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We establish new results concerning endomorphisms of a finite chain, if the cardinality of the image of such endomorphism is no
more than some fixed number. The semiring of all such endomorphisms can be seen as a simplex whose vertices are the constant
endomorphisms. We explore the properties of these simplices.

1. Introduction and Preliminaries

It is well known that each simplicial complex has a geometric
(continuous) interpretation as a convex set spanned by k
geometrically independent points in some Euclidean space.

Here, we present an algebraic (discrete) interpretation of
simplicial complex as a subsemiring, containing (in some
sense spanned by) k constant endomorphisms of the endo-
morphism semiring %cgn of a finite chain. The endomorphism
semiring of a finite semilattice is well studied in [1-10].

The paper is organized as follows. After the introduction
and preliminaries, in Section 2, we give basic definitions and
obtain some elementary properties of simplices. Although
we do not speak about any distance here, we define discrete
neighborhoods with respect to any vertex of the simplex. In
Section 3, we study discrete neighborhoods, left ideals, and
right ideals of a simplex. The main results are Theorems 9 and
12, where we find two right ideals of simplex. In Section 4,
Theorem 15 is the main result of the paper, where we show
that important objects (idempotents, a-nilpotent elements,
left ideals, and right ideals) of simplex (big semiring) can be
constructed using similar objects of coordinate simplex (little
semiring).

Since the terminology for semirings is not completely
standardized, we say what our conventions are. An algebra
R = (R, +, ), with two binary operations + and - on R, is called
a semiring if:

(i) (R,+) is a commutative semigroup;

(ii) (R, ") is a semigroup;

(iii) both distributive lawshold x - (y +2) = x- y +x - 2
and(x+ y)-z=x-z+ y-z foranyx, y,z € R.

LetR = (R, +,-) be a semiring. If a neutral element 0 of the
semigroup (R, +) exists and 0x = 0 or x0 = 0, it is called a left
or a right zero, respectively, forall x € R.If0-x = x-0 = 0, for
all x € R, then it is called zero. An element e of a semigroup
(R,-) is called a left (right) identity provided that ex = x or
xe = x, respectively, for all x € R. Ifa neutral element 1 of the
semigroup (R, -) exists, it is called identity.

A nonempty subset I of R is called an ideal if I + I € I,
RIcI,andIRC I

The facts concerning semirings can be found in [1].

For a join-semilattice (., V), set & , of the endomor-
phisms of ./ to be a semiring with respect to the addition
and multiplication defined as follows:

(i) h= f + g, when h(x) = f(x) V g(x), forall x € A;

(ii) h = f - g, when h(x) = f(g(x)), forall x € /.
This semiring is called the endomorphism semiring of /.

In this paper, all semilattices are finite chains. Following
[2], we fix a finite chain €, = ({0,1,...,n— 1}, V)Aand denote
the endomorphism semiring of this chain with & . We do
not assume that «(0) = 0 for arbitrary a € %%n. So, there
is not a zero in endomorphism semiring %%n. Subsemirings
%(éj, where a € 6, of the semiring %(gﬂ, consisting of all
endomorphisms « with fixed point g, are considered in [3].

Ifa e %gn such that f(k) = i, for any k ¢ %,
we denote « as an ordered n-tuple ¥, i,,i,,...,i, ;2. Note



that the mappings will be composed accordingly, although
we shall usually give preference to writing mappings on the
right, so that « - 8 means “first «, then 7. The identity i =
20, 1,...,n—12and all constant endomorphisms k=1k,... Kk
are obviously (multiplicatively) idempotents.

Leta € 6, For every endomorphism a = waa...ay, the
elements of
vl — {oc|oce%%,
)

o' =@ for some natural number na}

are called a-nilpotent endomorphisms. An important result
for a-nilpotent endomorphisms is as follows.

Theorem 1 (see [4, Theorem 3.3]). For any natural n, n > 2,
and a € 6, the set of a-nilpotent endomorphisms N, [a] is a

subsemiring of Cg% The order of this semiring is I/V[ I =
C,_i_1» where C, is the kth Catalan number.

Another useful result is as follows.

Theorem 2 (see [5, Theorem 9]). The subset of%%n, n >3, of
all idempotent endomorphisms with s fixed points ky, ..., kg,
1 <'s < n—1isasemiring of order H:;:ll(kmﬂ - k,,)

For definitions and results concerning simplices, we refer
the reader to [6, 7].

2. The Simplex ™ {ay,. . ..a; ,}

Let us fix elements ag, ..., a,_; € €, wherek <mn,a; <--- <
ai_;>and let A = {ay, ..., a,_,}. We consider endomorphisms
a € &g such that Im(a) < A. We denote this set by
oag, ..., a4}

Let {by,...,b,_1} S {ay,...,a,_,} and consider the set

o™ {bo’--»be—l}: ’ak—l}’

{ﬁ | Bea™ {ay,...
Im (B) = {bO""’bf—l}}‘

2)

For B, 8, € a™{by, ..., b, },let B, ~ B,,ifand onlyif the
sets Im(f3;) and Im(f3,) have a common least element. In this
way, we define an equivalence relation. Any equivalence class
can be identified with its least element which is the constant
endomorphism b,, = b,,,...,b,:, wherem =0,...£ — 1.

Now take a simplicial complex A with vertex set V' =
{ag, ..., a,_}. The subset b, ... ,Z} is a face of A. Hence,
we can consider the set 0™ {b,...,b, ,} as a face of A.
In particular, when the simplicial complex A consists of
all subsets of V, it is called a simplex (see [6]) and A =
oag, ..., a_,}.

It is easy to see that Im(a) € A and Im(f) € A imply
Im(a + ) € Aand Im(e- 8) € A, and so we have proved the
following.
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Proposition 3. For any set A = {ay,...,a,_} S 6, the
simplex 0" {ay, ..., a_,} is a subsemiring of &g,

The number k is called a dimension of simplex
c™{ay,...,a_,}. Any simplex o' {bo,bl,...,bg,l}, where
by . .. be | € A, isafaceof simplex 0{ay, ..., a,_}.1f€ < k,
face o ){bo, by,...,b,_,} is called a proper face.

