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A sequence of rational numbers as a generalization of the sequence of Bernoulli numbers is introduced. Sums of products involving
the terms of this generalized sequence are then obtained using an application of Faa di Bruno’s formula. These sums of products
are analogous to the higher order Bernoulli numbers and are used to develop the closed form expressions for the sums of products
involving the power sums ¥, (x, 1) := ), dln /,t(d)dkSk(x/ d), n € Z" which are defined via the Mdbius function y and the usual power
sum Sy (x) of a real or complex variable x. The power sum S, (x) is expressible in terms of the well-known Bernoulli polynomials

by Sy (%) = (By,,(x + 1) = B,y (1))/(k + 1).

1. Introduction

Singh [1] introduced the power sum ¥, (x, n) of real or com-
plex variable x and positive integer n defined by the generat-
ing function

Ll _ td oo 0
ZV (d) BT ];)\Fk (x,n) o o)

dln

from which he derived the following closed form formula for
these power sums:

¥ () = 1 Uf] k+1) 5 xk+l—2m1_[<1 -
O 2m ) P
m=0 pln
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forallk =0, 1,... where B,, are the Bernoulli numbers and p
runs over all prime divisors of ». In particular, ¥, (1, n) gives
the sum of kth power of those positive integers which are
less than n and relatively prime to n. We will call W(x,n)
as Mobius-Bernoulli power sums. Present work is aimed at
describing sums of products of the power sums ¥, (x, n) via
introducing yet another sequence of rational numbers which
we will call as the sequence of Mébius-Bernoulli numbers. The
rational sequence {B,} that appears in (2) is defined via the
generating function t/(e' — 1) = Yo Bk(tk/k!), [t] < 2m,
and was known to Faulhaber and Bernoulli. Many explicit

formulas for the Bernoulli numbers are also well known in
the literature. One such formula is as follows [2]:

k m
— 1 nfm k _
Bk—gl—m+1;<—1> (n)” k=0,1,.... (3)

The rest of the paper is organized as follows. M6bius Bernoulli
numbers are introduced in Section 2 and their sums of prod-
ucts are discussed via Faa di Brunos formula. In Section 3
sums of products of power sums of ¢(n) integers are obtained
in closed form using sums of products of Mobius Bernoulli
numbers.

2. Mobius-Bernoulli Numbers

Definition 1. We define Mébius-Bernoulli numbers M (n),
k =0,1,..., via the generating function

tu(d) t* 2
Zem 1= Y M, (n) o <= vne Z'.  (4)
din k=0 :

We immediately notice from (4) that the Mobius-Ber-
noulli numbers are given by

M, (1) = By My (n) = Bkl—[(l —Pk_1)>
pln (5)
Vn>2 k=0,1,....



Note that, for a fixed k, the Mobius Bernoulli number
M, (n) is a multiplicative function of n. Singh [1] has obtained
the following identity relating the function W, (x,#n) to the
Mobius-Bernoulli numbers. (d/dx) ¥, (x,n) = k¥_,(x,n) +
(—l)kMk(n), from which we observe that ¥, (x,1) = Si(x),
Yy(x,n) = ¢(n), and ¥, (0,n) = 0 forall k = 0,1,..., where
¢(n) is Euler’s totient. Use of Mobius Bernoulli numbers is
inherent in studies recently done by Alkan [3] on averages of
Ramanujan sums which are defined for any complex number
z and integer k by (2) = Y cou e?™4/k | where d(k) =
fg1 1< q < kged(g,k) = 1}. Mobius Bernoulli num-
bers are also related to Jordan’s totient (a generalization of
Euler’s totient) J,.(n) := nk]_[pln(l - p_k) by nZk_lek(n) =

—szc(n)yﬁ1 Joi—1(n), where c(n) is the square free part of n.
The notion of Bernoulli polynomials generalizes to Mobius
Bernoulli polynomials which we define next.

