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P. Das et al. recently introduced and studied the notions of strong A’-summability with respect to an Orlicz function F and A’-
statistical convergence, where A is a nonnegative regular matrix and I is an ideal on the set of natural numbers. In this paper, we
will generalise these notions by replacing A with a family of matrices and F with a family of Orlicz functions or moduli and study
the thus obtained convergence methods. We will also give an application in Banach space theory, presenting a generalisation of
Simons’ sup-limsup-theorem to the newly introduced convergence methods (for the case that the filter generated by the ideal I has

a countable base), continuing some of the author’s previous work.

1. Introduction

Let us begin by recalling that an ideal I on a nonempty setY is
anonempty set of subsets of Y such that Y ¢ I and I is closed
under the formation of subsets and finite unions. The ideal is
called admissible if {y} € I for each y € Y. For example, if Y
is infinite, then the set of all finite subsets of Y forms an ideal
on Y. If I is an ideal, then #(I) := {Y \ A : A € I} is a filter
onY.

Now if (x,,),,cy is @ sequence in a topological space X and I
isanideal on the set N of natural numbers, then (x,,),,c is said
to be I-convergent to x € X if for every neighbourhood U of
x the set {n € N : x,, ¢ U} belongs to I (equivalently, {n € N :
x, € U} € F(I)). In a Hausdorff space the I-limit is unique
if it exists. It will be denoted by I-limx,. If I is the ideal
of all finite subsets of N, then I,-convergence is equivalent
to the usual convergence. Thus if I is admissible, the usual
convergence implies I-convergence. For a normed space X
the set of all I-convergent sequences in X is a subspace of X'
and the map (x,,) — I-limx,, is linear. We refer the reader to
[1-4] for more information on I-convergence.

Recall now that for a given infinite matrix A = (a,;),, xeny
with real or complex entries a sequence s = (s;)xen Of (real or
complex) numbers is said to be A-summable to the number a

provided that each of the series Y2, a,,S is convergent and
limn—»oo ZEC:Jl ApicSk = 4-

The matrix A is called regular if every sequence that is
convergent in the ordinary sense is also A-summable to the
same limit. A well-known theorem of Toeplitz states that A is
regular if and only if the following holds:

(1) SUPen Z?:)l |ank| <00,
(i) lim,, , oo Yooy Gy = 1,
(iii) lim, _, na,. = 0 Vk € N.
Let us suppose for the moment that A is regular and also
nonnegative (i.e., a,, > 0 for all n,k € N). We will denote
by D(s,a,¢) the set {k € N Ise, —al = ¢} for every
€ > 0. Then s is said to be A-statistically convergent to a if
for every ¢ > 0 we have lim, , o, Y'22) @i Xp(sae)(k) = 0,
where the symbol yx denotes the characteristic function of
the set K € N. If one takes A to be the Cesaro matrix (i.e.,
a, = l/nfork < manda, = 0for k > n) one gets the
usual notion of statistical convergence as it was introduced
by Fast in [5]. Note that the set I, of all subsets K ¢ N
for which lim,, _, oo Y22, auxx(k) = 0 holds is an ideal on
N and A-statistical convergence is nothing but convergence
with respect to this ideal.



For any number p > 0 the sequence s is said to be strongly
A-p-summable to a provided that Y22, a,.ls; — al? < oo for
alln € Nand lim,_, o, Y72, aylse —al’ = 0. The strong
A- p-summability is a linear consistent summability method
and the strong A- p-limit is uniquely determined whenever it
exists. In [6] Connor proved that s is statistically convergent
to a whenever it is strongly p-Cesaro convergent to a and the
converse is true if s is bounded. Practically the same proof
given in [6] still works if one replaces the Cesaro matrix
by an arbitrary nonnegative regular matrix A. In particular,
strong A-p-summability and A-statistical convergence are
equivalent on bounded sequences (see also [7, Theorem
8]). More information on strong matrix summability can be
found in [8] (for the case p = 1) or [9].

In [10] Maddox proposed a generalisation of strong A-
p-summability by replacing the number p with a sequence
P = (Puken Of positive numbers: the sequence s is strongly
A-p-summable to aif Y2, a,ls, — al’* < co foreveryn € N
and lim,,_, oo Yo, aulse — alf* = 0.

Next, let us recall that a function F : [0,00) — [0, 00) is
called an Orlicz function if it is increasing, continuous, and
convex and satisfies lim, _, . F(t) = co as well as F(t) = 0 if
and only if t = 0. If we drop the convexity and replace it by
the condition F(s + t) < F(s) + F(t) for all s,t > 0, then F
is called a modulus. For example, the function F,, defined by
F,(t) = t? is an Orlicz function for p > 1 and a modulus for
0 < p < 1. We will denote the set of all Orlicz functions by ©
and the set of all moduli by .Z.

Connor introduced another generalisation of strong
matrix summability in [7]: if F is a modulus, then s is
said to be strongly A-summable to the limit a with respect
to Fif Y72 a,F(lsg —al) < oo forallm € N and
lim,, _, oo Yoy @ucF(Ise — al) = 0. It is shown in [7, Theorem
8] that strong A-summability with respect to F implies
A-statistical convergence and that the converse holds for
bounded sequences. In [11] Demirci replaced the modulus in
Connor’s definition by an Orlicz function and studied which
results carry over to this setting.

Another common generalised convergence method is
that of almost convergence introduced by Lorentz in [12]. For
this we first recall that a Banach limit is a linear functional
L on the space £ of all bounded real-valued sequences
such that L is shift-invariant (i.e., L((S,31)nen) = L((S,)nen))s
positive (i.e., L((s,),en) = 0if' s, > 0 for all n), and fulfills
L(1,1,...) = 1. The existence of a Banach limit can be easily
proved by means of the Hahn-Banach extension theorem. A
sequence s € £ is said to be almost convergent to a € R if
L(s) = a for every Banach limit L.

It is proved in [12] that almost convergence is equivalent
to “uniform Cesaro convergence.” More precisely, a bounded
sequence s = (s)ey in R is almost convergent to a € R if
and only if the following holds:

n— 00

1 n
—Zskﬂ- —— a uniformlyini € N, o)
n

k=1

where N, = N U {0}.
Lorentz subsequently introduced and studied the notion
of F,-convergence by replacing the Cesaro matrix with an
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arbitrary real-valued regular matrix A: a bounded sequence
s = (Sg)ren in R is said to be F4-convergent to a € R provided
that

< n—oo . . .
Zanksk+i —— a uniformlyini € N, (2)
k=1

Stieglitz further generalised the notion of almost convergence
in the following way (cf. [13]): consider a sequence & =
(Bien, = ((bflz)n)keN)ieNO of matrices with entries in R or
C and a bounded sequence s = (s;)ien Of real or complex
numbers. Then s is said to be F-convergent to the number a
it ecelich of the series Y 12, b,ilk)Sk withn € N,i € N is convergent
an

(o)
Zb}’(llk)sk 2%, uniformlyini e N,. 3)
k=1

To obtain F,-convergence, take br(;;c) = a,._; for k > iand
b = 0fork <i.

Maddox introduced the Fg-analogue of strong matrix
summability in [14]. If each of the matrices B, is nonnegative
and s = (5;)xen 1S @ (not necessarily bounded) sequence in R
or C, then s is said to be strongly Fg-convergent to a provided
that

[ee]
Zby(;k) |s¢ - a 27%00 uniformlyini € N,. (4)
k=1

Very recently, the authors of [15] introduced the following
definitions, combining matrices and ideals.

