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We prove a common fixed point theorem for a pair of generalized Bose-Mukherjee-type fuzzy mappings in a complete metric space.
An example is also provided to support the main result presented herein.

1. Introduction and Preliminaries

In many scientific and engineering applications, the fuzzy set
concept plays an important role. The concept of fuzzy sets
was introduced initially by Zadeh [1] in 1965. Since then,
the study of fixed point theorems in fuzzy mathematics had
been instigated by Weiss [2] and Butnariu [3]. Heilpern [4]
introduced the concept of fuzzy contractive mappings and
proved a fixed point theorem for these mappings in metric
linear spaces. His result is a generalization of the fixed point
theorem for point-to-set maps of Nadler [5]. Afterwards,
several fixed point theorems for fuzzy contractive mappings
have appeared in the literature (see [6-13]). Particularly,
Vijayaraju and Marudai [6] studied a fixed point result for
fuzzy (multivalued) mappings T : X — F(X) in a metric
space X. This result [6] is significant as it does not require
the condition of approximate quantity for T'(x) and linearity
for X. However, Azam and Arshad [7] pointed out that its
proof [6] is incorrect and incomplete and presented the right
version of this result. In fact, although there exist mistakes in
the proof of Theorem 3.1 in [6], its conclusion is correct.

The aim of this work is to establish a common fixed
point theorem for a pair of generalized Bose-Mukherjee-type
fuzzy mappings in a complete metric space. Also, we give
an example to show the validity of our result and by which
indicate that our result improves and extends several known
results in [6, 7, 14].

Let X and Y be nonempty sets. A multivalued mapping
T from X to Y, denoted by T : X — 2Y is defined to

be a function that assigns to each element of X a nonempty
subset of Y. Fixed points of the multivalued mapping T :
X — 2% will be the points x € X such that x € T(x).

Let (X, d) be a metric space and let €%B(X) denote the set
of all nonempty closed and bounded subsets of X. For A, B €
CAB(X), define

H (A, B) = max <[sup d(x,B),supd (A,y)]> , 1

x€A y€B

where d(x, A) = innyAd(x, V).

A fuzzy set in X is a function with domain X and values
in [0, 1]. If A is a fuzzy set and x € X, then the function value
A(x) is called the grade of membership of x in A. The a-level
set of A is denoted by [A], and is defined as follows:

[Al,={x:A(x)>a} ifac(0,1],
. (2)
[A], = {x:A(x) > 0}

Here, B denotes the closure of the set B. Let % (X) be the
collection of all fuzzy sets in a metric space X. For A,B €
F(X), A ¢ Bmeans A(x) < B(x) for each x € X.

A mapping T from X to F(Y) is called a fuzzy mapping
if for each x € X, T(x) (sometimes denoted by Tx) is a fuzzy
setonY and Tx(y) denotes the degree of membership of y in
Tx. Let 77 (X) denote the set of all fuzzy sets on X such that
each of its a-level is a nonempty closed bounded subset of X.



The following lemmas are needed in the sequel.

Lemmal (Nadler [5]). Let (X, d) be a metric space and A, B €
G RB(X); then

(1) for each x € A, d(x,B) < H(A, B),
(2) foreach y € X, d(x,A) < d(x, y) +d(y, A).

Lemma 2 (Nadler [5]). Let (X, d) be a metric spaceand A, B €
G B(X); then for each x € A and € > 0 there exists an element
y € Bsuch that d(x, y) < H(A,B) + &.

2. Main Results

Lemma 3. Let A, A,, A;, A, and A; be five nonnegative
real numbers with A; + A, + A; + A, + A; = 1, A; > 0,
and either A > A,, Ay > Ajor A, < A,, A; < A,. Let
a=(A+A+A)/(A+A+AS), b=(A,+A,+As) /(A +
Aj+ As); then0 <ab < 1.

