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The author introduces the concept of the P-GA-functions, gives Hermite-Hadamard’s inequalities for P-GA-functions, and defines
anew identity. By using this identity, the author obtains new estimates on generalization of Hadamard and Simpson type inequalities
for P-GA-functions. Some applications to special means of real numbers are also given.

1. Introduction

Let real function f be defined on some nonempty interval
I of real line R. The function f is said to be convex on I if
inequality

flxs -0y <tf@D+A-0f() O

holds for all x, y € I'and t € [0, 1].

We recall that a function f : I ¢ R — R is said to be
P-function on I or belong to the class P(I) if it is nonnegative
and

fltx+(1-0)y)< f0)+f(y) )

forall x,y € I andt € [0,1]. Note that P(I) contain all
nonnegative convex and quasiconvex functions [1].

The following inequalities are well known in the literature
as Hermite-Hadamard inequality and Simpson inequality,
respectively.

Theorem 1. Let f: I SR — R be a convex function defined
on the interval I of real numbers and a,b € I witha < b. The
following double inequality holds:

b
f<a+b)§ ﬁj f(x)dx < —f(“);f(b). (3)

2

Theorem 2. Let f : [a,b] — R be a four times con-
tinuously differentiable mapping on (a,b) and ||f(4)||OO =
supxe(a,b)lf(4)(x)| < 00. Then the following inequality holds:

O (220 e

2 2 b a
(4)

L@
< esol -

Definition 3 (see [2, 3]). A function f: I € (0,00) — Ris
said to be GA-convex (geometric-arithmetically convex) if

Y )<tf @+ -0f() 5)

forallx,y € Iandt € [0,1].

In recent years, many authors have studied errors estima-
tions for Hermite-Hadamard and Simpson inequalities; for
refinements, counterparts, and generalization concerning P-
functions and GA-convex, see [4-11].

In this paper, the concept of the P-GA-function is intro-
duced, Hermite-Hadamard’s inequalities for P-GA-functions
are established, and a new identity for differentiable functions
is defined. By using this identity, the author obtains a
generalization of Hadamard and Simpson type inequalities
for P-GA-functions.



2. Main Results

Let f: I € (0,00) — R be a differentiable function on I°,
the interior of I; throughout this section we will take

I (o, Ay a, b)
- A)f-(al—otb(x) + A [(xf (a) + (1 - Oé)f(b)]

1 (" fw
" In(b/a) J u d

(6)

where a,b € I witha < banda, A € [0,1].

Definition 4. A function f : I € (0,00) — R is said to be
P-GA-function (P-geometric-arithmetic function) on I if

f(EY ) s f@+F(), @)

foranyx,y e I andt € [0, 1].

Proposition 5. Let f : I < (0,00) — R.If f is P-function
and nondecreasing, then f is P-GA-function on I.

Proof. This follows from

FEY )< fltx+Q-0Dy)<f@+F(). ®)
forallx,y € Iandt € [0,1]. O

Proposition 6. Let f : I < (0,00) — R.If f is P-GA-
function and nonincreasing, then f is P-function on I.

Proof. The conclusion follows from

ftx+(1-t)y)< f(xtyH) <f+f(y) 9
forall x, y € I and t € [0, 1], respectively. O

Hermite-Hadamard’s inequalities can be represented for
P-GA-functions as follows.

Theorem 7. Let f: I € (0,00) — R be a function such that
f € Lla,b] (f isintegrable on [a, b]), wherea,b € I witha < b.
If f is a P-GA-function on [a, b], then the following inequalities
hold:

2 (" fw
f(Vab) < s [ Flaus2f@+ ol

witha > 0.

Proof. Since f is a P-GA-function on [a, b], we have for all
x, ¥ € [a,b] (with t = 1/2 in inequality (7))

F(N) < f)+f (). (1)
Choosing x = a'b', y= ba'™, we get

f(Vab) < f(a'd"") + £ (b'a'™). (12)
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Integrating the resulting inequality with respect to ¢ over
[0, 1], we obtain

f(Nab) < [ f (@) £ (va) at
2 Jb f® du

:ln(b/a) a U

and the first inequality is proved.
For the proof of the second inequality in (10) we first note
that if f is a P-GA-function, then, for t € [0, 1], it yields

@) < f@+f@),
f(a™) < f@+f®).