The proper faces of simplex o™ {ay,...
follows:

,ai_1} are as

(i) 0-simplices are vertices ay, . . ., dg;

(ii) 1-simplices are called strings; they are denoted by
ST R {a, b}, where a, b € A;

(iii) 2-simplices are called triangles; they are denoted by
A(”){a, b, c}, where a, b, c € A;

(iv) 3-simplices are called tetrahedra; they are denoted by
TET R™{a,b,c,d}, where a,b,c,d € A;

(v) the last proper faces are simplices a,i’i)l{b yee b o)
where {b,,...,b._,} C A.

The boundary of the simplex 0 {ay, ..., ,} is a union

of all its proper faces and is denoted by (™ ay,..., A1 1)
The set
INT (6" {ag,.... a1 })
3)
o (A)\ 0 (0(") {ag, ..., ak,l})
is called an interior of simplex 0 {ay, ..., a;_ 1}
It follows that the interior of simplex ™ {ay,...,a_,}

consists of endomorphisms «, such that Im(ax) = {a,,a,,
.+»a;_1 }. So, we have the following.

Proposition 4. The interior I N T (6" {ay,. ..
additive semigroup.

,Gg_1}) is an

Proposition 5. Any face of simplex "™ {ay, ..., a,_,} is a left

ideal.
Proof. Let o"{by,...,b,;} be a face of simplex
0(">{a0,...,ak,1}. Obviously the face is a subsemiring of

c™ag,...,a_}. Let « € o™{b,,...,b,_,} and B € o™
{ay,...,a,_,}. Since for any i € &, we have ¢(i) € {a,,

a1}, then (¢ - «)(i) € {by,...,bp_1}. Thus ¢ - ¢ € o
{bys ---»bp_}. Hence, ™ b, ..., b,_,} is a left ideal of simplex
oag, ..., a_,}. O

Note that any face of some simplex is not a right
ideal of the simplex. For instance, take the vertex a,, ¢
o™{by,...,b,_,}. Then, b, - @, = @, ¢ 6" {by,... b}, for
alls = 0,...,¢ — 1. From the last proposition consider the
following.

Corollary 6. The boundary a(a(”){ao,...,ak,l}) is a multi-
plicative semigroup.
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The boundary and the interior of a simplex are, in general,
not semirings.

For any natural n, endomorphism semiring &g is a
simplex with vertices 0, ..., 7 — 1. The interior of this simplex
consists of endomorphisms «, such that Im(a) = &,,. Since
the latter is valid only for identity i = 20, 1,...,n—1y, it follows
that /T (8¢ ) = i.

There is a following partial ordering of the faces of
dimension k — 1 of simplex 6™ {a, ..., a,_,}: least face does
not contain the vertex a;_; and biggest face does not contain
the vertex aj.

The biggest face of the simplex &y is the simplex
o"™{1,...,n—1}. Now %%’n \o"{1,...,n-1} = %%)) which
is a subsemiring of %gn. Similarly, the least face of %gn is
o"{0,...,n = 2}. Then, &4 \ 0"{0,...,n -2} = &L
which is also a subsemiring of %%n. The other faces of %%n,
where n > 3, do not have this property. Indeed, one middle
face is 0™{0,...,k — 1,k + 1,...,n— 1}. But set R = 8, \
a("){O, ...,k=1,k+1,...,n—1} is not a semiring because, for
anyn > 3andany k € {1,...,n -2}, ifa =20,...,0,k? € R,

thena® =0 ¢ R.

Let us fix vertex a,, where m = 0,...,k — 1 of
simplex ¢™{ay,...,a,_,}. The set of all endomorphisms
a € 0™ay,...,a_,} such that a(i) = a,, just for s

elements i € ¥, is called sth layer of the simplex with
respect to a,,, where s = 0,...,n — 1. We denote the sth

layer of the simplex 6™ {ay, ..., a,_,} with respect to a,, by
‘g;m (0("){(10,...,ak,1}). So, the 0-layer with respect to any
vertex of the simplex 0 {ay, ..., a;_,} is a face of the simplex;
hence, it is a semiring. In the general case, the sth layer
.,?Zm(a("){ao,...,ak,l}), wheres € €,,s = 1,...
not a subsemiring of simplex o(”){ao, RN 3

On the other hand, since Z° (6" {ay, ..., a_,}) consists
of all endomorphisms «, such that a(i) = a,, just for s

elements i € €, it follows that this sth layer is closed under
the addition. Hence, we have the following.

,n—2,1is

Proposition 7. Any layer & (0" {ay, ... a,_,}) of simplex

c™ay,...,a_,} is an additive semigroup.

Let a,, be an arbitrary vertex of simplex o {ag, ... ap_1}.
From a topological point of view, the set 247 = {a,} U
Z" Yo" {ag a,...,a_,}) is a discrete neighborhood con-
sisting of the “nearest points to point a,,”” Similarly, we define

DN =DN) U 8;‘;2(0(”){a0, ay...,a_,}). More generally

n—-1
DN, = (@} U U gﬁm ("(n) {“oﬂl’--"“kfl})’ (4)

l=n—t

wherem = 0,...,k—1landt = 1,...,nis called discrete t-

neighborhood of the vertex a,,,.

3. Subsemirings and Ideals of the Simplex
oag,e .t}

Lemma 8. Let a,,, wherem = 0,...,k — 1, be a vertex of the
simplex 0™ {ay, a,, ... a,_,} and .sz;l(a("){ao, ap, .- @G}
be the (n— 1)th layer of the k-simplex with respect to a,,. Then,
the set DN} = {a,} U 3;’;1(6("){510,611,...,ak_l}), where

m=0,...,k -1, is a subsemiring ofa("){ao,al, e Qg )
Proof. We consider three cases.

