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This paper addresses multiscale stiffness homogenization methodology to extract macroscale elastic mechanical properties of
four types of sustainable concretes from their nanoscale mechanical properties. Nine different sustainable concrete mixtures were
studied. A model based on micromechanics was used to homogenize the elastic properties. The hardened cement pastes were
homogenized by three analytical methods based on Self-Consistent and Mori-Tanaka schemes. The proposed multiscale method
combines advanced experimental and analytical methods in a systematic way so that the inputs are nanoscale phases properties
extracted from statistical nanoindentation technique and mechanical properties of mixture ingredient. Predicted elastic properties
were consistent with traditional experimental results. Linking homogenized mechanical properties of sustainable concrete to
volume proportions through an analytical approach provides a critical first step towards rational optimization of these materials.

1. Introduction
Concrete is a complex heterogeneous material whose mechanical properties can vary substantially from point to
point. Predicting the mechanical behavior of such materials
always has been a challenge confronting scientists. However,
progress in both experimentation and continuum micromechanics has provided the required foundations for the
development of multiscale models for complex heterogeneous materials such as concrete. These upscaling schemes
work as ways to exchange information about mechanical
properties between different scales of a model. Furthermore,
performance-oriented optimization of the homogenized
properties becomes possible by considering modifications
to the material chemistry, composition, processes, and their
related impacts on microstructure.

2. Background
2.1. Sustainable Concrete. Concrete containing fly ash and
blast furnace slag, kenaf fiber reinforced concrete (KFRC),

and lightweight aggregate concrete (LWAC) can be categorized as sustainable concrete, by achieving concrete with high
strength while reducing cement consumption. Plant-based
natural fibers, such as kenaf bast fibers, can be used in
concrete to obtain a new lighter weight and yet tougher
concrete while maintaining desirable material properties
will directly enhance the merits of precast concrete [1]. CO2
sequestration is another positive impact of kenaf. One acre
of kenaf captures as much CO2 as three acres of rain forest,
and much of the captured CO2 can be permanently trapped
inside structures used in construction [2]. Additionally, the
lighter weight and better performance will reduce the energy
requirements and greenhouse gas emissions associated with
concrete manufacturing and delivery.
Using fly ash (FA) and ground granular blast furnace
slag (GGBS) reduces greenhouse gas emissions, since unlike
Portland cement their reaction with water does not produce
CO2 . In addition to reducing CO2 emissions, other potential
benefits of using FA and GGBS include their disposal costs,
significant opportunity to reduce landfill volumes, manufacturing energy savings, lower-cost concrete, and reduction of
water needed to produce the concrete [3, 4].
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Being much lighter than conventional aggregates, due
to cellular or highly porous microstructure, lightweight
aggregate (LWA) contributes to improved sustainability of
concrete by reducing transportation cost [5]. Also, LWAs have
better fire resistance properties compared to conventional
aggregates [6]. Furthermore, LWAs often are made of waste
materials during a high temperature baking, which lessen
the need of using naturally occurring mineral aggregates,
although tradeoffs in energy consumption during the manufacturing process must be weighed against the benefits.
Besides direct contribution of LWA to sustainability, it may
have a positive effect on mechanical properties of concrete.
The use of internal curing generated by LWA can substantially
mitigate self-desiccation and resulting autogenous deformation and cracking thus reducing transport properties such as
diffusion and sorptivity [5]. This may increase the service life
of concrete structures through more resistance against water
permeability and freeze-thaw damage. Also, the enhanced
hydration and increased compressive strengths provided
by internal curing specifically in interfacial transition zone
(ITZ), the volume surrounding aggregates, may allow for
small but significant reductions in cement content in many
concrete mixtures [7, 8]. All these benefits of LWA can
compensate the energy use during LWA production and can
contribute to significant improvements in sustainability.
2.2. Concrete Constituents and Microstructure. Inspired by
the elastic properties model proposed by Constantinides and
Ulm [9], we introduce a four-level multiscale model for
the sustainable concretes (KFRC and concrete containing
lightweight aggregate, fly ash, and slag) considered in this
research. The bottom-up models for the mixtures are displayed in Figure 1 in detail. The 2D sketches refer to 3D
volumetric elements, and shapes in the illustrations serve
to identify phases, not to indicate specific morphologies. 𝐿
represents the REV size. Each level is separated from the
next one by one order of magnitude in size of the elementary
heterogeneity. In this multiscale model, each scale verifies the
scale separability condition which is expressed in theory of
homogenization as
𝑑0 ≪ 𝑑 ≪ 𝐷 ≪ 𝐿,

