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We introduce the concept of a quasi-pseudometric type space and prove some fixed point theorems. Moreover, we connect this

concept to the existing notion of quasi-cone metric space.

1. Introduction

Cone metric spaces were introduced in [1] and many fixed
point results concerning mappings in such spaces have been
established. In [2], Khamsi connected this concept with a gen-
eralised form of metric that he named metric type. Recently in
[3], Shadda and Md Noorani discussed the newly introduced
notion of quasi-cone metric spaces and proved some fixed
point results of mappings on such spaces. Basically, cone
metric spaces are defined by substituting, in the definition of
ametric, the real line by a real Banach space that we endowed
with a partial order. The fact that the introduced order is not
linear does not allow us to always compare any two elements
and then gives rise to a kind of duality in the definition of the
induced topology, hence the convergence in such space. We
introduce a quasi-pseudometric type structure and show that
some proofs follow closely the classical proofs in the quasi-
pseudometric case but generalize them.

2. Preliminaries

In this section, we recall some elementary definitions from
the asymmetric topology which are necessary for a good
understanding of the work below.

Definition 1. Let X be a nonempty set. A function d : X x
X — [0,00) is called a quasi-pseudometric on X if

(i) d(x,x) =0 Vx € X,

(ii) d(x,2) < d(x, y) +d(y,2) Vx, y,z € X.

Moreover, if d(x, y) = 0 = d(y,x) = x = y, then d is said to
be a T,-quasi-pseudometric. The latter condition is referred to
as the T,,-condition.

Remark 2. (i) Let d be a quasi-pseudometric on X; then the
map d”! defined by d ™' (x, y) = d(y, x) whenever x, y € X is
also a quasi-pseudometric on X, called the conjugate of d. In
the literature, d~ is also denoted by d' or d.

(ii) It is easy to verify that the function d° defined by d* :=
d v d7, that is, d°(x, y) = max{d(x, y),d(y, x)}, defines a
metric on X whenever d is a T,,-quasi-pseudometric.

Let (X, d) be a quasi-pseudometric space. Then for each
x € X and € > 0, the set

By(x,e)={yeX:d(x,y) <€} (1)

denotes the open e-ball at x with respect to d. It should be
noted that the collection

{Bj(x,€): x € X,e >0} (2)

yields a base for the topology 7(d) induced by d on X. In a
similar manner, for each x € X and € > 0, we define

Cy(x,e)={yeX:d(x,y)<¢e}, (3)

known as the closed e-ball at x with respect to d.
Also the collection

{Bs1 (x,€) : x € X,e > 0} (4)



yields a base for the topology 7(d ') induced by d ' on X. The
set Cy(x,€) is 7(d™)-closed but not 7(d)-closed in general.

The balls with respect to d are often called forward balls
and the topology 7(d) is called forward topology, while the
balls with respect to d ' are often called backward balls and
the topology 7(d ") is called backward topology.

Definition 3. Let (X,d) be a quasi-pseudometric space. The
convergence of a sequence (x,) to x with respect to 7(d),

called d-convergence or left-convergence and denoted by x,, 4,
x, is defined in the following way:

X, i>x<=>d(x,xn) — 0. ()

Similarly, the convergence of a sequence (x,,) to x with
respect to T(d "), called d ™" -convergence or right-convergence

-1

d
and denoted by x,, — x;, is defined in the following way:
a!
x, — x & d(x,,x) — 0. (6)
Finally, in a quasi-pseudometric space (X, d), we will say
that a sequence (x,,) d*-convergesto x if it is both left and right
&
convergent to x, and we denoteitas x, — xorx, — xwhen
there is no confusion. Hence
& d a' )
X, — X & X, — X, X, — X.
Definition 4. A sequence (x,,) in a quasi-pseudometric (X, d)
is called

(a) left K-Cauchy with respect to d if, for every e > 0,
there exists 1, € N such that

Vnk:ny<k<n d(xgx,)<e (8)

(b) right K-Cauchy with respect to d if, for every e > 0,
there exists 1, € N such that

Vnk:ny<k<n d(x,x)<e 9)

(c) d*-Cauchy if, for every € > 0, there exists 1, € N such
that

Vnk>ny d(x,,x)<e. (10)
Remark 5. (i) A sequence is left K-Cauchy with respect to d
if and only if it is right K-Cauchy with respect to d™".