Proof. ItA, > A,, A; > A,,then A, >0, A; > 0. Note that
A;>0;wehavea = (A, +A;+A5) /(A +A,+A)>0,b=
(A, +A+A5)/(A,+As+As) > 0;thatis, ab > 0. Moreover,
itisevidentthat (A, —A,)(A;-A,) > 0= A A;+AA, >
A,A, + A,A;, which further implies that

(A + A+ A5) (A + Ay + As)
=AA +AA+A A+ AA, +ALA,

+ A A+ AsA, + AsAs + AsAS

(3)
>AA+AA+A A+ AZA, + ASA,

+A3A;+ AsA, + AsAL + AsAS
=(A]+A;+A) (A, + A+ As).

Thatis,ab = (A, + A3 + A5)(A, + A, + A)J(A + Ay +
A)A,+As +A5) < 1.

Similarly, if A} < A,, A; < A,, then 0 < ab < 1 holds.

O

Theorem 4. Let (X, d) be a complete metric space. Let S,T :
X — F(X) be two generalized Bose-Mukherjee-type fuzzy
mappings. Suppose that, for each x € X, there exists a(x) €
(0,1] such that [Sx]y) and [Tx],) are nonempty closed
bounded subsets of X and

H ([8%]ageys [TV ]y

< Ald (X’ [Sx]a(x)) + A2d (}’» [Ty]a(y)) (4)

+Asd (x, [Ty]a(y)) + Ayd (3, [Sx]o0)
+Agd(x,y),

forall x,y € X, where A, A,, A;, Ay, and A, are five non-
negative real numbers with ¥, A; = 1, A5 > 0 and either
Al > A, Ay > Ajor AL < A, Ay < Ay Then there exists
z € X such that z € [Sz] ) N [Tz]

oz az)*
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Proof. Let A, > A,, A;>A,anda= (A, +A;+A;)/(A,+
Ay+A5), b=(A,+A,+A;)/(A,+A;+A;). By Lemma 3, we
know thata > 0, b > 0 and 0 < ab < 1. Choosing x, € X, by
hypotheses, there exists a(x,) € (0,1] such that [Sx,] alxp) 18
nonempty closed bounded subset of X. For convenience, we
denote a(x,) by a;. Let x; € [Sxg],; for this x; there exists
a, € (0,1] such that [Tx,], is nonempty closed bounded
subset of X. Since A; + A, + A5 > 0, by Lemma 2, there exists
x, € [Tx,],, such that

d (x1,%,) < H ([Sxo) - [Toxy], ) + (Ay + Ay + A5). (5)

X %)

Since A, + A; + A5 > 0, by the same argument, we can find
a5 € (0,1] and x5 € [sz]o‘3 such that

d (x,,x3) < H([sz]%, [Txl]az) tab(A,+ Ay + Ag).

(6)
By induction, we produce a sequence {x,} of points of X,
Xoke1 € [Ska]a2k+1, Xoks2 € [Tx2k+1]a2k+27 k=0,1,2,...,
@)
such that
d (Xopes1> Xoks2) < H <[Sx2k]fxzk+1’ [Tx2k+1]“2k+z)
+(ab)* (A, +A,+A5), ©

d (Xpps20 Xopes3) < H ([szku]%ma [szkﬂ]%m)

+(ab) (A, + A +Ay).
Fork =0,1,2,..., applying (4), we obtain

d (x2k+1, x2k+2)

<H ([Ska] » [Tx2k+1]a2k+z) +(ab) (A, + A, + Ay)

oke+1
<Ad (xzk; [szk]%kﬂ) +A,d <x2k+1’ [Tx2k+1]a2k+z)
+ A3d (-xzk’ [Tx2k+1] ) + A4d (x2k+1’ [Ska]azkn)

+ Asd (X Xop41) + (ab)k (A + A +As)

Xok+2

< Ayd (X0 Xope1) +Agd (Xgger1> Xpper2) +A3d (X0 Xos2)
+ Ayd (%> X)) + Asd (X0 Xoes1)
+(ab)* (A, + A, + As)

