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We introduce generalized Lorentz difference sequence spaces d(v, A, p). Also we study some topologic properties of this space and

obtain some inclusion relations.

1. Introduction

Throughout this work, N, R, and C denote the set of positive
integers, real numbers, and complex numbers, respectively.

The notion of difference sequence space was introduced
by Kizmaz in [1] in 1981 as follows:

X (A) = {x = {x} ew: (Ax) € X} )

for X =€, ¢, ¢, where Ax; = x; — x;,, forall k € N. Et and
Colak in [2] defined the sequence space

X(A™) ={x={x} ew: (A"x;) € X} (2)

for X = €., ¢, ¢y, where m € N, A%x; = {x;}, Axy = X — Xpy 1
Ax = A" g = A" g = Y (-1 () Xy, for all k €
N, and showed that this space is a Banach space with norm

m

Il = Y || + A" ] o (3)

i=1

Subsequently difference sequence spaces has been discussed
in Ahmad and Mursaleen [3], Malkowsky and Parashar [4],
Et and Basarir [5], and others.

Let (E, ||-|l) be a Banach space. The Lorentz sequence space
I(p,q, E) (or lp,q(E)) for 1 < p, g < oo is the collection of all
sequences {g;} € ¢,(E) such that

0o 1/q
(S ol

i=

Hail,,= forispsco lsg<oo ()
P 2|
for1<p<oo, g=o00

is finite, where {||a¢(l-) [} is nonincreasing rearrangement of
{lla;I} (we can interpret that the decreasing rearrangement
{||a¢(,-)||} is obtained by rearranging {lla;[|} in decreasing
order). This space was introduced by Miyazaki in [6] and
examined comprehensively by Kato in [7].

A weight sequence v = {v(i)} is a positive decreasing
sequence such that v(1) = 1, lim; ,v(i = 0 and
lim; , V(i) = oo, where V(i) = Z;zl v(n) for every i €
N. Popa [8] defined the generalized Lorentz sequence space
d(v, p) for 0 < p < oo as follows:

d(v,p)=1x={x}ew:|xl,,
(5)

0 1p
= sgp<2|xn(i)|Pv(i)> <oof,
i=1



where 77 ranges over all permutations of the positive integers
and v = {v(i)} is a weight sequence. It is known that d(v, p) C
¢, and hence for each x € d(v, p) there exists a nonincreasing

*
i

rearrangement {x"} = {x;'} of x and

0 1/p
lIxl,,, = (le,-* |Pv<i)> (6)
n=1

(see [8,9]).

Let (X, | - |I) be a Banach space and let v = {v(n)} be a
weight sequence. We introduce the vector-valued generalized
Lorentz difference sequence space d(v,A, p) for 0 < p <
00. The space d(v, A, p) is the collection of all X-valued 0-
sequences {x,} ({x,} € ¢{X}) such that

1/p
]Pv(n)) (7)

o0
( > [18xy0
n=1

is finite, where {||Ax¢(n) I} is nonincreasing rearrangement of
{"Axn"} and Ax(/,(n) = x(/,(k) - X¢(k+1) for all k € N.
We will need the following lemmas.

Lemma 1 (see [10]). Let {¢'} and {"c;} be the nonincreasing
and nondecreasing rearrangements of a finite sequence {¢;}, _;.,
of positive numbers, respectively. Then for two sequences
{a} 1 cicn and {b}, ., of positive numbers we have

gai*-*bi < gai b < gai* 'bi*- ®)

(0]

i

Lemma 2 (see [7]). Let {x
()

} be an X-valued double sequence

such that lim; _, . x;" = 0 for each y € N and let {x;} be an
X-valued sequence such that limﬂﬁooxf”) = x; (uniformly in
i). Then lim; _, . x; = 0 and for eachi € N
"x ; " < lim 'lx(ﬂ). “, (9)
(i) =Y qSM(z)

o
X
Ixg,

ments of {||x;|l} and {IIxf”)II}l., respectively.

where {||x¢(l-) I} and { )(1.) |}; are the nonincreasing rearrange-

2. Main Results

Theorem 3. The space d(v, A, p) for 0 < p < oo is a linear
space over the field K = R or C.

Proof. Let x, y € d(v, A, p) and let {I|Ax¢(n)||}, {IIAyﬂ(n) I} and
{llAX ) + Ayyemll} be the nonincreasing rearrangements of
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the sequences {|Ax, [}, {IAy,|I} and {[|Ax, + Ay,ll}, respec-
tively. Since v is nonincreasing, by Lemma 1 we have

[
DA%y + Ay v )
n=1

)3 ("Axu/(n) Py () + ”Ayw(n) "PV(?I))
n=1 (10)

D{OZO: pv(n)}

n=1

IN

IA

(e8]
sl v+ 5

< 00,

where D = max{1,2°7!}. Let « € K. Hence we get

Py (n)

v = i”"‘quﬂ(m
n=1

(o)
>ty
n=1

(1)

Py (n)

(o)
= lal” )| Ax
n=1

< 00.

This shows that x + y € d(v, A, p), ax € d(v, A, p) and so
d(v, A, p) is a linear space. ]

Theorem 4. The space d(v, A, p) for 1 < p < o0 is normed
space with the norm

1/p
"v(n)) (V)

(o)
Ixlly,,p = Hx¢(1>u + (ZIHA’%(;«)
o

where {I|Ax¢(n) |} denotes the nonincreasing rearrangements of
{llAx,[I}.

Proof. It is clear that ||0||V,A,p = 0. Let ||x||v)A)P = 0. Then we
have x,;) = 0 and Axggy = Xgx) — Xpke1) = 0 forall k € N.
Hence we get x = 0.