𝑙 ≪ 𝜆,

(1)

where 𝑑0 is the smallest length scale that continuum mechanics is not valid, 𝑑 denotes the characteristic size of the
inhomogeneities or deformation mechanism, 𝐷 is the REV
size, 𝐿 is the dimension of the whole body of material, and 𝜆
is the fluctuation length of the material properties.
Hydrated cement paste at submicron scale level is the
foundation for the multiscale approach in this study. Approximately 70% of fully hydrated cement paste consists of
calcium-silicate-hydrate (C-S-H) gel, 20% calcium hydroxide (CH), and the rest is ettringite, calcium monosulfate
aluminate, unhydrated clinker residue, and other minor
constituents [10]. Recent studies by Ulm and coworkers
[11, 12] have led to a useful model suggesting that there
are three types of C-S-H (LD C-S-H, HD C-S-H, CH/CS-H nanocomposite) in hardened cement paste. Together
with another research by Jennings [13] the model proposes

Level 0: C-S-H
solid

Globule (4-5 nm)

L = 10−9∼10−10
Level I: C-S-H
matrix

CH/C-S-H

L = 10−8∼10−6 m

Level II: cement paste
L = 10−6∼10−4 m

Level III: mortar Fiber

LD C-S-H
CH

Mostly porosity (MP)

HD C-S-H
Clinker (C3S, C2S, C3A, C4AF)
Entrained air bubbles

Unreacted slag
and fly ash
Entrapped air void
Sand

L = 10−4∼10−2 m
Level IV: KFRC,
LWAC, CFA&S

L ≤ 10−2 m

Lightweight aggregate with ITZ

Coarse aggregate with ITZ

Figure 1: Bottom-up four-scale level model for the samples.

that LD C-S-H and HD C-S-H are composed of similar
elementary particles with different nanoscale porosity, while
CH/C-S-H phase is comprised of a nanocomposite of C-SH and CH [12]. The average nanoscale material responses
(e.g., indentation modulus and indentation hardness) for
each of these three C-S-H phases are virtually the same for
all Portland cement pastes tested to date [11, 14].
In the four-scale level model established in this study,
level I spans the characteristic length between 10 nm–1 𝜇m,
which is comprised of medium and large capillary porosity
and most of the hydration products (70–80% of hydration
products) which are the C-S-H morphologies. This scale level
explicitly differentiates LD C-S-H, HD C-S-H, and CH/C-SH phases.
In the scale level II which is considered at length scale
between 1 𝜇m–100 𝜇m, homogenized C-S-H matrix, clinker,
rejected fly ash and slag, gypsum, CH, and large capillary
porosity are found.
Scale level III refers to mortar and is assumed on the characteristic length scale of 1 mm–1 cm. It contains homogenized
cement paste, sand or fine aggregates, fiber, associated ITZs,
and air voids.
The largest scale level IV is considered on the scale
level of 1 cm–10 cm. This macroscopic scale includes all the
ingredients of concrete and is the classical scale of material
testing of concrete. Mortar, lightweight aggregate, coarse
aggregate, and associated ITZ are typically found at this scale.
2.3. Multiscale Modeling. Traditionally, multiscale modeling
of heterogeneous materials where the phases are clearly
separated is executed through homogenization methods.
Micromechanics based on a simple definition of eigenstrain
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in an inclusion came with Eshelby’s equivalent homogenization theory [15–17] and Hashin’s variational principle [18, 19].
In 1960s, the early Voigt [20], Reuss [21], and Taylor [22]
estimates were reassessed as bounds which became the basis
for so-called continuum micromechanics [23]. Effective field
theories based on the Eshelby elasticity solution with different
assumptions were developed for inhomogeneities embedded
in infinite media [24–26]. New developments have been made
continuously, with special mention of refined boundaries
associated with an improved morphological description and
by means of special cases of media with periodic microstructures [27–29].
Concrete is a highly heterogeneous composite construction material whose microstructure contains randomly dispersed features. The heterogeneity of concrete exists in a
variety of length scales from nano to macro. It is widely recognized that many macroscopic phenomena of the concrete
originate from the mechanics of the underlying nano- and
microscale structure. All the mechanical, physical, and chemical properties of the ingredients including stiffness, strength,
size, shape, volume fraction, and spatial distribution can have
impact on the macroscale properties. The homogenization
focuses on multiscale analysis due to the fact that typical
material phases may be found at separable length scales as
shown in Figure 1. Several multiscale micromechanical modeling techniques have been suggested for obtaining macroscopic properties (elasticity, strength, etc.) of concrete from
knowledge of its nanoscale constituent properties, including
both numerical (e.g., [30]) and analytical [31–34] approaches.
In this paper, multiscale modeling of mechanical properties of four types of sustainable concretes is presented.
A multistep, multiscale analytical micromechanics model is
defined based on morphology and length scale of the structural elements in each material. Unlike the previous analytical
models that were proposed and used only in theoretical
problems or for samples that were built in the laboratory,
in this paper the multiscale model was used for sustainable
concretes including fly ash and blast furnace slag that were
poured and built in real condition. This is a leap forward in
applying multiscale modeling techniques to the sustainable
concrete industry instead of being used only in laboratory.
The upscaled outcome of the modeling is compared with
traditional macroscopic results and they are found to be
consistent. Comparing the model prediction results with
macroscopic experimental data permits the validation of the
applied homogenization models. The validation itself can be
employed to validate the measured mechanical properties
and morphology of the building blocks at the smallest length
scales. Results from this research may help development of
guidelines that aim at optimizing mix designs of cementitious
materials with kenaf, LWA, and fly ash/slag for the desired
mechanical properties.

