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We study the regularity of weak solutions to the incompressible micropolar fluid equations. We obtain an improved regularity

T
criterion in terms of vorticity of velocity in Besov space. It is proved that if the vorticity field satisfies jo UV xulg /

\/ 1 +log(1+ [V xul B, m))dt < 00 then the strong solution can be smoothly extended after time T'.

1. Introduction

This paper focuses on the incompressible micropolar fluid
equations in R’

ou+(u-V)u-Au+Vp-Vxw=0,

w—-Aw-VV-w)+2w+u-Vw-Vxu=0,

€]
V-u=0,

u(x,0) = u, (x), w(x,0) = w, (x),

where u(x,t) is the velocity field, w(x,t) is the microrota-
tional velocity field, and p = p(x, t) is the scalar pressure field,
while (4, wy) are the given initial data with V - ¢4, = 0 in the
sense of distribution.

Micropolar fluid system was firstly developed by Eringen
[1, 2]. It is a type of fluids which exhibits microrotational
effects and microrotational inertia and can be viewed as a
non-Newtonian fluid. It can describe many phenomena that
appear in a large number of complex fluids such as the
suspensions, animal blood, and liquid crystals which cannot
be characterized appropriately by the Navier-Stokes system
and that is important to the scientists working with the
hydrodynamic-fluid problems and phenomena.

The existences of weak and strong solutions for microp-
olar fluid equations were treated by Galdi and Rionero [3]

and Yamaguchi [4], respectively. The uniqueness of strong
solutions to the micropolar flows and the magnetomicropolar
flows either local for large data or global for small data is
considered in [5, 6] and references therein.

The purpose of this paper is to study the regularity of
weak solutions to the micropolar fluid system (1). By means of
the Littlewood-Paley decomposition methods and function
decomposition technique, Dong and Zhang [7, 8] recently
prove the regularity of weak solutions under the velocity
condition and the pressure condition in Besov spaces.

Yuan proved [9] some classical regularity criteria of weak
solutions to the Navier-Stokes equation which also holds for
the micropolar fluid equations. Particularly, the well-known
Beale-Kato-Majda’s criterion is also established [10].

If (u, w) satisfies the condition

T
[ 17l < oo, @)
0 00,00

then the solution (1, w) can be extended smoothly beyond
t=T.

Motivated by the ideas of [11-14], this paper is to establish
logarithmically improved regularity criterion in terms of the
vorticity.



Theorem 1. Let (u, w) be a smooth solution to (1) with initial
data (uy, w,) € H?(R?). Suppose that the corresponding vor-
ticity field satisfies

T IV x ul| 0
— dt < o003

3)
0 \/1 +log(l + |V XH"[;gm)

then the solution can be smoothly extended after time T.

We have the following corollary immediately.
Corollary 2. If the strong solution blows up at T*, then
IV xulg

X
dt = oo.
(4)
0 \/1 +1og(1 + ||vXu||Bgm)

Remark 3. Theorem 1 can be regarded as an extension of [11]
to 3D Navier-Stokes equations.

Now, we recall the definition of weak solutions for micro-
polar fluid equations.

Definition 4. Let (uy, wy) € L*(R?) and V-1, = 0 in the sense
of distribution. A pair vector field (1, w) is termed as a weak
solution of (1) on (0, T), if it satisfies the following conditions:

1) (u,w) € L™(0,T; L*(R*)) n L*(0, T; H' (R?));
(2) (u,w) verifies (1) in the sense of distribution;

(3) divu = 0 in the sense of distribution.

By a strong solution we mean a weak solution (u,w)
of micropolar fluid equations (1) with the initial velocity
(uy,wy) € H 1(R?) which satisfies

ww) € L® (0, T;H' (R*))nL* (0, T H* (RY)).  (5)
It is well known that strong solutions are regular and unique.

Remark 5. Throughout the paper, C stands for a constant

and changes from line to line; | - || » denotes the norm of the

Lebesgue space L? (R* and | - | e denotes the norm of the
Lebesgue space H? (R?).

2. Proof of Theorem 1

Before going to the proof, we recall the following two inequal-
ities established in [15, 16].

Lemma 6. Let 1 < r < 00. Then we have
If-vgl,
<c(|Irl,

forall f,g € WY (R?) with Vf, Vg € BMO with C = C(n, ).