Let x, y € d(v, A, p). Since weight sequence v is decreas-
ing, by Lemma 1 we have

<+l

00 » 1/p
- "xw(l) + J’vx(l)" + (Z;"Axw(n) + DAYy “ V(”))
00 » 1/p
<lal + ol + (Zlosal v )

00 , 1/p
+ (;“Ayw(n) ” v (n))



Journal of Operators

1/p
Py (n))

<ol ol + (S s
00 » 1/p
+ (;“qu(n) “ 2 (n))

= ”x"v,A,p + "y”v,A,p’

(13)
where {IIAx¢(n) I} {IIAy,](n)II} and {IIAxW(H) + Dyym I} denote
the nonincreasing rearrangements of {[|Ax,[I}, {|Ay,ll} and
{lAx, + Ay, I}, respectively.

Let A be an element in K and let x be a vector in d(v, A, p).
Hence we have

0 1/p
1Axlla,p = [Ax) g0 | + <Z||A<Ax>¢(n) |"v (n))
n=1

© Ur  (14)
- ol + 11 3 o0

= M lxl .
O

Theorem 5. The space d(v, A, p) for 1 < p < oo is complete
with respect to its norm.

Proof. Let {x'} be an arbitrary Cauchy sequence in d(v, A, p)

with x©) = {xs)}:zl for all s € N. Then we have
. © _
Jim [ =0, =0 (5)

Hence we obtain lim IIAxS) — Ax®? || = 0 for each

S, — 00 I (n)
n € Nand so {x}, for a fixed n € N, isa Cauchy sequence in
X.

Then, there exists x,, € X such that x
Let x = {x,}. Since lim x® = 0 for each s € N, by

n—00""n
Lemma 2 we have lim

(s)—>xass—>oo

= 0. Therefore we can choose
Ax®? ||}n of

m(n) 7,(n)

Also, for an arbitrary ¢ > 0 there exists

n—>ooxn
the nonincreasing rearrangement {||Ax
{Ilax, = Ax|},.
N e N such that

O u
5t<1) st(l)

o) » 1/p (16)
(s) (t)
+ (Z”Axn&t(m - Axnsyt(n) v(n)) <e
n=1
fors,t > N. Hence we get
CING
X (1) xﬂs)t(l)“ <e
17)
Z"Axf:) o~ 7(:) ™ v(n) <l

fors,t > N. Let t be an arbitrary positive integer with t > N
and fixed. If we put

Ay = AxY — Ax®, Ay, = Ax, - Ax?, (18)
then we have
Jim Ay(s) 0 for each s € N,
(19)
hm A y(s) Ay, (uniformly in n).
Thus by Lemma 2 we get
(
790l = Jim_ i | (20)

s> 00

for each n € N; that is,

A% = A7 | < lim. N IEY
for each n € N. Hence, by (17), (21) we get
=<1,
= ""m(l) - xfft)(l) “
» 1/p
( 2 (A% = 27 ] Vm))
=
S
00 p 1/p (22)
+ (Zl(slinéo ”Ax ) Axf::r(n) > v(n))
P
[em = o]
S (A ot
+sli”$o<,;(||mi -85 ] V(”))
< 2e.

Also, since d(v, A, p) is a linear space we have {x,} = {x, —
} + {x (N)} € d(v,A, p). Hence the space d(v, A, p) is
complete with respect to its norm. O

Theorem 6. Let 0 < p < co. Then, the inclusion d(v, p) C
d(v, A, p) holds.

Proof. Let x € d(v, p). Then we have

1/p
v(n)) < 00, (23)

- p
( Z “’%(n)
n=1



where {||X¢(,,) [} denotes the nonincreasing rearrangements of
{llx,|I}. Since v(n) is decreasing, by Lemma 1 we get

(Zlosvl v

[E xw(nﬂ)"PV (n)

I
M8

1

o0
KY ([xyool” + Ieviuen]”) v

n=1
p © p
v(n) + Z"x(p(nﬂ)n v(n))
n=1

(o)
K ( > |xoem

n=1

S
I

(24)

IN

IN

< 00,

where {||Axv,(,,) [} denotes the nonincreasing rearrangements

of {||Ax, ||} and K = max{1,27'}. This completes the proof.
O

Theorem 7. If1 < p < q < 0o, thend(v, A, p) C d(v, A, q).

Proof. Let x € d(v, A, p). Since v(n) is decreasing we have

0 1/p k 1/p
(Bl ) =  Shssl v
n=1 n=1

k 1/p (25)
> sl 30

> || Axyqp | (vK) PP

for every k € N. Hence we get

A% 500
o 1/p
< 007k s |+ S Joxo[Pre ) @0
n=1

< (V(k))il/P“x"v,A,p

for every k € N. Thus

;“Aan) Q)

) —
= 2] o] )

< Y (O Pl ) [Axg| v
n=1

< (IIxIIV,A,p)q_Pi A0 ||PV ()
n=1

< 0.

This implies that x € d(v, A, q). O
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3. Conclusion

If we put A" x instead of Ax, where m € N and A’x, =
bod Axe = X = X AT = A" - A, =
YL (=D" (") xp,, forallk € Nin the definition of d(v, A, p),
we obtain generalized Lorentz difference sequence space
d(v, A™, p) of order m. It can be shown that the sequence
space d(v, A™, p) is a Banach space with norm

o0
+ (Z 8™ x g
n=1

where {IIAmx¢(n)II} denotes the nonincreasing rearrange-
ments of {|A"x, ||} and properties in this work.

1/p
r v(n)) (28

m
cllarp = D %o
n=1
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