Definition 1 (cf. [15]). Let A = (@), xen be a nonnegative
regular matrix, I an ideal on N, and F an Orlicz function. Let
a be any real or complex number. A sequence s = (s )y i
R or C is said to be

(i) strongly A’-summable to a with respect to F if

I—limZankF (|sx —al) =0, (5)
k=1

(i) A’-statistically convergent to a if

I'limzankXD(s,a,a) (k) =0 (6)
k=1

for every € > 0.

Itis proved in [15, Theorem 2.5] that A’-summability with
respect to F implies A’-statistical convergence (to the same
limit) and the converse holds if the sequence s is bounded
and F satisfies the A,-condition (i.e., there is a constant K
such that F(2t) < KF(t) for all t > 0).

We would like to propose here the following three
definitions that include all the above mentioned generalised
convergence methods.
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First we define a sequence (g,,),,cy Of functions from a set
S into a generalised metric space (X,d) (same as a metric
space except that d is allowed to take values in [0, co]; for
example, d(a,b) = |a — b| for a,b € [0,00), d(a,00) =
d(oco,a) = oo forall a € [0,00), and d(co,00) = 0 defines
a generalised metric on [0, 00]) to be uniformly convergent
to the function g : S — X along the ideal I if for every e > 0
there is some E € I such that for every s € S

{neN:d(g,(s),g(s)) e} cE (7)

or, equivalently, for every € > 0, we have

{neN:supd(gn(s),g(s))zs}EI. (8)
seS

If I = Iy, this yields the usual definition of uniform con-
vergence. Also, this definition is a direct generalisation of
the definition of y-statistical uniform convergence given in
[16]. The uniform convergence of (g,,),«y to g along I clearly
implies I-limg, (s) = g(s) for all s € S.

Now we come to the main definition.

Definition 2. Let I be an ideal on N and S any nonempty set.
Let B = (B)ics = ((b,(llk))n,ke,\,)ies be a family of (not nec-
essarily regular) matrices with entries in R or C and # =
(F}?))keN,ieS a family in ./ U O. Suppose that there is some
iy € Ssuch that

infOZO: ] > 0. (+)
k=1

neN

Finally, let s = (5;)ren be a sequence in R or Canda € R or
C.

(i) s is said to be %’ -summable to a provided that each
of the series Y 12, bﬁfsk is convergent and

[ee]
I—limZb:k)sk =a uniformlyini € S. 9)
k=1

(ii) If each matrix B; is nonnegative, then s is said to be
strongly '-summable to a with respect to F if

[ee]
I—limZbr(le,E') (Isx —a|) =0 uniformlyini € S.  (10)
k=1

(iii) If each B; is nonnegative, then s is said to be B
statistically convergent to a provided that for every
e>0

[ee]
I'hmzbﬁl}jXD(s,a,s) (k) =0 uniformlyini € S. (11)
k=1

If Flii) = id[g o) for all k € N,i € S in (ii) we simply speak
of strong %’ -summability. Clearly, strong %’ -summability to

a implies B'-summability to a provided that s is bounded,
Y b}i;() < coforallk € N,i € Sand

I-limbelQ =1 uniformlyini € S. (12)
k=1

Taking B; = A and Flg) =F e Oforeachi e Sandk e N
in (ii) and (iii) yields the definitions of strong Al -summability
with respect to F and of A’-statistical convergence. If we take
I=1If and S = N; in (i) and (ii) we obtain the definitions of
Fg- and strong F-convergence. Setting I = I, B; = A for
everyi € Sand F,ii) = F, foralli € §,k € Nin (ii) gives us
the definition of Maddox’s strong A-p-summability.

Note also that if each B, is nonnegative, then the set g ;
of all subsets K € N, such that

I-limZbr(:]zXK (k) =0 uniformlyini € S, (13)
k=1

is an ideal on N (the condition (+) ensures N ¢ Jg ;). The B
statistical convergence is nothing but the convergence with
respect to J ;. In the case that B; is the infinite unit matrix
for eachi € Swe have J; = I.

In the next section we will start to investigate the above
convergence methods.

2. Some Convergence Theorems

If not otherwise stated, we will denote by I an ideal on N,
by B = (B))jes = ((b:k))n’ke,\,)ies a family of real or complex
matrices (where S is any nonempty index set) such that there
is some iy € Swith (+), and by F = (F”) e a family in
AU O. Finally, s = (s;) e denotes a sequence in R or C and
a an element of R or C, as in the previous section.

The following two propositions (wherein each B; is
implicitly assumed to be nonnegative) generalise the afore-
mentioned results from [15, Theorem 2.5]. The techniques
used there followed the line of [17] while we will adopt the
techniques from [6].

Proposition 3. Suppose that s is strongly B'-summable to a
with respect to & and that

L(t):=inf{F’ (t):keN,ieS}>0 vt>0. (14)
Then s is also B'-statistically convergent to a.

Proof. Let &,8 > 0 be arbitrary. By assumption there is some
E e I'such thatforalli e S

{n eN: iby(lik)Flg) (|s —a|) = 6L (s)]» CE (15
k=1

But we have

[ee) (o)

Zb;EQFin) (s —al) = ZbﬁiﬁFii) (Isx = a]) Xp(s.ae) (k)
P P »

> L(e) Y B Xpisae (K)
k=1



foralli € S,k € N. Hence

{neN Z kXDm)(k)>8}cE 17)

for every i € S and the proof is finished. O

Proposition 4. Suppose that s is bounded and %' -statistically
convergent to a. If F is equicontinuous at 0 and there exists an
A € I such that

_Sup{an neN\AzES}<oo, (18)

as well as
h(t):=sup{FP (1) :keNieSt<oo Vt20, (19)
then s is also strongly B'-summable to a with respect to F.

Proof. Let e > 0 be arbitrary. Take 7 > 0 with 7(M + h(]|s||, +
lal)) < €. Since F is equicontinuous at 0, we can finda d > 0

such that F,Ei)(t) < tforallt € [0,6] andall k € N,i € S.

Because s is &' -statistically convergent to a there is some
E € I such that for everyi € §

‘{” eN: Z kXD(saS) (k) > T]’ CE (20)

It follows that for everyn € N\ (EU A) and alli € S

) it -
> b E (Isi - al)

k=1
S szr(lik)XN\D(s,a,a) (k)
k=1
() i (21
+ Zb;ik)FlE) (Isk = al) xpas) k)
k=1
<M +h(|slle, + lal) Z e XD(sas) ()
k=1
<t(M+h(|slle +lal)) < e
and we are done. O

So in particular, if B and F meet the requirements of
both Propositions 3 and 4, then %’ -statistical convergence
and strong %'-summability with respect to % coincide on
bounded sequences. Note that all the assumptions on & are

satisfied if F(l) = F, for a family (py;)ienies Of positive
numbers Wthh is bounded and bounded away from zero.

If I € Jg . in other words, if

I- 11mz Ok)XA (k) =0 uniformlyini e SVA eI, (22)
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then I-convergence implies 98'-statistical convergence (to
the same limit). Thus if 9 and F additionally satisfy the
requirements of Proposition 4, then for bounded sequences
I-convergence also implies strong %'-summability to the
same limit. Concerning the consistency of ordinary -
summability, we have the following sufficient conditions
which are analogous to those of Toeplitz’s theorem. We write
d; for the set of all bounded sequences (a;) ey for which
{keN:ag.#0} el

Lemma 5. Suppose that Y2, Ib(’)l < oo foralln e N,i € §
and

JAel M::sup{ozo‘l'b;m:neN\A,iES}<oo,
k=1

(23)

o0
I-lim Zbr(fk)ak =0 uniformlyini € SV (a,) €d;, (24)
k=1

(e8]
I-lim bel;c) =1 wuniformlyini € S. (25)
k=1

Then for every bounded sequence s = (s,),en in R or C, if
I-lim s, = a, then s is also B"-summable to a.

