇 𝑥 ℒ𝜙𝐸𝐸𝐸 𝐸𝐸𝜙, let us consider

𝑇𝑇𝑘𝑘 = 𝑇𝑇 ∘ 𝑇𝑇𝑘𝑘𝐸 for 𝑘𝑘 = 𝑘𝐸 𝐸𝐸𝐸 𝐸 (44)
from𝜙𝜙 to 𝐸𝐸. For each 𝑥𝑥 𝑥 𝐸𝐸,

𝑛𝑛

𝑘𝑘=𝑘

𝑇𝑇𝑘𝑘𝑥𝑥𝑘𝑘 =
𝑛𝑛

𝑘𝑘=𝑘

𝑇𝑇 ∘ 𝑇𝑇𝑘𝑘 𝑥𝑥𝑘𝑘𝑥 𝑇𝑇𝑥𝑥 𝜙𝑛𝑛𝑥∞𝜙 (45)

since 𝐸𝐸 is an AK-space, whence, 𝜙𝑇𝑇𝑘𝑘𝜙 𝑥 𝐸𝐸
𝛽𝛽. is means that

𝐴𝐴 is surjective.
Conversely, let𝐸𝐸𝛽𝛽 andℒ𝜙𝐸𝐸𝐸𝐸𝐸𝜙 be isomorphic.en each

𝑇𝑇 𝑥 ℒ𝜙𝐸𝐸𝐸 𝐸𝐸𝜙 has the representation 𝜙𝑇𝑇𝑘𝑘𝜙 such that each
𝑇𝑇𝑘𝑘 = 𝑇𝑇 ∘ 𝑇𝑇𝑘𝑘 𝑥 ℒ 𝜙𝐸𝐸𝐸 𝐸𝐸𝜙 (46)

and also, for each 𝑥𝑥 𝑥 𝐸𝐸,
𝑇𝑇𝑥𝑥 = 𝑇𝑇𝑘𝑘𝑥𝑥𝑘𝑘𝑎 (47)

is shows that 𝑥𝑥 𝑥 𝑥𝑥𝐸𝐸, that is,
𝐸𝐸 𝜙 𝑥𝑥𝐸𝐸𝑎 (48)

us, we obtain 𝐸𝐸 = 𝜙𝜙𝜙𝜙𝜙𝜙 by the Proposition 12, whence,
𝐸𝐸 has the AD-property. Also, 𝐸𝐸 has the AB-property by
Proposition 11. Hence, 𝐸𝐸 is an AK-space by Proposition
13. �

5. Applications on Vector-Valued Orlicz
Sequence Spaces

It is not hard to see as in the classical case, [4], that another
de�nition of ℓ𝑀𝑀𝜙𝜙𝜙𝜙 by the complementary function𝑁𝑁 to𝑀𝑀
is

ℓ𝑀𝑀 𝜙𝜙𝜙𝜙 = 𝑥𝑥 𝑥 𝑥𝑥 𝜙𝜙𝜙𝜙 ∶
∞

𝑘𝑘=𝑘

𝑓𝑓𝑘𝑘 𝑥𝑥𝑘𝑘 converges𝐸

for all 𝑓𝑓 = 𝑓𝑓𝑘𝑘 𝑥ℓ𝑁𝑁 𝜙𝜙∗ 𝐸

(49)

whereℓ𝑁𝑁𝜙𝜙𝜙
∗𝜙 is the class of all sequences 𝑓𝑓 = 𝜙𝑓𝑓𝑘𝑘𝜙 such that

∑∞
𝑘𝑘=𝑘 𝑁𝑁𝜙𝑁𝑓𝑓𝑘𝑘𝑁𝜙 < ∞ and each 𝑓𝑓𝑘𝑘 𝑥 𝜙𝜙

∗. Further, for each 𝑥𝑥 𝑥
ℓ𝑀𝑀𝜙𝜙𝜙𝜙,

𝑁𝑥𝑥𝑁𝑀𝑀 = sup
∞

𝑘𝑘=𝑘

𝑓𝑓𝑘𝑘 𝑥𝑥𝑘𝑘 ∶
∞

𝑘𝑘=𝑘

𝑁𝑁 𝑓𝑓𝑘𝑘 ⩽ 𝑘 < ∞ (50)

de�nes a normon ℓ𝑀𝑀𝜙𝜙𝜙𝜙.is norm is said to beOrlicz norm
on ℓ𝑀𝑀𝜙𝜙𝜙𝜙.