(ii) A sequence is d*-Cauchy if and only if it is both left
and right K-Cauchy.

Definition 6. A quasi-pseudometric space (X, d) is called left-
complete provided that any left K-Cauchy sequence is d-
convergent.

Definition 7. A quasi-pseudometric space (X,d) is called
right-complete provided that any right K-Cauchy sequence is
d-convergent.

Definition 8. A T,-quasi-pseudometric space (X, d) is called
bicomplete provided that the metric d° on X is complete.
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We now recall some known definitions, notations, and
results concerning cones in Banach spaces.

Definition 9. Let E be a real Banach space with norm || - | and
let P be a subset of E. Then P is called a cone if and only if

(1) P is closed and nonempty and P # {6}, where 0 is the
zero vector in E;

(2) foranya,b > 0,and x, y € P, one has ax + by € P;

(3) for x € P,if —x € P, then x = 0.

Given a cone P in a Banach space E, one defines on E a
partial order < with respect to P by

x<yey-xeP 1)

We also write x < y whenever x < y and x # y, while x < y
will stand for y — x € Int(P) (where Int(P) designates the
interior of P).

The cone P is called normal if there is a number C > 0,
such that for all x, y € E, one has

65x5y:>||x||SC||y||. (12)

The least positive number satisfying this inequality is called
the normal constant of P. Therefore, one will then say that P is
a K-normal cone to indicate the fact that the normal constant
is K.

Definition 10 (compare [3]). Let X be a nonempty set.
Suppose the mapping g : X x X — E satisfies

(ql) 0 < g(x, y) forall x, y € X;
(92) q(x,y) =0 = q(y,x) ifand only if x = y;
(93) q(x,2) 2 g(x, ¥) + q(y,2) forall x, y,z € X.

Then, q is called a quasi-cone metric on X and (X, q) is called
a quasi-cone metric space.

Definition 11 (compare [3]). A sequence in a quasi-cone
metric space (X, q) is called

(a) Q-Cauchy or bi-Cauchy if, for every c € X withc > 0,
there exists 1, € N such that

vn,m=n, q(x,x,)<c (13)
(b) left (right) Cauchy if, for every ¢ € X with ¢ > 0, there
exists 1, € N such that

Vnm:ng<m<n q(x,,x,) <c
(14)
(q (x5 x,,,) < c TESP.).

Remark 12. A sequence is Q-Cauchy if and only if it is both
left and right Cauchy.

We also recall the following lemma, which we take from
[4] and we give the proof as it is.
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Lemma 13 (compare [4, Lemma 2]). Let (X,q) be a cone
metric space. Then for each ¢ € E, ¢ > 0, there existsd > 0
such that x < ¢ whenever ||x|| < 0, x € E.

Proof. Since ¢ » 0, then ¢ € Int(P). Hence, find o > 0 such
that {x € E : ||x — ¢| < o} ¢ Int(P). Now if | x| < o then
l(c=x)—c|l = ||-x|l = |lx|| < o0 and hence (c—x) € Int(P). [

Remark 14. Although the lemma is stated for a cone metric
space, it remains valid for a quasi-cone metric space.

3. Some First Results

Definition 15. (1) In a quasi-cone metric space (X, q), one says
that the sequence (x,,) left-converges to x € X if for every
¢ € Ewith 0 < c there exists N such that, for alln > N,
q(x,,x) < c.

(2) Similarly, in a quasi-cone metric space (X, q), one says
that a sequence (x,,) right- converges to x € X if for every
¢ € Ewith 0 < c there exists N such that, for alln > N,
q(x,x,) < c.

(3) Finally, in a quasi-cone metric space (X, q), one says
that the sequence (x,,) converges to x € X if for everyc € E
with 6 « ¢ there exists N such that, for alln > N, g(x,, x) <
cand gq(x,x,) < c.

Definition 16. A quasi-cone metric space (X, q) is called

(1) left-complete (resp., right-complete) if every left
Cauchy (resp., right Cauchy) sequence in X left
(resp., right) converges,

(2) bicomplete it every Q-Cauchy sequence converges.