By adding side to side these inequalities and taking square
root we have

fav™)+f(ea) <2[f @+ f®L  (3)

and, integrating the resulting inequality with respect to t over
[0, 1], we obtain

(13)

(14)

2 ("fw
In (b/a) L u du<2(f(a)+ f(®)]. (16)
The proof is completed. .

In order to prove our main results we need the following
identity.

Lemma 8. Let f : I € (0,00) — R be a differentiable

function on I° such that f' € Lla,b], wherea,b € I witha < b.
Then for all x € [a,b], A € [0, 1], and « > 0 one has

I (e, A,a,b)

- <ln g) {a(xZ Ll t -\ (Z)Mf’ (a5 d
b - “)2 Ll - ) <g>(1—o¢)t

% fl (a(l—a)tbl—(l—a)t)dt} )
(17)

Proof. By integration by parts and changing the variable, we
can state

a <ln S) o Ll t-7) (Z)M ' (a ) dt
—a Ll (- A df (a5)

0

St A)f(alﬂxtbat)r Ca J'Ol f(al—octboct)dt (18)

=a(1-2) f(a' V") + akf (a)

du,

) 1 Jalaba f(u)
In (b/a) J, u
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and similarly we get

b <ln S) (1-a)? Ll (t - \) (g)u_“)t

><fl (a(l—cx)tbl—(l—zx)t)dt

=(1-a) Ll (t = A)df (a"p!"07)

1

= (1-a) (t =) f (a0 (19)

0
! (1-a)t g 1-(1-)t
) A P
=(1-a)(1-1) f(a"“b%) + (1 - ) Af (b)

1 (P fw
" In(b/a) Jb L

Adding the resulting identities we obtain the desired result.
O

Theorem 9. Let f : I c (0,00) — R be a differentiable
function on I° such that f' € Lla,b], where a,b € I° with
a < b. If | f'|1 is P-GA-function on [a, ] for some fixed q > 1,
a, A € [0, 1], then the following inequality holds:

'If (o0, A, a,b)|

= <ln E) </\2 —A %)H/qqfl @|"+|f' (b)|q)l/q

a

X {acszl/q </\, <é>“q>
a
N2l a (l_a)q>}
+b(1 - a)’C q(A,(b) ,

(20)

where

C\u) = ﬁ[(u—/\(1+u))lnu+2u)“—u—1]. 1)

Proof. Since If'Iq is P-GA-function on [a, b], forall t € [0, 1],

|f/ (al—atbat)|q < |f, (a)|q + |fl (b)lq’
(22)
' (@ < | @[+ ] @)

Hence, using Lemma 8 and power mean inequality, we get

'If (e, Ay a, b)|

() (o)
e (Lent)”

1/q9
< [I7 @[+ | <b>|‘71df) +b(1 - ay

1 (1-o)qt
£ (f)
X(Jo | | b

1/q
<[ @l )y ofa) |

+b(1 - a)?CVa (A, (g)(la)q>} ,

(23)

which completes the proof. O
Corollary 10. Under the assumptions of Theorem 9 with q =
1, inequality (20) reduced to the following inequality:

|1 (@, A, a,b)|

<(m2) [ @]+ |7 @]

x {a(xZC (A, (Z)“> +b(1 - a)’C (A, (g)(l_“))} .

(24)



Corollary 11. Under the assumptions of Theorem 9 with o =
1/2, inequality (20) reduced to the following inequality:

- 7 (v) o[ L0210

1 f@,
ln(b/a)J u ”‘

(m%) (AZ A+ %)H
x {ac“q <A, (g)q/2> +bCHa </\, (g)m)} .