Lemma 15. On ℓ𝑀𝑀𝜙𝜙𝜙𝜙, the norms 𝑁 ⋅ 𝑁𝑀𝑀 and 𝑁 ⋅ 𝑁𝜙𝑀𝑀𝜙 are
equivalent, and 𝑁𝑥𝑥𝑁𝜙𝑀𝑀𝜙 ⩽ 𝑁𝑥𝑥𝑁𝑀𝑀 ⩽ 𝐸𝑁𝑥𝑥𝑁𝜙𝑀𝑀𝜙.

Proofs of this lemma and the above assertion can be given
in a similar way followed in [4, eorem 8.9], by using the
inequality


∞

𝑘𝑘=𝑘

𝑓𝑓𝑘𝑘 𝑥𝑥𝑘𝑘 ⩽
∞

𝑘𝑘=𝑘

𝑓𝑓𝑘𝑘 𝑥𝑥𝑘𝑘 𝐸 (51)

and by using the fact that 𝑥𝑥 = 𝜙𝑥𝑥𝑘𝑘𝜙 𝑥 ℓ𝑀𝑀𝜙𝜙𝜙𝜙 if and only if
𝜙𝑁𝑥𝑥𝑘𝑘𝑁𝜙

∞
𝑘𝑘=𝑘 𝑥 ℓ𝑀𝑀.

Lemma 16. Let𝑀𝑀 be an Orlicz function. e sets

Λ𝑘 = 𝑥𝑥 𝑥 𝑥𝑥 𝜙𝜙𝜙𝜙 ∶
∞

𝑘𝑘=𝑘

𝑀𝑀𝑥𝑥𝑘𝑘 ⩽ 𝑘 𝐸

Λ𝐸 = 𝑥𝑥 𝑥 𝑥𝑥 𝜙𝜙𝜙𝜙 ∶ 𝑁𝑥𝑥𝑁𝜙𝑀𝑀𝜙 ⩽ 𝑘

(52)

are identical.

Proof. Let 𝑥𝑥 𝑥 Λ𝑘, this means ∑∞
𝑘𝑘=𝑘 𝑀𝑀𝜙𝑁𝑥𝑥𝑘𝑘𝑁/𝜌𝜌𝜙 ⩽ 𝑘 for 𝜌𝜌 = 𝑘.

Hence, 𝑁𝑥𝑥𝑁𝜙𝑀𝑀𝜙 ⩽ 𝑘, that is, 𝑥𝑥 𝑥 Λ𝐸. Conversely, let 𝑥𝑥 𝑥 Λ𝐸,
that is

𝑇nf 𝜌𝜌 𝜌 𝑥 ∶
∞

𝑘𝑘=𝑘

𝑀𝑀
𝑥𝑥𝑘𝑘
𝜌𝜌

 ⩽ 𝑘 ⩽ 𝑘𝑎 (53)

is means ∑∞
𝑘𝑘=𝑘 𝑀𝑀𝜙𝑁𝑥𝑥𝑘𝑘𝑁/𝜌𝜌𝜙 ⩽ 𝑘 for some 𝜌𝜌 ⩽ 𝑘. erefore

∑∞
𝑘𝑘=𝑘 𝑀𝑀𝜙𝑁𝑥𝑥𝑘𝑘𝑁𝜙 ⩽ 𝑘 since𝑀𝑀 is nondecreasing. �

In general ℎ𝑀𝑀𝜙𝜙𝜙𝜙 has no Schauder basis in classical
manner. In [10] we introduce a new kind basis notion. Let
us give this de�nition and prove that ℎ𝑀𝑀𝜙𝜙𝜙𝜙 has a basis in
this manner.
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�e�nition 1� (see [10]). Let𝑋𝑋 and𝑌𝑌 be Banach spaces and𝔸𝔸
be a set. A family {𝜂𝜂𝑎𝑎 ∶ 𝑎𝑎 𝑎 𝔸𝔸𝑎 of continuous linear functions
𝜂𝜂𝑎𝑎 ∶ 𝑌𝑌 𝑌 𝑋𝑋 is called𝑌𝑌-basis for𝑋𝑋 if the following condition
is satis�ed.ere exists a directed subset𝒟𝒟 (by some relation
≪) ofℱ satisfying the property; for each 𝑎𝑎 𝑎 𝔸𝔸 there is some
𝐹𝐹 𝑎 𝒟𝒟 such that 𝑎𝑎 𝑎 𝐹𝐹, and there exists a unique family
{𝑅𝑅𝑎𝑎 ∶ 𝑎𝑎 𝑎 𝔸𝔸𝑎 of linear functions 𝑅𝑅𝑎𝑎 from𝑋𝑋 onto 𝑌𝑌 such that,
for each 𝑥𝑥 𝑎 𝑋𝑋, the net (𝜋𝜋𝐹𝐹(𝑥𝑥𝑥 ∶ 𝒟𝒟𝑥≪𝑥 converges to 𝑥𝑥 in 𝑋𝑋
where