Definition 2. We say M, (x,n) is the kth M6bius Bernoulli
polynomial defined by the generating function

Yud) o ZMk<x n) it < 22,
din T (6)

xeC,nez".

From (6), we see that My(x,n) = M,(n), M (0,n) =
M, (n), and (d/dx) Mi(x,n) = kM,_,(x,n) for all k € Z*
and that M;(x,1) = B(x), where B,(x) is the kth Bernoulli
polynomial. It also follows from (6) that Mdbius Bernoulli
polynomials are given by

My (x,n) = Y u(d) By (g)d"‘1 = i (Z)Mk_m (n) x™.

dln m=0
(7)
If W, (x,n) is as before, we have ¥,(x,n) = M,(x,n) —
M,(0,n) = xp(n)/n and
M > - M O)
¥, o) = Y () + e 0= My O1)
k+1

an (®)

k=1,2,....

Definition 3. Let n, N be positive integers, and let k be a
nonnegative integer. Define higher order Mébius-Bernoulli
numbers by

M ()= ) (kl’”k.’kN>Mkl(n)...MkN(n), )

Z?:’l ki=k

which are described by the generating function

d o
H(t)=<zetfi(_)l> =y k() < 2.

dln k=0
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Note that M,f] (1) is the higher order Bernoulli number

[4]. Also, M,i(n) = M;(n) forallk = 0, 1,.... Some of the first
few higher order M6bius-Bernoulli numbers are given by the
following:

My () = (¢ ()",
My (n) = N(p ()" M, (n),
My (n)
=N(pm)" " {3(N - 1) (M, (m)* + ¢ (n) M, ()},
MY () = N(p (m)"
x {15 (N = 1) (N - 2) (M, ())*
+15(N - 1) ¢ (n) M, (n) M, (n)

+(p(n)2M6 (n) } etc.
(11)

Note that My (n) = lim, _, , (d*H(¢)/dt"). In this regard, a
formula for the higher order Mébius-Bernoulli numbers can
be obtained from the following version of the well-known Faa
di Bruno’s formula [5].

Lemma 4. Let N be a positive integer, and let f : R — R be
a function of class Cy, k > 1. Then

DH(f ()"
R TAC)M k
_NZ J)' Z ( ,...,k,-> (12)
XDklf(x)...ijf(x)
A(ky)t A (K )

where DX = d/dx*, k = 1,2,..; Mk;) is the multiplicity of
occurrence of k; in the partition {ky,...,k;} of n of length j;
and A(k;)! contributes only once in the above product.

Proof. We use induction on k in proving the result. For k = 1,
we see that j = 1 in the RHS of (12) and it reduces to
N(f)N'DY(f(x)) = D'(f(x)N). This proves that the
result is true for k = 1. Let us assume that formula (12) holds
for all positive integers < k. Now assume that f is of class
Cy., and consider

Dk+1 ((f (x))N)
_Nz(f( ))N (j+1)
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y D' f (x) D" f (x)--- D" f (x)
A(ky)t A (K )t

(f (x))N—k—l
(N—k-1)!

k+1

NI (Df ()

@)
+ N.jzzl (N- )

D(Dklf(x) .. .Dkif (x))
Akt Ak
(13)

At this point, observe that any partition 77’ of k + 1 can
be obtained from a partition 7 of k by adjoining 1, and let us
denote the set of all such partitions of k + 1 by S. Denote by
T the set of remaining all partitions of k + 1 where each 7’
is obtained simply by adding 1 to exactly one member of 7.
In each of these cases one has k + 1 choices of doing so for a
fixed 7. In the former case for each 7’ € S, |7'| = ||+ 1 which
happens in the first summation above in (13) which reduces
to the following:

N-j
(k + l)N'Z f(x))]);

k
X
" 2, <k;, k]> (14)

K.iles

. Dkif(x) ---Dk;“f(x)

A (K- (k')

In the latter case for each 7’ € T, |'| = ||, and the terms
after first summation in (13) reduce to

