Hindawi Publishing Corporation
Journal of Numbers

Volume 2014, Article ID 437814, 4 pages
http://dx.doi.org/10.1155/2014/437814

Research Article

Hindawi

Complex Roots of Unity and Normal Numbers

Jean Marie De Koninck'! and Imre Katai’

! Département de Mathématiques et de Statistique, Université Laval, Québec, QC, Canada GIV 0A6
? Computer Algebra Department, Eotvis Lordnd University, Pazmany Péter Sétany 1/C, Budapest 1117, Hungary

Correspondence should be addressed to Jean Marie De Koninck; jmdk@mat.ulaval.ca

Received 7 December 2013; Accepted 26 May 2014; Published 12 June 2014

Academic Editor: Andrej Dujella

Copyright © 2014 J. M. De Koninck and I. Kétai. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Given an arbitrary prime number g, set £ = ¢*™/1, We use a clever selection of the values of &, & = 1,2,..., in order to create normal
numbers. We also use a famous result of André Weil concerning Dirichlet characters to construct a family of normal numbers.

1. Introduction and Statement of the Results

Let A(n) be the Liouville function (defined by A(n) :=
(-1, where Q(n) = ¥ ju), @). It is well known that the
statement “Y _ A(n) = o(x) as x — 00”7 is equivalent
to the Prime Number Theorem. It is conjectured that if
by < b, < -+ < b are arbitrary positive integers, then
Yuex AMAM + b)) An + b) = o(x) as x — oo. This
conjecture seems presently out of reach since we cannot even
prove that ), A(m)A(n + 1) = o(x) as x — oo.

The Liouville function belongs to a particular class of
multiplicative functions, namely, the class " of completely
multiplicative functions. Recently, Indlekofer et al. [1] con-
sidered a very special function f € " constructed in the
following manner. Let g stand for the set of all primes. For
eachq € p,letC, = {&€ € C : & = 1} be the group of
complex roots of unity of order gq. As p runs through the
primes, let £, be independent random variables distributed
uniformly on C,. Then, let f € 4" be defined on g by
f(p) = &, so that f(n) yields a random variable. In their
2011 paper, Indlekofer et al. proved that if (), &, ) stands for
a probability space, where &, (p € () are the independent
random variables, then, for almost all w € (, the sequence
a = f(1)f(2)f(3)--- is a normal sequence over C, (see
Definition 1 below).

Let us now consider a somewhat different setup. Let g > 2
be a fixed prime number and set A, := {0, 1,...,q—1}. Given
an integer t > 1, an expression of the form i,i, - - - i,, where
eachi; € A, is called a word of length . We use the symbol

A to denote the empty word. Then, Atq will stand for the set
of words of length ¢ over A, while A} will stand for the set
of all words over A, regardless of their length, including the
empty word A. Similarly, we define C; to be the set of words

over C, regardless of their length.
Given a positive integer n, we write its g-ary expansion as

n=80(n)+£1(n)q+---+et(n)qt, (1)

where g(n) € A, for 0 < i < t and &(n)+0. To this
representation, we associate the word

n=¢,(n)e (n)---gn) e Atq“. )

Definition 1. Given a sequence of integers a(1), a(2),a(3),.. .,
one will say that the concatenation of their g-ary digit

expansions a(1) a(2) a(3)- -, denoted by Concat(a(n) : n €
N), is a normal sequence if the number 0. a(1) a(2) a(3)--- is
a g-normal number.

It can be proved using a theorem of Haldsz (see [2]) that
if f € M is defined on the primes p by f(p) = &, (a#0),
then ), _. f(n) = o(x) asx — oo.
gy € Aglet Qn) = [[i(n +
). We believe that if max;c( 1, _¢-1y4; > 0, then

Now, given 1, g, ...

Zf(Q(n)):o(x) as x — o0. (3)

n<x



If this was true, it would follow that

Concat(f (n) : n € N) is a normal sequence over C,.

(4)
We cannot prove (3), but we can prove the following. Let
g € pand set & := ¥/ Furthermore set x, = 2F and

Vi = xk/ K for k = 1,2,.... Then, consider the sequence of
completely multiplicative functions fiok = 1,2,..., defined
on the primes p by

fi(p) = {f i];ii iry;k)’> V- ©)
Then, set
M = fie (i) fic Co + 1) fie (e +2) - fic (egy = 1)
(keN), (o)

6 := Concat (1, : k € N).