𝜋𝜋𝐹𝐹 (𝑥𝑥𝑥 = 
𝑎𝑎𝑎𝐹𝐹

𝜂𝜂𝑎𝑎 ∘ 𝑅𝑅𝑎𝑎 (𝑥𝑥𝑥 𝑥 (54)

for each 𝐹𝐹 𝑎 𝒟𝒟 and ℱ is the family of all �nite subsets of
the index set 𝔸𝔸 which is directed by the inclusion relation
⊆. Furthermore, {𝜂𝜂𝑎𝑎𝑎 is called a 𝑌𝑌-Schauder basis for 𝑋𝑋
whenever each 𝑅𝑅𝑎𝑎 is continuous.

us we say that each 𝑥𝑥 𝑎 𝑋𝑋 has the representation

𝑥𝑥 = 
𝑎𝑎𝑎𝔸𝔸

𝜂𝜂𝑎𝑎 ∘ 𝑅𝑅𝑎𝑎 (𝑥𝑥𝑥 𝑥 (55)

in this case.

�e�nition 1�. e 𝑌𝑌-basis {𝜂𝜂𝑎𝑎 ∶ 𝑎𝑎 𝑎 𝔸𝔸𝑎 in the above
de�nition is called unconditional whenever𝒟𝒟 = ℱ with the
inclusion relation ⊆.

By taking𝔸𝔸 = 𝔸 in the�e�nition [10] we now prove that
ℎ𝑀𝑀(𝑋𝑋𝑥 has an unconditional𝑋𝑋-Schauder basis.

eorem 19. For 𝑘𝑘 𝑎 𝔸 consider again the operators 𝐼𝐼𝑘𝑘 ∶
𝑋𝑋 𝑌 ℎ𝑀𝑀(𝑋𝑋𝑥 such that

𝐼𝐼𝑘𝑘 (𝑢𝑢𝑥 = 0𝑥 0𝑥… 𝑥 0𝑥
𝑘𝑘th position

𝑢𝑢 𝑥 0𝑥… . (56)

en, the sequence {𝐼𝐼𝑘𝑘𝑎 is an unconditional 𝑋𝑋-Schauder basis
for ℎ𝑀𝑀(𝑋𝑋𝑥.

Proof. Let us take 𝑅𝑅𝑘𝑘 = 𝑃𝑃𝑘𝑘 ∶ ℎ𝑀𝑀(𝑋𝑋𝑥 𝑌 𝑋𝑋𝑥 𝑃𝑃𝑘𝑘(𝑥𝑥𝑥 = 𝑥𝑥𝑘𝑘
as a coordinate pro�ection in the �e�nition [10]. We should
prove that the net (𝜋𝜋𝐹𝐹(𝑥𝑥𝑥 ∶ ℱ𝑥 ⊆𝑥 converges to 𝑥𝑥 in ℎ𝑀𝑀(𝑋𝑋𝑥.
is means, for each 𝜖𝜖 𝜖 0, we should �nd an 𝐹𝐹0 𝑎 ℱ such
that ‖𝑥𝑥 𝑥 𝜋𝜋𝐹𝐹(𝑥𝑥𝑥‖(𝑀𝑀𝑥 < 𝜖𝜖 for 𝐹𝐹0 ⊆ 𝐹𝐹. Now, let 𝜖𝜖 𝜖 0 be given.
Since ∑∞

𝑘𝑘=𝑘 𝑀𝑀(‖𝑥𝑥𝑘𝑘‖/𝜌𝜌𝑥 < ∞ for every 𝜌𝜌 𝜖 0, especially for
𝜖𝜖 𝜖 0, the series∑∞

𝑘𝑘=𝑘 𝑀𝑀(‖𝑥𝑥𝑘𝑘‖/𝜖𝜖𝑥 is absolutely convergent and
hence it is unconditional convergent in real numbers. Hence
we can �nd an 𝑛𝑛0(𝜖𝜖𝑥 such that ∑∞

