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We consider the three-dimensional Boussinesq equations and obtain some regularity criteria via the velocity gradient (or the
vorticity, or the deformation tensor) and the temperature gradient.

1. Introduction

Consider the following three-dimensional (3D) Boussinesq
equations:

u, + (u-V)u-Au+ Vr = Oe,,

0,+(u-V)8-A0 =0,
€))
V-u=0,

u(x,0) = u,, 0(x,0) = 0,.

Here, u = (u;(x,1),u,(x,t),u3(x,t)) is the fluid velocity,
= 7(x,t) is a scalar pressure, and 0 = 0(x,t) > 0 is the
temperature, while u, and 6, are the prescribed initial velocity
and temperature, respectively.

When 0 = 0, (1) reduces to the incompressible Navier-
Stokes equations. The regularity of its weak solutions and
the existence of global strong solutions are challenging open
problems; see [1-3]. Initialed by [4, 5], there have been a lot of
literatures devoted to finding sufficient conditions to ensure
the smoothness of the solutions; see [6-18] and so forth. Since
the convective terms are similar in Navier-Stokes equations
and Boussinesq equations, the authors also consider the
regularity conditions for (1); see [19-23] and so forth.

Motivated by [7], we will consider the regularity criteria
for (1) and extend the result of [7] to the case of Boussinesq
equations.

Before stating the precise result, let us recall the weak
formulation of (1).

Definition 1. Letu, € L*(R*), 6, € L' N L°(R*),and T > 0.
A measurable pair (u, 0) is said to be a weak solution of (1) in
(0, T), provided that

(1) (w,0) € L®(0,T;L*(R%) n L*(0,T; H'(R?), 6 ¢
L®(0, T; L' n L™ (RY));
(2) (1), 5 are satisfied in the sense of distributions;

(3) the energy inequality
t t

Iw O +2J 1V(u,0)]%ds < J J Ouydxds,  (2)
0 0 JR?

forall0 <t <T.
Now, our main result reads the following.

Theorem 2. Let u, € L*(R’) with V - u, = 0 in the sense of
distributions, 0, € L' n L®(RY). Suppose that (u, 0) is a weak
solution of (1) in [0,T), and

(Vu,v6) € L* (0, T3 B, . (R*)); (3)
then the solution (u,0) € C®((0,T) x R?).

Due to the divergence-free condition of the fluid velocity
u, we have

3 3
Aui = Zak (akui - aiuk) 5 Aui = Zak (akui + aiuk) .

k=1 k=1
(4)



Thus,

3
ajui = _Zt%]l%k (akui - aiuk) N
k=1
€)
3
aju,- = _Ze%f%k (aku,- + a,-uk) .
k=1

Here, #; = aj/ v/—A is the Riesz transformation.
Using (5), we can deduce easily from Theorem 2 the
following.

Corollary 3. Let u, € L*(R’) with V - u, = 0 in the sense of
distributions, 0, € L' n L®(R?). Suppose that (u, 0) is a weak
solution of (1) in [0, T), and

(Vxu,v6) e L*(0,T; B  (R*)), (6)
or

(Defu,V6) € L* (0, T; B,

o (R7))s ?)
then the solution (u,0) € C®((0,T) x R®). Here, V x u =

k
a 62 2, ) = aiuj + ajui is the
’41 U Us

deformation tensor (the symmetric tensor of the rate of strain).

is the vorticity and (Def

The rest of this paper is organized as follows. In Section 2,
we recall the definition of Besov spaces and the related
interpolation inequalities. Section 3 is devoted to proving
Theorem 2.

2. Preliminaries

We first introduce the Littlewood-Paley decomposition. Let
&(R?) be the Schwartz class of rapidly decreasing functions.
For f € S(R?), its Fourier transform & f = f is defined as

F@O=| feoeiax ®)

Let us choose a nonnegative radial function ¢ € § (R%)
such that

R e L g <,
Og(p(f)ﬁl, SD(E)_{O, if |El22, (9)
and let
— () -2 (X
¥ (x) =9 (x) ‘P<2>’
9; () =27 (2'x), 1o
v (x) = 2y (2 )> jez.

For j € Z, the Littlewood-Paley projection operators S; and
A ; are, respectively, defined by

Sif=¢i*fi  Aif=vy;*f. (1)
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Observe that Aj =S5.-S

i = Sj_1- Also, it is easy to check that if
f € L*(R?), then

S;f —0, asj— —00; (12)

S, — f.

as j — 09, (13)

in the L* sense. By telescoping the series, we have the
following Littlewood-Paley decomposition:

f= Y A8 (14)
j=—0c0

forall f € L*(R?*), where the summation is in the L? sense.
Lets € R; p,gq € [1,00]; the homogeneous Besov space
B, q(IR3 ) is defined by the full dyadic decomposition such as

:{fefz"([R3);

.
(15)

et

where Z '(IR3) is the dual space of
Z (R)={f e §(R);D T (@ =0, Vae N*}.  (16)

The following interpolation inequality will be needed in
Section 3:

1Al < ClAlI Al - vF e B (RY) n B, (RY).

17)

See [24] for the proof.

3. Proof of Theorem 2

In this section, we will prove Theorem 2.
Multiplying (1), by —Au and (1), by —A#, integrating over
R, and summing up, we obtain

1d
PTLALS 0172 + 1A (w, 0)[17

= J [(w-V)u] - Audx - J 0Au,;dx
R3

R3
+ J. [(u-V)0] - ABdx
R3

(18)
=- Z J Ojcu ;010 u;dx

i,j,k=1

3
+j VO Viydx— Y j 31,0,00,0dx
R3 =] R3

=L, +1, + 1.



ISRN Applied Mathematics

Invoking Holder inequality, (17), and Young inequality,
we may bound I as

2
I, < [Vul 2Vl

< ClVully: [ Auf:|Vul (19)

1
2 2 2
< ClVul [Vullz + EllAulle.
For I,, we use Holder inequality to dominate as

1 2 2 1 2 2
Ls<- J[Rs (IV0” + 1Vul*) dx = - (IOl + IVull: ).

2
(20)
Finally, I can be estimated similarly as I,
I < IVO]7: ]I Vul 2

< CIV6l5:_[1A6]:[Vul: 2

1
< CIVOl5 IVuli: + > 146].

Substituting (19), (20), and (21) into (18), we gather

d
M O3 + 1AW, 0)]7
(22)

<C(IV@ Ol +1) V(w0
Gronwall inequality together with (3) then implies that
(w,0) e L (0,T:H' (R*)) n L? (0, T; H* (R%)).  (23)

Then, we may use standard energy method to drive high-

order derivative bounds, which would imply (u,0) €

C®((0,T) x R?) by Sobolev embedding theorems, as desired.
The proof of Theorem 2 is completed.
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