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We are going to analyze the interval solution of an elastic beam under uncertain boundary conditions. Boundary conditions are
defined as rotational springs presenting interval stiffness. Developments occur according to the interval analysis theory, which is
affected, at the same time, by the overestimation of interval limits (also known as overbounding, because of the propagation of
the uncertainty in the model). We suggest a method which aims to reduce such an overestimation in the uncertain solution. This
method consists in a reparameterization of the closed form Euler-Bernoulli solution and set intersection.

1. Introduction

While dealing with real problem solutions, during some
structural engineering procedures, uncertainties must be
taken into consideration.

One example is the presence of epistemic uncertainties
due to lack of knowledge forwhat concerns physical phenom-
ena under study. This is an issue which could be included
among the problem equations under the label of uncertain
parameters.

At this stage it is necessary to introduce a representation
of such parameters according to a theory of uncertainty.

The classical way of proceeding is to represent aleatory
uncertainties as stochastic variables and solving the problem
in two different ways: through a probabilistic analysis if equa-
tions are allowed to be integrated or through a Monte Carlo
approach, if a numerical solution is required.

Nowadays the increasing tendency is to represent epis-
temic uncertainty through means of nonprobabilistic meth-
ods with an uncertain interval analysis [1].

In particular interval analysis [2] is fascinating because it
gives the possibility to compute uncertain bounded solutions
with the certainty, under defined conditions, to include all the
possible solutions which can be obtained from ourmodel. All
the practical implications of such property can be found both
in the formulation of interval global optimization algorithms
[3] and in the solution of inverse engineering problems [4].

It is commonly known that themain drawback of interval
analysis is the so-called dependency effect, which leads to a
deep overestimation (also called overbounding) of the inter-
val solution bounds.

This could represent a serious problem since, even though
all possible solutions are included with certainty, very large
bounds generallymake the resultmeaningless fromaphysical
point of view, and hence useless from an engineering point of
view. This is the reason why there is a diffused attempt,
togetherwith the community of peoplewhodealwith interval
analysis based applications, to reduce such overbounding [5].
Very recently a newmethod has been presented by Elishakoff
and Miglis [6]. This method, based on a trigonometric para-
meterization of the intervals, does not lead to an over-
bounded solution of truss structures.

In this paper we propose a method in order to reduce the
interval overestimation, based on a varied parameterization
of functions’ domain (that is reparameterization) and interval
set intersections. Our discussion about this method is based
on its application to a classical benchmark, that is, the simple
solution of an Euler-Bernoulli elastic beam with uncertain
boundary conditions, by providing theoretical developments
and numerical example. The proposed procedure is com-
pared with a standard interval solution and well-known
interval approach, called interval hullmethodwhich has been
used to decrease the overestimation. Computational issues
will be discussed, as well.
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Figure 1: (a) Different overbounding of interval function. (b) Overbounding reduction by interval hull method (HM).

2. Interval Analysis

One key point is the definition of interval functions, called
interval extensions. AsMoore affirms in his book [2], interval
extensions are not unique, and different interval extensions of
the same function lead to different interval solution bounds
with different overestimations. The overbounding cannot be
eliminated but can be reduced during the practical phase.

In the following we denote, in bold letters, any uncertain
quantity as an interval X = [𝑥inf , 𝑥sup] = 𝑥𝑐 + Δ𝑥[−1, 1], inf
and sup representing the interval limits, 𝑥

𝑐
being the interval

midpoint, andΔ𝑥 being the associated uncertainty, that is, the
interval radius.

The main purpose of the evaluation of interval functions
is to estimate the function range R = [min𝑓(𝑥),max𝑓(𝑥)]X,
without solving min and max problems. This is possible
through interval analysis, with the previously mentioned
drawback of the overestimation of the function range (con-
servative approach). Interval function extensions can be
defined with awareness.

