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The aim of this paper is to study a common fixed point theorem for three pairs of self-mappings satisfying a contractive condition
of integral type in the setting of dislocated metric space. We notice that our established theorem generalizes the main result of
Branciari (2002) in the context of dislocated metric space.

1. Introduction

In 1922, Banach proved a fixed point theorem for contrac-
tion mapping in complete metric space. Banach contraction
theorem is one of the pivotal results of functional analysis.
It has many applications in various fields of mathematics
such as differential equations and integral equations. There
are many generalizations of Banach contraction theorem in
the literature. One of the most interesting generalizations of
it is that of Branciari [1]. Branciari [1] proved a fixed point
theorem for a single map satistying an analogue of Banach
contraction principle of integral type. Furthermore, authors
in [2, 3] proved fixed point theorems satistying more general
contractive conditions of integral type in metric space.

The notion of dislocated metric (d-metric) space was
introduced by Hitzler and Seda in [4, 5]. This notion plays
a vital role in logic programming semantics, electronic
engineering, and computer science [5]. Compatible map-
pings were introduced by Jungck in [6]. The same author
in [7, 8] generalized the concept of compatible mappings
and introduced the concept of weakly compatible mappings.
Since then several papers have been published containing
fixed point results for weakly compatible maps in dislocated
metric space (see [9-11]). Moreover, Al-Thagafi and Shahzad
[12] initiated the concept of occasionally weakly compatible
(owc) mappings. In the present days occasionally weakly

compatible mappings become an interesting research topic in
the field of metric fixed point theory.

In this paper, we have proved a common fixed point theo-
rem for six self-mappings satisfying a new type of contractive
condition of integral type using the idea of weakly compatible
and commuting maps in the frame work of dislocated metric
space.

2. Preliminaries

Throughout this paper R" will represent the set of nonnega-
tive real numbers.

Definition 1 (see [5]). Let X be a nonempty set and d : X x
X — R afunction satisfying the following conditions:

(d)) d(x,x) =05

(d,) d(x, y) = d(y,x) = 0 implies x = y;

(d3) d(x, y) = d(y, x);

(dy) d(x,y) <d(x,z) +d(z,y) forall x, y,z € X.
If d satisfies the conditions from d; to d, then it is called
metric on X; if d satisfies conditions d, to d, then it is called

dislocated metric (d-metric) on X. The pair (X, d) is called
dislocated metric space.



Clearly every metric space is a dislocated metric space but
the converse is not necessarily true as clear from the following
example.

Example 2. Let X = R* define the distance function d : X x
X — R'by

d(x,y)=x+y Vx,yeX. (1)

Clearly (X, d) is a dislocated metric space but not a metric
space.

The following definitions are required in the sequel which
can be found in [5].

Definition 3. A sequence {x,} in d-metric space (X,d) is
called Cauchy sequence if for € > 0 there exists a positive
integer n, € N such that, for m,n > n,, one has

A (%, 3,) <. @)

Definition 4. A sequence {x,} in dislocated metric space
(X, d) is called dislocated convergent (d-convergent) if

Jim d (x,, x) = lim d (x,x,) = x. 3)

In such a case x is called the dislocated limit (d-limit) of the
sequence {x,}.

Definition 5. A d-metric space (X, d) is said to be complete if
every Cauchy sequence in X converges to a point in X.

Definition 6. Let (X, d) be a d-metric space. A mapping T :
X — X is called contraction if there exist 0 < o < 1 such
that

d(Tx,Ty)<a-d(x,y) Vx,yeX. (4)

Lemma 7 (see [5]). Limit in d-metric space is unique.

Theorem 8 (see [5]). Let (X, d) be a complete d-metric space
T : X — X acontraction. Then T has a unique fixed point.

Definition 9 (see [9]). Let S and T be two self-mappings on a
nonempty set X; then

(1) any point x € X is said to be fixed point of T if Tx = x;

(2) any point x € X is called coincidence point of S and
T if Sx = Tx and one calls u = Sx = Tx a point of
coincidence of S and T

(3) a point x € X is called common fixed point of S and
Tif Sx = Tx = x.