3. Effective Elastic Modulus of
Heterogeneous Materials
A three-step homogenization scheme is developed to bridge
the four length scale levels in order to obtain elasticity constants of the samples in macroscopic scale from knowledge
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of the volume fractions. Continuum micromechanics offers a
framework to address this challenge.
Continuum micromechanics relies on the concept of a
concentration tensor which is able to bridge the gap between
local stress and strain fields (𝜎, 𝜀) from macroscopic ones (Σ,
𝐸) as follows:
Σ = A : 𝜎,

𝐸 = B : 𝜀,

(2)

in which A and B are fourth-order stain and stress localization (concentration) tensors.
Consider an heterogeneous material (𝐿) is made of
a matrix phase 𝜑0 and a set of 𝑁 inhomogeneities that
can be described as inclusions of similar ellipsoidal shape,
𝜑1 , 𝜑2 , . . . , 𝜑𝑁 which is displayed in Figure 2. Also consider
elasticity and compliance tensors of the solid composite
which are represented as C and S, respectively.
Clearly enough, the volume fraction of 𝑗th inhomogeneity (𝜑𝑗 ) is defined as 𝑓𝑗 = 𝜑𝑗 /𝜑, and volume fraction of
different phases sums to one:
𝑁

∑𝑓𝑗 = 1.

(3)

𝑗=0

Also, assume the stiffness tensor of 𝜑𝑗 is c𝑗 (𝑗 = 0, 1, . . . ,
𝑁). The goal of elastic homogenization is finding stiffness
tensor of the composite in terms of the stiffness tensors
of the matrix and inhomogeneities [35]. The concentration
tensor is critical, because once such concentration tensors
are found, the composite effective mechanical properties
can be attained. Generally, this problem cannot be solved
without additional assumptions, because boundary condition
of inclusions is unknown. Therefore, in order to solve the
problem, it has to be transformed to a homogenous boundary
condition problem. It is supposed that the inhomogeneous
solid is subjected to either displacement or traction boundary
condition. In the case of traction boundary condition, the
boundary condition will be in the form of
𝑝 (𝑥) = Σ ⋅ 𝑛,

∀𝑛 ∈ 𝑉,

(4)

where 𝑛 is the unit vector outward at the boundary and 𝑝
is surface traction. Then for any equilibrated stress field, the
average stress of the REV equals the homogenous stress or
macroscopic stress in domain 𝑉:
⟨𝜎⟩ =

1
∫ 𝜎 (𝑥) 𝑑𝑉 = Σ.
𝑉 𝑉

(5)

Similarly, macroscopic strain can be imposed through
following so-called displacement boundary condition of the
Hashin type:
𝜀 (𝑥) = 𝐸 ⋅ 𝑥,

∀𝑥 ∈ 𝑉,

(6)

where 𝐸 denotes the macroscopic strain which maps position
𝑥 on microscopic strain 𝜀(𝑥). For any strain field derived
from any compatible strain field, the macroscopic strain is
expressed as
⟨𝜀⟩ =

1
∫ 𝜀 (𝑥) 𝑑𝑉 = 𝐸.
𝑉 𝑉

(7)
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𝜑3

𝜑2

𝜑3

𝜑5

𝜑0

𝜑4
𝜑5

𝜑N

𝜑6

(8)

𝑝

c𝑗 : (̂𝜀0 + 𝜀𝑗 ) = ̂c0 : (̂𝜀0 + 𝜀𝑗 − 𝜀𝑗∗ ) ,
𝑝

where 𝜀𝑗 is the perturbed strain field due to the presence
of other inhomogeneities and c𝑗 is the stiffness of a single
phase. We can express the induced strain field in terms of the
prescribed eigenstrain through the following relation:
𝑝

