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This paper deals with axially symmetric vibrations of composite poroelastic spherical shell consisting of two spherical shells (inner
one and outer one), each of which retains its own distinctive properties. The frequency equations for pervious and impervious
surfaces are obtained within the framework of Biot’s theory of wave propagation in poroelastic solids. Nondimensional frequency
against the ratio of outer and inner radii is computed for two types of sandstone spherical shells and the results are presented
graphically. From the graphs, nondimensional frequency values are periodic in nature, but in the case of ring modes, frequency
values increase with the increase of the ratio. The nondimensional phase velocity as a function of wave number is also computed
for two types of sandstone spherical shells and for the spherical bone implanted with titanium. In the case of sandstone shells, the
trend is periodic and distinct from the case of bone. In the case of bone, when the wave number lies between 2 and 3, the phase
velocity values are periodic, and when the wave number lies between 0.1 and 1, the phase velocity values decrease.

1. Introduction

In day-to-day problems, composite structures play an impor-
tant role. The term composite is applied to materials that
are created by mechanically bonding two or more different
elastic materials together. On the other hand, in structural
engineering, spherical shell shape trims the internal vol-
ume and minimizes the surface area that saves material
cost. Spherical shell forms an important class of structural
configurations in aerospace as well as ground structures as
they offer high strength-to-weight and stiffness-to-weight
ratios. Besides some of manmade structures, the skull and
the bones at shoulder joint and ankle joint are approximately
in the shape of spherical shells. The said composite spherical
structures are poroelastic in nature.

Kumar [1] studied the axially symmetric vibrations
of fluid-filled spherical shells employing three-dimensional
equations of linear elasticity. For torsional vibrations of
solid prolate spheroids and thick prolate spheroidal shells,
frequency equations and mode shapes are presented in
analytic form [2]. Paul [3] studied the radial vibrations
of poroelastic spherical shells. Employing Biot’s theory [4],

Shah and Tajuddin [5, 6] discussed torsional vibrations of
poroelastic spheroidal shells and axially symmetric vibrations
of fluid-filled poroelastic spherical shell. In the paper in
[5], they derived frequency equations for poroelastic thin
spherical shell, thick spherical shell, and poroelastic solid
sphere and concluded that the frequency is the same for all the
three cases. In the paper in [6], radial and rotatory vibrations
of fluid-filled and empty poroelastic spherical shells are
investigated. Vibration analysis of a poroelastic composite
hollow sphere is discussed by Shanker et al. [7]. They derived
frequency equations for poroelastic composite hollow sphere
and a poroelastic composite hollow sphere with rigid core.
Some structures may be far from their center of curvature
and thickness might be very small when compared to radii
of curvature. In this case, we have ring modes [8]. To the best
of authors knowledge, poroelastic composite spherical shell
and its ring modes are not yet investigated. Hence the same
are warranted. In the present paper, we investigate the axially
symmetric (independent of azimuthal coordinate) vibrations
of composite poroelastic spherical shell in the framework
of Biot’s theory. Frequency equations are obtained for both
pervious and impervious surfaces. Also, frequency against
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the ratio of outer and inner radii and the phase velocity
against the wave number are computed. Comparative study
is made between the modes of composite spherical shell and
its ring modes.

The rest of the paper is organized as follows. In Section 2,
basic governing equations, formulation, and solution of the
problem are given. In Section 3, frequency equations are
derived for both pervious and impervious surfaces. Particular
case is derived in Section 4, while numerical results are pre-
sented in Section 5. Finally, conclusion is given in Section 6.

2. Governing Equations and Solution of
the Problem

The equations of motion of a homogeneous, isotropic poroe-
lastic solid [4] in the presence of dissipation 𝑏 are

𝑁∇
2
𝑢⃗ + (𝐴 + 𝑁)∇𝑒 + 𝑄∇𝜀

=
𝜕
2

𝜕𝑡2
(𝜌
11
𝑢⃗ + 𝜌
12
𝑈⃗) + 𝑏

𝜕

𝜕𝑡
(𝑢⃗ − 𝑈⃗) ,

𝑄∇𝑒 + 𝑅∇𝜀 =
𝜕
2

𝜕𝑡2
(𝜌
12
𝑢⃗ + 𝜌
22
𝑈⃗) − 𝑏

𝜕

𝜕𝑡
(𝑢⃗ − 𝑈⃗) ,

(1)

where ∇2 is the Laplace operator, 𝑢⃗(𝑢, V, 0) and 𝑈⃗(𝑈, 𝑉, 0) are
solid and fluid displacements, 𝑒 and 𝜀 are the dilatations of
solid and fluid, 𝐴, 𝑁, 𝑄, 𝑅 are all poroelastic constants, 𝑏 is
the dissipative coefficient, and 𝜌

𝑖𝑗
are mass coefficients. The

relevant solid stresses 𝜎
𝑖𝑗
and fluid pressure 𝑠 are

𝜎
𝑖𝑗
= 2𝑁𝑒

𝑖𝑗
+ (𝐴𝑒 + 𝑄𝜀) 𝛿

𝑖𝑗
(𝑖, 𝑗 = 1, 2, 3) ,

𝑠 = 𝑄𝑒 + 𝑅𝜀.

(2)

In (2), 𝛿
𝑖𝑗
is the well-known Kronecker delta function.