Case I Let m = 0. Then, elements of 2./} are endomor-
phisms:

ag, (ag), 181 = Wy, ..., ag, a1 .., (ag), 4y
n—1

(5)

Wy, ..., 05,4 .
0> > %0> “k-1

n-1

Since a, < (ay),_1a; < -+ < (4y),_19%_1> it follows that set
DNy is closed under the addition.

We find (ay),_14; - ag = aq - (ay),_1a; = ag, for all i =
L,...,k — 1. Also we have (ay),_14; - (a9),-14; = (a9),14; -
(ag)p10; = ag, for all i,j € {1,...,k — 1}, with the only
exception when a,_, = n — 1. Now ((q)),_,(n—1))* =
(ag)n1(n = 1), (@)1 (n = 1) - (ag),14 = (a),14;, and
(A9)y_14; + (ag),_1(n — 1) = @. Hence, D4 is a semiring.

Case 2. Let m = k — 1. Then, elements of 9/!/,1{_1 are
endomorphisms:
ao(ak—l)n_1 =g, Op_15 -+ > Ff1 5 - - - ’ak—z(ak—l)n_1
n—1
(6)
= 2ak,2, Q150> B ¢, Ae_q-
n—1

Since ay(ax_;)p-q <+ < Ay (A1) -1 < G_y» it follows that
the set D4/ 11<-1 is closed under the addition.

We find a(@_1),1 - G-; = @G - @@ 1)u
a_;, foralli = 1,...,k — 1. Also we have g;(a;_,),_, -
aj(@1)py = (@ y)py - (@), = @y, forall i, j e
{0,...,k — 2}, with also the only exception when a, = 0.
We have (O(ak—l)n—l)z = 0@ 1)1 0@ 1)y - A1)y =
a;(@_1 ) 1> and a;(ar_1),—1 - 0(a_y )1 = a3_;- Hence, 9/!/,1(_1
is a semiring.

Case 3. Let 0 < m < k — 1. Then elements of 9/1/; are
endomorphisms:

s A e e s m—l(am)n—l

ao(n),_y = 0> Gy - - -
n-1

=y 150

@)
Wy s Do Gy 1 o5 (B), By
n—1

(am)n_lamﬂ =

=W, Oy Qi 2
S0 ¥m

n-1



Since aO(am)n—l << am—l(am)n—l < @ < (am)n—larru—l <
<+ < (@)1 gy it follows that set D47} is closed under the
addition.
Now there are four possibilities.
(1) Let 0 < gy and g;_, < n— 1. Then

ai(am)nfl : aj(am)nq = aj(am)nfl : ai(am)nfl =0,
forany i,j=0,...,m—1,
(am)nflai ( )n 194 (am)n 145 ° (am)nqai =0, ®)
forany i, j=m+1,...,k-1,
ai(am)n—l (a )n 14 (aﬂ’I)n 145 ° a;(a )n—l =Gy,
foranyi=0,...,m—-1, j=m+1,...,k-1.
Sincea;(a,,),_1-G,, = Gy a:(a,)p_y = Gyprfori =1,...,m—

1, and, in a similar way, (a,,),,,a; - 4, = ay, - (a,,),_,a; = a,,
for j=m+1,...,k - 1,and also (a,,)* = @,, it follows that
DN in is a commutative semiring.

(2) Leta, = 0O and a,_; < n— 1. Then, (0(a,,), )" =

O(am)n—l’
O(Qm)n—l ’ ai(am)n—l
' O(Qm)n—l = @

=a;(a,),- 1>
ai(am)n—l

foranyi=1,...,m—1, 9)
(a )n la] 0( )nfl :a

Jk—1.

O(am)n—l . (am)n—laj =
forany j=m+1,...

We also observe that a,, - 0(a,,),_; = 0(a,,),_, - 8, = G,,.
All the other equalities between the products of the elements
of QZ/V:n are the same as in (1).

(3) Leta, > 0 and a;,_; = n— 1. Then, ((a,,),_;(n — 1)? =
(@)pr(n = 1),
@), (n=1)-aia,), .
=a/(ay), 1 (@), (n-1) =a,
foranyi=1,...m-1,
@)y (n=1) - (@y,), 18; = (@), 1),

(am)n—laj ’ (am)n—l (11 - 1) = @

(10)

forany j=m+1,...,k-1.

We also observe thata,, - (a,,),.1(n—1) = (a,,),,_,(n—1) -
a,, = a,,. All the other equalities between the products of the
elements of 2.4 in are the same as in (1).

(4) Leta, = 0 and g;_; = n—1. Now all equalities between
the products of the elements of 2.4 71” are the same as in (1),

(2), and (3). So, QZ/V:n is a semiring. O

Theorem 9. The union ] = Uk ! DN} of the discrete
I-neighborhoods with respect to all vertzces of the simplex

o"ay, ... a,_,} is a right ideal of the simplex.

Algebra

Proof. Leta € DN} . Then, & = @, & = aay,),_;, or a =
(@)y1a wherei = 0,....m—land j=m+1,...,n— L
Let f € 4. Then B = @, a,(ay),_1> or B = (ay),_1a,
where p=0,...,s—landg=s+1,...,n- L

Suppose that s > m. Then, wefinda + f =g, ora + 3 =
(a),_14,, where t = max(j,q). So, in all cases & + 8 € ], what
means that J is closed under the addition.

Leta € Jand ¢ € 6"{ay,...,a._,}. Then, a € N} | for
somem =0,...,k—1.

Ifa = a,,and ¢(a,,) = a,, then it follows thata-p =g, € J.

Ifa=ala,), wherez =0,. -1, ¢(a,,) = a,, and
¢(a;) = ay, thena - ¢ = a,(ay),_; € ].

Ifa = (a,),_ ],wherej:m+1,...,k—1,(p(am):a
and go(a ) =aq, ,1t follows that « - ¢ = (as)n,laq €.

Hence, inall casesa - ¢ € J. O

Any simplex ™{b,,...,b, ,} which is a face of sim-

plex 0("){ao,...,ak_1} is called internal of the simplex
cNay,...,a ) if ag ¢ 0by,....,b,_,} and a,_, ¢
by, ..., b ).