< Ayd (% %) + Axd (X1 Xoka2)
+ Asd (X1 Xor1) + Asd (Xops1 Xok42)

+ Asd (Xop Xk41) + (ab)k (A, +A, +As).
9)
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It implies that

A +A5+Ag

—————2d (%, X
I—AZ—A3 ( 2k 2k+1)

kA +HAL+ A,
1-A,-A;

d (Xgp415 Xopsa) <
(10)
+(ab)

Note that = | A; = 1; we have

A +A;+A

2d (xzk’ x2k+1)

d (Xp415 Xopsa) < A 1A, + A,

+(ab)kA1 +A+As 11)
A +AL + A;
= ad (%, Xyps1) + (ab)F.
Similarly, we have

d (X320 Xaper3) < 0 (X1 Xopaa) + (ab)kﬂ- (12)

Using inductive method, for k = 0,1,2,..., by (11) and (12),
we can obtain

d (Xpks1> Xok42)
< ad (X, Xys1) + (@)
< abd (xy,_,, %) + a(ab)* + (ab)*
< abad (x5, Xy) + (ab)* + a(ab)* + (ab)*
< (ab)’d (xy_3» Xpp_5) + 2 (a + 1) (ab)*
< - < (ab)¥d (x, x,) + k (a+ 1) (ab)
< (ab)*ad (x4, x,) + (ab)* + k (a + 1) (ab)"
< (ab)*d (x4, x,) + (k + 1) (a + 1) (ab)",
d (Xok120 Xok13)
< b((@b)*ad (x4, x,) + (k+ 1) (a + 1) (ab)*) + (ab)*"!

= (ab)*"'d (x4, x,) + b (k + 1) (a + 1) (ab)* + (ab)**

a+1

= (ab)*"'d (xg,x,) + (k + 1) ( ) (ab)c*! + (ab)*"!

a

< (ab)*"d (xg,x,) + (k +2) (“ai) (ab)**".
(13)

Next, we prove that the sequence {x,} is a Cauchy
sequence in X. For k < p, we have

d (x2k+1>x2p+1)

< d (Xpjer1s Xopsn) + -+ (x2p’ x2p+1)

S S
< <Z(ub)' + Z (ab)l> d (x9, ;)
ik

i=k+1

p-1 p
+<(a+1)Z(i+1)(ab)i+(a+1) Y (i+1)(ab)">
ik a

i=k+1
(ab)k (ab)k+1
<| ——=+——)d(x,
<(1—ab+l—ab (x0: )

+<(a+1)§(i+1)(ab)i+<%l> 5 (i+1)(ab)i>
i=k i=k+1
(ab)*

o (x0%;) +2M Y (i + 1) (ab)’,

i=k

<2

(14)

where M = max{a + 1, (a + 1)/a}. By the similar reasoning
process, we can obtain

(ab)*
1-ab

d (xg, %) + 2M020: (i +1) (ab),
i=k

d (x2k’x2p+1) <2

(ab)" S j
d (x50, < 21— d (%0, %) + 2M;k (i + 1) (ab)’,

b k ) . .
d (X541, %5,) < 2 1(“_ [)Zbd (x> %) +2MY (i + 1) (ab)"

i=k

(15)

Then, there exists k with (n—1)/2 < k <n/2,forany 0 < n <
m, such that

k [e)
d(x,,x,) <2 l(a—b;bd (%9, 1) + ZMZ (i+1)(ab). (16)

i=k

Since 0 < ab < 1, it follows from Cauchy’s root test that X(n+
1)(ab)" is convergent and hence {x,,} is a Cauchy sequence in
X. Since X is a complete metric space, then there exists z € X
such that x, — zasn — o©0. Then, by (4) and Lemma 1, we
have

d (2, [T (2)]a))

