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We prove general theorems for the explicit evaluations of the level 13 analogue of Rogers-Ramanujan continued fraction and find
some new explicit values. This work is a sequel to some recent works of S. Cooper and D. Ye.

1. Introduction

Forq = e¥™* and Im(z) > 0, the Dedekind eta function n(z)
and Ramanujan’s function f(—q) are defined by

f(-9) = (349

where (a;9)oo = [I5eo(1—aq"). The famous Rogers-Ramanu-
jan continued fraction %(q) is defined by
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This continued fraction was introduced by Rogers [1] in
1894 and rediscovered by Ramanujan in approximately 1912.
In his notebooks [2], lost notebook [3], and his first two
letters to Hardy [4], Ramanujan recorded several explicit
values of %(q). These values are first proved by Watson
[5, 6] and Ramanathan [7]. For further references on explicit
evaluations of %(q) see [8-14].

The Rogers-Ramanujan continued fraction %(q) is close-
ly related to the function f(—q) by the following two beautiful
relations:
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which are stated by Ramanujan [15, page 267, (11.6)] and first
proved by Watson [5].

In his second notebook [2, 15, Chapter 20, Entry 8(i)]
Ramanujan stated an interesting analogue of #(q). If

R(q) = qf_o[ ((1 _ q13n—12) (1 _ q13n—10)
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Proofs of (5) can be found in [16, 17]. The function R(q) is
studied by Cooper and Ye [18, 19]. In [18] Cooper and Ye
evaluated or indicated the explicit values of R(e”2"V"/'*) and
R(-e™"3) forn=1,2,3,5,79, 13, 15, 31, 55, 69, 129, 231,
and 255 by using the methods of reciprocity formulas, P-Q
modular equations, Ramanujan-Weber class invariant, and



Kronecker’s limit formula and in terms of the functions F(q)
and T'(q) [18, page 94, (1.7) and (1.8)] which are defined by
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From (6) and (7), it is clear that if we know F(q) or T'(q) for
any particular value of g, then R(g) can be determined by
solving the corresponding quadratic equations.

Cooper and Ye [18, page 104, Theorem 4.1] further
established that
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and y(q) = (-¢;q")e. They also indicated that if we
know V(q) for any particular g, then F(qz) and F(—q) can
be determined by appealing to (8) and therefrom R(qz)
and R(—q) can be determined at the same g. For this they
evaluated V(ef’”/”/iw) forn=>5,9,13, 69, and 129.

In this paper, we prove some general theorems for the
explicit evaluations R(q) and R(—q) by parameterizations of
Dedekind eta function and find some old and new explicit
values. In Section 2, we record some preliminary results
which will be used in the subsequent sections. In Section 3,
we prove general theorems for the explicit evaluations of
R(+q) and evaluate some old and new explicit values. In
Section 4, we find some new explicit values of V(q) by
parametrization. Finally, in Section 5, we consider the func-
tion F(q).

2. Preliminaries
Lemma I (see [15, page 43, Entry 27(iii), (iv), (vi)]). Ifa and 8

are such that the modulus of each exponential argument below
is less than 1 and of = 7°, then

e—a/lZ%f (_e—Za) _ e—ﬁ/lz#f (_e—zﬁ)’ (10)
e Yaf (e7*) = e_ﬁ/“(’@f (e_'g) , (11)

ey () = F1%y (eiﬁ) : (12)
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Lemma 2 (see [20, page 211, Entry 57]). If P =
q'”f(-q") and Q = f(~4")/qf (~4"°), then

13 (P)  (Q\ P Q
Lemma 3 (see [20, page 237, Entry 72]). If P = f(-q)/
ql/Zf(_q13) andQ — f(_q3)/q3/2f(_q39); then
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3. General Theorems for Explicit
Evaluations of R(+q)

fa/

In this section we prove general theorems for the explicit
evaluations of R(+q) and find some explicit values.

Theorem 4. One has the following.

(i) Forgq = e—an) let
. - f(-q) 5
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Proof. We set g := e >V"/13 in (5) and use the definition of
s, to arrive at (i). To prove (ii) we replace g by —¢q in (5), set
g = e ™V"/13 ‘and use the definition of t,. O
Theorem 5. If s, and t, are as defined in Theorem 4, then

1 1
Sn= o hm = (19)
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Proof. We use the definitions of s, and ¢, and use (10) and
(11), respectively, to complete the proof. O

Corollary 6. Ifs, and t, are as defined in Theorem 4, then

(i) 1/R(e™2™/ VB = 3 - R(e >V = VI3/s2,
(ii) R(-e ™V + 3 — 1/R(~e™™V") = VI3/£2,
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Proof. We replace n by 1/n in Theorem 4(i) and (ii) and
employ Theorem 5 to arrive at (i) and (ii), respectively. [

From Theorem 4(i) and Corollary 6(i), it is clear that if
we know the explicit values of the parameter s, then explicit

values of R(e™2*V"/13) and R(e > \@) can be evaluated,
respectively. Similarly, if we know the explicit values of
the parameter t,, then explicit values of R(—e™""'*) and
R(—e™ m) can be determined from Theorem 4(ii) and
Corollary 6(ii), respectively.