Similarly simplex o™{a,...,a, ,}, which is a face
of n-simplex &g , is called internal simplex, if 0 ¢
cay,...,a_Yandn—1¢ c™{ay,...,a, ).

Immediately from the proof of Proposition 4 consider the
following.

Corollary 10. For any internal simplex 6" {ag, a,...,a_,},
semirings DN} are commutative and all their elements are

a,,-nilpotent, wherem = 0,...,k — 1.
Lemma 11. Let a,,, where m = 0,...,k — 1, be a vertex
of internal simplex 0™ {ay, ..., a_,}. Then, the set DN?, =

QZJVin U 52272(0(”){(10, s }), wherem =0,...,k—1,isa
subsemiring of ™ {ay, ..., a_,}.
Proof. Since DN, = DN} U 32;2(0'(”){(10,...,01;(_1}), it

follows that the elements of 2.4 fn are endomorphisms:

am

a;(a,,),_» wherei=0,...,m-1,

(am)n_laj, where j=m+1,...,k—-1,

apaq(am)nfz, where p,q=0,...,m-1, p<gq, 11)

(@),_,0,a, Wwherer,s=m+1,...,k—-1, r<s,

ap(am)nfzas, where p=0,...,m—1,
s=m+1,...,k—1.

From Lemma8, we know that the discrete I-
neighborhood 2.4 is closed under the addition. From

Proposition 7, it follows that the layer 32_2(0("){%, -
a,_;}) also is closed under the addition. Hence, in order to
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prove that 2.4 is closed under the addition, we calculate
the following:

a,ay(ay,), 5 ifi<p,

a.(a +a.a(a =
(@) + g (), {aiaq(am)n_z, ifi > p,

ai(am)n—l + (am)n—zaras = (am)n—zaras’

(@), 000, if j<s,

(@)1 + ()20, = {(am),,_za,aj, if j>s,

(am)n—laj + apaq(am)n—z = (am)n—laj’

e 12)
. = ap(ayn), o5 if i< p, (
a;(a,,),_, + ap(am)n—zas {ai(am)nzas, iti> p,
a(a)_a) lf.]SS’
 + =3P
(@) 1)+ Ap(a),, 0 {ap(am)n—za'> if j>s,

a, + apaq(am)n—z =a,,
@ + (am)n—zaras = (am)nfzaras’
@ + ap(am)n—Zas = (am)n—las’

where i, p,g =0,1,....m—-1,p<gq,j,r,s=m+1,... k-
1, and r < s. So, we prove that the discrete 2-neighborhood
DN ﬁq is closed under the addition.

Now we consider six cases, where, for the indices, the
upper restrictions are fulfilled.

Case I. Let a,, = 1. We shall show that all endomorphisms of
DN? are 1-nilpotent with the only exception when a,_; =
n — 2. When a,_; < n - 2, since 1 is the least image of
any endomorphism, there are only a few equalities: 1,_,a,a, -
1n—2ar0aso = 1’

1n—laj : 1n—Zaras = ln—ZQras : 1n—laj =1,

(13)

1-1,,a,a, =1, ,aa,-1=1.

Hence, it follows that 242 is a commutative semiring with
trivial multiplication.

If g, = n—2,itis easy to see that endomorphism
1,_, (n—2), is the unique idempotent of .4 f (see [5]). Now,
we find 1, ,(n - 2), - 1, 54,0, = 1, ,(a,)y 1,,(n - 2) -
1,,a.a, =1, a,and 1, ,a,.a, -1, (n—2) = 1. Hence,
DN f is a semiring.

Case 2. Let a,, = n — 2. We shall show that all the

endomorphisms of DN ,21_2 are 1-nilpotent with the only
exception when g, = 1. When a, > 1, we find

apaq(n -2),,a %o n-2),,=n-2,
a(n—2), - a,a,(n-2),,

(14)
= apaq(n -2)ypa(n=2), ,=n-2,

n-2-a,a,(n-2),,=a,a,n-2), ,-n-2=n-2.

L(n=2), - a,a,(n-2),, = (ap),(n-2),,,

l(n-2),,-a,a,(n-2),,=a,n-2),,,

apa (n=2), - 1(n-2),,=n-2.

2 . ..
Hence, 2./ _, is a semiring.

apaq(am)n—Z x apoaqg (am)n—Z = @’

(am)n—zaras ! (am)nfzaroas0 = @’

apaq(am)nfz " p, (am)n—zas0

= a, (a,), a5 - a,a,(a,,), » = a,,
(@) 234 - ap, (am)n_zaSO
= apﬂ(am)n_zas() (a,,),_,a.a; = a,,
apaq(am)n_2 (a,,),,,0,a,
= (a,,),_,a,a - apaq(am)n_2 =a,,
a;(ay,) -1 - 0pa,(ay,),
= apaq(am)n—z (), ) = Oy
()14 + A4 (ay,), s
= apaq(am)n_2 . (am)n_laj =a,,
() - p ()24
= p(am)n—zas 4 Ay)y = G
(am)n—laj : ap(am)n—zas
= ap(am)n—zas ’ (am)n—laj = Gy
ai(am)n—l : (am)n—zaras
= (A) 2005 - 4(ay,), | = Oy
(am)n—laj : (am)n—zaras

= a(ay,), a4 - (am)nflaj =G>

O~ Apg(A)ng = Apg(A)y Oy = O
Gy - 0p(Ay,), 285 = Ap(ayy),, 505 * Gy = Gy

Ay (am)n—zaras = (am)n—zaras : @ = ﬂ

If a, = 1, the only idempotent is 1,(n — 2),,_, and we find

(15)

Case 3. Let 1 < ay and g;_; < n — 2. We find the following
trivial equalities, which are grouped by duality:

(16)
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TaBLE 1

DN DN

® = ay, Bi=a

o =a(a,),, i=0,....,m—1 B=a,a),;, €=0,....m-1

oy =(a,),1a, j=m+1l.. k-1 Bs=(a),1a,, u=m+1,...., k-1

oy =a,a,(a,),  pq=0,...,m—1 Bi=ama,a), ., hg=0,...m-1

as =(a,),,a,a, t,s=m+1,... k-1 Bs =(a),,a,a, uwv=m+l,... k-1

oc6:ap(am)n72as, p=0,....m-1, s=m+1,....,k-1 Bs =a,(a),,a,, €=0,....m-1, u=m+1,....,k-1

Case 4. Let ay = 1 and g;_; < n - 2. Then, 1,(a,,),_, is the
only idempotent in .42, Additionally, to the equalities of
the previous case, we find

12(am)n72 : apaq(n - 2)n—2 = (aq)z(am)nfz)
17)
1(a,,),_, -apaq(am)n_2 = aq(am)n_l.