Proof. Because of (25) we may assume a = 0. Let e > 0 be
arbitrary. Since I-lims, = 0, wehave C:={n e N : [s,| > &} €
I and hence by (24) there is some E € I such that

(o)
{HEN:

Y b sexc (k)

Zs}gE Vi € S. (26)
k=1

But foralli € Sandallm e N\ A

beli,c)sk < by(,ik)stc (k)‘
k=1 k=1
+ Z |b(l)| xne (k) [sil (27)
k=

+ Me,

< Zbr(l’k) sexe (k)

and thus
{ne N (Y b%s, 28(1+M)]> CEUA VieS (28)
k=1
and we are done. O

The next proposition is the direct generalisation of [18,
Theorem 3.3] to our setting. Its proof is easy and moreover
virtually the same as in [18] so it will be omitted.
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Proposition 6. Suppose that we are given two families of non-
negative matrices B = ((by(:k))n,keN)ieS and o = ((af;g)n)keN),»es.

I

[ee]
I-lim Z afj,: - br(llk)| =0 uniformlyini €S, (29)
k=1

then ]@,I = ].Q/,I'

In [19] it was proved that a bounded (real) sequence
s is statistically convergent to a if and only if s is
Cesaro-summable to a and the “variance” o‘n(s)2 =
1nY: (a-1/nY;_, sk)2 converges to 0. The proposition
below is a generalisation of this result. We will use the
notation
) .
a7 (s) = Zb;%c)Fki (s = (Bis) m)]), (30)
k=1

provided that each B; is nonnegative.

First we need the following lemma, whose proof is
analogous to those of Propositions 3 and 4 and will therefore
be omitted.

Lemma 7. Suppose that F and B fulfill the requirements of
Propositions 3 and 4 and let y = (y,,;)penies be a family in R
orC. Put A, ,; == D(s, y,;,€) foralli € S,n € Nand e > 0.
Then

I-lim belek,- (Isk = ¥]) =0 uniformlyinie S (31)
k=1
implies that for every € > 0
o8] .
I-lim Zbr(llk)XAm (k) =0 uniformlyini €S (32)
k=1

and the converse is true if s is bounded and sup;cy yennv | Vil <
oo for someV € I.

Proposition 8. Let s be bounded. Under the same hypotheses
as in the previous lemma and the additional assumption that

Y, 6] < coforalln € N,i € S and

00
I-lim Zbr(lz =1 uniformlyini €S, (33)
k=1
s is B'-statistically convergent to the number a if and only if

s is B'-summable to a and Uf’g(s) converges to 0 along I
uniformly ini € S.

Proof. In view of Lemma 7 it is enough to consider the case
Fi; = idjg o for all k € N,i € S. We first assume that s is

B! -summable to a and that

I-lim %7 (s)

ni

= I-lim Zb}i’k) s = (B;s) ()| =0 uniformlyini € S.
k=1
(34)

Because of

[ee]

Zbr(l;z |5k - ‘1|

k=1

< Y b s = (Bys) (m)]

gk

=
Il

1
+ S (B () —dl
k=1

<27 (s)+|(Bs) (m) —a|M VneN\A, Vies,
(35)

where A and M are as in Proposition 4, it follows that s is
strongly %' -summable to a and hence by Proposition 3 it is
also %' -statistically convergent to a.

Conversely, let s be %' -statistically convergent to a. Then
by Proposition 4 s is also strongly %'-summable to a and
because of assumption (33) it follows that s is B'-summable
to a. Moreover, we have

af’g (s) = Zb:k) |si = (B;s) ()]
k=1

by |5 —a + Db |a — (B;s) (m)]

1 k=1

Mg

<

=~
I

< br(:k) |sk - a| +M la - (B;s) (n)|

M8

P
I

1

VneN\A, VieS

and hence 027 (s) converges to 0 along I uniformly in i €
S. O

According to [12, Theorem 2], for any regular matrix A the
F,-convergence of a sequence implies its almost convergence
to the same limit and by [12, Theorem 3] the converse is true
if A satisfieslim,,_, o, Ypo; |au — A1 | = 0. The following two
results are generalisations of these facts. Their proofs remain
virtually the same and will not be given here.

Proposition 9. Let A = (a,;), ren be an infinite matrix in R
such that Y2, |a, | < coforalln € Nand I-lim Y72 a, = 1.

Put of = ((a}iz)n,keN)ieNo, where afl'z = a,_; fork > iand

afl’z =0fork <i.
Let s € £ be o' -summable to the value a. Then s is also
almost convergent to a.

Theorem 10. Let A and of be as in the previous proposition
but assume additionally that I-lim a,; = 0 for every k € N,
SUP,en\y 2iet |kl < 00 for some'V € 1, and

o0
I1im ) |a = @] = 0. (37)
k=1



Let C be the Cesaro matrix and suppose that the family €
arises from C as of from A. Suppose further that the ideal I
is admissible and that ] is another ideal. Let s € € be €’ -
summable to the value a. Then s is also of'-summable to a.

In [4] the notion of I-Cauchy sequences in arbitrary
metric spaces, which generalises the notion of statistically
Cauchy sequences of Fridy (cf. [20]), was introduced. A
sequence (x,,),cy i @ metric space (X, d) is said to be an I-
Cauchy sequence if for every € > 0 there is some k € N such
that {n € N : d(x,, x;) > &} € I. For I = I this yields just an
equivalent formulation of the notion of an ordinary Cauchy
sequence. Fridy’s notion of statistically Cauchy sequences is
obtained by taking I = Jer, where C is the Cesaro matrix.

It was proved in [4] that every I-convergent sequence is I-
Cauchy (cf. [4, Proposition 1]) and that, in the case of an
admissible ideal I, the metric space (X, d) is complete if and
only if every I-Cauchy sequence in (X, d) is I-convergent (cf.
[4, Theorem 2]). The proof of [4, Theorem 2] also shows that
every I-convergent sequence possesses a subsequence which
is convergent in the ordinary sense.

In [20] it was proved that a sequence of numbers is
statistically convergent if and only if it is statistically Cauchy,
but a third equivalent condition was obtained there as well;
namely, a number sequence (s,),,«\ is statistically convergent
if and only if there is a sequence (t,,),cny Which is convergent
in the usual sense and coincides “almost everywhere” with
(S,)nen> Which in our notation means precisely {n € N :
Sy # tn} € ]C,If'

It is clear that, for any two sequences (x,,),en> (Vp)pen 1
an arbitrary topological space, if (,),,cy is I-convergent and
{n e N: x,#y,} € I then (x,),e is also I-convergent.
For the case of %’-statistical convergence of sequences of
numbers we can prove a converse result provided that & (I)
has a countable base that fulfills a certain condition with
respect to the matrix-family 8. The proof uses the basic ideas
from [20].

Theorem 11. Let I be an admissible ideal with I C J g such
that there is an increasing sequence (B,),) e in I for which {N\
B,, : m € N} forms a base of #(I) and

sup sup Z @y, (K) = 0. (38)

i€S ne€B,, (=1

Then the sequence s = (s,,) .y is B’ -statistically convergent to
a if and only if there is a sequence (t,),,cn Which is I-convergent
toaand fulfills {n e N :s, #t,} € J5 .