: 𝜀𝑗∗ ,
𝜀𝑗 = ŜEsh
𝑗

(9)

where ŜEsh
is the Eshelby tensor computed using the elastic
𝑗
constants of ̂c0 and geometry of the 𝑗th inhomogeneity (𝜑𝑗 ).
Closed-form solutions for ŜEsh
are available for ellipsoidal
𝑗
inclusions. The spherical inclusion assumption will eliminate
introducing anisotropy to the problem. The equivalent inclusion equation should be solved for eigenstrain 𝜀𝑗∗ :
: 𝜀𝑗∗ ) = ̂c0 : (̂𝜀0 + ŜEsh
: 𝜀𝑗∗ − 𝜀𝑗∗ ) ,
c𝑗 : (̂𝜀0 + ŜEsh
𝑗
𝑗
: 𝜀𝑗∗ = ̂c0 : 𝜀̂0 + ̂c0 : ŜEsh
: 𝜀𝑗∗ − ̂c0 : 𝜀𝑗∗ ,
c𝑗 : 𝜀̂0 + c𝑗 : ŜEsh
𝑗
𝑗
−1

𝜀𝑗∗ = − [(c𝑗 − ̂c0 ) : ŜEsh
c0 ] (c𝑗 − ̂c0 ) : 𝜀̂0 .
𝑗 +̂
(10)
Therefore by substituting (10) in (8) total strain in the 𝑗th
inhomogeneity will be found:
𝑝
: 𝜀𝑗∗
𝜀𝑗 = 𝜀̂0 + 𝜀0 = 𝜀̂0 + ŜEsh
𝑗

= [I − [(c𝑗 − ̂c0 ) : ŜEsh
c0 ]
𝑗 +̂

: (c𝑗 − ̂c0 )] : 𝜀̂0 .

̂c0

𝜀 = ̂𝜀0

𝜑6

−1
c0 ) : ̂c0 − ŜEsh
= [ŜEsh
𝑗 + (c𝑗 − ̂
𝑗 ]

𝑝
𝜀𝑗 ) ,

−1

𝜑j

𝜑j

And after some transformation,

The strain average rule, 𝐸 = 𝜀, implies that A = I. Figure 3
shows a composite material with 𝑁 randomly oriented inhomogeneities. Considering 𝑗th inhomogeneity and its interaction with surrounding matrix and other inhomogeneities,
the stiffness of the matrix around the inhomogeneity is not
same as the matrix stiffness (c0 ). For the same reasons, it is
plausible to attribute different matrix strain in inhomogeneity
neighborhood. Let this unknown matrix stiffness and strain
be called ̂c0 and 𝜀̂0 . Now an inclusion problem is generated
to simulate the inhomogeneity problem. By introducing an
eigenstrain 𝜀∗ and adjusting it, using Hooke’s law we can
equate stress fields on the inhomogeneity with equivalent
inclusion equation (total stress in 𝐿 and 𝐿 − 𝜑).
Total strain in inhomogeneity can be written as

𝑝

𝜑1

Figure 3: The 𝑗th inhomogeneity in the composite.

Figure 2: Composite material with 𝑁 inhomogeneities.

𝜀𝑗 = (̂𝜀0 +

c0
𝜀0 𝜑N

𝜑4

𝜑1

𝜑0 𝜑
2

(11)

−1

−1
c0 ) : ̂c0 ]
× [ŜEsh
𝑗 + (c𝑗 − ̂

= (c𝑗 − ̂c0 )

−1

: 𝜀̂0

: ̂c0 : [ŜEsh
c0 )
𝑗 + (c𝑗 − ̂
−1

−1
= ([ŜEsh
c0 ) : ̂c0 ]
𝑗 + (c𝑗 − ̂

−1

−1

: ̂c0 ]

: 𝜀̂0
−1

: ̂c−1
c0 ) )
0 : (c𝑗 − ̂

−1

: 𝜀̂0

−1
= [ŜEsh
: c−1
c0 ) + I] : 𝜀̂0
𝑗
0 : (c𝑗 − ̂
−1
̂ 𝑗 : 𝜀̂0 ,
= [𝐼 + ŜEsh
: (c−1
: 𝜀̂0 = H
𝑗
0 : c𝑗 − I)]

(12)
̂ 𝑗 is the fourth-order local strain localization tensor
where H
for 𝑗th inhomogeneity. This matrix relates strain in the
inhomogeneity to any strain tensor. The expression of the
corresponding stress similarly can be derived:
̂ 𝑗 : 𝜀̂0 .
𝜎𝑗 = c𝑗 : 𝜀𝑗 = c𝑗 : H

(13)

Now stress and strain field in 𝑗th inhomogeneity is related to
an unknown strain field (̂𝜀0 ) and fabricated matrix stiffness
(̂c0 ). Once 𝜀̂0 and ̂c0 are known, the local concentration
tensor could be computed, so that the effective mechanical
properties of composite can be found.
3.1. Mori-Tanaka Scheme. The Mori-Tanaka (MT) scheme
[26] is one of the commonly applied homogenization procedures in micromechanics. Despite stress and strain fields
that may be different around each inhomogeneity, one can
find average stress and strain fields (𝜎0 , 𝜀0 ) in the matrix that
can suitably represent stress and strain fields in the inhomogeneities neighborhood suitably. Also, it can be assumed that
by removing one inhomogeneity the average stress and strain
are the same. Figure 4 shows the illustration of assumption
for 𝑗th inhomogeneity in MT method.
The assumptions can be written as
̂c0 = c0

𝜀̂0 = 𝜀0

= SEsh
ŜEsh
𝑗
𝑗 .