< d(2%011) +d (Xgne1> [T (Do)

< d (2, %31)+H ([S%20],, [T (@]agz))

< d (2, %51) + Ard (%5 [Sx20],,. )
+ Azd (2, [T (2)]a(z)) + Asd (%2 [T (2)]a(z))
+ Aud (2, [Sx5],, )+ Asd (x5 2)

< d (2, Xp001) + Ard (X3 Xppi1) + Ad (2 [T (D) o))
+ Asd (%, 2) + Asd (2, [T (2)]a(z) + Aad (2, %241)

+Agd (xy,,2) .
(17)



Therefore,
(1-4,-A3)d (2 [T (2)]ue)

< d (2, X41) + Ard (X X41)
(18)
+ Asd (xy,,2) + Ayd (2, X311)

+ Agd (xy,,2)

and hence d(z, [T(z)]y,) — 0asn — oo. Thus, z €
(Tz]yz)-

Similarly, we can prove that z € [Sz]
[Sz](z) N [T2] )

IfA, < A,, A; < A, by the same argument, we can
prove that the conclusion holds. O

a(z)- Hence, z €

Corollary 5 (Vijayaraju and Marudai [6]). Let (X,d) be a
complete metric space. Let S,T : X — F(X) be two
fuzzy mappings. Suppose that, for each x € X, there exists
a(x) € (0,1] such that [Sx] ) and [Tx],, are nonempty
closed bounded subsets of X and

H (18x]ago» [TY]a())
< ald (x’ [Sx]ot(x)) + aZd (y’ [Ty][x(y))

+ ayd (x, [Ty]a(y)) +a,d (y, [Sx]a(x)) +asd (x, y)
19)

forall x,y € X, where a,, a,, a5, a,, and a5 are nonnegative
real numbers with ¥_ a; < 1 and either a, = a, or a; = a.
Then, there exists z € X such that z € [Sz] ;) N [T2] ).
Proof. Ifa; = a,, a; > a, by 2;_ a; < 1, we can take 28 = 1 -
(Ziszlai) >0.Andlet A, =a,+68, A, =a,, Ay =a;, A, = a,,
and A; = a; + s then we have X} | A; = 1, A| > A,, A; >
A, As>0,andforallx, y € X,

H ([Sx](x(x)’ [Ty]tx(y))
< Ayd(x, [Sx]a(x)) +A,d (y’ [Ty]a(y))

+ Azd (%, [Ty]y ) + Asd (3 [SXlagw) + Asd (x, 7).
(20)

which implies the conditions of Theorem 4 are satisfied.
Similarly, we can prove that some cases of a, = a,, a; < g, or
a, > a,, a; = a, or a; < a,, a; = a,, respectively. Therefore,
by Theorem 4, the corollary is proved. O

Remark 6. Corollary 5 shows that, although there exist mis-
takes in the proof of Theorem 3.1 in [6], its conclusion is
correct. Moreover, Corollary 5 also shows that Theorem 4 in
[7]is not the right version of Theorem 3.1in [6] but the special
case of Theorem 3.1in [6]. In addition, we give a correct proof
of Theorem 3.1in [6].

Corollary 7 (Azam and Arshad [7]). Let (X, d) be a complete
metric space. Let S,T : X — F(X) be two fuzzy mappings.
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Suppose that, for each x € X, there exists a(x) € (0,1]
such that [Sx]y,) and [Tx], ) are nonempty closed bounded
subsets of X and

a(x)

H ([Sx]zx(x)7 [Ty](x(y))
<ad (x, [Sx]oc(x)) +ayd (J” [Ty]a(y))

+a, [d (x, [Ty]a(y)) +d(y, [Sx]a(x))] +a,d(x,y)
(21)

forall x, y € X, where a,, a,, as, and a, are nonnegative real
numbers with a, + a, + 2a; + a4 < 1. Then, there exists z € X
such that z € [Sz]y,) N [TZ]

oz a(z)*

Theorem 8. Let (X, d) be a complete metric space. Let S,T :
X — BRB(X) be two generalized Bose-Mukherjee-type
multivalued mappings. Suppose that, for all x, y € X,