Theorem 2. The sequence 6 is a normal sequence over C,.

We now use a famous result of André Weil to construct a
large family of normal numbers.

Letgbea fixed primeand set& := /1 and &, := e
§%. Recall that C, stands for the group of complex roots of
unity of order g; that is,

C,={ceC:¢?=1}=

2mialq _

{&:a=0,1,....q-1}. ()

Let p € g be such that g | p — 1. Moreover, let y,, be
a Dirichlet character modulo p of order g, meaning that the
smallest positive integer ¢ for which X; = Xo is g. (Here x,
stands for the principal character.)

Let ug, g, ...,y € A,. Consider the polynomial
k-1
AU
F(@)=Fyp, @) =[](z+)" (8)
j=0

and assume that its degree is at least 1, that is, that there exists

one j € {0,...,k — 1} for which u;#0. Further set
Suo ~~~~~ U1 (XP) = Z XP (F“o ----- U1 (1’1)) ' (9)
n(mod p)
According to a 1948 result of Weil [3],
|S”0 ===== Up-1 (Xp)l S (k -1 \/ﬁ (10)

For a proof, see Proposition 12.11 (page 331) in the book of
Iwaniec and Kowalski [4].
We can prove the following.

Theorem 3. Let p; < p, < --- be an infinite set of primes
such that q | p; -1 for all j € N. For each j € N, let X, bea

character modulo p; of order q. Further set
L=, (Wx, 2 x,(p=1) (P=pupo--), (1)
n:= rpl FPz cee, (12)

Then n is a normal sequence over C,.
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As an immediate consequence of this theorem, we have
the following corollary.

Corollary 4. Let ¢ : C, — A, be defined by ¢(§,) = a.
Extend the function ¢ to ¢ : C; - A’; by p(af) = p(@)p(f).
Let

¢ (1) = 9"(rp1)‘/’(rpz)"' (13)
and consider the g-ary expansion of the real number
k=0, (P(rpl)(p(rpz) (14)

Then « is a normal number in base q.

Example 5. Choosing g = 3 and {p;, p5, p5,..-} = {7,13,
19,...} as the set of primes p; = 1 (mod 3), then, the num-
ber 7 defined by (12) is normal sequence over {0, 23 gtmil3y
while k defined by (14) is a ternary normal number.

2. Proof of Theorem 2

Let € be a fixed positive integer. Let ay,ay,...,a,; € A,
Recall the notation & = ¢*™/4. Given a positive integer k, let
x, ybesuch that x;, < x < x+y < x;,; —¢. We will now count

the number M([x, x+y] | (ay,...,a,_,)) of thosen € [x, x+y]

for which fi(n+j) =£&% (j=0,...,€ - 1) holds.
Consider the polynomial
g-1
P = =[] (x-¢"). (15)
Wi

so that in particular
(x—fd)Pd (x) =x1-1. (16)

Taking the derivatives on both sides of the above equation
yields

P, (x)+ (x - Ed) P (x) = gxT". 17)
Thus,
Py (fi ) + (fie (m) = E) Py (fi (m)) = qfyc (m),  (18)

where z stands for the complex conjugate of z.
We then have

afi (m) if fi (m)=¢&
Py (fi (m)) = { £ f (m) #89. (19)
Write the Bolynomial P, as ?(m) = ZZ;(I) e, (d)m", so
that P;(0) = E ; that is, ey (d) = E . We then have
Pao (fk (n))"'Pae,l (fk (n+e- 1))
-1
e, (a (n+ h)}
gg%um (20)

= Z A(ug, ...