(14)

Using these assumptions, the global strain localization
tensor can be found as it relates global strain to strain in
inhomogeneities:
𝑁

−1

A𝑗 = a𝑗 [𝑓0 I + ∑𝑓𝑖 a𝑖 ]
𝑖=1

𝑁

−1

= H𝑗 : [∑𝑓𝑖 H𝑖 ] .
𝑖=0

(15)
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𝜑j
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𝜀 = 𝜀0
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Figure 4: Schematic illustration of assumption for 𝑗th inhomogeneity in MT method.

Because of the matrix-inclusion assumption in which matrix
stiffness is a reference medium unchanged by presence of
inclusions, one can have H0 = I. By knowing this, the effective
stiffness matrix of composite will be in the form of
Cest
MT

𝑗=1

𝑗=1
𝑁

𝑁

−1

= c0 + ∑ 𝑓𝑗 (c𝑗 − c0 ) : H𝑗 : [∑𝑓𝑖 H𝑖 ]
𝑗=1

𝑖=0

𝑁

−1

𝑁

= c0 + ∑ 𝑓𝑗 c𝑗 : H𝑗 : [∑𝑓𝑖 H𝑖 ]
𝑗=1

𝑖=0

𝑁

𝑁

𝑖=1

𝑖=0

(16)

−1

− c0 ∑𝑓𝑗 : H𝑗 : [∑𝑓𝑖 H𝑖 ]
−1

𝑁

= ∑𝑓𝑗 c𝑗 : H𝑗 : [∑𝑓𝑖 H𝑖 ] ,
Cest
MT

𝑖=0

𝑁

𝑁

𝑗=1

𝑖=0

−1

𝐾𝑛 = 𝐾𝑛 +

This is the MT estimate of macroscopic stiffness tensor.
Again using the MT method for a composite with isotropic matrix and randomly distributed isotropic inhomogeneity phases, the homogenized bulk and shear modulus can
be further simplified [35]:

𝜇 = 𝜇0 +

𝑓1 (𝐾1 − 𝐾0 ) (3𝐾0 + 4𝜇0 )
,
3𝐾1 + 4𝜇0 + 3 (1 − 𝑓1 ) (𝐾1 − 𝐾0 )

5𝑓1 𝜇0 (𝜇1 − 𝜇0 ) (3𝐾0 + 4𝜇0 )
.
5𝜇0 (3𝐾0 + 4𝜇0 ) + 6 (1 − 𝑓1 ) (𝜇1 − 𝜇0 ) (𝐾0 + 2𝜇0 )
(17)

The 0 and 1 indices indicate the properties for matrix and
inclusion, respectively. Also, 𝐺 and 𝐾 are the shear modulus
and bulk modulus, respectively, and can be directly linked
with elastic modulus (𝐸) and Poisson’s ratio (𝜐) defined by
linear isotropic elasticity:
𝐸 = 3𝐾 (1 − 2𝜐) ,

𝜐=

3𝐾 − 2𝐺
.
2 (3𝐾 − 𝐺)

(18)

Esh
ŜEsh
= S𝑗 .
𝑗

(19)

−1

−1

: (c𝑗 − Cest
SC ) + I] .

(20)

As demonstrated above, the SC scheme is an implicit
method and typically numerical iteration is needed to solve
these equations. In order to simplify the calculation of global
stiffness matrix, Hashin and Shtrikman [18, 19] derived an
elastic model for two material phases in the form of coated
isotropic spheres. In case of 𝑛 spherical inclusions embedded
in an unbounded matrix subjected to pure dilatational deformation, effective properties of the composite were derived
by Herve and Zaoui [36]. Continuous strain and stress are
assumed between adjacent spheres. Geometrical illustration
of the Herve-Zaoui scheme is exhibited in Figure 6.
This scheme can be applied to obtain elastic properties of
homogenized media. Using this scheme the SC homogenized
bulk modulus will be simplified as follows [35]:

= ∑𝑓𝑗 c𝑗 : H𝑗 : [∑𝑓𝑖 H𝑖 ] .