Let (𝑟, 𝜃, 𝜙) be the spherical polar coordinates. Consider a
composite isotropic poroelastic spherical shell with outer and
inner radii 𝑟

2
and 𝑟
1
, respectively, made up of two different

materials and the inner one is solid spherical shell whereas
the outer one is a thick walled hollow spherical shell having
thickness ℎ = (𝑟

2
− 𝑟
1
> 0). Poroelastic constants of outer

shell and inner shell are
2𝑃, 2𝑁, 2𝑄, 2𝑅 and

1𝑃, 1𝑁, 1𝑄, 1𝑅,
respectively. We introduce the displacement potentials 𝜙’s
and 𝜓’s which are the functions of 𝑟, 𝜃, and 𝑡 as follows:

𝑢 =
𝜕𝜙
1

𝜕𝑟
+
1

𝑟

𝜕
2
𝜓
1

𝜕𝜃2
+
cot𝜃
𝑟

𝜕𝜓
1

𝜕𝜃
,

V =
1

𝑟

𝜕𝜙
1

𝜕𝜃
−
𝜕
2
𝜓
1

𝜕𝑟𝜕𝜃
−
1

𝑟

𝜕𝜓
1

𝜕𝜃
,

𝑈 =
𝜕𝜙
2

𝜕𝑟
+
1

𝑟

𝜕
2
𝜓
2

𝜕𝜃2
+
cot𝜃
𝑟

𝜕𝜓
2

𝜕𝜃
,

𝑉 =
1

𝑟

𝜕𝜙
2

𝜕𝜃
−
𝜕
2
𝜓
2

𝜕𝑟𝜕𝜃
−
1

𝑟

𝜕𝜓
2

𝜕𝜃
.

(3)

For free harmonic vibrations, the potential functions
𝜙
1
, 𝜙
2
, 𝜓
1
, and 𝜓

2
are expressed as follows:

𝜙
1
= 𝑓
1
(𝑟) 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

𝜙
2
= 𝑓
2
(𝑟) 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

𝜓
1
= 𝑔
1
(𝑟) 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

𝜓
2
= 𝑔
2
(𝑟) 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

(4)

where 𝜔 is the frequency of wave, 𝑝𝑚
𝑙
(cos 𝜃) is the associated

Legendre polynomial, where 𝑙 is the order of spherical
harmonic and 𝑚 = 0, 1, . . . 𝑙, 𝑖 is the complex unity, and 𝑡 is
time. Equations (1) and (4), after a long calculation, yield

𝜙
1
= (𝐴

1
𝐽
𝑛
(
2
𝜉
1
𝑟) + 𝐵

1
𝑌
𝑛
(
2
𝜉
1
𝑟) + 𝐴

2
𝐽
𝑛
(
2
𝜉
2
𝑟)

+𝐵
2
𝑌
𝑛
(
2
𝜉
2
𝑟)) 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

𝜙
2
= (𝐴

1
(
2
𝛿
2

1
) 𝐽
𝑛
(
2
𝜉
1
𝑟) + 𝐵

1
(
2
𝛿
2

1
) 𝑌
𝑛
(
2
𝜉
1
𝑟)

+𝐴
2
(
2
𝛿
2

2
) 𝐽
𝑛
(
2
𝜉
2
𝑟) + 𝐵

2
(
2
𝛿
2

2
) 𝑌
𝑛
(
2
𝜉
2
𝑟))

× 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

𝜓
1
= (𝐴
3
𝐽
𝑛
(
2
𝜉
3
𝑟) + 𝐵

3
𝑌
𝑛
(
2
𝜉
3
𝑟)) 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

𝜓
2
= −

2
𝑀
12

2
𝑀
22

(𝐴
3
𝐽
𝑛
(
2
𝜉
3
𝑟) + 𝐵

3
𝑌
𝑛
(
2
𝜉
3
𝑟))

× 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡.

(5)

In (5), 𝐽
𝑛
(𝑥), 𝑌

𝑛
(𝑥) are spherical Bessel functions of first and

second kinds of order 𝑛, respectively, and

𝑛 = −
1

2
+

1

2𝑝𝑚
𝑙
(cos 𝜃)

× ((𝑝
𝑚

𝑙
(cos 𝜃))2 − 4𝑝𝑚

𝑙
(cos 𝜃)

× (𝑝
𝑚
󸀠󸀠

𝑙
(cos 𝜃)sin2𝜃 − 2𝑝𝑚

󸀠

𝑙
(cos 𝜃) sin 𝜃))

1/2

.

(6)

The displacement components of outer part and inner part
can readily be evaluated from (3) and are given by

2
𝑢 = (𝐴

1 2
𝐷
11
(𝑟) + 𝐵

1 2
𝐷
12
(𝑟) + 𝐴

2 2
𝐷
13
(𝑟)

+𝐵
2 2
𝐷
14
(𝑟) + 𝐴

3 2
𝐷
15
(𝑟) + 𝐵

3 2
𝐷
16
(𝑟))

× 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

2
V = (𝐴

1 2
𝐷
21
(𝑟) + 𝐵

1 2
𝐷
22
(𝑟) + 𝐴

2 2
𝐷
23
(𝑟)

+𝐵
2 2
𝐷
24
(𝑟) + 𝐴

3 2
𝐷
25
(𝑟) + 𝐵

3 2
𝐷
26
(𝑟))



International Journal of Engineering Mathematics 3

× 𝑝
𝑚
󸀠

𝑙
(cos 𝜃) sin 𝜃𝑒𝑖𝜔𝑡,

1
𝑢 = (𝐶

1 1
𝐷
11
(𝑟) + 𝐶

2 1
𝐷
13
(𝑟) + 𝐶

3 1
𝐷
15
(𝑟))

× 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

1
V = (𝐶

1 1
𝐷
21
(𝑟) + 𝐶

2 1
𝐷
23
(𝑟) + 𝐶

3 1
𝐷
25
(𝑟))

× 𝑝
𝑚
󸀠

𝑙
(cos 𝜃) sin 𝜃𝑒𝑖𝜔𝑡.