Case 5. Let 1 < ayand g;_, = n— 2. Now the only idempotent
endomorphism in D472 is (a,,),_,(n - 2),. We additionally
find the following equalities:
()2 (n=2), - (a,), ,a.a, = (a,),,(a,), 18)
(am)n—l (n-2)- (am)n—zaras = (am)n—lar'

Case 6. Let a, = 1 and a_; = n — 2. Now, in D47, there
are two idempotents: 1,(a,,),_, and (a,,),_,(n — 2),. Here,
the equalities from Cases 4 and 5 are valid and also all the
equalities from Case 3, under the respective restrictions for
the indices, are fulfilled.

Hence, 2./ is a semiring. O

From Lemma 11, we find the following.

Theorem 12. The union I = U:,’;:lo DN?, of the discrete 2-
neighborhoods with respect to all vertices of internal simplex
o™ay,...,a_,} is a right ideal of the simplex.

Proof. For the endomorphisms of 242 and 2.4, where t >
m, from (11), it follows as shown in Table 1
Let B,,i = 2,3,4,5,6, be elements of 2.4 (see Table 1).

We denote by f; an endomorphism, which maps the same
elements to a,, but other images (one or two) are not in Im(«x).

For example, ’[3’; = a,, (a;),_;, where ¢, = 0,...,m — 1 and

¢, # €. Evidently, B; € D472, fori = 2,3,4,5,6.
Now we calculate the following:

@ ay+By = Proay+, = foray +£2 =By +fs =P
and oy + B, = By ora; + By = By, oy + s = 55, and
&+ fs = s or oy + B = fe;

) ay+fy = Proay+f, = fyoray+ B, = By, 0+ f5 = B,
and o, + 8, = By or ay + By = By, &, + s = b5, and
& + P = s or oy + B, = fe;

G)ag+ By =proraz+f, = fsa3+p,=proraz+, =
By ag + Py = Pyorag+ B = P05+ B, = B or
a3 + Py = Py oz + fs =~ﬁ50r“3+ﬁ5 = ps, and
a3 + s = s or a3 + Bs = P

(4) ay By = Broay+ Py = yoray+ Py = Brag+fs = P,
and ay + B, = Byoray+ By = Py, ay + s = s and
&y + Bs = Ps or oy + B = B

(5) as+fy = roras+f, = fyoras+p, = B a5+, = B
oras+ B, = fyoras+f, = fsoras +f, = f
as+f5 = Py or ‘i‘g"’ﬁs =ps or(x5+£3 = B s +p4 =ﬁ4
oras+ By = Byoras+ By = Psoras+fy = f
a5 + s = Psoras + 5 = fsand a; + 5 = g or
a5 + g = s or a5 + B = P

(6) ag+ By = Brorag+fy = Ps, s+, = foras+f, =
By s + B3 = By orag + B3 = Byorag + B = fs,
Aty = PyoragtPy = fyoragtf, = B ag+fs = Bs
orag + 35 = Bsand ag + Bs = B or ag + B = Bs or

g + B = P

From these calculations and Lemma 11 we conclude that
I is closed under the addition.

Leta € T and ¢ € 0™ {ay, ..., a_,}. Then,a € D42, for
some m = 0,...,k — 1. Considering the cases where & = «;,
i = 1,2,3, we consider in the proof of Theorem 9. Now we
consider three new cases.

Case 1. Leta = ay = a,a,(ay,),,, where p,qg = 0,...,m— 1.
Let ¢(a,,) = a,, ¢(a,) = a,, and ¢(a,) = a, . Then, o - ¢ =
ay,04,(a;), 5 € 1. The same s true when g, =t or py = g, = £.

Case 2. Leta = a5 = (a,,),_,a,a, wherer,s =m+1,...,k—1.
Let p(a,,) = a, ¢(a,) = a,,and ¢(a,) = a,. Thena - ¢ =
(a)p_20, a5, € I. The same is true whenry =t ors, =7, = f.

Case 3. Let « = g = a,(ay,), ,a,, where p = 0,...,m — 1
ands =m+1,...,k - 1. Let ¢(a,,) = a,, go(ap) =y, and
¢(a;) = a, . Then, a - ¢ = a, (a,),,a,, € I. The same is true
when p, =t,s, =t,0r p, =5, =t.

Hence, in all cases, o - ¢ € I. O

From Theorem 9 and Theorem 12, we obtain the follow-
ing.



Algebra

Corollary 13. (a) If " {ay,...,a_,} is an internal simplex,
then the union ] = | J- 2, DN} of the discrete 1-neighborhoods
with respect to all vertices is an ideal of the simplex.

(b) Let 0("){x0, ..» X1} be an internal simplex and
o"Nay, ... a_,} is internal of the simplex 0™ {x,...,x,_}.
Then, the union 1 = |J'_ DN?, of the discrete 2-

m=0
neighborhoods is an ideal of the simplex o‘("){ao, e Qg b

Proof. (a) If 0"™{ay,...,a._,} is an internal simplex and ¢ €
o™{ay,...,a,_,}, then (0) > 0 and p(n — 1) < n— 1. We
calculate ¢ - a,, = ¢ - ai(a,,),_, = ¢ (a,),_,a; = a,,

From Theorem 9, it follows that ] is an ideal of the simplex
oay, ..., a_,}.