𝐾 = 𝐾0 +

𝜀̂0 = 𝐸

Using these assumptions, the homogenized stiffness
matrix for SC scheme will be in the form of
𝑁

= c0 + ∑ 𝑓𝑗 (c𝑗 − c0 ) : A𝑗

𝑗=1

̂c0 = C

Esh
: Cest
Cest
SC = ∑ 𝑓𝑗 c𝑗 : [S𝑗
SC

𝑁

𝑁

3.2. Self-Consistent Scheme. Unlike the MT scheme, in the
Self-Consistent (SC) method [23] it is assumed that the
𝑗th inhomogeneity is embedded in a homogenous stiffness
matrix (Cest ) that has been subjected to the macroscopic
strain tensor (Σ). The assumption for the 𝑗th inhomogeneity
in SC scheme is shown in Figure 5 schematically. This scheme
is suitable for materials such as polycrystals or granular
composites whose phases are dispersed in REV, and none of
them plays any specific morphological role. The SC scheme
implies the following assumptions:

3
(𝑓𝑛−1
/𝑓𝑛3 ) (𝐾𝑛−1 − 𝐾𝑛 ) (3𝐾𝑛 + 4𝜇𝑛 )
3
3𝐾𝑛 + 4𝜇𝑛 + 3 (1 − 𝑓𝑛−1
/𝑓𝑛3 ) (𝐾𝑛−1 − 𝐾𝑛 )

.
(21)

In which 𝜇 and 𝐾 are the shear modulus and bulk modulus, respectively. The indices indicate the outside layer and
layered inclusions of phase, 𝑛 and (𝑛 − 1), respectively.
3.3. Implementation for the Sustainable Concretes. A threestep homogenization scheme was applied to bridge the four
scale levels, as shown in Figure 1, in order to attain elasticity
constants of the samples in macroscopic scale.
Scale level I explicitly differentiates the LD C-S-H, HD
C-S-H, and CH/C-S-H phases. By considering the volume
fractions of each hydration phase in the samples, as well as
SEM observations, it was found out that there is not any
dominant phase in this scale level. Instead, the phases could
be considered granular, and the SC scheme with spherical
particles was more appropriate to determine the homogenized stiffness tensor. Homogenization of these phases results
in the effective mechanical properties of most of the hydrated
products which is the so-called C-S-H matrix.
In the scale level II, homogenization of C-S-H matrix,
clinker, rejected fly ash and slag, gypsum, CH, and large
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𝜀=E

𝜑6

Figure 5: Schematic illustration of assumption for 𝑗th inhomogeneity in SC method.

can affect fracture and strength properties of concrete which
cannot be observed in this type of modeling.
The intent of the multiscale modeling procedure is to
predict elastic modulus from knowledge of the mixture
proportions of the concrete and elastic properties of each
component of the concrete, without the need for petrographic
investigation of each sample. This implies, however, that any
sample defects or microcracking are not considered and some
overprediction of elastic properties could be expected.

4. Materials and Mixture Proportions
Kn
K2
r1

r2

K1

rn

Figure 6: Geometrical illustration of multicoated spheres composite.

capillary porosity yielded effective mechanical properties of
so-called cement paste. Since unhydrated clinker, CH, and
large capillary porosities could be assumed as inclusions that
were embedded in continuous C-S-H matrix, MT scheme was
appropriate to obtain the homogenized stiffness tensor. For
simplicity, spherical inclusion morphologies are assumed.
In scale level III, stiffness homogenization of cement
paste, sand, fiber, associated ITZs, and air void produced
effective stiffness tensor of so-called mortar. For simplicity,
ITZ was modeled as a randomly distributed spherical inclusion in the matrix. Again the MT scheme was the most
appropriate to obtain the homogenized stiffness tensor.
Finally, in the scale level IV, stiffness of mortar, lightweight aggregate, coarse aggregate, and associated ITZ were
homogenized to obtain macroscopic elastic properties. Similar to previous scale level, lightweight and coarse aggregates
and their ITZs were considered as inclusions in matrix built
up by mortar. MT scheme is again the appropriate method to
use for properties homogenization in this scale level.
Considering the ITZ thickness around aggregates and
sands is a function of aggregate size, water absorbent property
of the aggregate, age, and w/c ratio; it can be between 10 𝜇m
to 80 𝜇m [37]. For the kenaf samples, the ITZ thickness
was observed to be about 30 𝜇m [38]. Simple calculation
shows that, by assuming 30 𝜇m and 10 𝜇m thicknesses of
ITZ for coarse aggregate and sand, total volume fraction of
ITZ will be less than 1%. Therefore ITZ of sand and coarse
aggregates did not have significant effect on predictions of
macroscopic elastic properties. However, weakness of ITZ