R (f )™
(kH)N'Z N - J)'
")
X !
{k;,i..%gq(kl’ ki (15)
Dk;f(X)"'Dk;“f(x)

where the term NI((f(x))N ™ /(N - k = 1)!) (Df (x))**"!
corresponds to j = k + 1. The result follows by substituting
(14) and (15) into (13). This completes the final step of
induction. O

Theorem 5. For each positive integers N and n, the higher
order Mébius-Bernoulli numbers are given by

@)

My (n )_N'Z(N i)

k
x . (kl,...,kj> (16)
iy ki=k

Mk (n)--
YIS

- My, ()
k)t

Proof. First note from definition that My (1) = lim, _, ,D
(H(0)), the result follows at once by applying Lemma 4 to
the function f(t) = Zdln(ty(d)/(etd -1),0 < t < 21/n,
and then taking limit t — 0 throughout and using ¢(n) =
n a.(u(d)/d) therein. O

Proposition 6. M) | (n)
andn > 1.

= 0 for all positive integers k and N

Proof. Observe from (10) that, for a positive integer N, the
following holds:

H(- t)—(tz (d)+zt”(d)>

din din
N
B tp (d) (17)
= (taln + dzm—etd 1 >
= H(t)

for all n > 1 where the arithmetic function },, u(d) = &y,
is the Kronecker delta. We have proved that H is an even
function of ¢ for n > 1. Thus the coefficient of t**! in the
RHS of (10) (which is precisely M?,](_l(n)) vanishes for each
k=1,2,... O

Remark 7. If we extend the definition of higher Mdbius-
Bernoulli numbers to complex N #0, the formula (18) for
M,i\r(n) is still valid just on replacing N!/(N — j)! by N(N -
1)---(N = j + 1) in it. In this regard we note that Mé\,i_l(n >
1) =0holds forallk =1,2,...and N € C.

In view of the Theorem 5 and the Proposition 6, we have
for all positive integersn > land k = 1,2,.. .,

o m)"
Ma (1 )—N'Zﬁ
2k
x ) . (18)
MZk (7’1) M2k (7’1)
Nk A2k



As an example, let k = 4. There are five partitions of 4 which
are given by 4,, 3,1,,2,,2,1,,and 1,, and therefore from (18),
we obtain

My (n)
e ()™
=N {(N—Z)!Ms W+ N
2

(6?2'M () My () + 4?51' (M42('n)) )
o) (8l (M, (m))*
(N—6)! < 2 M ),
o™ 8 (M, (m) (19)
(N-8) 222121 4l

~ (P(n)N_Z g0(}1)1\7—4
=N {(N—2)!M8(”)+ (N - 4)!

X (28M6 (n) M, (n) + 35(M, (n))z)

. SD(n)N—6
(N - 6)!

(P(n)N_S
TN -8

(210M, (n) (M, ())*)

105(M, (n))4} .

Remark 8. The formula (18) is not suitable for explicit eval-
uation of M; for large k. Because number of partitions of
k increases at a faster rate than k. For example the number
of partitions of 10 is 42, which is the number of terms in
the expression for MJ. In this regard, it will be good to see
a formula for the higher order Mobius Bernoulli numbers
which can describe them better than the one we have given
above.

Remark 9. If n = p° for some positive integer s and prime p,
then the simplest possible formula (18) for the higher order
Mobius-Bernoulli numbers can be found as follows:

t t N
(t)ln =p° <€ 1 etP_— 1 )
y " tp N m-N
mZ_Q( ><et—1) (efP_1> (_P) .
(20)
Therefore
s . dkH t
M (p) = lim S0
(21)

-3 ()erm (5 mre

where we have utilized the Leibniz product rule for higher
order derivatives and B;” is the higher order Bernoulli
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number given by (see for more details Srivastava and Todorov

(4])

(22)

(]+€)'Z(_ ) ( )hm’

Similarly, if we take n = p}' p;? for some positive integers s;,
s, and distinct primes p;, p,, then