(b) If o("){ao, ...,ay_;} satisfies the condition of
Theorem12 and ¢ € ¢™{ay,...,a._,}, then @(0) > 1
and ¢(n — 1) < n — 2. Thus (see the notations in the proof of
Theorem 12) we obtain

P o =P =@ A= 0= 0= A =0, (19)

From Theorem 12, it follows that I is an ideal of the simplex

cay, ..., a ). O
Proposition 14. Let o,((")(A) = c"Nagay,...,a_,} be a
simplex.

(a) For the least vertex ay, it follows that @./Vg*a"fl =
a"(A) N €L,

(b) For the biggest vertex ai_y, it follows that DN *} =
o(A) n &G,

Proof. (a) Since g, is the least vertex of the simplex, it follows
that layer 32’;“(0(”){(10,611, ...»d,_}) consists of endomor-
phisms & = (a9), 1(a))p, -+ (@_1)p,_ > whereay + 1 + p; +
<+ Py = m thatis, a(0) = ag,...,a(a,) = a,. All the
layers 320(0("){610,611, ..o, a,_1}), where € > ay + 1, consist of
endomorphisms having a, as a fixed point. So, 2.4 g_%_l <
o(A)NELY.

Conversely, let« € cr,(c")(A)ﬂ %(é"). Then, a(a,) = a,. Since
a, is the least vertex of the simplex, we have «(0) = --- =
afay — 1) = ay; thatis, o € 320(0(”){610,011, -+ > @_1}), where
£ > a, + 1. Hence, @/Vg_“"_l = 0,((")(A) n %fg‘)).

(b) Since a,_; is the biggest vertex of the simplex, it
follows that layer &7 % (0" {ay,a,,...,a_,}) consists of
endomorphisms a = (ag),, - - (%) p,_, (%_1)p_q,_ > Where
Pot A Pratn—ay =180, Pyt t Py = Gy
implies that the images of 0,...,a;_, — 1 are not equal to a;_,
but a(a,_,) = a_,. For all the endomorphisms of layers
32{71(0(”){‘10’“1’--~>ak—1})’ where £ > n — a,_;, we have
Po+ -+ Py = ai_,. Hence, the elements of these layers
have a;_, as a fixed point and DA € Gl(c”)(A) n %g"").

Conversely, let o« € cr,((") (A) n %g:"). Then, a(a_,) =
ay_,. Since a_; is the biggest vertex of the simplex, we have

alap_y +1) = -+ = an - 1) = a_;. Thus, it follows that
o€ .fff;kil (0 {ag, ar, ..., a_,}), where £ > n—a_,.
Hence, 247} = a,(c”)(A) N ‘5;"’1). O

4. A Partition of a Simplex

Let 6™ {ay,a,,...,a,_,} be a simplex. Then, « € o™ {a,,
a,...»a,_,} is called endomorphism of type ({(my,,
e>smy_y)), where m; € {0,...,k — 1}, m; < m; for
i<ji,j=0,....,k-1Lifala) = a,,.

Obviously, the relation « ~ f3, it and only if « and f are
of the same type, is an equivalence relation. Any equivalence
class is closed under the addition. But there are equivalence
classes which are not closed under the multiplication. For
example, consider o = (d) 4 41(a1)g,-4, (32)1_4,1> Where n >
a; > a, + L. Since alay) = ay ala) = ay ala,) =
a;, and a(a;) = a,,...,a(a_,) = a,, the type of a is
({0,0,1,2,...,2)). But &* = (ao)azﬂ(al)n_%_1 is of type
((0,0,0,1,...,1)).

Sometimes it is possible to describe the semiring struc-
ture of union of many equivalence classes, that is, blocks
of our partition. For example, the union of endomorphisms
from all the blocks of type ({0, *,...,*)) is the set of
)y .»a;_;} such that a(a,) = a, and, from
Proposition 14, it is the semiring 2./ 37%71.

The type of any endomorphism is itself an endomorphism
of a simplex %(gk = 0™{0,1,...,k — 1}. The simplex %gk

a € 0"ayay,..

is called a coordinate simplex of 0™ {ay, ay,...,a._,}. From
this point of view, the set of endomorphisms from all the
blocks of type ({0, #,..., *)) really corresponds to the set
of all endomorphisms :0,m;,...,m_ 2 € %gk, which is the

semiring %gz. More generally, we can consider the semiring

%gi, where j € €, consisting of all ¢ ¢ %gk such

that ¢(j) = j. Then, a(a;) = a, = a,; = a; So
the union of endomorphisms from all the blocks of type
({#,..., %, j,%,...,%)) is semiring 0(”){a0,a1,...,ak_1} n

%gi) Now, more generally again, we can consider the

semiring (-, %%() consisting of all endomorphisms of %(gk
having ji, ..., j,, as fixed points. Then, similarly, a(a; ) = a; ,
foralls = 1,...,m. So the union of endomorphisms from
all the blocks of type ({s, ..., %, ji, %, ..., %, fop, *,..., %)) 18
semiring 0™ {ay, a,,...,a_,} N (R %(;j‘)). The next results
from this section are announced in [8].

Theorem 15. Let 0" {ay,...,a, |} be a simplex. Let R be a

subsemiring of the coordinate simplex %rgk of ™ {ay,...,a_}.
The set R of endomorphisms of o™ {ay,...,a_,}, of type
({my, ...,my_,)), where the endomorphism wmy, ...,m;_ €

R, is a semiring. Moreover, when R is a (right, left) ideal of
semiring %(gk, it follows that R is a (right, left) ideal of simplex

oay, ..., a_ ).



Proof. Let a,f € 0™{ay,...,a,}. Let « be of type
{po>--->Pr_1))> where the endomorphism ¢ = p,,...,
Pr_1? € Rand similarly 3 are of type ({qy»-..>qx_,))> where
the endomorphism v = q,...,qx_;¢ € R. Then, we find
(@ + B)a) = ola) + Pla) = a, +a, = 4, where
m; = max{p;,q;}. But the endomorphism umy, ..., my_ 2 is
the sum ¢ + . So we prove that endomorphism « + f3 is of
type ¢ + ¥ € R; thatis,« + B € R.