Nine different mixtures were studied. The mixture properties
and sample designations are outlined in Table 1. Large scale
specimens from these mixtures were prepared and built as
discussed by Elsaid et al. [2] and McCoy et al. [39] to conduct
compressive strength, splitting tensile strength, and rupture
experiments. KF1 and KF2 had 1.2% and 2.4% of kenaf bast
fibers by volume and KC is made of plain concrete without
fiber from the same batch. In CF2 and LF2 the total Portland
cement (Type II) in the mixture was replaced by 20% fly ash
(Class F), in CF6 and LF6 by 60% fly ash (Class F), and in
CS6 and LS6 by 60% slag cement (grade 100) by weight. 20%
fly ash replacement and 60% slag cement replacement are
quantities often found in commercial construction while 60%
fly ash is quite high but could be considered for enhanced sustainability. LF2, LF6, and LS6 have the similar type of mixture
properties as CF2, CF6, and CS6, respectively, except they had
higher amount of sand, and conventional course aggregate
(CCA) was replaced by dry expanded slate LWA (Stalite).
The volume fractions of hydration products, obtained
from statistical nanoindentation technique, of the all the samples and kenaf ITZ are summarized in Figure 7 [7, 8, 38, 40].
The C-S-H hydration products, with volume fractions
shown in Figure 7, form the first scale level in multiscale modeling. The rest of the scale levels include different inclusions
depending on the sample’s mixture (i.e., kenaf fibers, coarse
or lightweight aggregates, etc.) with mix proportions listed in
Table 1. Elastic properties of the concrete ingredients used in
the modeling taken from open literature are listed in Table 2.
According to Mehta and Monteiro [41] total CH volume fraction in normal concretes is around 20% of total
hydration products. For KFRC samples (normal Portland
cement concrete) total CH volume fraction was assumed to
be 20%, whereas all CH was consumed by secondary reaction
in the rest of the samples [8, 40]. In KFRC samples, part
of the CH was considered crystal embedded in CH/C-S-H
nanocomposite (CH in HD C-S-H porosity) and the rest
appeared as a separate phase in scale level II. The amount of
CH in each scale depends on the CH/C-S-H nanocomposite
volume fraction and associated gel porosity (24% of solid).
Below equations were used to find the volume fractions of
CH in levels I and II:
𝑓CH (Level I) = 𝑓HD C-S-H × Gel porosity volume (0.24) ,
𝑓CH (Level II) = 0.20 − 𝑓CH (Level I) .
(22)
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Table 1: Mixture proportions.

Sample

Fiber content
(kg/m3 )

Portland
cement
(kg/m3 )

Fly ash
(kg/m3 )

Slag cement
(kg/m3 )

Coarse
aggregate
(kg/m3 )

Lightweight
aggregate
(kg/m3 )

Fine
aggregate
(kg/m3 )

Water
(kg/m3 )

w/c
ratio

—
12.2
24.3
—
—
—
—
—
—

806
810
806
297
148
148
297
148
148

—
—
—
74
222
—
74
222
—

—
—
—
—
—
222
—
—
222

645
648
645
1068
1068
1068
—
—
—

—
—
—
—
—
—
519
519
519

645
648
645
644
584
653
789
733
813

282
312
338
168
168
168
168
168
168

0.35
0.39
0.42
0.45
0.45
0.45
0.45
0.45
0.45

KC
KF1
KF2
CF2
CF6
CS6
LF2
LF6
LS6

Table 2: Mixture-independent elastic properties of concrete ingredients.
Phase
CH
Clinker
Fiber (kenaf)
Sand (quartz)
Lightweight aggregate
Coarse aggregate

Shear
modulus (𝜇)
[GPa]

Source

15.21
49.38
5.3
25.8
6.5
16.8

[11]
[11]
[2]
[32]
[43]
[43]

36.04
107
18.6
35.92
7.14
22.22

35.0
Elastic modulus (GPa)

Bulk
modulus (𝐾)
[GPa]

40.0

30.0
25.0
20.0
15.0
10.0
5.0
0.0

1
0.32

0.44

0.38

0.4

0.4

0.26

0.27

0.36

0.35

0.18

0.21

0.35

0.29

0.38

0.43

0.38

0.35

0.21

0.27

0.27

CH/C-S-H
HD C-S-H

0.47

0.5

Concrete (w/c = 0.40)

ITZ (kenaf)

KF2 (w/c = 0.420, 2.4% kenaf)

KF1 (w/c = 0.385, 1.2% kenaf)

0.2

KC (w/c = 0.350)

0.39

0.34

60% fly ash + LWA

0.3

60% slag

0.41

Concrete (w/c = 0.35)

0.36

60% fly ash

0

0.33

KC
KF1
KF2

Cement paste
Mortar
Scale levels
CF2
CF6
CS6

Concrete
LF2
LF6
LS6

0.45

0.4
0.2

0.34

0.42

0.37

20% fly ash + LWA

0.6

0.19

0.21

0.22

0.8

20% fly ash

Volume fraction of hydrated
materials

Matrix

LD C-S-H
MP

Figure 7: Hydration products of tested samples [7, 8, 38, 40].