Ugses “e—lEAq

supy) fr <ﬁ(”+j)uj>’

Jj=0
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where A(uy, ...
o teta,
0) _ 6 a ag 1‘
With integers x, y such that x;, < x < x+ y < x,, — &,
we now sum both sides of (20) forn = x,...,x + y, and we
then obtain that

up_y) = e, (ag)--e,, (ap,y), with A0, ...,

-1
a7 M([xx+y] 1 (dg--ra00))
=0

Aug, ... upy) 1)

-1 a
J
el CARD)
j=0 UgssUlp 1 €A
(ug,---,uefl) #(0,..,,0)

j=0

Setting
-1
Q) =[]+ j)", (22)
j=0

it remains to prove that

xt+y

lim L max ka (Q ()

k — 00 Xj xp<x<x+y<xp =€ | 4=

=0. (23)

To prove this, we proceed using standard techniques. Let
p(0) stand for the number of solutions of the congruence
Q(n) = 0 (mod §), in which case we have p(p®) = p(p)
for all primes p > k and integers « > 1. Now define
the completely multiplicative function g, implicitly by the
relation

Ji(m) = ng ), (24)

dlm

thus implying, in light of (5), that

B L _ o itp<korp>y,
(B = o)1= {g_, HPEETPTR o
It follows that
Y AQm= Y Y g0
nelx,x+yl nelx,x+y] 8|Q(n)
=29 0) 1
; ¢ ne[gm (26)

Q(n)=0 ( mod &)

8 p(d
:yz—gk( ()Sp( ) o)),
)

3
Now, observe that since g (p*) = fi.(p*) — fi(p*") =
E71(E - 1), it follows that
9 (8) p (6)
D
2 2
=H(1+ gk(p;p(m . gk(pgzp(p ) )
P
_ 2
= H <1+M(1+§+_2+>>
k<p<yy p p
p(p)E-1) 1 )
= 1 .
kglp_g[yk < ’ p I- £/P
p(p) (- 1))
= 1+ —— -
kSlP_S[J’k ( p- E
= exp {p(p)(ﬁ— VDY & +O(1)} :
kSPSJ’kp
(27)
But, since R(€ - 1) < 0, we have
exp {p(p)(&—l) y 1 +O(1)} —0 ask— oo
k<p<yy
(28)
Hence, combining (28) with (27) and (26), we obtain (23).
We have thus established that
M (x4 2 (apreeose)) = 2 =0 () (k— o),
(29)

which completes the proof of Theorem 2.

3. Proof of Theorem 3

As we will see, the proof of Theorem 3 is essentially a
consequence of Weil’s result (10).

Let £ be a fixed positive integer. Fix a prime p and let
B = EEQ -++&,, , be any word belonging to Cs. Consider the
expression

fp(”)ZﬁH (xp (2 + 1) - ). (30)

j=0 gqu
£+,

Observe that fﬁ(n) =0ify(n)--- x(n+€-1) € Cf; is different
from 8. Butif y(n)--- y(n+ € — 1) = 5, then

-1
f ( ): Ee._g .
pn g{l;[q( j ) (31)
§#&,



4
Since, foreach j=0,...,£ -1,
d 4 1
— -1 =gl = ,
- (x7-1) e ., =k, (32)
it follows that
fﬁ (T’l) = qe (650 e f‘32—1 ) > (33)

where again z stands for the complex conjugate of z. Hence,
letting M ,(f8) stand for the number of occurrences of § as a
subword in the word I';, we have

p-t
Eeo e Eee_lqup (ﬁ) = Zfﬁ (ﬂ) : (34)
n=1
Now fﬁ(n) can be written as

frm= )

(it 1)EA,

A (uO’ ceeo uf—l) X (Fuo,...,ug_l (1’[)) ’

(35)
where
o-1 ,
Fypii, ) = [ J(n+ ),
j=0 (36)

AQ,...,00=F .

Thus taking into account (8), the Weil inequality (10), and the
above relations (34) and (35), we obtain that

&, &, (a°M, (B) - (p-0)]
)

(“o»»ue—l)EAé
(“o,uu“gq) #(0,...,0)

|A (ug, ... upy)|

p-¢

A X (B, ()
n=1
Z IA (”m ..

(tg,mettp 1 )EA
(”o,uuugfl)#(o ~~~~~ 0)

((e-1)+p+¢)
<¢ (0)+/p.

‘We have thus shown that

Mp (ﬁ) -

IN

:“5—1)|

p-¢
q€

<c(0) \/p, (38)

thus completing the proof of Theorem 3.
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