(7)

In (7),

2
𝐷
11
(𝑟) =

𝑛

𝑟
𝐽
𝑛
(
2
𝜉
1
𝑟) −
2
𝜉
1
𝐽
𝑛+1

(
2
𝜉
1
𝑟) ,

2
𝐷
12
(𝑟) =

𝑛

𝑟
𝑌
𝑛
(
2
𝜉
1
𝑟) −
2
𝜉
1
𝑌
𝑛+1

(
2
𝜉
1
𝑟) ,

2
𝐷
13
(𝑟) =

𝑛

𝑟
𝐽
𝑛
(
2
𝜉
2
𝑟) −
2
𝜉
2
𝐽
𝑛+1

(
2
𝜉
2
𝑟) ,

2
𝐷
14
(𝑟) =

𝑛

𝑟
𝑌
𝑛
(
2
𝜉
2
𝑟) −
2
𝜉
2
𝑌
𝑛+1

(
2
𝜉
2
𝑟) ,

2
𝐷
15
(𝑟) = (𝑝

𝑚
󸀠󸀠

𝑙
(cos 𝜃) sin2𝜃 − (1 + cot𝜃)

× 𝑝
𝑚
󸀠

𝑙
(cos 𝜃) sin 𝜃) 1

𝑟
𝐽
𝑛
(
2
𝜉
3
𝑟) ,

2
𝐷
16
(𝑟) = (𝑝

𝑚
󸀠󸀠

𝑙
(cos 𝜃) sin2𝜃 − (1 + cot𝜃) 𝑝𝑚

󸀠

𝑙

× (cos 𝜃) sin 𝜃) 1
𝑟
𝑌
𝑛
(
2
𝜉
3
𝑟) ,

2
𝐷
21
(𝑟) = −

1

𝑟
𝐽
𝑛
(
2
𝜉
1
𝑟) ,

2
𝐷
22
(𝑟) = −

1

𝑟
𝑌
𝑛
(
2
𝜉
1
𝑟) ,

2
𝐷
23
(𝑟) = −

1

𝑟
𝐽
𝑛
(
2
𝜉
2
𝑟) ,

2
𝐷
24
(𝑟) = −

1

𝑟
𝑌
𝑛
(
2
𝜉
2
𝑟) ,

2
𝐷
25
(𝑟) = (

𝑛 + 1

𝑟
) 𝐽
𝑛
(
2
𝜉
3
𝑟) −
2
𝜉
3
𝐽
𝑛+1

(
2
𝜉
3
𝑟) ,

2
𝐷
26
(𝑟) = (

𝑛 + 1

𝑟
)𝑌
𝑛
(
2
𝜉
3
𝑟) −
2
𝜉
3
𝑌
𝑛+1

(
2
𝜉
3
𝑟) .

(8)

The notations
1
𝐷
𝑖𝑗
(𝑖 = 1, 2 𝑗 = 1, 3, 5) are the

same as
2
𝐷
𝑖𝑗
(𝑖 = 1, 2 𝑗 = 1, 3, 5) and

𝑝
𝜉
𝑞

=

(𝜔/
𝑝
𝑉
𝑞
) (𝑞 = 1, 2, 3, 𝑝 = 1, 2). The notations

𝑝
𝑉
1
,
𝑝
𝑉
2
,

and
𝑝
𝑉
3
are dilatational wave velocities of first and second

kinds and shear wave velocity, respectively. The notations
𝐴
1
, 𝐵
1
, 𝐴
2
, 𝐵
2
, 𝐴
3
, 𝐵
3
, 𝐶
1
, 𝐶
2
, 𝐶
3
are all arbitrary con-

stants. By substituting the displacements in (2), the relevant

stresses and fluid pressure pertaining to outer and inner parts
are the following:

2
𝜎
𝑟𝑟
+
2
𝑠 = (𝐴

1 2
𝑀
11
(𝑟) + 𝐵

1 2
𝑀
12
(𝑟)

+ 𝐴
2 2
𝑀
13
(𝑟) + 𝐵

2 2
𝑀
14
(𝑟)

+𝐴
3 2
𝑀
15
(𝑟) + 𝐵

3 2
𝑀
16
(𝑟))

× 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

2
𝜎
𝑟𝜃
= (𝐴

1 2
𝑀
21
(𝑟) + 𝐵

1 2
𝑀
22
(𝑟)

+ 𝐴
2 2
𝑀
23
(𝑟) + 𝐵

2 2
𝑀
24
(𝑟)

+𝐴
3 2
𝑀
25
(𝑟) + 𝐵

3 2
𝑀
26
(𝑟))