Remark 17. A quasi-cone metric space (X, gq) is bicomplete if
and only if it is left-complete and right-complete.

Definition 18. Let (X,q) be a quasi-cone metric space. A
function f : X — X is said to be lipschitzian if there exists
some k € R such that

q(f (), f(y) 2xq(x.y), Vx,yeX. (15
The smallest constant which satisfies the above inequality is
called the lipschitizian constant of f and is denoted by Lip( f).

In particular f is said to be contractive if Lip(f) € [0,1) and
expansive if Lip(f) = 1.

Lemma 19. Let (X,d) be a quasi-pseudometric space. If a
sequence (x,,) d°-converges to x, then it is d°-Cauchy.

Proof. Since (x,,) d°-converges to x, for every € > 0, there
exist N; such that d(x,x;) < €/2 for any k > N, and N,
such that d(x,,,x) < €/2 for any m > N,. Hence for any
n, p > max{N,, N,}, d(xn,xp) <d(x,,x)+d(x, xp) <e. O

Lemma 20. Let (X, q) be a quasi-cone metric space and P a K-
normal cone. Let (x,,) be a sequence in X. Then (x,,) converges
to x if and only if q(x,,x) — 0 (n — ©0) and q(x,x,) —
0 (n — o00).

Proof. Suppose (x,) converges to x. For every real ¢ > 0,
choose ¢ € E with @ <« ¢ and K||¢c|| < e. Then there exists
N > 0 such that for all n > N q(x,, x) < cand gq(x, x,) < c.
This implies that when n > N, |lq(x,,, x)|| < Kllc|| < € and
llg(x, x,)ll < Klic|l < e. This means that g(x,,x) — 0 and
q(x,x,) — 0.

Conversely, suppose that q(x,,x) — 6 (n — 00) and
q(x,x,) — 6 (n — ©0). Forany ¢ € E with 0 < c, there is
o > 0 such that | x|| < o implies that x <« c. For this o, there
exist N, and N, such that [g(x,, x)|| < o for any n > N, and
llg(x, x,)Il < o for any n > N,. Hence, for n > max{N;, N,},
¢ —q(x,,x) € Int(P) and ¢ — g(x, x,,) € Int(P). Therefore (x,,)
converges to x. O

Remark 21. In fact, a sequence (x,) left-converges (resp.,
right-converges) to x if and only if q(x,,x) — 0 (resp.,
q(x,x,) — 0)(n — 00).

Lemma 22. Let (X, q) be a quasi-cone metric space and let
(x,) be a sequence in X. If (x,) converges to x, then (x,,) is
a bi-Cauchy sequence.

Proof. Forany ¢ € E with 0 < ¢, there exists N > 0 such that,
forallm,n > N, q(x,, x) < ¢/2 and q(x, x,,,) < ¢/2. Hence

q (% %) 2 q (%, %) + (%, %,) < . (16)

Therefore, (x,,) is a bi-Cauchy sequence. O

Lemma 23. Let (X, q) be a quasi-cone metric space, P a K-
normal cone, and (x,) a sequence in X. Then (x,,) is a bi-
Cauchy sequence if and only if q(x,,, x,,,) — 0 asn,m — oo.

Proof. Suppose that (x,,) is a bi-Cauchy sequence. For every
real € > 0, choose ¢ € E with 8 < cand K||c|| < €. Then there
exists N such that, foralln,m > N, q(x,, x,,) < c. Therefore,
whenever n,m > N, |q(x,, x,,,)|| < Klc|| < €. This means that
q(x,, x,,) — Oasn,m — oo.

Conversely, suppose that g(x,, x,,) — @asn,m — oo.
For any ¢ € E with 0 <« ¢, there is ¢ > 0 such that
x|l < o implies that x < c. For this o, there exist N such
that |lq(x,,, x,,)|l < o for any n,m > N;. Hence c —gq(x,, x,,) €
Int(P). Therefore (x,,) is a bi-Cauchy sequence.

4. First Fixed Points Results

Theorem 24. Let (X,q) be a bicomplete quasi-cone metric
space and P a K-normal cone. Suppose that a mapping T :
X — X satisfies the contractive condition

q(Tx,Ty) <kq(x,y) Vx,y€X, (17)

wherek € [0,1). Then T has a unique fixed point. Moreover for
any x € X, the orbit {T"x,n > 0} converges to the fixed point.