𝑘𝑘=𝑛𝑛0+𝑘 𝑀𝑀(‖𝑥𝑥𝑘𝑘‖/𝜖𝜖𝑥 𝜖 𝑘. Now
let 𝐹𝐹0 = {𝑘𝑥 2𝑥… 𝑥 𝑛𝑛0𝑎. Obviously, 𝐹𝐹0 is dependent on 𝜖𝜖 and
the set




𝜌𝜌 𝜖 0 ∶ 

𝑘𝑘𝑎𝔸𝑘𝐹𝐹0

𝑀𝑀
𝑥𝑥𝑘𝑘
𝜌𝜌

 ⩽ 𝑘




(57)

includes the 𝜖𝜖. is means

inf



𝜌𝜌 𝜖 0 

𝑘𝑘𝑎𝔸𝑘𝐹𝐹
𝑀𝑀

𝑥𝑥𝑘𝑘
𝜌𝜌

 ⩽ 𝑘



⩽ 𝜖𝜖. (58)

Now, remember that

𝜋𝜋𝐹𝐹 (𝑥𝑥𝑥 = 
𝑘𝑘𝑎𝐹𝐹

𝐼𝐼𝑘𝑘 ∘ 𝑃𝑃𝑘𝑘 (𝑥𝑥𝑥 . (59)

Hence, for some 𝐹𝐹 𝑎 ℱ such that 𝐹𝐹0 ⊆ 𝐹𝐹, we have

𝑥𝑥 𝑥 𝜋𝜋𝐹𝐹 (𝑥𝑥𝑥(𝑀𝑀𝑥

= 𝑥𝑥𝑘𝑥… 𝑥 𝑥𝑥𝑛𝑛𝑘𝑥𝑘𝑥 0𝑥 𝑥𝑥𝑛𝑛𝑘+𝑘 …𝑥𝑥𝑛𝑛2𝑥𝑘𝑥 0𝑥

𝑥𝑥𝑛𝑛2+𝑘𝑥…𝑥𝑥𝑛𝑛𝑚𝑚𝑥𝑘𝑥 0𝑥 𝑥𝑥𝑛𝑛𝑚𝑚+𝑘 …(𝑀𝑀𝑥

= inf



𝜌𝜌 𝜖 0 ∶ 

𝑘𝑘𝑎𝔸𝑘𝐹𝐹
𝑀𝑀

𝑥𝑥𝑘𝑘
𝜌𝜌

 ⩽ 𝑘




⩽ 𝜖𝜖.

(60)

e continuity of each 𝑃𝑃𝑘𝑘 and uniqueness of the sequence
{𝑃𝑃𝑘𝑘𝑎 in the representation can be done similarly in the
classical case. is completes the proof. �

One of our main results is the following theorem which
states the generalized 𝛽𝛽-dual of ℎ𝑀𝑀(𝑋𝑋𝑥 with respect to the
Banach space 𝑌𝑌. e above theorem brings that ℎ𝑀𝑀(𝑋𝑋𝑥 is an
AK-space and we can useeorem 14 to �nd the generalized
𝛽𝛽-dual of ℎ𝑀𝑀(𝑋𝑋𝑥.

eorem 20. Let 𝑋𝑋, 𝑌𝑌 be Banach spaces and 𝑀𝑀𝑥 𝑀𝑀 be
mutually complementary Orlicz functions. en, ℎ𝑀𝑀(𝑋𝑋𝑥

𝛽𝛽 is
isomorphic by the mapping 𝑇𝑇 𝑌 (𝑇𝑇 ∘ 𝐼𝐼𝑘𝑘𝑥 to the Banach space

𝑉𝑉𝑀𝑀 = 𝐴𝐴 = 𝐴𝐴𝑘𝑘 𝑎 𝑠𝑠 (ℬ (𝑋𝑋𝑥𝑌𝑌𝑥𝑥 𝑥

‖𝐴𝐴‖ = sup
𝑓𝑓𝑎𝑓𝑓𝑌𝑌∗

𝐴𝐴∗
𝑘𝑘𝑓𝑓

∞
𝑘𝑘=𝑘𝑀𝑀 < ∞ 𝑥

(61)

where each 𝐼𝐼𝑘𝑘 is de�ned as in eorem 19.

Proof. We prove that ℒ(ℎ𝑀𝑀(𝑋𝑋𝑥𝑥 𝑌𝑌𝑥 is isometrically isomor-
phic to 𝑉𝑉𝑀𝑀.