× 𝑝
𝑚
󸀠

𝑙
(cos 𝜃) sin 𝜃𝑒𝑖𝜔𝑡,

2
𝑠 = (𝐴

1 2
𝑀
31
(𝑟) + 𝐵

1 2
𝑀
32
(𝑟)

+𝐴
2 2
𝑀
33
(𝑟) + 𝐵

2 2
𝑀
34
(𝑟))

× 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

𝜕 (
2
𝑠)

𝜕𝑟
= (𝐴

1 2
𝑁
41
(𝑟) + 𝐵

1 2
𝑁
42
(𝑟)

+𝐴
2 2
𝑁
43
(𝑟) + 𝐵

2 2
𝑁
44
(𝑟))

× 𝑝
𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

1
𝜎
𝑟𝑟
+
1
𝑠 = (𝐶

1 1
𝑀
11
(𝑟) + 𝐶

2 1
𝑀
13
(𝑟)

+𝐶
3 1
𝑀
15
(𝑟)) 𝑝

𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

1
𝜎
𝑟𝜃
= (𝐶
1 1
𝑀
21
(𝑟) + 𝐶

2 1
𝑀
23
(𝑟)

+𝐶
3 1
𝑀
25
(𝑟)) 𝑝

𝑚
󸀠

𝑙
(cos 𝜃) sin 𝜃𝑒𝑖𝜔𝑡,

1
𝑠 = (𝐶

1 1
𝑀
31
(𝑟) + 𝐶

2 1
𝑀
33
(𝑟)) 𝑝

𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

𝜕 (
1
𝑠)

𝜕𝑟
= (𝐶
1 1
𝑁
31
(𝑟) + 𝐶

2 1
𝑁
33
(𝑟)) 𝑝

𝑚

𝑙
(cos 𝜃) 𝑒𝑖𝜔𝑡,

(9)

where

𝑝
𝑀
11
(𝑟) = ( ((

𝑝𝑃+ 𝑝𝑄) + ( 𝑝𝑄+ 𝑝𝑅) 𝑝𝛿
2

1
)

× (
𝑛 (𝑛 − 1)

𝑟2
−
𝑝
𝜉
2

1
) 𝐽
𝑛
(
𝑝
𝜉
1
𝑟)

+
2

𝑝
𝜉
1
𝑟3
𝐽
𝑛+1

(
𝑝
𝜉
1
𝑟))

+ ((
𝑝𝐴+ 𝑝𝑄) + ( 𝑝𝑄+ 𝑝𝑅) 𝑝𝛿

2

1
)
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× (
2𝑛 + 𝐿

𝑟2
𝐽
𝑛
(
𝑝
𝜉
1
𝑟) −

2
𝑝
𝜉
1

𝑟
𝐽
𝑛+1

(
𝑝
𝜉
1
𝑟)) ,

𝑝
𝑀
15
(𝑟) = 2

𝑝𝑁(
(𝑛 − 1) 𝐿

2

𝑟2
𝐽
𝑛
(
𝑝
𝜉
3
𝑟)

−
𝑝
𝜉
3
𝐿
2

𝑟
𝐽
𝑛+1

(
𝑝
𝜉
3
𝑟)) ,

𝑝
𝑀
21
(𝑟) = 2

𝑝𝑁(
(1 − 𝑛)

𝑟2
𝐽
𝑛
(
𝑝
𝜉
1
𝑟) +
𝑝
𝜉
1

𝑟
𝐽
𝑛+1

× (
𝑝
𝜉
1
𝑟) ) ,

𝑝
𝑀
25
(𝑟) =

𝑝𝑁((
𝐿
1
+ 𝑛 (𝑛 + 1)

𝑟2
−
𝑝
𝜉
2

3
) 𝐽
𝑛
(
𝑝
𝜉
3
𝑟)

+(
𝑝
𝜉
3
−2
𝑝
𝜉
3
(𝑛 + 1)

𝑟
) 𝐽
𝑛+1

(
𝑝
𝜉
3
𝑟)) ,

𝑝
𝑀
31
(𝑟) = (

𝑝
𝑄+
𝑝𝑅 𝑝𝛿

2

1
)

× ((
𝑛 (𝑛 + 1) + 𝐿

𝑟2
−
𝑝
𝜉
2

1
) 𝐽
𝑛
(
𝑝
𝜉
1
𝑟)

+(
2

𝑝
𝜉
1
𝑟3
−
2
𝑝
𝜉
1

𝑟
) 𝐽
𝑛+1

(
𝑝
𝜉
1
𝑟)) ,

𝑝
𝑁
41
(𝑟) = (

𝑝
𝑄+
𝑝𝑅 𝑝𝛿

2

1
)

× ((𝑛
2
+ 𝑛 + 𝐿)

× (
𝑛

𝑟
𝐽
𝑛
(
𝑝
𝜉
1
𝑟) −
𝑝
𝜉
1
𝐽
𝑛+1

(
𝑝
𝜉
1
𝑟))

+ (
2

𝑟
− (4 + 𝑛)

𝑝
𝜉
2

1
𝑟) 𝐽
𝑛
(
𝑝
𝜉
1
𝑟)

+ (
𝑝
𝜉
3

1
𝑟
2
−
2 (𝑛 + 1)

𝑝
𝜉
1
𝑟2

+ 2
𝑝
𝜉
1
(𝑛 + 1)

−
2

𝑝
𝜉
1
𝑟2
− 2
𝑝
𝜉
1
)

× 𝐽
𝑛+1

(
𝑝
𝜉
1
𝑟)) .