Proof. We only have to show the necessity. So let s be %'-
statistically convergent to a. Pute,, =27 and A, = {k e N :
s, —al > ¢,,} for every m € N. Then for every m € N there
exists a set E,,, € I such that

{neN:Zb(’)XA k) = ¢, }gEm Vies (39)
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and by (38) we can find a strictly increasing sequence
(M) pen in N such that

sup sup Z kXN\BM (k) < e, VpeN. (40)

i€S nEBM k=1

n in N such
. Then

Next we fix a strictly increasing sequence (p,,),,.c
that E,, € By, for every m € N. We write F,, for By,

F,<F, landUm1 F, =N.

Let m(k) min{m € N : k € F,} for every k € N and put
t, = 41
, {a ifk € A, )

It is easily checked that {k € N : [t, —a| > ¢,,} € F,, for every
m and hence (t; )¢y is I-convergent to a.

Now it remains to show C := {k € N : s, #t;} € J5 ;. To
this end, fixe > 0 and choose m such that };° ., & < &/3 and
g, < e/3.

Since I € Jz 1, we can find E € I with

{neN Z O xr, (k)>—}gE VieS. (42

Then F,, UE € I and for everyn € N\ (F,,UE) and eachi € S
we have m(n) > m and

Z kXCnF (k)

k=1

Z kXc (k) =
Z kch(N\F (k)
42) €
3t Z XA E, ) ()

00
()
+ ank XCO(Fm(n)\Fm) (k)
k=1

(43)
(40) ¢

< -
< 3

m(n)

+ Z Z kXCn(Fl\Fll)(k)

I=m+1 k=1

m(n) oo

Sg g, + Z Z kXAz(k)

I=m+1 k=1

EP I
< —&+ Z 8[ <s

I=m+1
which completes the proof. O

Note that condition (38) is in particular satisfied for B,,, =
{1,...,m}if I = I; and each B, is a lower triangular matrix.

Making use of his aforementioned characterisation of
statistical convergence, Fridy further proved in [20] the
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following Tauberian theorem for statistical convergence: a
statistically convergent sequence (s,,),cn Which satisfies |s,, —
Syl = O(/n) for n — oco is convergent in the ordinary
sense. It is not too difficult to obtain the following slightly
more general result by modifying the proof from [20]
accordingly (there the functions ¢, v, and h below are simply
o(x) = 1/x = y(x) and h(x) = x(1 + x)™1). For the sake of
brevity, we skip the details.

Theorem 12. Let I be an admissible ideal and A = (a,),, 11
a lower triangular matrix such that I-lim Y,_, a, = 1 and
I-lima, = 0 for every k € N. Suppose that ¢,y, and h are
functions from [0, 00) into itself such that ¢ is decreasing on
(0,00), min_, ,a, = y(n) foreveryn € N, I-limx, = 0
whenever I-lim h(x,) = 0, and

xy(x+y) 2 h(xp(y)) V¥xyz0. (44)

Let (s,)en and (t,),cn be number sequences such that
lim, ,t, =0,{n € N:s #t} € Jop, and|s, —s,,,| =
O(¢(n)) forn — oo. Then I-lim s, = 0.

Combining Theorems 11 and 12 we get the following
corollary.

Corollary 13. Under the same general hypothesis as in
Theorem 12 with I = I, if (s,),en is a sequence which is A-
statistically convergent to the number a and fulfills |s, — s, | =
O(p((n)) forn — o0, then (s,),cn is convergent to a in the
usual sense.

3. Limit Superior and Limit Inferior

In [21] Demirci introduced the concepts of limit superior and
limit inferior with respect to an ideal I on N, generalising the
notions of statistical limit superior and limit inferior from
[22]. For a sequence (s,,),,cy in R put

I-lim sups, :=sup{t e R: {neN:s, >t} ¢ I},
(45)
[im infs, ;== inf{t e R: {neN:s, <t} ¢ I}.

The same definitions were independently introduced by the
authors of [3]. Note that since (s,),cy is not assumed to be
bounded, it can happen that these values are co or —co. If I =
I the above definitions are equivalent to the usual definitions
of limit superior and limit inferior. It is proved in [21] (and in
[3] as well) that I-lim infs, < I-lim sups, and that (s,),cy
is I-convergent to a € R if and only if I-lim infs, = a =
I-lim sups,, (cf. [21, Theorems 3 and 4] or [3, Theorems 3.2
and 3.4]).
Let us also remark that

I-lim sups, :gn§sup{sn :neN\ A},
€

(46)
Ilim infs, = supinf {s, : n € N\ A},
Ael

as is easily checked.
In [22, Lemma on p.3628] necessary and sufficient condi-
tions for a real matrix A to satisfy the inequality lim sup Ax <

st-lim sup x for all x € £*° were obtained (here, st-limsup x
denotes the aforementioned statistical limit superior that was
introduced in [22]; in our terminology it is nothing but the
limit superior with respect to the ideal Jer,s where C is the

Cesaro matrix).

Later, Demirci gave a more general necessity result
concerning the I-limit superior and the I-limit inferior (cf.
[21, Corollary 1]). The following proposition is a further
generalisation of this result while its proof follows the lines
from [22].

Proposition 14. Let I, ] be ideals on N and A = (a,), ren
an infinite matrix in R such that the following conditions are
satisfied:

Z |ank| <oo VneN, (47)
k=1
[im ) |a,| = 1 =I1im ) a, (48)
k=1 k=1
Ilim ) |au] xp (k) =0 VEe€]. (49)
k=1
Then
Ilimsup As < J-limsups Vs € €% (50)
as well as
Iliminf As > J-liminfs Vs € £, (51)

Proof. Let s = (s,),en € €%° be arbitrary and put b =
J-limsups. Since s is bounded, we have b € R. Also, fix an
arbitrary & > 0. Then by [21, Theorem 1] (or [3, Theorem 3.1])
wehave E:={neN:s,>b+¢e} € J.Weput F =N\ E.

For every a € R seta’ = max{a,0} and a”~ = max{-a, 0},
asin [22]. Notethata=a" —a" and |a|=a" +a".

Then for everyn € N

(As) (n) = Y aysi = Y anxe (k) s

k=1 k=1

[ee) o0
N _
+ ZankXF (k) sx = Zanksk
k=1 k=1

< slleo Y. ] x () + (B +2) Y ayxie (K)

k=1 k=1
1 (o]
+ S 1sleo Y. ([l - )
k=1
o0 1 o0
= Islloo Y || xe () + Slslleo . (@] = @)
k=1 2 k=1

+ M (OZO: (|ank| +ank) (1 ~ X (k))> '

2 k=1
(52)



Because of E € ] and the assumptions (48) and (49) the I-
limit of the right-hand side of the above inequality is equal to
b + . Together with the obvious monotonicity of I-lim sup it
follows that I-lim sup As < b + €. Since &€ > 0 was arbitrary,

the proof is finished.
The second statement follows from the first one by
multiplication with —1. O

It was also proved in [22] that a sequence of real numbers
which is bounded above and Cesaro-summable to its statisti-
cal limit superior is statistically convergent (cf. [22, Theorem
5]). It is possible to modify the proof of [22] to obtain the
following more general result. We use the same notation as in
the previous section.

Theorem 15. Suppose that each B; is nonnegative, Y o, b;’k) <
oo foralln e N,i € S, and

(e8]
I-lim Zbr(;;c) =1 uniformlyini €. (53)
k=1

If s = (s,,).en is a bounded sequence of real numbers and a € R
such that s is 8" -summable to a and Jg -limsups = aorJg ;-
liminf s = a, then s is B’ -statistically convergent to a.