Now, let us assume that ¢ and y are arbitrary endomor-
phisms of %%k. Then, we find

(a-B)(a) =B(a(a)) =B (“m,-)
(20)

=P (“rp(i)) = Ay (o)) = Koy

So, if R is a right ideal of %%k and ¢ € R, Ris a left ideal
of ggk and y € R, or R is an ideal of ggk and one of ¢ and v
is from R, it follows that ¢ - ¢ € R. Hence, in each of the three
cases a - B € R and this completes the proof. O

Now, let endomorphism « be of type ({iy,...,4_1)) and
the endomorphism 1 = ug,...,4_;2 from the coordinate

simplex %gk be an idempotent, different from constant

endomorphisms j, where j = 0,...,k — 1, and the identity
i. Then we say that « is of an idempotent type.

Corollary 16. The set of endomorphisms o € o™
{ag,....ar_1} of a fixed idempotent type ({ig,...,4_1)) is a
semiring.

Proof. Obviously, since the set R = {1}, where ¢ is an
idempotent, is a semiring, the semirings of an idempotent
type are denoted by R = .7(1), where 1 = u,...,4_;2 is the
corresponding idempotent. O

Let € €. Forany € = ,...,0 € %gk, we consider (see
the first section) the set

‘/V}[cf]z{(P|(pe%%k, o
21

@™ = ¢ for some natural number mg} .

From Theorem 1, it follows that ./ ,[f], fork > 2and ¢ €
G is a subsemiring of %%k'

Now, let the endomorphism « € a("){ao,...
of any type ((my,...
Wy, ..., My_ 2 € ./V,[f], for some fixed € € . Then, we say
that « is of an £-nilpotent type.

,a5_1} be
,my_,)), where the endomorphism

Corollary 17. The set of endomorphisms a € o™
{ay,...,a,_} of €-nilpotent type, for some fixed € € €, is a
semiring.

Proof. Immediately from the last theorem and Theorem 1,
the semirings of £-nilpotent type are denoted by R =
M, . e D). O
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Now, let the endomorphism « € 6™ {ay,...,a,_,} be of
any type ({(my,...,m;_,)), where the endomorphism ¢ =
Wy, . .., mMy_; ¢ from the coordinate simplex %(gk is neither
an idempotent nor an ¢-nilpotent for some ¢ € %,. Then,
according to [5], ¢ is a root of some idempotent 1 =
Ug, .. .» 12 Since the roots of identity of semiring %%k do
not exist (see [2]), it follows that 1 is an idempotent, different
from ¢, € € @}, and identity. In this case, the endomorphism
« is called a type related to idempotent type ({5, ..., 4_1))-
To clarify the above definition, we give an example of
endomorphisms of type related to some idempotent type.

Example 18. Let us consider the simplex ¢'”{0,2, 3,5, 8}.
The coordinate simplex consisting of all the types of endo-
morphisms of 61940, 2, 3, 5,8} is the simplex a®40,1,2,3,4}.
In this coordinate simplex, we chose the idempotent ¢ =
20, 0,0, 0,42 From Theorem 19 of [5], it follows that the idem-
potent ¢ and its roots form a semiring of order C; = 5. Let us
note that Catalan sequence is the sequence C,,, C,,C,,C;, . .,
where C, = 1/(n + 1)(?"). So, the elements of the
semiring, generated by ¢ contains 5 endomorphisms: ¢, =
20,0,0,1,4, ¢, = 0,0,0,2,4, @5 = 0,0,1,1,4, ¢, =
20,0, 1, 2,42, and 1. Now, we choose endomorphisms from the
simplex 619{0,2,3,5,8}: « = 0,2,8, and § = 0,2,3,8;.
The endomorphism « is of type ((0,0,0,1,4)), related to
idempotent type ((0,0,0,0,4)), and endomorphism f3 is of
type ((0,0,1,2,4)), related to the same idempotent type.
We compute «* = 048, which is an idempotent and also
B> = 02,8, which is not an idempotent, but 3> = 048,
is an idempotent. Thus, we show that & and f are roots of
different idempotents, but they are of types related to the same
idempotent type. We can also show that « - B = 048, is an
idempotent and f - « = 048, also is an idempotent.

Corollary 19. The set of endomorphisms « €
o"ay, ..., a,_,} of a type, related to some fixed idempotent
type, is a semiring.

Proof. Immediately from the last theorem and Theorem
19 of [5], the semirings from the last corollary are called
idempotent closures of type 1, where 1 = uy,...,5_;2 is the
corresponding idempotent and is denoted by R = F€(1). [

From the last theorem, we also find the following.

Corollary 20. The set of endomorphisms of 0™ {ay, ..., a_,},
of type ({mgy,...,my_y)), where the endomorphism
Ny, ..., my_ 2 belongs to some face of the coordinate
simplex %fgk, is a left ideal.

Now we describe the left ideals from the last corollary
when k = 4.

Example 21. Forasimplex 7 &J %("){ao,al, a,, a5}, the coor-
dinate simplex is &I Z%™{0,1,2,3} and its faces are as
follows:

triangles: I, = A®{1,2,3}, I, = a®{0,2,3}, I, =
A®{0,1,3},and I, = A®{0,1,2};
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strings: I, N I, = STR2,3), I, nI, =
STRYL3L I, NnL = STRY(1,2, I, n 1, =
STRAD0,3},1, n I, = STAP{0,2},and [, N I, =
STR0,1};

vertices: I, N I,NI, = {3}, I,nI;n I; = {2}, [,nL,NI; =
{1}, and I, n I, N I; = {0}.