Next we find some explicit values of the parameters s, and
t,.
Corollary 7. One has
t =1 (20)
Proof. We setn = 1 in Theorem 5 to complete the proof. [J

Remark 8. Setting n = 1 in Theorem 4(i), employing the
values s; = 1, and solving the resulting equation, we evaluate

(—3 — V134126 + 6\/3) 1

2

R (efzn/\/ﬁ) _

Similarly, setting n = 1 in Theorem 4(ii), employing the
values ¢, = 1, and solving the resulting equation, we evaluate

3+ 13- \26+ 6x/ﬁ> (22)
5 .

o

The values R(e 2" m) and R(—e™™ \/ﬁ) are also evaluated by
Cooper and Ye [18] by using reciprocity formulas.
Theorem 9. One has

1 s, \° sa )’ s S
W (sue L) (2) (22 o),
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Proof. We use the definition of s, in Lemma 2 to complete the
proof. O

Corollary 10. One has

(\/3 + V13 + \/7 + \/1—7>
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(i) 53 = < [(-6v6+2717) " + (6¥6 + 2717) "]
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+ (6\/3+ 27\/1_7)1/3>2>1/2] .
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Proof. Setting n = 1 in Theorem 9 and noting s, = 1 from
Corollary 7, we obtain

(4+ \/ﬁ)<54+sl>—<si+l3)=0. (25)
4

Set

1
sS4t —=). (26)
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Employing (26) in (25) and simplifying, we obtain

y=(7+vi3)". (27)

Employing (27) in (26), solving the resulting equation, and
noting s, > 1, we arrive at (i).

To prove (ii), we set n = 1/2 in Theorem 9 and noting
S1/n = 1/s, from Theorem 5, we obtain

1 1
sg+§—4(s§+s—2)—2\/l_=0. (28)

2 2

Solving (28) and choosing the appropriate root, we complete
the proof. O

Remark 11. Employing the value of s, in Theorem 4(i) and
Corollary 6(i) and solving the resulting equations, we eval-
uate new explicit values

R (e—4rr/\/§>

=4<19+5\/B+\/442+130x/ﬁ
-1
2
+ \/16+<19+5\/E+\/442+130\/E> > ,

(29)

R (e_"/m)

= (—15 —5v13 - 3\34 + 10V13
+<1144+320\/E+130\/34+10\/E (30)
1/2
+ 38442 + 130x/B> )

x (2 <5 + VI3 + \34+ 10\/E>>1,

respectively. Similarly, by employing the value of s, in
Theorem 4(i) and Corollary 6(i) and solving the resulting



equations we can evaluate explicit values of R(e™mV213)

and R(e™V¥/13), respectively. The value R(e™*" V2/13y s also
indicated by Cooper and Ye [18].

Theorem 12. One has

1 Sn 2 Son 2 Sn Son
S$uSon T =\ — + | — -3 —+—=—]-3.
SnSon Son Sn Son Sn

(31)

Proof. We employ the definition of s, in Lemma 3 to complete
the proof. O

Theorem 13. One has

(i) s9=<3+ V13 + \/6(7+ \/E)
+\]—6+<3+\/B+ \/6(7+ \/B)>2>

(32)
x4,
(7 + V13 + 146 + 14\/ﬁ>

(ii) 55 = ;

Proof. Settingn = 1in Theorem 12 and using theresults, = 1,
we obtain

1 1 1
\/ﬁ<59+s—>=s§+s—2—3<s9+s—>—3. (33)

9 9 9

Solving (33) and choosing the appropriate root, we arrive at
().

Again, setting n = 1/3 in Theorem 12 and simplifying
using Theorem 5, we obtain

1 1
2\/E=s;‘+—4—3(s§+—2>—3. (34)
S3 S3

Solving (34) and choosing the appropriate root, we complete
the proof of (ii). O

Remark 14. Employing the value of s, in Theorem 4(i) and
Corollary 6(i) and solving the resulting equations we eval-

uate R(e”/V3) and R(e 7"*V1), respectively. Similarly, by
employing the value of s; in Theorem 4(i) and Corollary 6(i)
and solving the resulting equations, we determine the explicit

values of R(e " V3/13) and R(e™>" \/E), respectively.