Considering a real valued function 𝑓(𝑥) such that 𝑓 :
R
𝑛
→

⋅
R we call interval extension the function f(x) the

mapping f : IR
𝑛
→

⋅
IR, such as f(𝑥

𝑐
) = 𝑓(𝑥

𝑐
), IR being the

real interval space.
Interval extensions are not unique. For example, for every

natural extension a real uncertain variable is replaced by its
interval counterpart; centered forms and mean value forms
are, respectively, interval extensions based onmidpoint value
and first order derivative evaluation [2]. Different kind of
interval extensions can be defined to obtain a different level
of refinement in the sought solution, namely, an interval
in the function codomain. It is out of the purposes of this
paper to compare the solution among these different choices.
For this reasonwe choose the straightforwardway of the “nat-
ural extension” that maintains the structure of the original
equations and allows discussing the mechanical relevance of
the uncertain quantities.

In general differences in the functional form of natural
extensions lead to differences in the uncertainty propaga-
tion, that finally affect the uncertainty associated with the

estimation of the function range R, that might be largely
overestimated. From an engineering point of view interval
functions represent physical-mathematical model equations.
The larger the evaluated function uncertainty is, due to the
overestimation, the poorer the interpretation of the result
could be.

For example we can consider the functions representa-
tion in Figure 1. Figure 1(a) shows two interval extensions
F(𝑥) and R[f(𝑥)] evaluated on the same interval X. Both
extensions lead to a complete inclusion of the whole function
range, but only the second one coincides with it.

On the other hand, Figure 1(b) represents the application
of one of the main methods used to reduce interval over-
bounding: the interval hull method (HM) [7]. Supposing that
x is subdivided into disjoined subintervals x

𝑖
such that,

x = ⋃
𝑖

x
𝑖
, (1)

then the interval hull Y includes the range R and can be
defined as

Y = ⋃
𝑖

f (x
𝑖
) ⊇ R[𝑓 (𝑥)]

𝑋
. (2)

From now on the hull method will be used as the main
solution for any other confrontation with the proposed
method.

3. Numerical Example

In this section, we discuss the use of interval analysis in
solving the simple structural problem of an elastic beam
with uncertain boundary conditions, represented by elastic
springs endowed with interval stiffness. In many applications
structural joints are very different with respect to the way that
they are modeled (e.g., elastic springs) and joints parameter
identification is a key problem in the modeling of complex
structures [8].

The uncertain quantities are inserted in the problem
equations as interval variables and the provided solution is
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Figure 2: The selected structural problem.

discussed according to the theory of interval analysis [2].
The expected uncertain solution is represented by the interval
bound of the displacement field v(𝑧).

The problem equations follow from the static solution of
a supported beam with rotational springs at ends (Figure 2),
according to the Euler-Bernoulli beam theory.

The uncertain spring parameters K
𝑟1
and K

𝑟2
act on the

boundary conditions as follows:

V (0) = 0, V (𝐿) = 0,

𝜙 (0) = −

𝜒 (0) 𝐵

K
𝑟1

, 𝜙 (𝐿) =

𝜒 (𝐿) 𝐵

K
𝑟2

.

(3)

𝜒(𝑧) is the beam curvature and 𝐵 the elastic flexural
stiffness.

Here we present the standard interval solution that is
found by using the interval natural extension of the closed
form solution of the problem in Figure 2. In the selected case
the solution is given by a fourth order polynomial:

k (𝑧) = C
0
+ C
1
𝑧 + C
2
𝑧

2

+ C
3
𝑧

3

+ 𝐶
4
𝑧

4 (4)

with {C
0
,C
1
,C
2
,C
3
} being interval coefficients that depend

on the uncertain parametersK
𝑟1
andK

𝑟2
. An example is given

in (5), where the analytical expression of C
3
is given:

C
3
=

𝑞𝐿

2

12

(K
𝑟2
− K
𝑟1
)

12𝐵

2
− 4𝐵𝐿 (K

𝑟1
+ K
𝑟2
) + K
𝑟1
K
𝑟2
𝐿

2

. (5)

Figure 3 depicts the interval solution obtained from (4),
when 𝐵 = 1000 kNm2, 𝑞 = 10 kN/m, K

𝑟1
= [0.9, 1.1] kNm,

and K
𝑟2
= [0.9, 1.1] × 10

5 kNm, by applying directly the
interval analysis rules given in Moore et al. [2] for the
evaluation of interval polynomials.