Then, the left ideal I, of simplex T &F %" {ay, a,, a,, as)
consists of endomorphisms «, such that g, is not a fixed
point of a. Now, the triangle A("){al,az, a,}, which is a left
ideal of semiring €T 2" {ay, a,, a,, as}, is contained in I,
Moreover,

I\ A" {1, ay, a5}

= L%Jffig (‘67&67‘%(") {“o’als“z’%})
s=1 (22)

= {(x = (aO)f (al)p1 (a2)p2(a3)P3’

where0<€Sao,€+P1+P2+P3:”}'

Similarly, the left ideals I;, I, 1 I; consist of endomor-
phisms «, such that a,, a,, and a; are not fixed points of «,
respectively.

The left ideals Tl; n T;, where p,q € {0,1,2,3}, p#q,
consists of endomorphisms «, such that a, and a, are not
fixed points of a. Let {a,, a,} = {ay, a,, a,, aj\ {a,,a,} Na, <
a.. Then, 8T % {a ,a} c I;r’]f{;. Observe that in the interior
of one of the triangles with vertices a,, a,, and a; and a,, a,,
and a;, respectively, there are endomorphisms a, such thata,
and a, are not fixed points of a.

The leftideal T, where I = T »NI, isactually the ideal f;,ﬂf;.

The left ideal I, N T, N T, consists of endomorphisms «
such that a,, a,, and g, are not fixed points of a. Hence, all
elements of this left ideal have a; as a fixed point. Similarly,

From the last theorem, also we have two consequences.

Corollary 22. The set of endomorphisms of the simplex
oay,...,a,_,}, having a type {{(a;...,a)), where i =
0,....,k -1, is an ideal.

Corollary 23. The set of endomorphisms of the simplex
oay, ... a,_,}, having a type ((my, ..., my_,)), where the
endomorphism uny,...,m_2 belongs to the union ] =
Ufn;lo DN of the discrete 1-neighborhoods of all vertices of

coordinate simplex %gk, is a right ideal.

At last, we consider the endomorphisms « €
0(”){ao,...,ak_1} of type ({0,1,...,k — 1)). Now the
corresponding endomorphism from the coordinate simplex
is identity i. In order to find the set of endomorphisms R
of this type, we need the following definition. Idempotent

« € 0"{ay,...,a,_,} is called a boundary idempotent of the
simplex, if & € BD(c™{ay,...,a,_,}), similarly, an interior

idempotent of the simplex, if « € f/Vg(a(”){ao, e Qg 1)
Note that, in the coordinate simplex, the identity i is the
unique interior idempotent.

Theorem 24. The set of endomorphisms of 0™ {ay,...,a._,},
which are right identities, is a semiring of order Hf:ol (@1 — ).

Proof. Let us denote by #.7(0'"{ay,...,a_,}) semiring
c™ag,...,a_}n (ﬂf:ol %g")). Then, for any element x € €,

and arbitrary endomorphism o € Z.7(0™{ay,...,a_,}),
it follows that a(x) = a;, for some i = 0,...,k — 1. Then
a?(x) = ala;) = a; = a(x); that is, o is an idempotent. Since
a = (ag)g, - (@_y)g > where ¢; > 0,foranyi = 0,...,k - 1
(if we suppose ¢; = 0, then o ¢ %f;;)), it follows that « is an
interior idempotent.

Conversely, let « be an interior idempotent. Then, we
can express a = (ag), -+ (@), _, where £ > 0, for
any i = 0,...,k — 1 (if we suppose ¢; = 0, then o ¢
J./Ifg(a(”){ao,...,ak_l})). So, we prove that the semiring
RI (0" ay, ...,a,_,}) consists of all interior idempotents of
the simplex.

Let ¢ € %J(G("){ao,...,ak_l}) and f be an arbitrary
element of the simplex. For x € €, it follows that 3(x) = a;,
wherei = 0,...,k — 1. Then (- ¢)(x) = a(B(x)) = alg;) =
a; = (x). Hence, « is a right identity of the simplex.

Conversely, let a« be a right identity of the simplex.
Evidently, « is an idempotent. Assume that, for some i =
0,....,k — 1, we have g; ¢ Im(x). Since for some 3 €
o™{ay,...,a_,} and x € G,, it follows that B(x) = a;, where
i=0,....,k—1,wefind (f-a)(x) = a(B(x)) = ala;) +a; =
PB(x); that is, B - a# 3, which contradicts that « is a right
identity. So, Im(«t) = {ay,...,a,_;}; that is, « is an interior
idempotent or « € Z.7 (0™ {ay, ..., a_,}).

Hence, we prove that .7 (6" {ay, . . ., a_, }) is a semiring
of right identities of simplex 6™ {ay, . .., @,_, }. Since elements
of R.5(0"{ay,a,,...,a,_,}) are all the idempotents with
fixed points ay, ..., a;_;, from Theorem 2 (Section 1), it fol-
lows that |%2.7(0™{ag, ..., a_ D = [T (@41 — @) O

So, we can construct a partition of the simplex

o"ay,...,a,_,} such that all blocks of this partition
are as follows:

(1) semirings R = ,/V[“e](a(”){ao,...,ak_l}), where ¢ =

0,....k—1;

(2) semirings R = .7(1), where ¢ = ,...,4 ;2 is an
idempotent of &g ;

(3) semirings R = F%€(1), where t = ..., 4 2 is an

idempotent of %gk;
(4) semiring R = Z.7 (6" {ay, ..., a_}).

From the last theorem we also find the following.

Corollary 25. There is at least one right identity of the simplex
oay, ..., a_ ).
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If there are two or more right identities of simplex
a(”){ao,...,ak,l}, then there is not a left identity. Let us
suppose that there is a left identity w € ¢™{ay,...,a_,}.
Let € be a right identity of the simplex. Then, it follows that
€ = w- & = w. If there is a single right identity, from the last
theorem, it follows that g, ., = a; + 1, foranyi = 0,...,k — 2.
Then, this single right identity is € = (ag), 41 (a9 + 1)+~ (g +
k=2)(ag + k= 1), g - Leta = (ag), (a1),-,- We find
€-a = a; #«, and so we have proved.

Corollary 26. There are not any left identities of the simplex
oay, ... a ).
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