H (Sx,Ty) < A,d (x,5x) + A,d (. Ty)
+Ayd (%, Ty) + Ad (9, 8x)  (22)

+Ad(x,y),

where A, A,, A5, A,, and A are five nonnegative real
numbers with 3| A; = 1, A5 > 0 and either A| > A,, Ay >
Ayjor A, < A,, Ay < A,. Then, there exists z € X such that
zeSznTz.

Proof. Let the fuzzy mappings S,T : X — F(X) be
defined as S(x) = x5 and T(x) = xr() where x, is
the characteristic function on any subset A of X. Using the
facts [Sx]yy = S(x) and [Tx]y,) = T(x) for any a(x) €
(0,1], it is evident that S and T satisfy the condition of
Theorem 4. O

Similarly, as the proof of Corollary 5, from Theorem 8,
we can obtain that common fixed point theorem for Bose-
Mukherjee-type multivalued mappings in [14].

Corollary 9 (Bose and Mukherjee [14]). Let (X,d) be a

complete metric space. Let S,T : X — GB(X) be two
multivalued mappings. Suppose that, for all x, y € X,

H (Sx,Ty) < ayd (x,5x) + a,d (, Ty)
+ayd (x,Ty) + a,d (y, Sx) (23)
+asd (x,y),

wherea,, a,, as, a,, and as are nonnegative real numbers with
Zleai < 1 and either a, = a, or a; = a,. Then, there exists
z € X suchthatz € SzN Tz.
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Example 10. Let X = {0,1,2}; d is an ordinary metric; then
(X, d) is a complete metric space. Define two fuzzy mappings
S$,T: X — F(X) as follows:

1, ifz=0,

. Vx € X;
0, ifz=1or2,

(8x) (2) = 1

1, ifz=1,
(T2)(Z)—{O, £2-0o0r2, and for y € X\ {2},
1, ifz=0,
T =
(1y) @) {O, ifz=1or 2.
(24)
Then, we have
[Sx], = [Sx], =10} VxeX, a€(0,1],
{1}) lf)/=2,
Ty|, =Tyl = 0,1].
o=t ={ §2r L veeon
(25)

Now we take A, = 2/45, A, = 22/45, A5 = 1/9, A, = 23/
90, A5 = 1/10; then we have 27 | A; = 1, A; > 0and A, <
A, Ay <A,

Moreover, if x € X and y = 0 or 1, then, forall« € (0, 1],

H ([Sx] [Ty],) = 0

2 22
< Ed (%, [Sx],) + Ed (. [Ty],)

(26)
1 23
+ §d (x, [Ty],) + %d (3, [Sx],)

1
—d(x,9).
+ 104 (%)
If x =0and y = 2, then, forall @ € (0, 1],
H ([S0],,[T2],) =1

2 22
< Ed(o, o} + Ed(z,{l})

1 23 1
+ §d(0,{1}) + %d(z, {0}) + 1_0d(0’ 2).
(27)

If x = 1and y = 2, then, for all « € (0, 1],
H ([$1],, [T2],) = 1

2 22
< 4—5d(1,{0}) + Ed(z,{l})

1 23 1
+5d (LD + 55d 20D + 75d (1,2).
(28)

If x =2 and y = 2, then, for all « € (0, 1],

H ([82],, [T2],) = 1

2 22

1 23 1
+5d @D+ 55d 20D + 15d(2.2).
(29)

Hence, the conditions of Theorem 4 are satisfied, and there
exists 0 € X such that 0 € {0} = [S0], N [TO],. But, for any
nonnegative real numbers a,, a,, a;, a,, and a; witha, +a, +
2a; + as; < 1, we have

H ([S1], [T2],) = 1
> ayd (1,{0}) + a,d (2,{1})

+a; [d(L{1}) +d (2,{0})] + asd (1,2)
(30)

for all « € (0,1]. Thus, S,T cannot satisfy the general con-
tractive condition a, + a, + 2a; + a; < 1.