(I @[+ @)

(25)
In particular, for A = 0, we get
L (" fw
lf (a8) o |, d”‘
1-1/
) @)@l ren” e

X {aCl/q (o, <S)W) +bC' (o, (Z)m)} :

For A =1, we get

f@+f) 1 be(u)
In(b/a) Jo. u

A0
x {ac“‘f (1, (Z)q/2> +bCY <1, (g)qn)} :

and, for A = 1/3,

du‘

IF @+ @) e

1[f(a)+ f(b) 1 f(u)
‘5[ 2 +2f(%)] ln(b/a)J " ”‘

<1 (n2)(3) 1 @f L o)

e () ()

(28)

Theorem 12. Let f : I € (0,00) — R be a differentiable
function on I° such that f' € Lla,b], where a,b € I° with
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a < b. If | f'|1 is P-GA-function on [a, b] for some fixed q > 1,
a, A € [0, 1], then the following inequality holds:

|If (o, Ay a, b)|

< (1n9> (L L
a/\p+1

(|1 @ +]f &))"

% {a' L5 (0,b) + (1 - L1 (a,b)
(29)

—A)“l])l/P

where (1/p) + (1/q) = 1 and L,(a,b) is n-logarithmic mean

defined with L,(a,b) = (0™ —a"™")/((n+1)(b - a)))l/n
neR\{-1,0}

Proof. Since | f'|q is P-GA-function on [a,b] and using

Lemma 8 and Hoélder inequality, we get

|If (e, Ay a, b)|

= (ln g) ( It - )qut)
qqt

+b(1 - “)2001 (g)“—w)qtdt)l/q}

() (s bt eaar)

<(|f @[+ |7 @)

x {a' Lo N (a,b) + b*(1 - 0’ L %)) (a, b))
(30)

(I @[+ |7 @)™

Here it is seen by simple computation that

! 1
J [t - AfPdt = ——
0 p+1

aat aql b
r(E) thzL(a)) (31)

o \a a*

1 a >(1—o¢)qt
- dt =
L <b

Hence, the proof is completed. O

[/\p+1 + (1 _ /\)p+l] ,

1-a)g-1
b(l x)q

L(lzqu( b)
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Corollary 13. Under the assumptions of Theorem 12 with o =
1/2, inequality (29) reduced to the following inequality:

-2 (V) e[ L2 0]

1 f(u)
ln(b/a),[ L
1/, b 1 . a1 \V?
)b o)
< (I @[+ |f @) x (Va +VB) L2 (a,b).
(32)

In particular, for A = 0, we get

1 f(u)
‘f(@) ln(b/a)J u ”I

S8 () e ©

x (Va+ Vo) L% 2" (a,b).

For A = 1, we get

Vw+ﬂm_ L[ 1,

In(b/a) Jo u
) () O
x (Va+ Vo) L2 (a,b),
and, for A = 1/3, we get
f@+f®) f (W)
L[ 2 ]mwm 11%
b p
<5(m3) (;:fym) ()

X (\/E \/E) L9274 5 1) .

q/2-1
(35)
3. Application to Special Means

Let us recall the following special means of two nonnegative
numbers a, b with b > a:

(1) the arithmetic mean

A=A(ab) ;=“;b, (36)

(2) the weighted arithmetic mean

A, =A @b)=aa+(1-a)b, ac]|0,1], (37)

5
(3) the geometric mean
G=G(ab):= “;b, (38)
(4) the weighted geometric mean
G, =G, (a,b) :=a"b"™, ac[0,1], (39)
(5) the logarithmic mean
L=1L(ab):= ln: flna’ (40)

(6) the n-logarithmic mean

bn+1 _ an+1

1/n
m) , I’IER\{—LO}

(41)

L,=L,(ab):= (

Proposition 14. Forb >a > 0,n e N,n > 2, and q > 1, one
has

|1-1) G

1-1/
<n <ln é) <A2 A+ l) q(a("_l)q + b(n—l)q)l/q
a 2
aq (42)
e )
a
(1-a)q
- ((5)" )

where C is defined as in (21).

(@b + 1A, (a" V") - L) (a,b)|

Proof. Let f(x) =x",x>0,n>2,and g > 1. O
Proposition 15. Forb >a > 0,n € N,n > 2, and q > 1, one
has
|(1-1)G]_, (a,b) + AA, (a",b") - L, (a,b)|
b 1 p+l p+l 1p
<n(ln=){ — A"+ 1 -1)"]
a/\p+1
x (a(nfl)q + b(nfl)q)l/q
x {a' @ L (a,b) + b™(1 - L%, (a,b)}
(43)
Proof. Let f(x) =x",x>0,n>2,andgq > 1. O
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