Proof. Take an arbitrary x, € X and denote x,, = T"x,. Then
q (xn’ xn+1) =9 (Txn—l’ Txn) = kq (xn—l’ xn)

= kzq (%25 Xpy) <o 2K q (X0, 1)
(18)



Similarly,

q (%115 %,) 2 K"q(x1, %) . (19)

So forn < m,
q(xn’ xm) =q (xn>xn+1) + q(xn+1’xn+2) tootq (xm—bxm)

< (k” + K™ kmfl) q(x, %)
= 1-x1 (x0,%1) -
(20)

It entails that [lg(x,,, x,,,)Il < K(k"/(1 - k))llq(xq, x,)Il — 0as
n,m — 0o.
Similarly for n > m

n

Kk
450 %,) < T (51 30). @

It entails that [|q(x,,, x,,)Il < K(K"/(1 —k))llq(x;, x,)Il — 0as
n,m — oo. Hence (x,,) is a bi-Cauchy sequence. Since (X, g)
is bicomplete, there exists x* € X such that (x,,) converges to
x".

Moreover since

q(Tx",x") < q(Tx",Tx,) + q(Tx,,x")
< kq (x7,%,) + (%1, %7),

q(x*,Tx") 2 q(x",Tx,) + q(Tx,, Tx")

(22)

<q(x", xp41) +kq (x,,x7),
we have that

la (Tx", x")|| < K (kg (=", x,)] + |4 (%500, x7)]) — 0,

lg (" ") < K (k |l G )]+l (57 20)[]) — 0.
(23)

Hence [|g(Tx",x")| = 0 = |lg(x™, Tx™)|l. This implies,
using property (q2), that Tx" = x™. So x* is a fixed point.
If z* is another fixed point of T, then

q(x*,z")=q(Tx",Tz") < kq(x",z"),
(24)
q(z",x")=q(Tz",Tx") < kq(z",x").

Hence, [lg(x",z")| = 0 = [lg(z*, x")|| and x* = z*. Therefore
the fixed point is unique. O

Corollary 25. Let (X, q) be a bicomplete quasi-cone metric
space and P a K-normal cone. For ¢ € E with 0 < ¢ and
xy € X, set B(xy,c) = {x € X : q(xy,x) < c}. Suppose the
mapping T : X — X satisfies the contractive condition

q(Tx, Ty) < kq(x, y),

where k € [0, 1) is a constant and q(x,, Tx,) = (1 — k)c. Then
T has a unique fixed point in B(x,, c).

Vx,y € B(xp,c),  (25)

Proof. We only need to prove that B(x,, ¢) is bicomplete and
Tx € B(x,,c) for all x € B(x,, c).
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Suppose (x,,) is a bi-Cauchy sequence in B(x,,c). Then
(x,,) is also a bi-Cauchy sequence in X. By the bicompleteness
of X, there is x € X such that (x,,) converges to x. We have

q (%0, %) 2 4 (%0 %,) +q (%, %) 2 q (%, x) + ¢ (26)

Since (x,) converges to x, q(x,,x) — 0. Hence
q(xy,x) = ¢ and x € B(xy,c). Therefore, B(x,,c) is
bicomplete.

For every x € B(xy, ¢),

q (%0, Tx) = g (x0, Txg) + q (T, T) @)
<(1-k)c+kq(xpx)<(1-k)c+kc=c.

Hence Tx € B(xy, ¢). O

Remark 26. A weaker version of this corollary is actually
sufficient. Indeed, it is enough to consider (X, q) as a left-
complete quasi-cone metric space with the same assumption.
In this case, we would just have to prove that B(x, c) is left-
complete and T'x € B(x,,c) for all x € B(x, ¢).

Corollary 27. Let (X, q) be a bicomplete quasi-cone metric
space and P a K-normal cone. Suppose a mappingT : X — X
satisfies for some positive integer n,

q(T"x,T"y) < kq(x,y),

where k € [0, 1) is a constant. Then T has a unique fixed point
in X.