(10)

In all the above,
𝑝
𝑀
12
(𝑟),
𝑝
𝑀
16
(𝑟),
𝑝
𝑀
22
(𝑟),
𝑝
𝑀
26
(𝑟),

𝑝
𝑀
32
(𝑟), and

𝑝
𝑁
32
(𝑟) are similar expressions as in

𝑝
𝑀
11
(𝑟),

𝑝
𝑀
15
(𝑟),
𝑝
𝑀
21
(𝑟),
𝑝
𝑀
25
(𝑟),
𝑝
𝑀
31
(𝑟), and

𝑝
𝑁
31
(𝑟) with

𝐽
𝑛
, 𝐽
𝑛+1

replaced by𝑌
𝑛
, 𝑌
𝑛+1

, respectively;
𝑝
𝑀
13
(𝑟),
𝑝
𝑀
23
(𝑟),

𝑝
𝑀
33
(𝑟), and

𝑝
𝑁
33
(𝑟) are similar expressions to

𝑝
𝑀
11
(𝑟),

𝑝
𝑀
21
(𝑟),
𝑝
𝑀
31
(𝑟), and

𝑝
𝑁
31
(𝑟) with

𝑝
𝜉
1
and
𝑝
𝛿
1
replaced

by
𝑝
𝜉
2
and
𝑝
𝛿
2
, respectively;

𝑝
𝑀
11
(𝑟),
𝑝
𝑀
21
(𝑟),
𝑝
𝑀
14
(𝑟),

𝑝
𝑀
24
(𝑟),
𝑝
𝑀
34
(𝑟), and

𝑝
𝑁
34
(𝑟) are similar expressions to

𝑝
𝑀
31
(𝑟) and

𝑝
𝑁
31
(𝑟) with

𝑝
𝜉
1
,
𝑝
𝛿
1
, 𝐽
𝑛
, and 𝐽

𝑛+1
replaced by

𝑝
𝜉
2
,
𝑝
𝛿
2
, 𝑌
𝑛
, and 𝑌

𝑛+1
, respectively.

In (10),

𝑝
𝛿
2

𝑞
=

− (
𝑝𝑃 𝑝𝑅−𝑝𝑄

2
)
1
𝑉
−2

𝑞

𝑝𝑅 𝑝𝑀12 − 𝑝𝑄 𝑝𝑀22

× (
1

𝑟2
(𝑛 (𝑛 + 1) − 𝑟

2

𝑝
𝜉
2

𝑞

− ((𝑝
𝑚
󸀠󸀠

𝑙
(cos 𝜃) sin2𝜃

− 2𝑝
𝑚
󸀠

𝑙
(cos 𝜃) sin 𝜃)

× (𝑝
𝑚

𝑙
(cos 𝜃))−1)))

−
𝑝𝑅 𝑝𝑀11 − 𝑝𝑄 𝑝𝑀12

𝑝𝑅 𝑝𝑀12 − 𝑝𝑄 𝑝𝑀22

,

𝑝 = 1, 2, 𝑞 = 1, 2,

𝑝𝑃 = 𝑝𝐴+2 𝑝𝑁,

𝑝
𝑀
11
=
𝑝
𝜌
11
−
𝑖
𝑝𝑏

𝜔
,

𝑝
𝑀
12
=
𝑝
𝜌
12
+
𝑖
𝑝𝑏

𝜔
,

𝑝
𝑀
22
=
𝑝
𝜌
22
−
𝑖
𝑝𝑏

𝜔
,

𝐿 =
1

𝑝𝑚
𝑙
(cos 𝜃)

(𝑝
𝑚
󸀠󸀠

𝑙
(cos 𝜃) sin2𝜃

−2𝑝
𝑚
󸀠

𝑙
(cos 𝜃) sin 𝜃) ,

𝐿
1
=

1

𝑝𝑚
󸀠

𝑙
(cos 𝜃) sin 𝜃

× (−𝑝
𝑚
󸀠󸀠󸀠

𝑙
(cos 𝜃) sin3𝜃 + 𝑝𝑚

󸀠󸀠

𝑙
(cos 𝜃) sin 𝜃

× (3 + sin 𝜃) + 𝑝𝑚
󸀠

𝑙
(cos 𝜃) (sin 𝜃 − cos 𝜃)) ,

𝐿
2
=

1

𝑝𝑚
𝑙
(cos 𝜃)

(𝑝
𝑚
󸀠󸀠

𝑙
(cos 𝜃) sin2𝜃 − (1 + cot𝜃)

× 𝑝
𝑚
󸀠

𝑙
(cos 𝜃) sin 𝜃) .

(11)

3. Boundary Conditions and
Frequency Equations

The boundary conditions for the stress-free outer surface and
for the perfect bonding between the outer and the inner parts
are the following:
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(
2
𝜎
𝑟𝑟
+
2
𝑠) − (

1
𝜎
𝑟𝑟
+
1
𝑠) = 0,

2
𝜎
𝑟𝜃
−
1
𝜎
𝑟𝜃
= 0,

2
𝑠 = 0,

1
𝑠 = 0,

2
𝑢−
1
𝑢 = 0,

2
V−
1
V = 0,

at 𝑟 = 𝑟
1
,

(12)

2
𝜎
𝑟𝑟
+
2
𝑠 = 0,

2
𝜎
𝑟𝜃
= 0,

2
𝑠 = 0,

at 𝑟 = 𝑟
2
.