H O

_( t t t ot )N
T\et—1 ethr—1 ethr—1 etPiPr—1]

- 3 (NG

2,‘3:07”1':1\7
< t : ) l( tz ) 2
et — 1 et — 1

t m; —m, m, o,
(P Y p) ™ 2 " (pip)
(23)

X

which gives

Mk (Pi'P3)

-3

N .
(m " lim D*
bl Tt bl t_) 0
Z?:o m;=N 0 ’

Aam) (@)
() (@52))
x(=p) " (=p) ™

2 L)
s mo,...)m3

Yieomi=N

x ) <k0,..k. ,k3>

Z;o ki=k

(pips)" (24)

My pitty pity ky—my _k,—m,
X B, B B Bk Py P,

k3_m3 (_ 1 )ml+m2 .

x (p1p2)

These formulas involve products of higher order Bernoulli
numbers. So in general, the formulas for M;' (n) involve
sums containing product of several higher order Bernoulli



Journal of Numbers

numbers and such a formula in the above sense would be
complicated and will take the following form:

B
My (Hzi;‘)
a=1

Nlk!
(N +k)!
N+k )
X
ﬁz ﬁz (mo,...,mzﬂ,lak():--')kZﬂfl
Zz 1 NZ§01k =k
My M, By
><Bk0"Bk1 -+ By ks, X
X(kl,...,kzﬁ_l)mp-“’mzﬂ—l)’
(25)
where
X(kl"" 2B 1;m1,--')m2ﬁ71)
H( pso) v
B kyp_\ -
B M8
H ((_l)ﬁpsopsl'”psﬁ,l)z e
5572<5ﬂ71=ﬁ
(26)

3. Sums of Products

Having developed the expressions for the Mobius Bernoulli
numbers in the previous section, we will now use them in
expressing the sums of products of the Mobius-Bernoulli
power sums ¥ (x, n).

Definition 10. We define sums of products of the Mobius
Bernoulli power sums as ‘I’,ﬁv (x,n) := ZZfil =k ( kl.{ka ) ¥
(x,m)--- Y (x, n) for nonnegative integers k and N which are
described by the generating function

I+ /dd _ d
(Zu(d) )

[eS) N tk
= Z‘I’k (x,n) o (27)
din k=0 :

The next result evaluates the sums of products ‘I’,f] (x,n).

Theorem 11. For a positive integer N and nonnegative integer
k;

‘I’,i\] (x,n)
KN! & (k+N
(k+N)'z< " >M () S (k + N - j, N) £
(28)
foralln = 2,3,... where S(¢,m) are the Stirling numbers of

second kind.

Proof. Observe from the generating function for ¥;' (x) that

(Z#(d)

(1+(x/d))td td >
dln

N

N
;u(d) ,d 1)( =

g
<tz”(d)+ ttZ[(ii)l)( t_1>N
(1

dln dln

" ty(d) ( - 1)N
dln etd -1 t
-y (N)tw_maN_m 5 1) '”( - 1)
- moo \ " dlnetd -1 t

N

(29)
which on further simplification gives
o
Y (x,n) —
= k!
oo N k
N k m
=Yy <m> Z <1> 8, My () (30)
k=0 m=0 j=0
jIN! N
x I s+ N, N)NE
(j+N)! k!
where we have used the identity ((e* - 1)/t)N = Z}fo((k!N!/

(j+ NS + N, N)xj+N(tj/j!)). On comparing like powers
of t in (30) we obtain

¥ (x, n)

- () ( ) o0 SN

j=

(31)

xS(j+N,N) =N

forallk = 0,1,...;n, N € Z*, where we define 8% := 1 for all
n € Z*. The result follows now. O

Note that, from Theorem 11, we recover for N = 1,
k + 1 k+l—j j-1

W= 3 (451 m ).
pln

(32)
where we have used M}(n) = le_lpm(l - pjfl) and S(k+1 -
j,1)=1forallj=0,1,...,k.
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