Definition 10 (see [13]). Let S and T be two mappings on a
nonempty set X. Then S and T are said to be a commuting
pair if

STx =TSx Vxe X (5)

In [6] Jungck introduced the concept of compatible
mappings which generalize the concept of commuting maps.
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Definition 11. Let S and T be self-mappings on a nonempty
set X. Then S and T are said to be compatible mappings if

Jim d (STx,; TSx,,) = 0, (6)
whenever there exists a sequence {x,,} in X such that
Jim Sx, = lim Tx, =t for some ¢ € X. (7)

Clearly compatible mappings commute at their coinci-
dence sequence.

Jungck in [7] further generalized the concept of compat-
ible maps as follows.

Definition 12 (see [7]). Let S and T be two self-mappings
on a nonempty set X. Then S and T are said to be weakly
compatible if they commute at all of their coincidence points;
that is, Su = Tu for some u € X and then STu = TSu.

Obviously compatible mappings are weakly compatible
but the converse is not true.

Example 13. Let X = R, with the usual metric d. Define S, T':
R — Rby

-2 ifx<0
Sx = [x], Tx=40 if0<x<2 (8)
2 ifx2>2,

where [x] denotes the integral part of x. In the above if {x,} =
1/n, then S and T are not compatible but they are weakly
compatible as they commute at their coincidence points; that
is, x = £2.

The following concept, introduced by Al-Thagafi and
Shahzad in [12], is a proper generalization of nontrivial
weakly compatible maps which do have a coincidence point.

Definition 14. Let S and T be two self-mappings on a
nonempty set X. Then S and T are said to be occasionally
weakly compatible (owc) if there exists at least one coinci-
dence point of S and T at which they commute; that is, STx =
T'Sx implies that Sx = Tx for any coincidence point x.

The following example shows that the weakly compatible
maps form a proper subclass of occasionally weakly compat-
ible maps.

Example 15. Let X = [0, 00) with the usual metric. Define
S,T:X — XbySx =2xand Tx = x* for all x € X. Then
C(S,T) = {0,2} and S(T(0)) = T(S(0)) but S(T'(2)) # T(S(2)).
Therefore (S, T) are an owc pair but not weakly compatible.

Lemma 16 (see [14]). Let S, T, and f be self-mappings on a
nonempty set X with S, T, and f having a unique point of
coincidence in X. If (S, f) and (T, f) are weakly compatible.
Then S, T, and f have a unique common fixed point.

In 2002, Branciari [1] proved the following theorem which
is one of the interesting generalizations of Banach contraction
principle.
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Theorem 17. Let (X, d) be a complete metric space o € (0, 1).
Let T : X — X be a mapping such that for all x,y € X the
following condition holds:

d(Tx,Ty) d(x,y)
J p)dt<a- J p(t)dt, )
0

where p : R* — R" is a Lebesgue integrable mapping which
is summable on each compact subset of R*, nonnegative and
such that for any s > 0 IOS p(t)dt > 0. Then T has a unique
fixed point.

Definition 18 (see [15]). A map ¢ : R, — R, is called
comparison function if it satisfies the following:
(1) @ is monotonic increasing.

(2) The sequence {¢"(t)},>, converges to zero for all t €
R, where ¢" stands for nth iterate of ¢.

If ¢ satisfies
(3) Yo ¢ (t) which converge forall t € R,

then ¢ is called (c)-comparison function.

Thus every comparison function is c-comparison func-
tion. A prototype example for comparison function is

pt)=at teR, 0<a<. (10)

Some more examples and properties of comparison and
c-comparison function can be found in [15].
3. Main Result

Theorem 19. Let (X,d) be a complete d-metric space. Let
A,B,S,T,P,Q : X — X be self-mappings satisfying the
following conditions:

(1) P(X) <€ ST(X), Q(X) < AB(X);

(2) the pairs (P, AB) and (Q,ST) are weakly compatible

mappings;
d(Px,Qy) (x,»)
@) [ pydr < ¢ [ plt)dt;

where M(x, y) = min{d(ABx, STy), d(Px, ABx), d(Qy, STy)}
forall x,y € Xand ¢ : R, — R, is a (c)-comparison
function with p : R, — R, being a Lebesgue integrable
mapping which is summable on each compact subset of R,
nonnegative and such that for any s > 0 jos p(t)dt > 0. Then
AB, ST, P, and Q have a unique common fixed point. Moreover,
if (A, B) and (S, T) are commuting pairs, then A, B, P, Q, S, and
T have a unique common fixed point.