Proof. It is enough to prove the statement for the case Jg ;-
lim sup s = a. Suppose that s is not B'-statistically convergent
to a. Then Jg ;-liminf s < a and hence there must be some
t <asuchthatE := {n € N:s, <t} ¢ Jg; Consequently,
there exists a d > 0 such that

A= <|neN supz kXE(k)zd}¢I. (54)

lEkl

Fix an arbitrary e > Oandput F:={n e N:t <5, < a+¢}
andG:={neN:s, >a+e}. Take§ € (0,¢) with Sla+e¢| < e.
By our assumption (53) we have

Zb

C:= {neN sup
k=1

i€S

26} el (55)

It follows from [21, Theorem 1] that G € ] 4 and hence

D := {n eN: supr()XG (k) = 6]» (56)

IEkl

Nowletn € H := An(N\ (CU D)) be arbitrary. Since n € A,
there is some i € S such that ZOO b(’)XE(k) > d/2. Write

International Journal of Analysis

M = |Is|lo- It then follows from the definitions of the sets
E,F,G,C, and D and the choice of § that

ibﬁ?sk = Zb()stE (k)
k=1
+ Y b sixe (R) + Y s x6 (K)
k=1 k=1
< be(kxE (k)
+(a+€)z D e (k) + M8
= tz D e (k) + M8
+(a+e) Z D (1= xp (k) = x6 () -

< th<kXE (k) + M3

+(a+s)(1 - Z (‘,jXE(k)>

/)

+|a+£|<z e (k) +| YY) -
k=1

<a+e+Me+(t—-a-¢)

be( X (k) +2la+eld

<a+s(M+3)+(t—a—e)%l
Thus we have

sup |a
ieS

)
1
- anksk
k=1

(58)

>§(a+s—t)—s(M+3) Vn e H.

Suppose that

- s

k=1

h = I-lim sup sup

i€eS

(59)
d
< E(a+s—t)—e(M+3).
Then it would follow that H € I. But C, D € I and hence
A=HU(CNAU(DNA) €I, (60)

contradicting (54).
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Thus h > (d/2)(a + € —t) — (M + 3) and since ¢ > 0
was arbitrary, we get i > (a — t)d/2 > 0 and hence s is not
B'-summable to a. O

We conclude this section with a lemma that will be
needed later and may also be of independent interest. First
we need one more definition: a number sequence (s,,),,cy 1S
called I-bounded if there is a constant K > 0 such that
{n € N:|s,| > K} € I. Note that I-convergent sequences
are I-bounded and that the I-boundedness of (s,,),,cr implies
that I-lim sup s, and I-lim inf s, are finite.

Lemma 16. For any ideal I on N and all I-bounded sequences
(Sp)nen and (t,) e i R the inequalities

Ilimsup (s, +1t,) < I-limsups, + I-limsup t,,,
(61)
Ilimsup (s, +t,) > Ilimsups, + I-limsup ¢,

hold. If one of the sequences is I-convergent, then equality holds.

Proof. It is enough to prove the statement for the I-lim sup.
Leta = I-lim sups, and b = I-limsupt,. If u,v € R such
thatu > aandv > bthen A :={n e N:s, > u} € [ and
B:={neN:t,>v} el Hence AUB € I. But

C:={neN:s,+t,>u+v} CAUB, (62)

and thus C € I.

If I-lim sup(s, + t,) > u + v, then there would be some
n>u+ vsuchthat{n ¢ N : s, +¢t, >y} ¢ I, which
would imply C ¢ I. Thus we must have I-lim sup(s, +t,,) <
u +v. Since u > a and v > b were arbitrary, it follows that
I-lim sup(s, +t,) <a+b.

Now suppose that (s,,),cn i I-convergent to a and fix an
arbitrary e > 0. Put D == {n e N : s, +t, > a+b-¢g},
E={neN:s,>a-¢/2},andF:={neN:t, >b-¢/2}.

By [21, Theorem 1] F ¢ I and because of I-lims, = a we
have N\ E € I, thatis, E € F(I).

IfENF € I,then (N\ E)U(N\ F) € #(I) and hence
(N\F)NE = (N\E)U(N\F))NE € F(I); thusN\F € F(I),
contradicting the fact that F ¢ I.

Sowemusthave ENF ¢ [ and since ENF < D, it follows
that D ¢ I, which implies I-lim sup(s, +t,) > a+b—e. Letting
e — 0 completes the proof. O

4. Cluster Points

Fridy [23] defined and studied statistical cluster points and
statistical limit points of a sequence. These concepts were later
generalised by the authors of [1] to an arbitrary admissible
ideal I. Consider a sequence (x,,),,cy in @ metric space (X, d).
An element x € X is called an I-cluster point of (x,,),ey if
{n e N :d(x,,x) < e ¢Iforeverye > 0and it is called
an I-limit point of (x,,),ey if there is a subsequence (x,, ey
with {n; : k € N} ¢ I that converges to x. For I = Iy, both
notions are equivalent to the usual notion of cluster points.
Every I-limit point is also an I-cluster point of (x,,),en (cf.
[1, Proposition 4.1]) but the converse is not true in general.
It was shown in [3, Theorem 3.5] that a bounded sequence

(8,)nen in R always possesses an I-cluster point and that the I-
lim sup and the I-lim inf of the sequence are the greatest and
the smallest of them, respectively. It is easily observed that the
same proof still works if the sequence is only I-bounded.

Concerning J z ;-cluster points, we can give the following
characterisation.

Proposition 17. Suppose that sup,c ;cs Yoy br(llk) < 0o and

I-lim Zbr(l;() =1 uniformlyini € §. (63)
k=1

Then a is a ]  ;-cluster point of s = (s,) e if and only if for
everye >0

[ee]
Tliminf inf Y b5 Xy (k) < 1. (64)
k=1

Proof. Put A, = D(s,a,¢) and B, = N\ A, for every € > 0. By
definition, a is a J 4 ;-cluster point of s if and only if B, ¢ ] ;
for every € > 0 which is the case if and only if

I-lim sup sup Y b x5 (k) > 0. (65)
i€S p=1

But Y72, b:lik)XBg(k) =Y br(l;z -y bflik)XAg (k), so because
of (63) and Lemma 16 it follows that a is a ] ;-cluster point
of s if and only if

I-lim sup sup (1 - Zbr(tik)XAs (k)) >0
k=1

i€S

(66)
R P (i)
& 1 - I-lim inf g};l’nkm (k) >0

and the proof is finished. O

This characterisation yields the following sufficient con-
dition for a ] ;-cluster point.

Corollary 18. Under the same assumptions as in the previous
proposition, if F = (FIEI))kEN,ieS is a family in M U O such that

L(t):=inf{F’ (t):keN,ieS}>0 Vt>0,

& i) (67)
. i) i
I-lim inf %ensszib”ka (|s —a]) =0,
then a is a ] g r-cluster point of s.
Proof. For everye > 0andalli € S,n € N we have
S (i) (i)
anlkal (lsk - al)
k=1
\ (i) ()
z anlkaI (|$k - a|) XD(s,u,s) (k) (68)
k=1

> L(e) Y B Xpisae (K)
k=1
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and thus it follows from the assumptions that
I-lim inf 1nfz ) XDsae) K)=0<1 Ve>0. (69)

Hence by the previous proposition, a is a ] 5 ;-cluster point of
s. O

5. Pre-Cauchy Sequences

The authors of [24] introduced the notion of statistically
pre-Cauchy sequences. The sequence s = (s;)ey is called
a statistically pre-Cauchy sequence if lim, , 1 (G, j) €
{1,...,n} : |s; — sjl > €}| = 0 for every ¢ > 0. They show
that a statistically convergent sequence is statistically pre-
Cauchy and that the converse is not true in general but under
certain additional assumptions. It is further proved that s is
statistically pre-Cauchy if

Jim 33 s s =0 (70)
n i=1 j=1

and that the converse is true if s is bounded (cf. [24, Theorem

3]).
We propose the following generalisation of the definition
of statistically pre-Cauchy sequences to our setting.