A routine calculation shows that ‖𝐴𝐴‖ =
sup𝑓𝑓𝑎𝑓𝑓𝑌𝑌∗ ‖(𝐴𝐴

∗
𝑘𝑘𝑓𝑓𝑥

∞
𝑘𝑘=𝑘‖𝑀𝑀 really de�nes a norm on 𝑉𝑉𝑀𝑀 and

it is a Banach space with this norm. Let 𝑇𝑇 𝑎 ℒ(ℎ𝑀𝑀(𝑋𝑋𝑥𝑥 𝑌𝑌𝑥
and say𝐴𝐴𝑘𝑘 = 𝑇𝑇∘𝐼𝐼𝑘𝑘 for each 𝑘𝑘.is implies ‖(𝐴𝐴𝑘𝑘 ∘𝑃𝑃𝑘𝑘𝑥(𝑥𝑥𝑥‖ = 0
so that 𝐴𝐴𝑘𝑘(𝑥𝑥𝑘𝑘𝑥 = 0 for each 𝑘𝑘. Since each 𝑥𝑥 𝑎 ℎ𝑀𝑀(𝑋𝑋𝑥 has the
unconditional representation 𝑥𝑥 = ∑∞

𝑘𝑘=𝑘(𝐼𝐼𝑘𝑘 ∘ 𝑃𝑃𝑘𝑘𝑥(𝑥𝑥𝑥, we can
write

𝑇𝑇𝑥𝑥 =
∞

𝑘𝑘=𝑘

𝑇𝑇 ∘ 𝐼𝐼𝑘𝑘 𝑥𝑥𝑘𝑘 =
∞

𝑘𝑘=𝑘

𝐴𝐴𝑘𝑘𝑥𝑥𝑘𝑘. (62)

Immediately each 𝐴𝐴𝑘𝑘 𝑎 ℒ(𝑋𝑋𝑥𝑌𝑌𝑥 since ‖𝐴𝐴𝑘𝑘‖ ⩽ ‖𝑇𝑇‖‖𝐼𝐼𝑘𝑘‖ =
‖𝑇𝑇‖. Now, let us de�ne the mapping

Ψ ∶ ℒℎ𝑀𝑀 (𝑋𝑋𝑥 𝑥 𝑌𝑌⟶ 𝑉𝑉𝑀𝑀𝑥

by Ψ (𝑇𝑇𝑥 = 𝐴𝐴 = 𝐴𝐴𝑘𝑘
∞
𝑘𝑘=𝑘; 𝐴𝐴𝑘𝑘 = 𝑇𝑇 ∘ 𝐼𝐼𝑘𝑘.

(63)
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Ψ(𝑇𝑇𝑇 𝑇 𝑇 if and only if each 𝑇𝑇 𝑇 𝑇𝑇𝑘𝑘 𝑇 𝑇 so 𝑇𝑇 𝑇 𝑇 by the
de�nition of each 𝑇𝑇𝑘𝑘, that is, Ψ is one to one. Also, for an
arbitrary 𝐴𝐴 𝐴 𝐴𝐴𝑁𝑁, if we de�ne the operator 𝑇𝑇 by

𝑇𝑇𝑇𝑇 𝑇
∞

𝑘𝑘𝑇𝑘

𝐴𝐴𝑘𝑘𝑇𝑇𝑘𝑘 (64)