Theorem 15. One has

1
V13 (tntgn +

2 2
) () +(2)
tnt9n t9n tn

t t
+3<—”+&>—3.
t9n tn

(35)
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Proof. We replace q by —q in Lemma 3 and employ the
definition of t,,. O

Theorem 16. One has

(i) to = <—3+ V13 + |42 - 6V13
2
+ \]—16+ (—3+ V13 + \/42—6\/E> )
(36)

x (4)7",

<1+\/E+ —2+2\/E)
i .

(i) £ =

Proof. We set n = 1 in Theorem 15, employ t; = 1 from
Corollary 7, and solve the resulting equation to arrive at (i).
To prove (ii) we setn = 1/3, employ theresultt, ,, = 1/, from
Theorem 5, and solve the resulting equation. We complete the
proof. O

Remark 17. Employing the value of t, in Theorem 4(ii) and
Corollary 6(ii) and solving the resulting equations, we can

evaluate the explicit values of R(—e~>"/ V3 and R(—e73V13),
respectively. Similarly, by employing the value of t; in
Theorem 4(ii) and Corollary 6(ii) and solving the resulting

equations, we can calculate the values of R(—e ™" V3/13y and
R(—e™ V379), respectively.

4. Explicit Evaluations of V(g)

In this section we evaluate explicit values of the function V(gq)
defined in (9) by parametrization method. Cooper and Ye [18]
used Ramanujan-Weber class invariants to evaluate V(g).

Theorem 18. Forgq = e ™ V"' let

x ()
Il3,n = q,l/zX (q13)' (37)
Then
_n 1
V(e /13) —— (38)

Il3,n

Proof. Wesetq = e V"% in (9) and use the definition of I, ,
to complete the proof. O

Theorem 19. If I, is as defined in Theorem 18, then
(1) Lz = 13
(i) V(e ™) = 1,5,

Proof. (i) follows easily from the definition of I3 ,, and (12) or
see [21, Theorem 16(ii)]. To prove (ii) we replace n by 1/n in
Theorem 18 and use part (i). O
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From Theorems 18 and 19(ii) it is clear that if we know

the explicit values of I3, then explicit values of V(e ™¥"/1?)

and V(e_"m) can be determined. Many explicit values of
the parameter I,; , are evaluated in [21]. In the next theorem
we find some explicit values of V(q) by employing the explicit
values of I, from [21, Corollaries 32 and 34] in Theorem 18.
Theorem 20. One has the following:
M) Ipy = V™) =1,

(ii) I35 = V(™) = (1 + VI3 + \-2 + 2V13)/4,

(iii) I35 = V(e ™) = (1 + VI3 - -2+ 2V13)/4,

(iv) Lz 10 = V(™) = 2+ V3 + 3 +4V3)/2,

V) Iizo = V(efn/m) =2+ V3-13+4V3)/2,

(Vi) Ij3yy5 = V(e™V/P) = (\/3 + /65 + \/58 +6165)/2,
(vii) Tp55 = V(™ V55) = (\/3 + V65 — 58+ 6V65)/2,
(Viii) I3, /25 = V(e V3) = (C + V=36 + C?)/6,

(ix) I35 = V(e™V¥%) = (C - V=36 + C?)/6,

where C = 6 + (1080 — 15+/39)"/® + (1080 + 15+/39)'/°.

Remark 21. (i) The values V(e‘hNE) and V(e™V?/13) are
also evaluated in [18] using Ramanujan’s class invariants G,,.
The remaining values of V(q) in Theorem 20 are new.

(ii) The values V(e \/ﬁ) and V(e \/ﬁ) can be used

to evaluate new explicit values F (e71o/ m) (or R(e™' m))

and F(e > (or R(e7"/V?%)), respectively, by appeal-

ing to (6) and (8). Similarly, the explicit values Ve m)
and V(e_”/ @) can be used to evaluate new explicit val-
ues —F(—ef‘r’"/m) (or R(—efsﬂ/m)) and —F(—eiﬂ/\/ﬁ) (or

R(—e7 @)), respectively, by appealing to (6) and (8).
Theorem 22. One has the following:

(i) Ve ™)V(e ™) =1, for af = 1/13,
(i) V(e ™V Byy (VI3 — 1

Proof. (i) follows from the definition of V(q) and (12). (ii)
follows from Theorems 18 and 19(ii) or from part (i) with

a:\/n/13andﬂ=1/\/ﬁ. O

Remark 23. Theorem 22(ii) implies that if we know explicit

value of any one of V(e7V"13) and V(e m), then
others can be determined. Cooper and Ye [18, pages 107-
108, Theorems 4.4, 4.5, and 4.6] evaluated explicit values of

V(e ™V"13) for n =13, 69, and 129 by using Weber-Ramanujan
class invariants. Employing these values of V(e™V"') in
Theorem 22(ii) we can evaluate V(e \F”) for n =169, 897,

5
and 1677, respectively. For example, setting n = 129 in
Theorem 22(ii) and employing the value

—nyizo/i3) _ 1
V(e ) = 5 (V355 +54Va3 + V351 + 54v43
X (\/17+2\/E+ \/13+2\/E),
(39)
from [18, page 108, Theorem 4.6], we evaluate
- 1
V(e = : (\/355 +54VE3 - 351 + 54@)
X (\/17+2\/E— \/13 +2\/AE).
(40)

The explicit values Vie™ \M) for n = 169, 897, and 1677

can be used to calculate new explicit values F (e 713 (or
R(e_Z"/B)), F(e—zn/@) (or R(e—zn/@)), and F(e—Zn/\/1677)

(or R(e~¥"/V1977y), respectively, by appealing to (6) and (8).

Similarly, we can use these values of V(e V") to evaluate
new explicit values F(—e 2"/'3) (or R(—e 2"/1?)), (=2 V897
(or R(=e 2 Y¥7)) \and  F(-e ¥"/V'677) (or R(-e 2"/ V1677Y),

respectively, by appealing to (6) and (8).

5. Explicit Evaluations of F(q)

Theorem 24. Ift, is as defined in Theorem 4, then

(i) ~F(—e ™) = VI3t
(i) —F(—e V13" = V13/¢2,

Proof. Replacing g by —q in (6) and employing the definition
of t,, we arrive at (i). To prove (ii) we replace n by 1/n in part
(i) and use the result t,,, = 1/¢, from Theorem 5. O

Theorem 25. One has the following:

(i) F(-e ™)F(-e ™) = 13, foraf =1/13,
(ii) F(—e ™ VM) F(—e ™/ V13 = 13,

Proof. (i) follows from the definition of F(q) from (6) with g
replaced by —q and (11). (ii) follows from Theorem 24(i) and

(ii) or from part (i) with « = \/n/13 and 8 = 1/V13n. O

Remark 26. Theorem 25(ii) implies that if we know explicit
value of any one of F(—e™V"13) and F(—e_”/m), then
others can be determined. Using Kronecker’s limit for-
mula Cooper and Ye [18, page 109, Theorem 5.2] evaluated
F(-e ™13 for n = 15, 31, 55, 231, and 255. Employing these
values of F(—e™V"13) in Theorem 25(ii) we can evaluate
explicit value of F(—ef’r/‘/ﬁ) for n = 195,403, 715,3003, and



3315, respectively. For example, setting n = 31 in
Theorem 25(ii) and employing the value

3
F(_enm):_VE(@) , (41)

we evaluate

F<_e—n/@> _ _<@)3, (42)
2

The values F(—eiﬂ/\/ﬁ) for n =195, 403, 715, 3003, and 3315 can
be used to find new explicit values R(—e™ Vﬁ)’ R(—e™ m),

R(—e™ m), R(—e /3093y "and R(—e V31, respectively.

Theorem 27. One has the following:
(i) Fe>™V") = Vi3s],
(ii) Fe 2/V13) = V13/s2.

Proof. We employ the definition of s, in (6) to arrive at (i).
To prove (ii) we replace n by 1/n in part (i) and use the result
S1/n = 1/s, from Theorem 5. O

Theorem 28. One has the following:

(i) F(e ™) F(e™>™) = 13, for aff = 1/13,
(if) F(e > V/3) p(e 2% = 13,

Proof. (i) follows from the definition of F(q) from (6) and
(10). (ii) follows from Theorem 27(i) and (ii) or from part (i)
with &« = yn/13 and = 1/V13n. O

Corollary 29. One has the following:

(i) F(e ™ )F(e ) = F(-e ™)F(~e ™), for aff = 1/13,
(i) F(e 2™ V13)p(e2mV13n) = p(—g™/13) p(—gmV13m),

Proof. (i) follows from part (i) of Theorems 25 and 28. To
prove (ii) we use part (ii) of Theorems 25 and 28. ]
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