Definition 19. If each B; is nonnegative, a sequence s = (S;)xen
of real or complex numbers is called a %’ -statistically pre-
Cauchy sequence if for every € > 0

(e8]
I—limz Zb(’)b(l XpGse) (ks1) =0 uniformlyini € S, (71)
k=11=1

where D(s, €) := {(k,]) € N* : s — s;| = ¢}

First we show that, under an additional assumption on
B, B'-statistically convergent sequences are %' -statistically
pre-Cauchy.

Lemma 20. Suppose that s is B’ -statistically convergent and

[ee)
dA € IM = sup<|Zbr(l;€):n€ N\A,iGS} <oo. (72)
k=1

Then s is a BB’ -statistically pre-Cauchy sequence.

Proof. Say sis B'-statistically convergent to a. For every e > 0
and all n € N'\ A we have

Z ank b Xp(s.e) (6 )

k=11=1

br(l;c)b;ill) (XD(s,u,e/Z) (k) + XD(s,a,s/Z) (l))

IN
Mg
M3

kol
I

—_
I

1

< ZMZb « XD(sae/2) (K) — 0 along I uniformlyini € S.
k=1

(73)
O
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The next two propositions are the analogues of [24,
Theorem 3]. Since their proofs parallel very much those of
Proposition 3 and Proposition 4, respectively, they will be
omitted. In the formulation of both propositions, we differ

from our usual notation and allow & = (F,E?)k’lewes tobea
family in ./ U O with index set N x N x S instead of N x S.

Proposition 21. Suppose that
o0 0O
I-lim Z Z DD (|se —si|) = 0 uniformlyini € S,
k=1 1=1

L(t):=inf{EJ (t) : k,leN,i e S} >0 vt >o0.

(74)
Then s is B'-statistically pre-Cauchy.

Proposition 22. Suppose that s is bounded and B'-statis-
tically pre-Cauchy. If F is equicontinuous at 0 and

0O

JA € IM := sup {bek)

neN\A,ieS}<oo, (75)

as well as
h(t)=sup{F) () :kleN,ieS}<oo Vt20, (76)

then we also have

o0 00
I—limZbel’k)b:l?F (|Isk=si|) =0 uniformlyini € S.
k=11=1
(77)

It was proved in [24] that a statistically pre-Cauchy seq-
uence (s,),cn Which possesses a convergent subsequence

(S, Jken such that the set of indices {r : k € N} is “large”
in the sense that

liminf > [{r : k e N,m <m}| >0 (78)
n—-o00 n

is statistically convergent. This result can be generalised in the
following way.

Theorem 23. Suppose that I C Jg ; and
sup{ZbﬁQ:neN,ieS} < 0. (79)
k=1

Let a be any real or complex number. Let s = (s,,),c be a B'-
statistically pre-Cauchy sequence and let W C N be such that
for every € > 0 the set {n € W : |s, — al| > &} belongs to I and
furthermore

w := I-liminf &Iglsi:Zb:l’k)XW (k) > 0. (80)
k=1

Then s is B'-statistically convergent to a.
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Proof. Take ¢,8 > 0 arbitrary. Then V:= {k € W: s, —al >
€/2} € I, by assumption. Put A := {k € W: |s, —al < ¢/2},
B:={keN:|sg —al > ¢},and C := {(k,]) € N? s — 51 =
e/2}. Then Ax Bc C.

Let us also fix 7 € (0, w) such that r(w — 7)™' < 8. Since s
is B'-statistically pre-Cauchy, there is some E € I such that

{n eN: Y YO xc (k1) 2 T} CE VieS. (81)
k=11=1

But we have

b6 o (k, 1)

=1
and thus

{nEN:(Z (’k)XA(k)><Z lXB(l))zl'}gE VieS.

(83)

M3
M8

,r
i

L
I

1
(82)

Since V € I C J 5, it follows that

I-lim supz kXV (k) = (84)
i€S j=1

Because of Lemma 16 this implies

w = I-lim inf iigsf;b;’,j (xa (k) + xv (k)

< I-lim 1nf<1nf2b(kXA (k) + supz kXV (k)> (85)

i€S =1
o] o
= [lim inf inf ' b3l (k) =
k=1
By [21, Theorem 2] we have
F:= {n eN: lanb<kXA (k) <r- ‘r]» el. (86)
Ifn e N\ (E U F), then Y2, b%xy(k) < t(r - 1)

1) < §foreveryi €.
Thus EUF € I with

< 1(w-

{neN:Zbﬁsz(k)zé}gEuF Vies (87)
k=1

and the proof is finished. O

By [24, Theorem 5] a bounded statistically pre-Cauchy
sequence in R whose set of cluster points is nowhere dense
is statistically convergent. To obtain an analogous result in
our setting, we introduce the following strengthening of the
notion of &' -statistically pre-Cauchy sequences.

1

Definition 24. If each B; is nonnegative, a sequence s =
(sk)ken Of real or complex numbers is called a B -statistically
pre-Cauchy sequence if for every & > 0
[N ve] .
I -limz Zbr(’ik)b:j) Xp(se) (K, 1) =0 uniformlyini, j € S.
k=11=1 55

For ' -statistically pre-Cauchy sequences, Lemma 20,
Proposition 21, and Proposition 22 hold accordingly (with
the obvious modifications, one can even take a family # =

(F]S‘j))k,leN,i,jeS in J U O with index set N* x §? in this case).

The next lemma generalises [24, Lemma 4] while its proof
follows the same lines.

Lemma 25. Let I be an admissible ideal. Suppose that
Yoo b < oo foralln e N,i € Sand

o0
JAel M::sup{belQ:neN\A,iGS} <00, (89)
k=1

S 0)
Ilim Y B =
k=1

uniformly ini € S. (90)

Let W be a basis for F(I) such that for every {n; < n,---n <
Nipy -+ } € W the following holds:

1
< - (91)

Ik, €N, Vk>k0mfz o = bl < 5

”kl nk+11

Let's = (s,) e be a B -statistically pre-Cauchy sequence in R
and o < Bsuchthat H:={neN:s, € (o, )} € Jg,.
Then X :={neN:s, <al€JgrorY:={neN:s, >

Bt €T

Proof. Letus putt, = s,ifn ¢ Handt, = aifn € H.
Since H € J g, it is not difficult to see that t = (t,,),y is also
B -statistically pre-Cauchy. Put P := {n € N : t, < a} and
Q:=meN:t,>pLThen X CPUHandY € QUH;
thus it suffices to show P € Jg; or Q € Jg ;. Note also that
t, ¢ (a, ) forallm € Nand hence Q =N\ P.