5. Results: Upscaling the Elastic Properties
Figures 8 and 9 show the predicted elastic and shear modulus of the samples in different scale levels. The graphs

Figure 8: Predicted elastic modulus of the samples in different scale
levels.

demonstrate how the properties change from one scale
to another depending on volume fraction and mechanical
properties of the ingredients. For the samples with conventional coarse aggregate, the properties increase with upscaling, whereas, for the samples with lightweight aggregate,
properties increase up to level II then decrease because of
lightweight aggregate’s low elastic modulus contribution in
scale level III.
The results of independent large-scale experiments were
compared with model predictions for all the samples. Elastic
modulus of CF2, CF6, CS6, LF2, LF6, and LS6 using conventional uniaxial unloading test was obtained by McCoy et
al. [39] whereas ultrasonic test was used to determine the
elastic modulus of KC, KF1, and KF2. There were no shear
tests for kenaf samples, so shear moduli were calculated by
knowing elastic modulus and assuming the Poisson’s ratio
(𝜐) of 0.3. According to Sorelli et al. [42] Poisson’s ratio for
hydrated products is around 0.24. Using this assumption,
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Predicted elastic modulus, E (GPa)

Shear modulus (GPa)

14.0
12.0
10.0
8.0
6.0
4.0
2.0
0.0
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Cement paste

Mortar

CF2
CF6
CS6

40.00

KF1
KC
CS6
CF6 CF2

30.00

LF6

20.00

KF2

LF2 LS6

10.00

Concrete
0.00

Scale levels
KC
KF1
KF2

50.00

0
LF2
LF6
LS6

Figure 9: Predicted shear modulus of the samples in different scale
levels.

20

40

60

Measured elastic modulus, E (GPa)

Figure 10: Predicted elastic modulus versus measured from experiment.

6. Summary and Conclusions
In this paper, multiscale modeling for three types of sustainable concretes was established using micromechanics and
implemented for prediction of elastic properties. Different
micromechanical homogenization schemes were addressed
and applied to the modeling. Simplifications, including considering all the inclusions spherical, and limitations, such as
not including microcracks inherent in concrete microstructure in the modeling of the implemented model, were

Predicted shear modulus, G (GPa)

25.0

the macroscopic Poisson’s ratio for the samples was found by
multiscale modeling, it was around 0.23 for all the samples.
The predicted elastic and shear modulus using NI technique and homogenization are plotted with respect to the
measured ones from the uniaxial unloading test in Figures 10
and 11. The dashed lines indicate ±10% error. Predicted values
almost coincide with uniaxial test measurements. Error for
both CF6 and LF6 are higher than other samples; a possible
reason can be high volume of fly ash in these samples which
caused more error in the predictions. As the percentage of
SCMs in mixture increases, the influence of other scale levels,
for example, microcracks and porosities which were not
characterized directly in this method, in multiscale modeling
increases. Another reason could be because of inconsistency
in large scale experimental results for these two samples;
elastic modulus of LF6 was reported to be higher than
CS6. More research is needed to refine predictions of the
elastic mechanical properties of concrete incorporating high
percentage of SCMs using micromechanics.
The overall agreement is an indication of the capability
of the multistep homogenization method for sustainable
concrete materials. Despite some errors between predicted
and measured elastic modulus, the model is able to correctly
predict trends and can serve as a tool to help in optimization
of the concrete composition towards desired properties.

20.0
KF1

15.0

KF2
CF2
CF6

10.0

LF6

LF2

KC
CS6
LS6

5.0

0.0
0

5

10

15

20

25

Measured shear modulus, G (GPa)

Figure 11: Predicted shear modulus versus measured from experiment.

presented. Incorporating inherent microcracks or ITZ effect
as a weak boundary layer in cement microstructure could
help to predict the macroscopic behavior more precisely
and is suggested as future work. Despite any limitations,
this multiscale investigation is a leap forward in application
of stiffness homogenization models in sustainable cementbased materials.
In general, measured elastic properties obtained at the
macroscopic scale and predicted from upscaled indentation modulus were consistent. This consistency forms an
argument in favor of the proposed micromechanical modeling along with measured nanomechanical properties by
nanoindentation technique to predict elastic properties of the
sustainable concretes. This may serve for advanced elastic
properties prediction, and more generally as a powerful and
rational tool for material-to-structure optimization.
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