Vx, y € X, (28)

Proof. From Theorem 24, T" has a unique fixed point x*. But
T(Tx") = T(T"x") = Tx", so Tx" is also a fixed point of
T". Hence Tx* = x*, x" is a fixed point of T. Since the fixed
point of T is also a fixed point of T", the fixed point of T is
unique. O

Theorem 28. Let (X, q) be a quasi-cone metric space over the
Banach space E with the K-normal cone P. The mapping Q :
X x X — [0,00) defined by Q(x, y) = llq(x, y)| satisfies the
following properties:

(QI) Q(x,x) =0 for any x € X;
(QZ) Q(x7 )’) < K(Q(X, 21) + Q(le zz) +eet Q(Zm )/));fOT

any points x, y,z; € X, i = 1,2,...,n.

Proof. The proof of (Q1) is immediate by property (q2) of
the quasi-cone metric. In order to prove (Q2), consider
X, ¥,2Zy,...,%, as points in X. Using property (q3), we get

q(x,y) 2 (q(x.2) +q(z,2,) +-+q(z,,¥)) . (29)

Since P is K-normal

laGe )| <K (la(x2) +q(z2,) +- +q (2 9)]) >
(30)

which implies that
la G ) < K (lq Ge 2ol + g (2 2]+ + IILJ(Zn,y)(II)j
31

This completes the proof. O

We are therefore led to the following definition.
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Definition 29. Let X be a nonempty set, and let the function
D: X xX — [0,00) satisty the following properties:

(D1) D(x,x) = 0 for any x € X;

(D2) D(x,y) < a(D(x,z,) + D(2z;,2,) + -+ + D(x,, y))
for any points x, y,z; € X, i = 1,2,...,n and some
constant « > 0.

Then (X, D,«) is called a quasi-pseudometric type space.
Moreover, if D(x, y) = 0 = D(y,x) = x = y, then D is said
to be a T, -quasi-pseudometric type space. The latter condition
is referred to as the T;;-condition.

Remark 30. (i) Let D be a quasi-pseudometric type on X;
then the map D" defined by D™ (x, y) = D(y, x) whenever
x,y € X is also a quasi-pseudometric type on X, called the
conjugate of D. We will also denote D' by D' or D.

(ii) It is easy to verify that the function D° defined
by D° := D v D', that is, D’(x,y) =
max{D(x, ¥), D(y, x)}, defines a metric-type (see
[2]) on X whenever D is a T,-quasi-pseudometric
type.

(iil) If we substitute the property (D1) by the following
property,

(D3) D(x,y) =0 x =y,

we obtain a T, -quasi-pseudometric type space directly. For
instance, this could be done if the map D is obtained from
quasi-cone metric.

The concepts of left K-Cauchy, right K-Cauchy, D*-
Cauchy, and convergence for a quasi-pseudometric type
space are defined in a similar way as defined for a quasi-
pseudometric space. Moreover, for « = 1, we recover the
classical quasi-pseudometric; hence quasi-pseudometric type
generalizes quasi-pseudometric.

Definition 31. A quasi-pseudometric type space (X, D, &) is
called left-complete provided that any left K-Cauchy sequence
is D-convergent.

Definition 32. A T,-quasi-pseudometric type space (X, D, t)
is called bicomplete provided that the metric type space
(X, D*) is complete.

Definition 33. Let (X, D, «) be a quasi-pseudometric type
space. A function f : X — X is called lipschitzian if there
exists some A > 0 such that

D(fx, fy) <AD(x,y) Vx,y€X. (32)
The smallest constant A will be denoted by Lip(f).

Definition 34. Let (X,D,«) be a quasi-pseudometric type
space. A function f : X — X is called D-sequentially

D
continuous if, for any D-convergent sequence (x,,) with x,, —

D
x, the sequence (fx,) D-converges to fx; that is, (fx,) —
fx.

5. Some Fixed Point Results
In [2], Khamsi proved the following.

Theorem 35. Let (X,d) be a complete metric type space. Let
T:(X,d) — (X,d) be a map such that T" is lipschitzian for
alln > 0and Y20 Lip(T") < co. Then T has a unique fixed
point w € X. Moreover for any x € X, the orbit {T"x,n > 0}
converges to w.

We state here an analogue of Khamsi’s theorem.