It is evident in Figure 3 the large overestimation of the
displacement field and how the overbounding increases
towards the right side. In particular looking at the right
boundary condition it should physically be from (3) V(𝐿) = 0.
The value V(𝐿) = 0 is included in the interval solution but not
limited to when 𝑧/𝐿 = 1. This shows that the natural interval
solution includes both physical and nonphysical solutions.

4. Effect of Reparameterization

The correction of the solution given in the previous section
is here proposed through a reparameterization of (4) that is
obtained by defining a new abscissa 𝑠 = 𝑧 + 𝑧

0
, 𝑧
0
being the

origin location of the beam local axis. It must be stressed that
this does not correspond to a new representation of the
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Figure 3: Interval solution of the displacement field v.

interval quantities, but it is simply a reparameterization of
the function’s domain. This is important because all interval
properties remain unchanged from this reparameterization,
the inclusion property in particular, which provides a guar-
antee for the inclusion of all the possible solutions.

From this position (6) follows, where the interval coeffi-
cients dependence from 𝑧

0
is made explicit, and (7) reports

the new analytical expression of the coefficient C
3
, which

coincides with the expression in (5) as 𝑧
0
= 0:

k (𝑠, 𝑧
0
) = C

0
(K
𝑟𝑖
, 𝑧
0
) + C
1
(K
𝑟𝑖
, 𝑧
0
) 𝑠

+ C
2
(K
𝑟𝑖
, 𝑧
0
) 𝑠

2

+ C
3
(K
𝑟𝑖
, 𝑧
0
) 𝑠

3

+ 𝐶
4
𝑠

4

(6)

C
3
=

𝑞𝐿

2

12

(

(K
𝑟2
− K
𝑟1
)

12𝐵

2
− 4𝐵𝐿 (K

𝑟1
+ K
𝑟2
) + K
𝑟1
K
𝑟2
𝐿

2

−

2𝑧
0

𝐵𝐿

2
) .

(7)

From the interval analysis point of view, interval func-
tions defined by (6) can be considered as a family of different
extensions of v depending on the choice of the parameter 𝑧

0
.

Due to the nonuniqueness of the interval extension,
different choices of 𝑧

0
will lead to different interval solution.

This is shown in Figure 4, where three different displacement
fields are obtained, respectively, for 𝑧

0
= 0, 𝐿/4, 𝐿/2.

It can be noticed, from Figure 4, that each parameteriza-
tion of the function will lead to a solution that has a different
overbounding degree, depending on the function branch
analyzed in that moment. Moreover, since an interval solu-
tion can be considered as a particular uncertainty set, the set
intersection of the obtained solutions can be considered again
a result which has all the properties of a general interval
solution, the inclusion property in particular. In other words
if every solution, obtained for different values of 𝑧

0
, is able to

include all the possible values of the range of v(𝑧), then the set
intersection of all the solutions will again include such a
range.

Denoting asR[V] the range of the displacement field v(𝑧),
and v(𝑠, 𝑧

0𝑖
) being the displacement field obtained from the
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Figure 4: Different displacement fields obtained for 𝑧
0
= 0, 𝐿/4,

𝐿/2.

𝑖th choice of 𝑧
0
= {𝑧
01
, . . . , 𝑧

0𝑖
, . . . , 𝑧

0𝑛
}, then the interval

solution of the displacement field can be calculated as follows:

v (𝑧) = ⋂
𝑖

v (𝑠, 𝑧
0𝑖
) ⊇ R [V] . (8)

Equation (8) exploits the same principle of (2), by using
the set intersection instead of a set union. Solution obtained
from (8) is also called reparameterization interval (RPI). The
RPI solution is finally compared to the one given by the hull
method of (2), which is usually used to reduce interval
overbounding.