For the sake of brevity, we define forn ¢ Nandi € §

[ee]

D, (K) = Y b xa (k) VK CN. (92)
k=1

We claim that
IlimD,; (P) (1 - D,;(P)) =0 uniformlyini, j € S. (93)

To see this, fix an arbitrary ¢ > 0 and note that P x Q ¢
D(t, B — ). So, since t is %’ff—statistically pre-Cauchy, there is
some E € I such that

{n eN: D, (P)D,;(Q > g} CE VijeS  (94)
By (90) there exists F € I such that

{neN:|Dni(N)—1|zi}gF VieS. (95
2M
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Because of (89) and D,;(Q) = D,;(N) — D,;(P) this easily
implies

{neN:|D,(P)(1-D,;(P))|2¢} cEUFUA Vi jeS§,
(96)

proving our claim. In particular, we can find C € 7" with
1
D, (P)(1-D,; (P))| < 5 VneC vijes. ()
Then for every n € C we must have

supD,; (P) <

i€S

or ijlgstnj (P) = -. (98)

W | —
[SSRIN )

Write C = {n; <n,---m < ng,---}and choose k; according
to (91). Suppose first that supiesanoi(P) < 1/3.Then the same

must hold for every k > kg; for elsewise we could find a
minimal k > k, with inf; (D, ;(P) > 2/3 which would imply

i

[ee]

M _ 0
IZ by -bY |2 D,;(P)-D
=1

(P) =

[SSRI S

_ 1
=3 9

[SSH=

My

for alli € S, contradicting the choice of k.
Sowe have D, ;(P) < 1/3 forall k > k; and alli € S. Now
fix again an arbitrary & > 0. By (93) there is G € I such that

{n eN:[D, (P)(1-D,; ()| > %s} <G Vijes
(100)

Since I is admissible, R := GU (N '\ {n; : k > k;}) is again an
element of I and we have

{neN:D,;(P)>¢e cR Vies. (101)

Thus we have shown that D,;(P) converges along I to zero
uniformly in i € S, which means exactly that P € J ;.
In the second case, inf;csD,, ;(P) > 2/3, one can show
0

analogously that Q € Jg ;. O

ol < 1/3forall
but finitely many n € N, then we can take 7' = {{n e N : n >
m} : m € N} and condition (91) is satisfied. For the Cesaro
matrix C we even have lim,, _, .o >, l6,; = ¢,yyl = 0.

As in [24], we can now use the above lemma to obtain a
sufficient condition for 98’ -statistical convergence.

Note thatif I = I and infjeg Yo |br(;? -

Theorem 26. Under the same general hypotheses as in the
previous lemma, if s = (s,) ey is @ Jo -bounded 9B’ -statis-
tically pre-Cauchy sequence in R such that the set Z of all ] & 1-
cluster points of s is nowhere dense (note that Z is closed (cf.
[L, Theorem 4.1(i)]), so “Z nowhere dense” just means that Z

has empty interior) in R, then s is B'-statistically convergent.

Proof. Suppose that s is ] ;-bounded and 9’ -statistically

pre-Cauchy but not %' -statistically convergent.
As mentioned before, the Jg ;-boundedness assures that

there is some a € Z. Since s is not %’ -statistically convergent
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thereisan e > Osuchthat{n € N : s, <a-¢} ¢ Jg;or
{neN:s, >a+e} ¢ ]Jg;. Without loss of generality, we
assume the former.

As in [24], we will show that (a — ¢,a) € Z. If not, there
would be an open interval («, 8) € (a — €, a) such that {n €
N:s, €(aB)}€]gr

It follows from Lemma25that X = {n e N: s, < o} €
JerorY:={neN:s, >} ey,

Since X 2 {n € N:s, <a-e¢} ¢ Jg;, we would have
Y € Jg ;. But we can find § > 0 with 8 < a — & and because of
a € Ztheset{n € N:s, > a— 3} cannot belong to J 5 ; where
on the other hand it is contained in Y.

Thus Z has nonempty interior and the proof is finished.

As an immediate consequence of Theorem 26 we get the
following corollary.

Corollary 27. Under the same general assumptions as in
Lemma 25, if s is a B’ -statistically pre-Cauchy sequence in R
whose range is finite, then s is %' -statistically convergent.

6. A Sup-Limsup-Theorem

In this section we will present the generalisation of Simons’
equality that was announced in the abstract, but first we need
to recall some definitions: a boundary for a real Banach space
X is a subset H of By (for every Banach space Y we denote
by By its closed unit ball and by Sy its unit sphere) such that
for every x € X there is some x* € H with x*(x) = |x|. By
the Hahn-Banach-theorem, Sx- is always a boundary for X.
It easily follows from the Krein-Milman-theorem that ex By,
the set of extreme points of By, is also a boundary for X.

A famous theorem due to Rainwater (cf. [25]) states that
a bounded sequence in X which is convergent to some x € X
under every functional from ex By is weakly convergent to
X.

Later Simons (cf. [26, 27]) generalised this result to an
arbitrary boundary H by proving that for every bounded
sequence (x,,),cy in X the equality

sup limsupx” (x,,) = sup limsupx”(x,), (102)

x*€H x* €Byx

which is nowadays known as Simons’ equality, holds.
An easy separation argument shows that every boundary

H satisfies By. = c0” H,but By- = CoH is not true in general

(here co A denotes the convex hull, A" the weak*-closure,
and A the norm-closure of A € X*).

In [28] Fonf and Lindenstrauss introduced the following
intermediate notion. Consider a convex weak” -compact sub-
set K of X (where X is a real or complex Banach space).
A subset H of K is said to (I)-generate K provided that
whenever H is written as a countable union H = | J)_, H,,,,
then

(103)

© *
5<Ua‘“ Hm> =K
m=1
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or equivalently, whenever H is written as a countable union
H=\J,  H, with H, € H,,,, then

" H

m

=K. (104)

s

1

3
il

Clearly, K = coH implies that H(I)-generates K which in

turn implies K = %" H, but the converses are not true in
general as was shown in [28]. It was also proved in [28] that,
for a real Banach space, every boundary of K (I)-generates
K (the set H is called a boundary of K if max{x”*(x) : x* €
H} = sup{x*(x) : x* € K} for every x € X. In this term-
inology, H is a boundary for X if and only if it is a boundary
of By-).

Nygaard proved in [29] that Rainwater’s theorem holds
true for every (I)-generating subset of By- and the authors
of [30] showed that Simons’ equality is equivalent to the
(I)-generation property (cf. [30, Theorem 2.2]; see also [3L,
Lemma 2.1 and Remark 2.2]).

In [32] the author investigated the possibility to gen-
eralise the Rainwater-Simons-convergence theorem for (I)-
generating sets to some generalised convergence methods
such as strong A-p-summability and almost convergence by
proving a general Simons-like inequality for (I)-generating
sets (cf. [32, Theorem 3.1]). We will continue this work here,
using similar arguments as in [32] to generalise Simons’
equality to the Jg -limsup for the case that %(I) has a
countable base, and obtain some related convergence results.

First we need the following lemma, whose proof is—once
more—analogous to those of Propositions 3 and 4. Therefore,
the details will be skipped.

Lemma 28. Let each B; be nonnegative. Define f : R —

[0,00) by f(t) = t fort > 0and f(t) = 0 fort < 0. Put
A(s,a,¢e) =1k e N: s > a+ ¢} forevery e > 0. Then

[ee]
I- lim Zbr(;k)f (sk—a) =0 uniformlyini€§
k=1

(105)
= A(s,a,¢8) € Jg; Ve>0
and the converse is true if the sequence s is bounded and
00
sup{ZbV(lik):neN\A,ieS]»<oo (106)
k=1

for some A € I.
Now we turn to the generalisation of Simons’ equality.