(13)

Equations (12) and (13) pertain to a pervious surface; in
the case of impervious surface, the boundary conditions are
the same as those of the pervious surface except the third
and fourth equations of (12) and the third equation of (13)
on fluid pressure; instead, here we have

𝜕 (
2
𝑠)

𝜕𝑟
= 0,

𝜕 (
1
𝑠)

𝜕𝑟
= 0 at 𝑟 = 𝑟

1
. (14)

𝜕 (
2
𝑠)

𝜕𝑟
= 0 at 𝑟 = 𝑟

2
. (15)

Equations (12) and (13) result in a system of nine
homogeneous equations in nine arbitrary constants:
𝐴
1
, 𝐵
1
, 𝐴
2
, 𝐵
2
, 𝐴
3
, 𝐵
3
, 𝐶
1
, 𝐶
2
, 𝐶
3
. For a nontrivial solution,

determinant of coefficients is zero. Accordingly, we obtain
the following frequency equation for a pervious surface:
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)
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25
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2
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32
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33
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34
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) 0 0 0 0 0
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31
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33
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) 0 0 0 0 0 0 0
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𝐷
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= 0. (16)

In the case of impervious surface, the frequency equation is
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𝑀
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𝑀
24
(𝑟
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)
2
𝑀
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(𝑟
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)
2
𝑀
26
(𝑟
2
) 0 0 0

2
𝑁
31
(𝑟
2
)
2
𝑁
32
(𝑟
2
)
2
𝑁
33
(𝑟
2
)
2
𝑁
34
(𝑟
2
) 0 0 0 0 0
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= 0. (17)

4. Poroelastic Thick Walled Hollow Spherical
Shell: A Particular Case

The composite spherical shell will reduce to the poroelastic
thick walled hollow spherical shell, under some special
substitutions, that is discussed next.

Consider the case where
2𝐴 = 𝐴,

2𝑁 = 𝑁,
2
𝑄 = 𝑄,

2𝑅 =

𝑅,
2
𝑀
𝑖𝑗
= 𝑀
𝑖𝑗
and
1𝐴 = 0,

1𝑁 = 0,
1
𝑄 = 0,

1𝑅 = 0 so that

1
𝑀
𝑖𝑗
= 0 in (16).Then, composite spherical shell will become

a thick walled spherical shell in the case of pervious surface
and its frequency equation is given by

󵄨󵄨󵄨󵄨󵄨
𝑀
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
= 0 (𝑖 = 1, . . . , 6, 𝑗 = 1, . . . , 6) . (18)

In (18), the elements are similar to those of (10) without
left subscript. Now, we consider the case where 𝜉

𝑖
𝑟
1
, 𝜉
𝑖
𝑟
2
→

∞ (𝑖 = 1, 2, 3), that is, the case of (ℎ/𝑟
1
) → 0. In the region

of small (ℎ/𝑟
1
), for 𝑛 ̸= 0, pertinent modes are essentially

ring-extensional and ring-flexural ones [8]. Considering the
determinant in (18) as a function 𝐷 of 𝜉

𝑖
𝑟
1
(𝑖 = 1, 2, 3) and

ℎ/𝑟
1
, we obtain

𝐷(𝜉
𝑖
𝑟
1
,
ℎ

𝑟
1

) = 𝐷 (𝜉
𝑖
𝑟
1
, 0) +

ℎ

𝑟
1

𝜕

𝜕 (ℎ/𝑟
1
)
𝐷 (𝜉
𝑖
𝑟
1
, 0)

+
1

2
(
ℎ

𝑟
1

)

2
𝜕
2

𝜕(ℎ/𝑟
1
)
2
𝐷(𝜉
𝑖
𝑟
1
, 0) + ⋅ ⋅ ⋅ .

(19)
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It is found that

𝐷(𝜉
𝑖
𝑟
1
, 0) =

𝜕

𝜕 (ℎ/𝑟
1
)
𝐷 (𝜉
𝑖
𝑟
1
, 0) = 0. (20)

Hence, for a small ℎ/𝑟
1
, we have

𝐷(𝜉
𝑖
𝑟
1
,
ℎ

𝑟
1

) ≈
1

2
(
ℎ

𝑟
1

)

2
𝜕
2

𝜕(ℎ/𝑟
1
)
2
𝐷(𝜉
𝑖
𝑟
1
, 0) . (21)

Further,

𝜕
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𝜕(ℎ/𝑟
1
)
2
𝐷(𝜉
𝑖
𝑟
1
, 0)

= 𝑟
1

3
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,

(22)

where𝑀
𝑖𝑗
(𝑖 = 1, . . . , 6, 𝑗 = 1, . . . , 6) are given by (18) and

primes denote differentiation with respect to 𝑟
1
and𝑀∗

𝑖𝑗
(𝑖 =

1, . . . , 6, 𝑗 = 1, . . . , 6) that are given in the Appendix. For a
nontrivial solution, determinant of coefficient is zero, that is,
𝐷(𝜉
𝑖
𝑟
1
, ℎ/𝑟
1
) = 0; accordingly, we get the frequency equation

for the ring modes.