3. Conclusion

The aim of this work is to establish a common fixed point
theorem for a pair of generalized Bose-Mukherjee-type fuzzy
mappings in a complete metric space. Also, we give an
example to show the validity of our result and by which
indicate that our result improves and extends several known
results in [6, 7, 14]. Moreover, we give a correct proof of
Theorem 3.1 in [6] and point out the conclusion of Theorem
4.1 in [7] is the special case of Theorem 3.1 in [6]. Finally,
we hope that this theory would provide a mathematical
background to the ongoing work in the problems of scientific
and engineering applications.

Acknowledgments

This work was supported by the Natural Science Foundation
of the Jiangsu Higher Education Institutions (Grant no.
13KJB110004) and Qing Lan Project of Jiangsu Province of
China.

References

[1] L. A. Zadeh, “Fuzzy sets,” Information and Computation, vol. 8,
pp. 338-353, 1965.

[2] M. D. Weiss, “Fixed points, separation, and induced topologies
for fuzzy sets,” Journal of Mathematical Analysis and Applica-
tions, vol. 50, pp. 142-150, 1975.

[3] D. Butnariu, “Fixed points for fuzzy mappings,” Fuzzy Sets and
Systems, vol. 7, no. 2, pp. 191-207, 1982.

[4] S.Heilpern, “Fuzzy mappings and fixed point theorem,” Journal
of Mathematical Analysis and Applications, vol. 83, no. 2, pp.
566-569, 1981.

[5] S. B. Nadler Jr., “Multi-valued contraction mappings,” Pacific
Journal of Mathematics, vol. 30, pp. 475-488, 1969.



(6]

(7]

(8]

(9]

(10]

P. Vijayaraju and M. Marudai, “Fixed point theorems for fuzzy
mappings,” Fuzzy Sets and Systems, vol. 135, no. 3, pp. 401-408,
2003.

A. Azam and M. Arshad, “A note on “Fixed point theorems for
fuzzy mappings” by P. Vijayaraju and M. Marudai,” Fuzzy Sets
and Systems, vol. 161, no. 8, pp. 1145-1149, 2010.

H. M. Abu-Donia, “Common fixed point theorems for fuzzy
mappings in metric space under ¢-contraction condition,”
Chaos, Solitons & Fractals, vol. 34, no. 2, pp. 538-543, 2007.

T. Kamran, “Common fixed points theorems for fuzzy map-
pings,” Chaos, Solitons and Fractals, vol. 38, no. 5, pp. 1378-1382,
2008.

A. Azam and L. Beg, “Common fixed points of fuzzy maps,’
Mathematical and Computer Modelling, vol. 49, no. 7-8, pp. 1331-
1336, 2009.

B.S. Lee, G. M. Lee, S. J. Cho, and D. S. Kim, “A common fixed
point theorem for a pair of fuzzy mappings,” Fuzzy Sets and
Systems, vol. 98, no. 1, pp. 133-136, 1998.

T. Som and R. N. Mukherjee, “Some fixed point theorems for
fuzzy mappings,” Fuzzy Sets and Systems, vol. 33, no. 2, pp. 213—
219, 1989.

H. Romén-Flores, A. Flores-Franulic, M. Rojas-Medar, and R.
C. Bassanezi, “Stability of fixed points set of fuzzy contractions,”
Applied Mathematics Letters, vol. 11, no. 4, pp. 33-37,1998.

R. K. Bose and R. N. Mukherjee, “Common fixed points of some
multi-valued mappings,” Tamkang Journal of Mathematics, vol.
8, no. 2, pp. 245-249, 1977.

ISRN Applied Mathematics



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