Theorem 29. Let X be a real Banach space, K € X* a convex
weak” -compact subset, and H € K an (I)-generating set for
K. Let the ideal I be such that the filter #(I) has a countable
base. Assume that each B; is nonnegative and that there exists
an A € I such that

o0
M::sup{Zby(l'k):neN\A,ieS}<oo. (107)
k=1
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Let (x,,),cn be a bounded sequence in X. Then the equality

sup Jo -limsup x” (x,,) = sup Jg ;-limsup x” (x,) (108)
x*eH x*eK

holds.

Proof. Denote the left-hand supremum by ¢ and the right-
hand supremum by d. We only have to show d < c. Let
R = sup,yllx,ll. Let (C,),cn be a countable base for F(I).
Without loss of generality we may assume C,,;, ¢ C, for all
n. Take x* € K and ¢ > 0 arbitrary and put

E,, = {y* €K: ibfk)f(y* (x¢) = ¢)
k=1

(109)
<evVieS,neC,t,

H,=E,nH VYmeN,

where f is as in the previous lemma. Then H,, ¢ H,,,, for
every m € N. It follows from [21, Theorem 1] that {n € N :
y*(x,) > ¢+ 8} € Jg; for every § > 0. Together with the
previous lemma this easily implies |, H,, = H.

Since H(I)-generates K, we get that

(o)
K = | Jeo* H,, (110)
m=1

Thus we can findm € Nand y* € Ew*Hm with [|x* - y*|| < e
It is easily checked that E,, is convex and weak” -closed; hence
y* € E,,. But for every k € N

FOT ()=o) < f (7 (o) =y ()
+f (" () —¢)
<" =y il + f (7 () =€)
<Re+ f(y" (x) ).

(111)

It follows that

Db f (x" () —c) < MRe + Y b f (y" (i)~ ¢)
k=1 k=1 (112)

<e(MR+1)

foreveryi € Sandeveryn € C,, N (N\A).Since C,, N (N\A) €
F(I) and € > 0 was arbitrary, we conclude with Lemma 28
that {n € N : x"(x,) > ¢ + 8} € 4 for every § > 0, whence
Josr — limsup x*(x,) < c. O

As a corollary, we get the following convergence result.

Corollary 30. Under the same hypotheses as in Theorem 29
with K = By., if x € X is such that (x*(x,)),cn is B'-
statistically convergent to x™ (x) for every x™ € H then the same
holds true for every x* € X*; that is, (x,,),cy is “weakly B'-
statistically convergent to x.”
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Moreover, for every family & = (Flii))keN,ieS in M U O
which is equicontinuous at 0 and satisfies

inf {F () :keN,ieS}>0 Vt>0,
' 113)
sup [ (1) :keN,ie S} <oo Vt20,

(x™(x,,)) en is strongly B -summable to x* (x) with respect to

F for every x* € X" whenever this statement holds for every
*

x €H.

Proof. The first statement follows directly from Theorem 29
and the second follows from the first one via Propositions 3
and 4. O

It is clear that this convergence result carries over to
complex Banach spaces (note that if X is a complex Banach
space and H(I)-generates By-; then {Rex” : x* € H} (I)-
generates {Re x” : x* € By.}, the unit ball of the underlying
real space).

In particular, if we take each B, to be the infinite unit
matrix, we get that, for every ideal I such that #(I) has a
countable base, I-limx*(x,) = x"(x) for every x* € X~
whenever this is true for every x” in an (I)-generating subset
of By (in particular, in a boundary for X). We can also prove
an analogous convergence result for %' -summability.

Proposition 31. Let X be a real or complex Banach space and
H C By an (I)-generating set for By-. Suppose that F(I) has
a countable base, 2221 Ib(')l < oo foralln € N,i € S, and
moreover

b? (114)

M3

M:=sup{ :neN\A,ieS]»<oo

k

Il
—_

for some A € I.

Let (x,,),en be a bounded sequence in X and x € X such
that (x*(x,,))pen is B'-summable to x*(x) for every x* € H.
Then the same is true for every x* € X*.

Proof. Let (C,),.cn be a decreasing countable basis for F(I).
Let R > sup, . lIx,ll and R > ||x||. Take any x* € By~ and fix
an arbitrary € > 0. Define

Zb(”y (o) =" (%)

k=1

E, = {y* € By- : sup

(115)
<evneC,r,

H, :=E,nH VmeN.

Then H,, / H and since H (I)-generates By., we can find
m € Nand y* € c0” H,, such that [|x* — y*|| < e.
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It is not too hard to see that E,, is convex and weak"-
closed and thus y* € E,,. Consequently, for all i € S and
neC, N(N\A)wehave

o] o
Zbr(l’k)x* (x) — x" (x)
k=1

< |2 () - (1)

(o)

Z k)’ e

-y (x)

+]y" (x) - x" (%)
<M|x" -y |[R+e+]|x" - y"|R

<eRM+1)+1).
(116)

Since C,, N (N'\ A) € F(I) and € > 0 was arbitrary, we are
done. O

The next result concerning %’ -statistically pre-Cauchy
sequences is a generalisation of [32, Corollary 3.5]. Using
Propositions 21 and 22 with Fké) = id[y o for all k,I € N
and i € S, its proof can be carried out analogously to that
of Proposition 31. The details will be omitted.

Proposition 32. Let X be a real or complex Banach space and
H <€ By an (I)-generating set for By-. Suppose that F(I) has
a countable base, that each B; is nonnegative, and that there is
some A € I such that

[ee]
sup{bel’lz:neN\A,ieS} <00
k=1

Let (x,,),en be a bounded sequence in X such that (x*(x,,)) .en
is B'-statistically pre-Cauchy and RB'-statistically pre-
Cauchy, respectively, for every x* € H. Then the same is true
forevery x* € X*.

117)

Finally, let us give characterisations of weak-compactness
and reflexivity that generalise [32, Corollaries 3.7 and 3.8].

Corollary 33. Let M be a bounded subset of the Banach space
X and B an (I)-generating set for Bx.. Then M is weakly
relatively compact if (and only if) for every sequence (x,,),en
in M there is an element x € X, an ideal I on N such that
F (I) admits a countable base, and a nonnegative matrix A =
(Ap)is1 Such that

(e8]

ICel sup Yay <oo, (118)
neN\C =1

I-lim a, =0 VkeN (119)

and (x*(x,),en is Al-statistically convergent to x*(x) for
every x* € B.

Proof. Let (x,,),cy be an arbitrary sequence in M and fix
x, I, and A as above. By Corollary 30 (x*(x,)),c is A’
statistically convergent to x*(x) for every x* € X*. Thus,
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given finitely many functionals x|,...,x, € X", the seq-
uence (Z;-":1 Ix; (%, = X)) peny 18 Al -statistically convergent to
zero. Hence for any € > O theset D, = {n e N 271:1 Ix; (x, -
x)| < €} does not belong to J 4 ;.

By (119), ] 5 ; is admissible; therefore, D, must be infinite
for every € > 0, which shows that x is a weak-cluster point of
(xn)nEN'

So M is weakly relatively and countably compact and
by the Eberlein-Shmulyan theorem, it must be also weakly
relatively compact. O

Corollary 34. If By is an (I)-generating set for By« (we
consider X canonically embedded into its bidual), then X is
reflexive if (and only if) for every sequence (x,),c\ in By
there is a functional x* € X*, an ideal I on N such that F(I)
admits a countable base, and a nonnegative matrix A such that
(118) and (119) are satisfied and (x, (x)),cn is Al -statistically
convergent to x* (x) for every x € X.

Proof. By the previous corollary, By is weakly compact; thus
X" and hence also X are reflexive.
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