5. Numerical Results

Due to dissipative nature of the medium, waves are attenu-
ated. Attenuation presents some difficulty in the definition
of phase velocity. If dissipative coefficient 𝑏 is nonzero, then
the densities will be complex numbers that make the implicit
frequency equations complex valued which cannot be solved
so easily.Therefore, the case 𝑏 = 0 is to be considered in what
follows. Albeit the problem is poroelastic in nature, the only
thing is that attenuation is not considered for the said reason.
The following nondimensional parameters are introduced to
investigate the frequency equations:

𝑎
1
=
2𝑃

1𝐻
, 𝑎

2
=
2
𝑄

1𝐻
, 𝑎
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1𝐻
, 𝑎

4
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1𝐻
,

𝑑
1
=
2
𝜌
11

1
𝜌
, 𝑑

2
=
2
𝜌
12

1
𝜌
, 𝑑

3
=
2
𝜌
22

1
𝜌
,

2
𝑥 = (

2
𝑉
0

2
𝑉
1

)

2

,
1
𝑦 = (

2
𝑉
0

2
𝑉
2

)

2

,
1
𝑧̃ = (

2
𝑉
0

2
𝑉
3

)

2

,

𝑏
1
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1𝑃

1𝐻
, 𝑏

2
=
1
𝑄

1𝐻
, 𝑏

3
=
1𝑅

1𝐻
, 𝑏

4
=
1𝑁

1𝐻
,

𝑔
1
=
1
𝜌
11

1
𝜌
, 𝑔

2
=
1
𝜌
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1
𝜌
, 𝑔

3
=
1
𝜌
22

1
𝜌
,

1
𝑥 = (

1
𝑉
0

1
𝑉
1

)

2

,
1
𝑦 = (

1
𝑉
0

1
𝑉
2

)

2

,
1
𝑧̃ = (

1
𝑉
0

1
𝑉
3

)

2

,

Ω =
𝜔ℎ

1
𝑐
0

, 𝑚
1
=

𝑐

1
𝑐
0

, 𝑐 =
𝜔

𝑘
.

(23)

In (23), Ω is nondimensional frequency, 𝑐 is phase
velocity, 𝑚

1
is nondimensional phase velocity, 𝑘 is the wave

number, and
1𝐻 =

1𝑃+2 1𝑄+ 1𝑅, 1
𝜌 =
1
𝜌
11
+2
1
𝜌
12
+
1
𝜌
22
;

also
1
𝑐
0
and
1
𝑉
0
are reference velocities and are given by

1
𝑐
2

0
=
1𝑁/
1
𝜌,
1
𝑉
2

0
=
1𝐻/
1
𝜌, and ℎ is the thickness of

the poroelastic spherical shell. Let 𝑔 = 𝑟
2
/𝑟
1
, so that ℎ/𝑟

1
=

𝑔 − 1, ℎ/𝑟
2
= (𝑔 − 1)/𝑔. Employing these nondimensional

quantities in the frequency equations, we will get two implicit
relations; one is between the nondimensional frequency (Ω)
and the ratio of outer and inner radii (𝑔), and another is the
relation between phase velocity (𝑚

1
) and the nondimensional

wave number (𝑘𝑟
2
). The numerical results are presented for

the following cases.

5.1. Sandstone Composite Shells. Nondimensional frequency
(Ω) and phase velocity (𝑚

1
) are computed for two types of

composite spherical shells, namely, composite spherical shell
1 and composite spherical shell 2 using the numerical process
performed in MATLAB. In composite spherical shell 1, outer
shell is made up of sandstone saturated with water [9] and
inner shell is made up of sandstone saturated with kerosene
[10]. In composite spherical shell 2, the roles of materials
are reversed. The physical parameters of these composite
spherical shells following (19) are given in Table 1. The value
of 𝜃 is taken to be 30∘ arbitrarily.The value of𝑚 is taken to be 1
and the value of 𝑙 is taken to be 2, following [2].The velocities
of the dilatational waves and shear wave are computed using
Biot’s theory [4].The numerical values are depicted in Figures
1 and 7.
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Table 1: Material parameters.

Material
parameters

Composite spherical
shell 1

Composite spherical
shell 2

𝑎
1

0.445 1.819
𝑎
2

0.034 0.011
𝑎
3

0.015 0.054
𝑎
4

0.123 0.780
𝑑
1

0.887 0.891
𝑑
2

−0.001 0
𝑑
3

0.099 0.125

2𝑥 1.863 0.489

2𝑦 8.884 2.330

2𝑧̃ 7.183 1.142
𝑏
1

0.96 0.843
𝑏
2

0.006 0.065
𝑏
3

0.028 0.028
𝑏
4

0.412 0.234
𝑔
1

0.887 0.901
𝑔
2

0 −0.001
𝑔
3

0.123 0.101

1𝑥 0.913 0.999

1𝑦 4.347 4.763

1𝑧̃ 1.129 3.851

Figure 1 depicts the nondimensional frequency (Ω)

against the ratio of outer and inner radii (𝑔) for poroelastic
composite spherical shells 1 and 2, in the case of both pervious
and impervious surfaces. From the figure, it is observed
that the frequency values of spherical shell 1 are, in general,
less than those of shell 2 for both pervious and impervious
surfaces. Also it is found that the frequency values of pervious
surface are, in general, less than those of the impervious
surface in the case of spherical shell 1 and greater in shell 2.