Theorem 36. Let (X, D, «) be a bicomplete quasi-pseudomet-
ric type. Let T : (X, D,a) — (X, D, «) be a map such that T"
is lipschitzian for alln > 0 and Y., Lip(T") < co. Then T has
a unique fixed point w € X. Moreover for any x € X, the orbit
{T"x,n > 0} converges to w.

Proof. We just have to prove that T : (X, D) — (X,D%)isa
map such that T" is lipschitzian for all n > 0.

Indeed, since T : (X,D,a) — (X, D,«) is a map such
that T" is lipschitzian for all #n > 0, then

D(T"x,T"y) < Lip(T")D(x,y) Vx,yeX.  (33)

Since for any x, y € X, we have

D (T"x, T"y) = D(T"y, T"x) < Lip(T") D (y, x)
VYn >0, oY
that is,
D' (T"x, T"y) < Lip(T") D" (x, y), (35)

weseethat T: (X,D ' a) » (X,D ) isa map such that
T" is lipschitzian for all n > 0.
Therefore

D(T"x,T"y) < Lip(T") D (x, y) < Lip(T") D* (x, ),

D (T"x, T"y) < Lip(T") D" (x, y) < Lip(T") D* (x, y),
(36)

for all x, y € X and for all n > 0. Hence
D' (T"x,T"y) < Lip(T") D’ (x, ), (37)

forallx, y € Xandforalln > 0,s0,T: (X,D*) — (X,D")is
a map such that T" is lipschitzian for all n > 0.

By assumption, (X, D, «) is bicomplete; hence (X, D°) is
complete. Therefore, by Theorem 35, T has a unique fixed
point w € X and for any x € X, the orbit {T"x,n > 0}
converges to w. O

The connection between a quasi-cone metric space and
a quasi-pseudometric type space is given by the following
corollary.

Corollary 37. Let (X,q) be a bicomplete quasi-cone metric
space over the Banach space E with the K-normal cone P.
Consider Q : X x X — [0;00) defined by Q(x,y) =
lgCx, )I. Let T : X — X be a contraction with constant
0 <x < 1. Then

Q(T"x, T"y) < Kx"Q(x,y), (38)



forany x,y € X andn > 0. Hence Lip(T") < K«", for any
n > 0. Therefore Y .o, Lip(T") is convergent, which implies that
T has a fixed point w and any orbit converges to w.

Proof. Itis enough to prove that the metric type space (X, Q°)
is complete. Let (x,) be a Q°*-Cauchy sequence. Therefore
lim,, ,, _, ,Q'(x,,x,,) = 0, which implies that the sequence
(x,,) is bi-Cauchy in (X, q). Since (X, q) is bicomplete, there
exists x* € X such that g(x,,x") — 60and q(x*,x,) — 6.

Hence x,, — x".
Moreover, since T is a contraction with constant x, we
have that
q(T"x,T"y) < kq (T"_lx, T"_ly) < <k"q(x,y)
(39)

forany x,y € X, n>=0.

Hence Lip(T™) < K«", for any n > 0. O

6. More Fixed Point Results
We begin with the following lemmas.

Lemma 38. Let (y,) be a sequence in a quasi-pseudometric
type space (X, D, &) such that

D(yn’yrﬁl) S/\D(yn—l’yn)’ (40)
for some A > 0 with A < 1/e. Then (y,,) is left K-Cauchy.

Proof. Let m < n € N. From the condition (Qb) in the
definition of a quasi-pseudometric type, we can write

D(ym’yn) < OC(D (ym’ ym+1) + D(ymﬂ’ yn))
<D (s Ys1) + €D (Ypssrs Yme2)

+D (ym+2’ yn)

< oD (P> Vs1) + D (Ws1> Yma) + 0

+ ‘xn*m*lD (yan’ ynfl) + (Xn*mD (ynfl’ yn) .
(41)

From (40) and A < 1/«, the above becomes
D (Y V) < (oc}tm N AR oc"_m+1)xn_1) D (¥4, ¥1)

<al” (1+ad+-+ @) ") D (5 1)

al™
< mD(yo,yl) — 0 asm — oo.
(42)
It follows that (y,) is left K-Cauchy. O

Similarly, we have the following.
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Lemma 39. Let (y,) be a sequence in a quasi-pseudometric
type space (X, D, ) such that

D_l (yn>yn+1) < /\D_l (yn—l’ yn) > (43)
or some A > 0 with A < 1/a. Then (y,,) is right K-Cauchy.
bz g .