(6)

8" g] 0 + [ o lall,)
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Lemma?7. Let p,q, p,0,7 € [1,00] with v < min(p,0), 1/q =
1/p—s/n1<r<gq ands /n<1/r-1/q < s,/n. Then, for
f € B}, N B2, we have

7y
171,

1/v)-Q1/p)
w) )

7)

By choosingp=gq=p=00,v=r=0 =5, = 2,and
s; = s =0, we have

|Flwo < C(1+ 11l _log” 1+ fl2)),  ®

where we used the following relations:

< C(l +|f B;P(long ("f gt f

By, (R?) ¢ Ey, (R®) = BMO,
)
B, (R*) = H* (R?).

Proof of Theorem 1. Multiplying the first equation of (1) by
Iul2 u, after integration by parts, we have
1d 4 1 2|2 210, 12
PTLA z||V|u| I, + Jw |ul?|Vul*dx
(10)
= J (Vxw) [ulfudx - J Vp- ulul*dx.
R} R?

Similarly, multiplying the second equation of (1) by |w|*w, we
obtain

1d
~—lw

1
31l + 5[Vl

+ JW lw*|Vwl*dx + |||w| divw|l; + 2[w]}
2 . 2
SJ qu~(|w| w)dx+J divw - wV|w| dx.
R3 R3

(11)
Adding (10) to (11), one has that

1/d d 1 2 2
3 (St s Saut)+ 3 (o] + [71a )
+ (Iwl [Vl + llul 1Vull3)
+ lllw] divw]3 + 2wl

< J (V x w) |ul*udx - J Vp- ulu|*dx
R} R?

+J qu-(lwlzw)dx+ZJ divw |w| wV |w| dx
R? R
=L +L+I;+1,

(12)

We estimate above terms one by one, using the following
relation:

V-(AxB)=B-VxA-A-VxB. (13)
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We have
_ 2
I = JW wV x (|u| u) dx
< | il (vul+ 21V bax )

< 3J [w| |ul* |Vu| dx,
R3

where we have used the fact |V|u|| < |Vul.
Applying Holder inequality and Cauchy inequality, we get

Iy < C(lwll + ) + Sl 0l 1)
Similarly, for I, we have
< C (lwll + Jul) + Sl Vel 6)
In the same way, for I, one can deduce

I, < J |div w |w]| |V|w|2| dx
3
! (17)

1 2
< |divw |wl||? + =||Vw*|".
2 4 2

In order to estimate I,, we first establish an estimate between
the pressure and the velocity. Taking the operator div on both
sides of the first equation of (1),

3
p=(-0)">00; (wu;). (18)

ij=1

Applying L? (1 < p < 00) boundedness of the singular oper-
ators yields

IVpl, < Clitu- Vyull,. 19)
Inequality (19), together with Lemma 6, shows that

L < |Vp|,ull} < Cllu- Vullllul;

) (20)
< Cllull;IVullpyo-
Combining (12), (15), (16), (17), and (20) yields
d
— (Ilwlly + I1ully) < ClVullgyo (lwlly + lully) . @D

dt

3
For the right hand side of (21), we have
Vullgro
<C (1 +IVullgy \[log(1+ ||Vu||Hz)>
Vg
<C| 1+ :
\/1 +1og(1 +IV % u||Bgm)
3
x (1+1og (1+|v7ul,)) (22)

IV xullp

<C| 1+
\/1+log<1+||VXu||Bgooo)

X (1 + log(l + “V3u"2)) ,

where we used the inequality [|[Vullz < ClIV xulzp .

Due to (3), one can show that, for any small constant € >
0, there exists T,, < T such that

T IV x ul| 0
0000 dt <e. (23)
T \/1 + log(l + ||V x ullggm)
Forany T, <t <T, we set
y@)= sup (|Vul, +[v*uw],). (24)

T,<s<t

Applying Gronwall’s inequality to (21) in the interval [T, ],
one has

(lwl§ + lull}) < C.(1+ y (£)<, (25)

where C, is a positive constant depending on T, and
lw(, T3 + llul, Tl



Applying V to (1) and taking the L* inner product of the
resulting equation with (Vu, Vw) with help of integrating by
parts, we have

