Hindawi Publishing Corporation
Algebra

Volume 2014, Article ID 392467, 7 pages
http://dx.doi.org/10.1155/2014/392467

Research Article

Hindawi

A Study of Inverse Problems Based on Two Kinds of
Special Matrix Equations in Euclidean Space

Rui Huang,' Xiaodong Wu,' Ruihe Wang,” and Hui Li’

! College of Petroleum Engineering, China University of Petroleum, Beijing 102249, China
? China National Oil and Gas Exploration and Development Corporation, Beijing 100034, China
? CNPC Beijing Richfit Information Technology Co., Ltd., Beijing 100013, China

Correspondence should be addressed to Rui Huang; huangrui25@126.com

Received 11 January 2014; Accepted 13 April 2014; Published 26 May 2014

Academic Editor: Ricardo L. Soto Montero

Copyright © 2014 Rui Huang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Two special classes of symmetric coefficient matrices were defined based on characteristics matrix; meanwhile, the expressions of
the solution to inverse problems are given and the conditions for the solvability of these problems are studied relying on researching.
Finally, the optimal approximation solution of these problems is provided.

1. Introduction

In recent years, a lot of matrix problems have been used
widely in the fields of structural design, automatic control,
physical, electrical, nonlinear programming and numerical
calculation, for example, a matrix Eigen value problem was
applied for mixed convection stability analysis in the Darcy
media by Serebriiskii et al. [1] and some of the problems based
on the nonskew symmetric orthogonal matrices were studied
by Hamed and Bennacer in 2008 [2], but some of the matrix
inverse problems still need further research in order to
make it easier to discuss relevant issues. Therefore, in this
paper, we studied the inverse problems of two kinds of special
matrix equations based on the existing research achieve-
ments, moreover, the expressions and conditions of the mat-
rix solutions are given by related matrix-calculation methods.
Some definitions and assumptions of the inverse problem
for two forms of special matrices are given in Section 2. In
Sections 3 and 5 we discuss the existence and expressions of
general solution based on the two classes of matrices, and in
Sections 4 and 6 we prove the uniqueness of matrices for
researching related inverse problems.

2. Definitions and Assumptions of Inverse
Problems for Two Forms of Special Matrices

In order to research some inverse problems of related matri-
ces, we give the following definitions and assumptions.

Definition 1. When P € R™", P = P! = P"', A = (a;) €
R™.i,j = 1,2,3,...,n, (PA) = -PA,and a;; = -aj,
will be called the first-class special symmetric matrix and the
set of these special symmetric matrices is denoted by A1R™".

The corresponding problems are as follows.

Problem 1. When X, B € R, A € A1IR™" can be obtained,
so that AX = B.

Problem 2. When A € R™", A € Sy can be obtained, so that
lA-A] = min g, | A~ Al, where S, is the solution set of the
first problem.

Definition 2. When A = (a;;) € R, i,j = 1,2,3,...,nand
@ij = —Gp1_ine1-j A will be called the second-class special
symmetric matrix and the set of these special symmetric
matrices is denoted by A2R™". The corresponding problems
are as follows.

Problem 1. When X, B € R™"™, A € A2R™" can be found, so
that AX = B.

Problem 2. When A € R™, A € S can be found, so that
lA-A] = min 5 | A~ AJ, where Sy, is the solution set of the
first problem.



3. Existence and Expression of General
Solutions Based on the First-Class Special
Symmetric Matrix for Problem 1

To research the structure and properties of the special sym-
metric matrix A € AIR™", first of all, we have the following
conclusion from Definition 1.