Proof. Using condition (1) we construct the Jungck sequence
{y,} by the rule

Yon = STx3,41 = Py,

(11)

Vope1 = ABXy, 0y = Qxy,y forn=0,1,2,....

3
Now using (3) we have
A(y2nsYans1)
j p(0)dt
AP, Qx341) M(x.y)
=J p(t)dtSqu p(t)dt
0
min{d(ABxy,,,STx21):3(Px 3, ABx,,),d(Qx1.1,5T X541 )}
<¢ J p(t)dt.
0
(12)
Using the defined construction of the sequence we have
min{d(¥25-15 Y28 (Van> Y21-1)8(Vons15 Y20}
= J p(t)dt
0
(13)
min{d(y5,-1>¥20):8(Vans1>Y20)}
= J p(t)dt.
0
Finally we have
A(y2nsYansr) min{d(y2,-15Y20)5d (Vo Yone1)}
j p(t)dtS¢J p(t) dt.
0 0
(14)

If min{d(y2,-1> Y20): A(Vam> Yans1)} = d(V2> Y2ni1)> then we
have

(Yo Y2ns1)

AV Y2ns1)
J- p(t)dt

MﬂmS¢J

0

dYan>Yans1)
< I p (1) dt
0

(15)

which is a contradiction. Therefore min{d(y,,,_1, ¥5,), (V2>
Yan)} = (¥ 1, ¥,)s hence we have

A(Y2u-15Y2n)

A(Yan>Yans1)
j p(tydt.  (16)

pydr<g |

0
Also

A(Yan-2>Yan-1)

A(Yan-1:Y2n)
J p(tydt. (17)

pmms&J

0

Similarly proceeding we have

A(yoy

AYp>Yns1) )
j p(t)ydt.  (8)

pmms&j

0

Since ¢ is (¢)-comparison function so by taking limitn — oo
implies ¢" — 0. Therefore

lim

n— o0

d(yn’ynﬂ)
J p(t)dt:OznlLI%od(yn,yn+1) =0. (19)

Hence {y,} is a Cauchy sequence in complete d-metric space.
So there must exist u € X such that

lim y, = u. (20)

n— 00



Also the subsequences {y,,} and {y,,,,} converge to u. So
{Px,,}, {Qx,5,.1} {STxy,,1}, and {ABx,,.,} converge to u.
Using (1) since P(X) < ST(X) so there must exist z € X
such that STz = u. Now using (3) we have

du,Qz)
J p(t)dt
0

J~d (Px,,,,Qz)

p(t)dt

’ (21)

IN

¢

min{d(ABx,,,STz),d(Px,,,ABx,,),d(Qz,STz)}
J p(t)dt

0

min{d(y,,-1,4),d (V20 Yon-1),d(Qz,u)}

<¢ J p(t)dt.
0

Taking limit n — oo we get the following inequality:

d(u,Qz) min{d(u,u),d(u,u),d(Qz,u)}
J p(t)dt < qu p(t)ydt. (22)
0 0

Since d(u,u) < d(u,Qz) + d(Qz,u), therefore min{d(u, u),
d(Qz,u)} = d(Qz,u) = d(u, Qz);

du,Qz) du,Qz) d(u,Qz)
J p(t)dt < ¢>J p(t)dt < J p(t)dt (23)
0 0 0

which is a contradiction; therefore d(u,Qz) = 0 = Qz = wu.
Hence STz = Qz = u.

Also since Q(X) € AB(X) so there must exist w € X such
that ABw = u. Again using (3) we have

d(Pw,u)
J p(t)dt
0

J'd(Pw,sznﬂ)

p(t)dt

o

Jmin{d(ABw,Ssz,”l ),d(Pw,ABw),d(Qx;,,,1,STx,,)}

IA
Sy

p(t)dt
0

IN

Jmin{d (4, 20),d(Pw,),d(Y 341> Y20)}

¢ p (1) dt.