(||Vu||2 +[Vwl3)

)+ (Il + [¥u)

+ VYV - w|l} + 2||Vw|3dx

2dt

=—J V[(u-V)u]Vudx—J Vi(u-V)w]Vwdx
R R

+J V(wa)Vudx+J V(Vxu)Vwdx
R R

K.

i

™-

I
—

1

(26)

To estimate K, we integrate by parts and apply Holder’s
inequality to obtain

K, = —JRSV[(WV)L[] Vudx

3
- ;1 JR3 Ok (u,aluj) O dx
i,j,k=

3

Z J;{s ;0 ;O jdx

i,jk=1

< Clul IVul, | Vx|
< vl + 7 [v2u]

K, = —J V{(u-V)w] Vwdx
R3
(27)

3
Z J (u,a,w]) Ow;dx
k=

3
R3

iyjk=1

3
- Z J U;0;0,w;Ow;dx
Iy R3

3
Z J ;0 (8,-wjakwj)dx

k=1

3

- Z J- u0,0w ;0w dx = Ky + K.
P el R3
i,j.k=

By Holder’s inequality and Young’s inequality, we have

K| < CIull vl + 2 [V (28)
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Due to the incompressible condition V - u = 0, we obtain
|K,,| = 0. (29)

By integrating by parts and applying Holder’s inequality and
Young’s inequality, we have

|K; + K,
:HR3V(wa)Vu+V(qu)dex| (30)
< LP |V2u| [Vw] dx < ;11||V2u||§ + Vw2
From the above computation, we have
 (19ul + 19wl + (|0 + V2ol
+ 19V - w] + 2 Vwldx -

< Clull§ (IVull3 + IVwl3)
2
< Cllully® + C(IVull3 + IVwi3) .
Applying Gronwall’s inequality and (25), we have

sup (IVul} + [Vwl3) < C+C,(1+y )™, (3

T,<s<t
We should point out that the constant C, also changes from
line to line.
Applying V* to (1) and taking the L* inner product of the

resulting equation with (V>u, Vw) with help of integrating
by parts, we have

335 (Tl [wl) « (9, + |9l
# V9wl + 2 vl

_ LS V2 [(u- V) u] VPudsx
v
|,

H,

[(u-V)w] Vwdx

V2 (Vxw)V udx+J V2 (V x u) VVwdx

UR

Il
—

(33)

Now, we introduce the following commutator estimate
according to Kato and Ponce [17]:

[v*(fg) - fv°4l,

(34)
<c(Jveal, 171, + v £l lal,.)
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fora >1land 1/p=1/p, +1/q, = 1/p, + 1/q,. One finds

e

|H,| < C|vulJ19ulls < CIVul} 2| V4,

1
< CIvuly [ vul,” + £vul;
< C.(1+ y )P St
(35)

where we used the following inequalities

1Vully < CIVul|vul)”,
(36)
[Vul, < cIvu|vul"

Similarly, we can do estimate for H, as follows
[ < (IVuls [V, + [ 190t |77
= 19uls [V, + [V Vs [,
=H, + H,,

Hy, = 1Vul |V°ul]

1/4
2

5/3

< Cl[Vuly* |[V*y| :

IVwlly|viw]

3/2

< ClIvuly || vul,

Vel + 37w

3/2)+(13/2)Ce

<C.(1+y®) v 2|Vl

Ho = [Pl P,

5/3

< C||Vw||3||Vw||;/3||v4w“z

+ Vwl 1Vl v ]
< |Pw|)” (IVwlll? + [Vwl2?1Vul?)
1
v 5 (el + v'all)

< C,(1+y(1)Preace % (HV“w"i N ||V4u”§>.
(37)

By integrating by parts and applying Holder’s inequality and
Young’s inequality, we have

|H; + H,|

= U V2 (Vxw) Vu+V? (Vxu) Vwdx
R3

(38)

2

< | I9tul[vufdx < Jvul} + [ul],

V]

Combining (33)-(38), it follows that

+(13/2)Ce (39)

d (BN o 15302 G/
gt (IVul+ 7wl) < c.0e y @)
It should be clear that applying Gronwall’s inequality to (39),
we can obtain y(¢) < C provided that € is small enough. This
completes the proof of the theorem. O
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