Theorem 40. Let (X, D, ) be a Hausdorff left-complete T, -
quasi-pseudometric type space, and let f : X — X be a D-
sequentially continuous function such that for some A > 0 with

A1 =Q) < 1/a,

D(fx, fy) <M(D(x, fx)+ D(y. fy)) Vx,y.z¢€ >§.44)

Then f has a unique fixed point z and for every x, € X, the
sequence (f"(x,)) D-converges to z.

Proof. Take an arbitrary x, € X and denote y, = f"(x,).
Then

D (Y Yne1) = D (f¥n1> n)
SAD > 1) + D f3)) - (45)
<MD (Y12 Yn) + D (Do Y1) »
which implies that

A
1-1

D(yn’yn+1) < D(yn—l’yn) . (46)

Hence, since A/(1 — A) < 1/«, by Lemma 38 we have that
(y,,) is left K-Cauchy and since (X, D, «) is left-complete and

D
f D-sequentially continuous, there exists y* such that y,, —

y* and y,,, 5 fy*. Since X is Hauforff, the limit is unique,

hence y* = fy".
For uniqueness, assume by contradiction that there exists
another fixed point z*. Then

D(y"2") = D(fy", fz") <A(D(y" fy") + D (2", fz"))
=0,

D(z%y") =D(fz", fy") <A(D(z", fz) + D(y", fy7))
=0.

(47)

Hence D(y*,z") = 0 = D(z% y") and using the T-
condition, we conclude that y* = z*. O

Theorem 41. Let (X, D, «) be a Hausdorff left-complete T -
quasi-pseudometric type space, and let f : X — X be a D-
sequentially continuous function such that for some A > 0 with
Ao /(1= Aat) < 1,

D(fx fy) < A(D(fx.y)+D(x fy)) Vx,yeX. (48)

Then f has a unique fixed point z and for every x, € X, the
sequence (f"(x,)) D-converges to z.
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Proof . Take an arbitrary x, € X and denote y, = f"(x,).
Then

D(yn’ynﬂ) = D(fynfl’fyn)
<A (D (fyrkl’ yn) + D(ynfl’ fyn))

(49)
< AD (yn—l’ yn+1)
< Aax (D (yn—byn) + D(yn’ynﬂ)) >
which implies that
Ax
D(yn’ yn+1) < mD (ynfl’ yn) . (50)

Hence, since Aa®/(1 — Aa) < 1/, by Lemma 38, we have
that (y,) is left K-Cauchy and since (X, D, «) is left-complete
and f D-sequentially continuous, there exists y* such that
Vu A y* and y,,, 5 fy*. Since X is Hauforff, the limit is
unique, hence y* = fy".

For uniqueness, assume by contradiction that there exists
another fixed point z*. Then

D(y2")=D(fy", fz") < AM(D(fy",2") + D(y", fz"))

D(z%y") =D(fz" fy") < A(D(fz".y") + D(z*,fz*());
51

Hence D(y*,z*) = 0 = D(z",y") and using the Tj-
condition, we conclude that y* = z*. O

Theorem 42. Let (X, D, ) be a Hausdorff left-complete T, -
quasi-pseudometric type space and let f : X — X be a D-
sequentially continuous function such that for some A > 0 with
A< 1l/a < 1/aand anyy > 0,

D(fx,fy) <AD(x,y) +yD(fx,y) Vx,yeX. (52)

Then f has a unique fixed point z and for every x, € X, the
sequence (f"(x,)) D-converges to z.

Corollary 43. Let (X, D, ) be a Hausdor{f left-complete T,-
quasi-pseudometric type space and let f X - X
be a D-sequentially continuous function such that for some
AbAss ApAs > 0with (A + A+ ads)/(1 - A, —ads) < 1/«
andany A, > 0

D(fx, fy) < D (x,y) + A,D (fx, y) + A;D (x, fx) )
+A4D (y, fy) + AsD(x, fy),

forall x,y € X. Then f has a unique fixed point z and for
every x, € X, the sequence (f"(x,)) D-converges to z.
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