on ℎ𝑀𝑀(𝑋𝑋𝑇 then, by using the Young inequality, we have


𝑛𝑛

𝑘𝑘𝑇𝑘𝑘

𝐴𝐴𝑘𝑘𝑇𝑇𝑘𝑘 𝑇 sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

𝑓𝑓
𝑛𝑛

𝑘𝑘𝑇𝑘𝑘

𝐴𝐴𝑘𝑘𝑇𝑇𝑘𝑘

⩽ sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

𝑛𝑛

𝑘𝑘𝑇𝑘𝑘

𝐴𝐴∗
𝑘𝑘𝑓𝑓 𝑇𝑇𝑘𝑘

⩽ sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

𝑛𝑛

𝑘𝑘𝑇𝑘𝑘

𝑁𝑁
𝐴𝐴∗

𝑘𝑘𝑓𝑓
𝐴𝐴∗

𝑘𝑘𝑓𝑓
∞
𝑘𝑘𝑇𝑘𝑁𝑁



+ sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

𝑛𝑛

𝑘𝑘𝑇𝑘𝑘

𝑀𝑀𝐴𝐴∗
𝑘𝑘𝑓𝑓

∞
𝑘𝑘𝑇𝑘𝑁𝑁 𝑇𝑇𝑘𝑘

⩽ sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

𝑛𝑛

𝑘𝑘𝑇𝑘𝑘

𝑁𝑁
𝐴𝐴∗

𝑘𝑘𝑓𝑓
𝐴𝐴∗

𝑘𝑘𝑓𝑓
∞
𝑘𝑘𝑇𝑘𝑁𝑁



+
𝑛𝑛

𝑘𝑘𝑇𝑘𝑘

𝑀𝑀
𝑇𝑇𝑘𝑘
𝑘/ ‖𝐴𝐴‖

 .

(65)

Since (𝐴𝐴∗
𝑘𝑘𝑓𝑓𝑇

∞
𝑘𝑘𝑇𝑘 𝐴 ℓ𝑁𝑁(ℒ(𝑋𝑋𝑋𝑌𝑌𝑇𝑇 for each 𝑓𝑓 𝐴 𝑌𝑌∗ and


𝑘𝑘
𝑁𝑁

𝐴𝐴∗
𝑘𝑘𝑓𝑓

𝐴𝐴∗
𝑘𝑘𝑓𝑓

∞
𝑘𝑘𝑇𝑘𝑁𝑁

 ⩽ 𝑘 (66)

from [4, Prop. 8.12], we have

sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

𝑛𝑛

𝑘𝑘𝑇𝑘𝑘

𝑁𝑁
𝐴𝐴∗

𝑘𝑘𝑓𝑓
𝐴𝐴∗

𝑘𝑘𝑓𝑓
∞
𝑘𝑘𝑇𝑘𝑁𝑁

⟶ 𝑇 as 𝑘𝑘𝑋 𝑛𝑛⟶∞.

(67)

Also

𝑛𝑛

𝑘𝑘𝑇𝑘𝑘

𝑀𝑀
𝑇𝑇𝑘𝑘
𝑘/ ‖𝐴𝐴‖

⟶ 𝑇 as 𝑘𝑘𝑋 𝑛𝑛⟶∞ (68)

since 𝑇𝑇 𝐴 ℎ𝑀𝑀(𝑋𝑋𝑇. is means the series ∑𝐴𝐴𝑘𝑘(𝑇𝑇𝑘𝑘𝑇 is
convergent, that is, 𝑇𝑇 is well de�ned. �urther, that the

mapping Ψ is onto, that is, 𝑇𝑇 𝐴 𝑇(ℎ𝑀𝑀(𝑋𝑋𝑇𝑋 𝑌𝑌𝑇 comes from
the following equalities:

‖𝑇𝑇‖ 𝑇 sup
𝑇𝑇𝐴𝑓𝑓𝑀𝑀

‖𝑇𝑇𝑇𝑇‖ 𝑇 sup
𝑇𝑇𝐴𝑓𝑓𝑀𝑀


∞

𝑘𝑘𝑇𝑘

𝐴𝐴𝑘𝑘 𝑇𝑇𝑘𝑘

𝑇 sup
𝑇𝑇𝐴𝑓𝑓𝑀𝑀

sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

𝑓𝑓
∞

𝑘𝑘𝑇𝑘

𝐴𝐴𝑘𝑘 𝑇𝑇𝑘𝑘

𝑇 sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

sup
𝑇𝑇𝐴𝑓𝑓𝑀𝑀


∞

𝑘𝑘𝑇𝑘

𝐴𝐴∗
𝑘𝑘𝑓𝑓 𝑇𝑇𝑘𝑘

𝑇 sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

sup
∞

𝑘𝑘𝑇𝑘

𝐴𝐴∗
𝑘𝑘𝑓𝑓 𝑇𝑇𝑘𝑘 ∶

∞

𝑘𝑘𝑇𝑘

𝑀𝑀 𝑇𝑇𝑘𝑘 ⩽ 𝑘 𝑋

by Lemma 𝑘6

𝑇 sup
𝑓𝑓𝐴𝑓𝑓𝑌𝑌∗

𝐴𝐴∗
𝑘𝑘𝑓𝑓

∞
𝑘𝑘𝑇𝑘𝑁𝑁 𝑇 ‖𝐴𝐴‖ .

(69)

is shows at the same time that Ψ is an isometry. �
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