0
(24)

Taking limit # — oo we have

d(Pw,u) min{d(u,u),d(Pw,u),d(u,u)}
J p(t)dt < ¢J p(tydt. (25)
0 0

Since min{d(u, u), d(Pw, u), d(u,u)} = d(Pw, u), so

d(Pw,u) d(Pw,u) d(Pw,u)
J p(t)dt < qu p(t)dt < J p(t)dt (26)
0

0 0

which is again a contradiction. Therefore d(Pw,u) = 0 =
Pw = u. Hence STz = Qz = Pw = ABw = u. Thus u is
the point of coincidence of P, Q, ST, and AB. Now we have
to show that the point of coincidence of P, Q, ST, and AB is
unique.
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Let ' # v be two distinct points of coincidence of
P,Q,ST, and AB. Then STz = Qz' = Pu' = ABw' = u/'.
Consider

d(uu') d(Pw,Qz")
J p)dt = J p(t)dt. (27)
0 0

Using (3) we have

d(uu')
J p(t)dt

0

min{d(ABw,STz'),d(Pw,ABw),d(Qz' ,STZ')}
< ¢>J p)dt (28)

0

min{d(uu'),d(u,u),d (' ')}
<¢ J p(t)dt.

0

Since d(u, u) < d(u,u') + d(u', u) implies d(u, u) < 2d(u,u'),
therefore min{d(u, 1), 2d(u, u')} = d(u, u'):

d(uu') d(uu') d(uu')
J p(t)dtS(bJ p(t)dt<j p)dt (29)
0

0 0

which is a contradiction; therefore d(u,u') = 0 = u = .
Hence point of coincidence of P, Q, ST, and AB is unique.
Also since (P, Ab) and (Q, St) are weakly compatible so by
Lemmal6 P, Q, ST, and AB have a unique common fixed
point in X. Thatis, Pu = Qu = STu = ABu = u.

Now if (A, B) and (S, T) are commuting pairs then

Au = A (ABu) = A (BAu) = AB (Au) (30)

which implies that Au is the fixed point of AB but as proved
above fixed point of AB is unique. Therefore Au = u which
implies that u is the fixed point of A. Also

Bu = B(ABu) = BA (Bu) = AB(Bu). (31)

Using the similar argument as above we can get that Bu = u.
Thus u is the fixed point of B. Similarly one can easily show
that Su = v and Tu = u. Hence A,B,P,Q, S, and T have a
common fixed point in X.

Uniqueness. Let u # v be two distinct common fixed points of
A, B, P,Q, S, and T; then consider

d(u,v) d(Pu,Qv) M(x,y)
| ewar=| T pwarse| T pwa,
0

0 0

M (x, y) = min {d (ABu, STv) ,d (Pu, ABu) ,d (Qv, STv)},

M (x,y) = min{d (u,v),d (u,u),d (v,v)}.

(32)

Since
duu) <du,v)+dv,u), (33)

then
d,v)<d,u)+du,v). (34)
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Hence
min {d (u,v),2d (u,v)} =d (u,v),

) A(uy) () (35)
J p(t)dt < ¢>J p(t)dt < J p () dt
0 0 0
which is again a contradiction. Therefore d(u,v) = 0 = u =
v. Thus common fixed point of A, B, S, T, P, and Q is unique.
O

We deduce the following corollary from Theorem 19.

Corollary 20. In Theorem 19 if p(t) = 1 and all other
conditions of the above theorem hold, then again A, B, S, T,
P, and Q have a unique common fixed point.

Remarks. (i) Corollary 20 is the result of Chauhan and Utereja
[16] for weakly compatible mappings.

(ii) Theorem 19 is a generalization of the main result of
Branciari [1] in dislocated metric space.

Example 21. Let X = [0, 1] with dislocated metric on X which
is defined by

d(x,y) = |x=y|+1xl + ] (36)
forall x, y € X. Define A, B, S, T, P, and Q as
Px:Tx:;—C, szg, Ax=Bx=8Sx=x

(37)
Vx € X.

Satisty all the conditions of Theorem 19 for ¢(¢) =t/2 t € R,
having x = 0 as the unique common fixed point of A, B, S, T,
P,and Q.
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