Conclusion 1. Consider A = (a;;) € R™, and the sufficient
and necessary conditions for A € AIR™" are

AT=-4, A'P+PA=0. 4)
Theorem 3. Consider A = (a;;) € R™", and the sufficient and
necessary conditions for A € AIR™" are

_ A11 0 T
A—U[O AZZ]U, (2)

where A, € AIRY* A, € AIR" R 0nd U is an ortho-
gonal matrix. Consider U € R™" and uut =1,

Proof. Rely on the decomposition theorem of symmetric
orthogonal matrix [3, 4]. When P is a symmetric orthogonal
matrix, P € R™”, the P can be represented as the following
equation by an orthogonal matrix U, U € R™":

I, 0

P=U|:0 “in-k

] v, )

where I is identity matrix [5].
When A € AIR™", we can derive from (1) and (3) the
following:

ool 2 Jo[i 2 Jowoe

Based on AT = —A and UTAU € A1R™™", there will be

. Ay Ap
vtav=| (5)
_Alz Azz
Ay Ay T .
and A=U [ AT A, ] U" can be derived from (4) and (5).
Conversely, when
Ay Ap -
A=U , U, (6)
_A12 A22

AT = —A, ATP + PA = 0 can be obtained, and, relying on
Conclusion 1, A € A1R™" can be obtained. O

Theorem 4. When X,B € R™" and the X singular value
decomposition is

500
X:Ul[ol O]VIT, )
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where U, = [U(l) U(z)] € OR™, Vv, = [V(l) V(z)] €
OR™™, and £, = diag(d,,...,8,) > 0, r = rank(X), UV €
Rnxr, U(Z) € Rnx(nfr)) V(l) € Rmxr’ V(2) c Rmx(mfr)) ORnxn is
the set of orthogonal matrix, and X* is Moore-Penrose gener-
alized inverse matrix [6-8].
The sufficient and necessary conditions for the existence of
solution AX = B are
B'X=-Xx"B, BX'X=B. (8)

And the general solution is as follows:

T
A=BX* - (BX") (I, - XX*) + UPG(U?)", ()
where G € AIR"X1),
Proof. Define
U?AUl = [All ﬁlZ] >
2a An
(10)

B,, B
UTBV. = [ 11 12] ,
L [By By
where A}, € ™ and B;; = (U")"BVY, i, j = 1,2.
The equation AX = B can be represented as the following
equation by (7) and (10):

|:A11 A12:| |:21 0:| — |:B11 BIZ] k (11)
A21 A22 00 BZI BZZ
According to (7) and (8), there will be

B’flzl = _ZlBll’ B]2 = 0) 322 =0. (12)

Then (11) is equivalent to the following equation:

AnZy =By, 13)
AyZy =By,

and A,, = B;;2;' € AIR” and A,, = B,,%; can be obta-
ined from (12) and (13), so the equation AX = Bhas solutions,
A € AIR™". And the general solution can be represented as
the following equation:
Buzfl _Zlele
A=U, Uy
ByZ!  Ap (14)
T
= BX* - (Bx")" (I, - Xxx*) + UPG(U?),
where G € AIR® (1),
Conversely, when the equation AX = B has solutions and
A € AIR”", BX"X = Band X" B = X" AX can be obtained

relying on the Penrose theorem [9, 10].
There will be

B'X = (XTB)T - (XTAX)T = -Xx'Ax =-x'B. (15

The equations B X = -X"Band BX* X = B are provided.
Finally the proof of Theorems 3 and 4 is completed. [
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From Theorems 3 and 4 we have a corollary as follows.

Corollary 5. Consider that X,B € R™™, X, and B; (i = 1,2),
X, B, € R and X ,B, € R™™ are given by these
equations:

UTx = [é] U'B = [g;] (16)

The X; singular value decompositions are

5,0
00

5, 0

x| > 0

]VIT, X, =U2[ ]VZT, 17)
whereU, = [U;l) Ufz)] € ORM*, V)= [Vl(l) VI(Z)] € OR™™,
U, = [0 69 € R v, < [ v
OR™™, %, = diag(8},...,8,) > 0, %, = diag(6},...,5; ) >
0, r, = rank(X,), r, = rank(X,), V" ¢ R™", UV ¢
R(n—k)xrz) Ul(l) € kaﬁ) Vz(l) € Rmxrz-
The sufficient and necessary conditions for the existence of
solution AX = B are
B/X;=-X/B,  BX/X; =B, (18)

And the general solution is as follows:

A, O
A=U [ H ] U’
0 A,
UG, (U@ 0
1 1I\~1 T
v @ @\T U a9
0 UYG,(U?)