Figure 2 shows the nondimensional phase velocity (𝑚
1
)

against the nondimensional wave number (𝑘𝑟
2
) in the case

of both pervious and impervious surfaces.The phase velocity
values of spherical shell 1 are, in general, greater than those of
shell 2 in the case of pervious surface and the trend is reversed
in the case of impervious surface. From this figure it is also
found that the phase velocity values of pervious surface are,
in general, greater than those of impervious surface for both
spherical shells 1 and 2.

5.2. Spherical Bone Implanted with Titanium. If the spherical
bone is implanted with titanium, then we obtain a composite
spherical shell consisting of two different solids; one is bone
and the other is titanium.The natural selection of titanium is
obvious for its favorable characteristics including immunity
to corrosion, biocompatibility, and the capacity for joining
with bone, which is Osseo integration. Its density, Young’s
modulus, and Poisson ratio are 0.0004215 lb sec2/inch4,
105GPA, and 0.32, respectively. Lame’s constants and thereby
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Figure 1: Variation of nondimensional frequency with ratio of outer
and inner radii (g).
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Figure 2: Variation of nondimensional phase velocity with wave
number when 𝑔 = 2.

dilatational wave velocity and shear wave velocity are com-
puted. The values of bone poroelastic parameters and its
mass coefficients are computed by using the inputs [11].
The values of Young’s modulus and Poisson ratio are taken
to be 3 × 10

6 lb/inch2 and 0.28, respectively [11]. Mass
coefficients of solid part and fluid part are taken to be 1.65 ×
10
−4 lb sec2/inch4 and 0.14 × 10−4 lb sec2/inch4, respectively,

[11]. These values are close to those of the experimen-
tal results. The values in the said study are detected at
micrometer level [12]. These computations are based on the
𝑉(𝑧)-curve method, which involves surface acoustic waves
(SAW) that are propagating along the surface of a specimen.
The dilatational wave velocities and shear wave velocity are
computed, which are 𝑉

1
= 2.016 × 10

5 inch/sec, 𝑉
2
=
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Figure 3: Variation of nondimensional phase velocity with wave
number of spherical bone implanted with titanium for fixed 𝑔 = 2.

1.003 × 10
5 inch/sec, and 𝑉

3
= 0.842 × 10

5 inch/sec. Unlike
the general case, here the second dilatational wave velocity
is greater than shear wave velocity which is valid for the soft
poroelastic solids [13]. Mass coupling parameter is taken to
be zero [11]. The value of 𝑔 is fixed and is taken to be 2. The
nondimensional phase velocity (𝑚

1
) is computed against the

nondimensional wave number (𝑘𝑟
2
) and values are depicted

in Figures 3–6. From Figure 3, it is clear that as wavenumber
increases phase velocity decreases in the case of both pervious
and impervious surfaces. Also, it is found that the phase
velocity values of pervious surface are, in general, less than
those of impervious surface.

From Figure 4, it is clear that the phase velocity values
of the pervious surface are, in general, greater than those of
impervious surface.There is a clear observation from Figures
3 and 4 that when the wave number lies between 0.1 and 1,
the phase velocity values decrease, and when it exceeds 1,
the nondimensional phase velocity values are periodic in the
cases of both pervious and impervious surfaces.

Figures 5 and 6 depict plots of the nondimensional phase
velocity (𝑚

1
) against the nondimensional wave number (𝑘𝑟

2
)

for𝑔 = 2, 3, and 4 in the case of both pervious and impervious
surfaces. From the figures, it is clear that as 𝑔 increases, the
phase velocity increases for both pervious and impervious
surfaces.

Figure 7 depicts the nondimensional frequency (Ω)

against the ratio (𝑔) for thick walled hollow spherical shells
1 and 2 in the case of ring mode. Spherical shell 1 is made up
of sandstone saturated with water [9] and shell 2 is made up
of sandstone saturated with kerosene [10]. From the figure,
it is observed that as the ratio increases, frequency increases,
and the frequency values of spherical shell 1 are, in general,
greater than those of spherical shell 2. From the figures, it is
clear that dispersive phenomena in the case of thick walled
spherical shell and the case of its ring mode are different.
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Figure 4: Variation of nondimensional phase velocity with wave
number of spherical bone implanted with titanium for fixed 𝑔 = 2.
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Figure 5: Variation of nondimensional phase velocity with wave
number in spherical bone implanted with titanium for different
values of g in the case of pervious surface.
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Figure 6: Variation of nondimensional phase velocity with wave
number of spherical bone implanted with titanium for different
values of 𝑔 in the case of impervious surface.
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Figure 7: Variation of nondimensional frequencywith ratio of outer
and inner radii (𝑔) in the case of ring mode.

6. Conclusion

In the framework of Biot’s theory, axially symmetric vibra-
tions of composite poroelastic spherical shell are investigated
in the case of both pervious and impervious surfaces. Two
parameters, frequency and phase velocity, are investigated.
Limiting cases, namely, ring modes, are studied by using
appropriate approximations. From the numerical results, it
is clear that dispersive behavior in the case of shell and its
ring modes is distinct though both are made of the same
material. Similar analysis is made for any composite spherical
shell made of two different poroelastic materials if their
poroelastic constants are available. This kind of analysis is
useful in obtaining the unknown data in indirect way of
nondestructive evaluation (NDE).

Appendix

Consider the following:
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