Figure 5 shows the comparison of the two methods. An
equal number of samples (𝑛 = 20) has been chosen to make
the comparison meaningful, 𝑛 being the number of different
𝑧
0𝑖
choices or the number of evaluated K

𝑟𝑖
subintervals, in

case of RPI or HM, respectively.
From Figure 5 follows that HM is able to give sharper

bounds with the same number of samples, but RPI solution
is better from a qualitative point of view since boundary
conditions are satisfied. The situation changes for what con-
cerns the HM solution at right side boundary. In any case the
overbounding reduction obtained from RPI is significant as
well.

5. Conclusions

A new interval method aimed at reducing interval over-
bounding has been presented and exemplified through the
application to a specific class of structural problems. In partic-
ular it is applied to find the sharp uncertain displacement field
of beams with uncertain boundary conditions. The method
(RPI) is based on the domain reparameterization of the
analytical expression of the solution and is able to signifi-
cantly reduce the overbounding by preserving some physical
assumption such as fixity in different boundary conditions.
The effectiveness of the presented method is showed by
comparison with a classical literature method (HM).
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Figure 5: RVI solution versus HM solution (𝑛 = 20).

The method is here presented for the cases when a closed
form solution of the problem is known. This limitation does
not put in jeopardy the qualitative results, which could be
further generalized for the application to finite elementmeth-
ods, acting on the element shape functionswhose expressions
are known. Further developments will be hence devoted
to generalize the Interval Finite Element method for beam
structures and will allow for applications to every kind of
framed structures, where boundary conditions (external or
between elements) are uncertain.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

References

[1] L. P. Swiler, T. L. Paez, and R. L. Mayes, “Epistemic uncertainty
quantification tutorial,” in Proceedings of the 27th Conference
and Exposition on Structural Dynamics ( IMAC ’09), Society for
Experimental Mechanics, Orlando, Fla, USA, February 2009.

[2] R. E. Moore, R. B. Kearfott, and M. J. Cloud, Introduction to
Interval Analysis, SIAM Press, Philadelphia, Pa, USA, 2009.

[3] E.Hansen andG.W.Walster,GlobalOptimizationUsing Interval
Analysis, vol. 264 of Monographs and Textbooks in Pure and
Applied Mathematics, Marcel Dekker, New York, NY, USA,
2004.

[4] S. Gabriele and C. Valente, “An interval-based technique for FE
model updating,” International Journal of Reliability and Safety,
vol. 3, no. 1–3, pp. 79–103, 2009.

[5] E. Hansen, “Sharpening interval computations,” Reliable Com-
puting, vol. 12, no. 1, pp. 21–34, 2006.

[6] I. Elishakoff and Y. Miglis, “Novel parameterized intervals may
lead to sharp bounds,” Mechanics Research Communications,
vol. 44, pp. 1–8, 2012.



Journal of Structures 5

[7] S. Gabriele and A. Culla, “Comparison of statistical and interval
analysis for the energy flow uncertainties in structural vibrating
systems,” Journal of Sound and Vibration, vol. 314, no. 3–5, pp.
672–692, 2008.

[8] Q. Guo and L. Zhang, “Identification of the mechanical joint
parameters with model uncertainty,” Chinese Journal of Aero-
nautics, vol. 18, no. 1, pp. 47–52, 2005.



International Journal of

Aerospace
Engineering
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Robotics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

 Active and Passive  
Electronic Components

Control Science
and Engineering

Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

 International Journal of

 Rotating
Machinery

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation 
http://www.hindawi.com

 Journal ofEngineering
Volume 2014

Submit your manuscripts at
http://www.hindawi.com

VLSI Design

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Shock and Vibration

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Civil Engineering
Advances in

Acoustics and Vibration
Advances in

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Electrical and Computer 
Engineering

Journal of

Advances in
OptoElectronics

Hindawi Publishing Corporation 
http://www.hindawi.com

Volume 2014

The Scientific 
World Journal
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Sensors
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Modelling & 
Simulation 
in Engineering
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Chemical Engineering
International Journal of  Antennas and

Propagation

International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Navigation and 
 Observation

International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Distributed
Sensor Networks

International Journal of