Ay = B1XT - (lef)T (Ik - Xle)
A= BXS = (B,X)) (- XoX3),

where G, € AIR®XE1) gnd G, € AIRUFr)x(nkera)
The proof is completed.

4. The Unique Solutions on the First-Class

Special Symmetric Matrix for Problem 2

Consider the following theorem.

Theorem 6. When X,B € R”™, A € R™", and X; and B; (i =
1,2) are given by (16) and obey (18), Problem 2 has the unique
solution A € Sp.

Define

. A, A .
vtau=| " |, A, eR"* (20)

2 An
Then the unique solution A can be represented as follows:
Ay, 0

A=U i
0 A,

uT, (21)

where
A, =A% +05

(I = X, X7) (Ay - AL) (- X,XT),

~ (22)
Ay =A% +05
' (In—k - X2X;) (Azz - Agz) (In—k - XZX;) .
A, is defined by the following equation:
- Aql 0 ] T
AO—U[0 A‘QZU’ (23)
T
A(il = B, X} - (B,X]) (I - X, X)),
(24)

0 T
Ay = BzX; - (BzXZ) (Los — XzX;)'
Finally Sy, can represent the following set by Theorem 4:
Sp= Ao

ole (Uu))T 0
U 1 2 1
*[ 0 UPG,uR)

T (25)

Consider G, € AIR*"X 1) 4pd G, € AIRIk-r2)x(nk=ra)

Proof. Define these following equations:

Al Al
T/ 0 11 12
U, (A11_A11)U1: >

il il
A21 A22

U (26)
Ay An

T (j 0
Uz (Azz - Azz)Uz =1 . .
Ay A

>

where A}, € R"" and A}, € R?"".
Because of A € Sy we can obtain

(U6, (U?)" 0

A=Ay+U u’

[ 0 0 T
e o

0 ViSleN (VY

=A0+U UT)

0 0
SHE

(27)
r T
UPG,(U®) 0

4 -4

0 iCleN (VY

~UT (A-Ay)U
—U§2)G2(U§2))T 0

0 iCleN (VY

_[All._A(il . Ay o ]
Ay Ap— Ay




= JAu] + JAul
2
* [8 ((;)l] - U1T (Au _A(il)Ul
2
+ [8 GOZ] - UzT (Azz - Agz)Uz
(28)
Finally,
[d-af = JAu] + JAul+ |43
AL AL AL AL e

L] e - Anl + o, - A3
WhenH = -H', H € R"™and E € R™™, we can obtain:

E-ET

HE - <|E-H]. (30)

o PR

0

and A = U [ AO“ AOZZ ] UT can be obtained because of
LU =1, - X, X7 andUP U = I, - X, X3,
Finally, rely on the optimal approximation [11, 12], and Sg
is a closed convex set; Problem 2 has the unique solution A €
Sg, S € R™, 5o that |A — A]| = min,, g | A - Al
The proof is completed. O

5. Conditions for the Existence and
Expression of General Solutions
Based on the Second-Class Special
Symmetric Matrix for Problem 1

Consider the following theorem.

Theorem 7. Consider that A = (a,-]-) € R, and the sufficient
and necessary conditions for A € A2R™" are

0 F]. r
A= ,
o[? Ao o0

where U is an orthogonal matrix. U € R™" and UU" = 1,.
When n = 2k + 1, define

. I, 0 I
U=— V20 (37)
V2 H, 0 -H,
k k
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When G, = 0.5- (A}, —(4},)") and G, = 0.5- (43, - (43)"),
so that |[A - A| = min g, ,

2N\T 7 ; T 0 2
G, =05-(UP) (A, - AT, -24},)U?, -
T, . T
G, =05-(U) (Ay - A%, —249%,) U
can be derived from (26) and
@\ 40 7@ @\ 40 7@
(U?) AU =0, (UP) AU =0 (32)

can be obtained according to (17), (18), and (24).
Therefore,
T, . )
G, =05-(U?) (4, - A7)U?, )
T, . 7
G, =05-(U) (Ay - AL)UP.

Relying on (27) the solution A can be provided as follows:

— 1
A=Ay+ zUCUT, (34)
where
0
35)
@ (17N ( iT \ 77 (17\T (
Uz (Uz ) (Azz_Azz)Uz (Uz )
When n = 2k, define
1 I 1
U=— k k :|’
2 [Hk —H;
0 -0 1
Hy = 0 N 1 0 . HH.=IL,  H =H,
1 -0 0
(38)

F, € A2R"*k | ¢ AQRF0R),

Proof. First relying on the definition and property of the
matrix A € A2R™", A2R™" can represent the following set.

Whenn =2k + 1,
Cl u CZHk
A=| = 0 viH, |, (39)

—HkC2 —Hku _HkCIHk

C,,C, € R"* and u,v € RF,

When n = 2k,
C C,H,
A= 1 244k , 40
-H,C, —-H,C,Hy (40)
C,,C, € R**,
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We first discuss the topic n = 2k + 1.
From (37) and (39),

L[ 0 H L, 0 I,
UTAU=E 0v2 o (clo v2 o [,
I, 0 —H, H, 0 -H,
C, u C,H, (41)
C=| = 0 VTHk ,

—HkC2 —Hku _chl Hk

0 0 C-C,

UTAU = 0 0o -v2u'|. (42)

C,+C, V2u 0

Define F, = [?%f%],FZ = [Cl +C, \/Eu]

According to C;,C, € R¥* and u,v € R¥, we have F, ¢
Rk and F, € R and

A=vuTavuT =U [ 132 %] uT (43)

can be obtained from (42).
Conversely, when A = U [ 122 f)‘ ] uT, F| € Rk F, €

R0™R A = _H AH, can be obtained and A € A2R"™" will
be provided.

When n = 2k, in the same way, we can prove the above
theorem.

The proof is completed. O

Theorem 8. When X,B € R™™, A € A2R™", and X; and
B; (i = 1,2) are given by (16), the sufficient and necessary con-
ditions for the existence of solution AX = B are

B,X;X; =B, (44)

And the general solution is as follows:

AzU[ 0 A”]UT

A, O
A= leg + M, (I - XZX;) > (45)
Ay = BZXI' + M, (L, — X1X;)>
where
U:E 0 V2 0 |, n=2k+1,

_ L L I _
U_E[Hk _Hk]) n=k

Meanwhile M, € R"™* M, ¢ R*"™0 and according to
(17) we can obtain X; singular value decompositions:

% 0
00

%, 0

XIZUI[ 00

]VlT, X2=U2[ ]VZT. (47)

Proof. Relying on Theorem 7, if there is A € A2R™", it will
have

A=U [ 1?2 f)l] U', F e A2R"™* F, e 2RV,
(48)
Because U is an orthogonal matrix and UU" = I,
|AX - BI = |uTAUUTX - U"B|. (49)
We can derive from (16), (48), and (49)
o F[x,] [B][
JAX - BJ = ll [pz 01] [x;] - [B;] (50)

= |F,X, - B,|* +|EX, - B,|".

It will be known that, when X € R™*, B ¢ R™*, and
rank(X) = r [13], the sufficient and necessary conditions for
the existence of solution AX = Bare BX"X = B and the
general solution is

= + - , € .
A=BX"+M(I,-XX" M e ™" (51)
There will be
F, = BXJ + M, (I, - X,X3), M, € R"™%
(52)
F, = BX + M, (I, - X,X}), M,eR*"™P,
The general solution can obtain
_ 0 Ap|,r
o[, e
(53)

Ap =B X; + My (I - X,X;),
Ay = By X7 + M, (I — X, X7).

The sufficient and necessary conditions for the existence
of solution AX = Bare B,X; X; = B,.
The proof is completed. O

6. The Unique Solutions on the Second-Class
Special Symmetric Matrix for Problem 2
Consider the following theorem.

Theorem 9. When ,B € R™™, A € R™", and X; and B; (i =
1,2) are given by (16) and (17) and obey (18), Problem 2 has the
unique solution A € S,

The unique solution A can be represented as follows:

A=uvcU’,
C

_ 0 B X5 + Ay (I - X,X3)
ByXy + Ay (L - X, X7) 0
(54)



where

_ul 0 BX3]
AO_U[Bz)q 02U (55)
n=2k+1, A, e A2R™":
I, 0 H I
_ k k| (4
A12_0.5-[0 v 0](A2—A0) 2[ ,  (56)
I
I, ©
Ay =05-[I 0 -HJ(A,-4,)| 0 V2[5 (57)
H, 0
n=2k A, e A2R™":
A, =05-[I, H (AZ—AO)[ L ]
~H,
(58)
: I
Ay =05-[I, —-H](A,-A [k]
21 Ik k]( 2 o) H,
From Theorem 9 Sj; can be represented as follows:
- 0 M, (1, - X,X3)]
=000 1,0,y U
M, € Rk pp e gRxoR),
(59)
Proof. Defining this following equation:
: A, A
U'(A,-A Uz[ 1 12], 60
( : 0) 2 Ay (60)
where n = 2k + 1, A, € A2R™™",
I, 0 H,
AH:OS [0 _\/z 0](A2_A0),
I
I, 0 HJ,. k
A, =05 [O v O](AZ—AO) 0 |,
_Hk
r 61
| L o1 O
Ay =05-[, 0 -H](A,-A,)| 0 V2|,
[ H 0

Algebra

n=2k A, e A2R™"

, I
Ay =05 [, H](A,-A4) [I_}Ck]
. I
Ay =05-[I, H](A,-A4,) i
(62)
, I
Ay =05 (I, —H](4,-A,) I:I_Ikk] ,

Ay =05-[I, —H](A,-A,) [_?}k] .

For A € Sy, the following equation can be obtained:

A=A,+UCU",
0 M (L -%x3)] @)

c X, XY 0

- M2 (In—k

When A € R™ is known and relies on the definition of
A € A2R™", there will be the unique set A, = (a;) €

R™ (@ = Qpy1-ip(ns1-j) and A, € A2R™" to make the fol-
lowing equations true:

A=A +A,  (Apdy)=0,
A, =05-(A-H,AH,),
(64)

A,=05-(A+H,AH,),

Ja-a] = J4s+ Ay - af = A + |4, - 4] @)
From (60), (63), and (65) we obtain

2

Ay A

U 11 12]UT
[Au A

[ Al =4+ :
-UCU

[Au Au]
A21 A22

? (66)

.2
=14+

>

¢t - )]
M- Xx) 0 ]

Equation (67) can be known from (17) and (64) as follows:
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(UP) U = 1t
UP) U =o, (67)
UP)'u® = o,
A~ af
= "Al"2 Al + Az’
+]A, - M1U§2)(U§2))T||2 + A, - MU (U§2’)T||2
= A+ A + sl + A UP] + Januf

#4008 - MUP [+ AU - o
(68)

Therefore, |A — A| = min Acs, 18 equivalent to

|4,U? - MUP| = min
]\/I1 eR(n—k)Xk
||A12U§2) - MZU?)” = MZ?;;%E"%)

ALUP -MUP =0
— (69)
ALUP - MUu® =0

2 2,
ApUY = MUY

(2) _ (2)
ApU” = MU,

and Ay, (I - X,X7) = M (I, - X,X5), Ay (I — X, X7) =
M, (I, — X, X7) can be obtained.

From the above results and (63), the solution A (A € Sg)
can be represented as follows:

A=UcU?,
C

_ . 0 . B\ X; + Ay (I - X,X3)
ByX{ + Ay (I — X, X7) 0
(70)

Finally, because S s a closed convex set, Problem 2 has
the unique solution A € Sg, S; € R™™, so that [|A — A]| =
minAggE A - All

The proof is completed. O
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