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The stability of a binary solid solution under irradiation has been studied.This has been done by performing linear stability analysis
of a set of nonlinear reaction-diffusion equations under uniform irradiation. Owing to the complexity of the resulting system of
eigenvalue equations, a numerical solution has been attempted to calculate the dispersion relations. The set of reaction-diffusion
equations represent the coupled dynamics of vacancies, dumbbell-type interstitials, and lattice atoms. For amiscible system (Cu-Au)
under uniform irradiation, the initiation and growth of the instability have been studied as a function of various control parameters.

1. Introduction

Materials under irradiation are a class of dissipative systems
driven far away from the equilibrium state due to production
of high densities of defects. These systems decay to lower
energy metastable states by the process of phase transfor-
mation, microstructure evolution, spatial organization of
compositional fluctuations and microstructural elements,
and so forth [1]. The spatial organization of compositional
fluctuations and microstructural elements happens when
the material becomes unstable to infinitesimal perturba-
tions in the order parameter characterizing the pattern:
for example, in the case of compositional fluctuations, the
order parameter is the composition, whereas, in the case
of microstructural elements, the order parameter is the
density of these elements. Well known examples of spatial
organization of microstructural elements are voids [2–4] and
bubble lattices [5, 6], precipitate ordering [7], and ordering
of vacancy dislocation loops [8]. On the other hand, spatial
organization of compositional fluctuations has been observed
in two types of material systems. In thermodynamically
unstable systems (e.g., Fe-35%Ni-Cr), the spatial organization
of compositional fluctuations takes place when a sluggish
long wavelength spinodal-type instability in the composition

is accelerated under irradiation, which lead to decomposition
of the solid solution; long-term thermal annealing of the
irradiated specimen has no effect on the state of the material
[9]. On the other hand, in thermodynamically stable systems
(e.g., Fe-15%Ni-Cr), the origin of compositional fluctuations
is solely due to irradiation. When irradiation is turned off
and irradiated sample is annealed for long time, the material
attains its homogeneous state [10]. The presence of spatial
structures with definite characteristics has strong influence
on the physical and mechanical properties of the materials.
Therefore, it is important to understand the origin of these
structures; the first step towards that goal is to figure out
under what conditions the material may become unstable to
infinitesimal perturbations with respect to its uniform state.

The issue of solid solution instability under irradiation
has been addressed by several researchers in the past. These
investigations may be broadly categorized into two major
themes. In one class of investigation, the state of the material
under irradiation is represented by a coupled system of
reaction-diffusion equations in defect and material compo-
nent fields. In these formulations, the origin and subsequent
growth of the instability have been attributed to the presence
of vacancy-interstitial recombination reactions, assisted by
off-diagonal terms of the diffusionmatrix [11–15]. In the other
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class of investigations, first proposed by Martin [16], the state
of a material is described by the evolution of one conserved
order parameter in the Cahn-Hilliard type framework. In this
formulation, the evolution of the order parameter is governed
by two competing dynamics: fixed length athermal ballistic
exchanges and thermal diffusion. Martin’s approach was
extended by Enrique and Bellon for arbitrary length ballistic
exchanges, in order to construct a phase diagram identifying
three possible regimes of material response as a function
of forcing parameters: these regions have been identified as
solid solution, patterning, and macroscopic phase separation
[17, 18]. The applicability of this model in solid solutions
under high temperature irradiation is questionable, because,
under high temperature irradiation, the defects are present
in nonequilibrium proportions and are sufficiently mobile.
Therefore, the response of the material should be governed
by a coupled defect (nonconserved) and conserved dynamics,
instead of conserved dynamics only.

In the present study, the instability of a solid solution
under irradiation has been investigated. For a binary system
under irradiation, there are six species in the model: three
off-lattice dumbbell interstitials, vacancy, and two material
components. All the defect species diffuse either by vacancy
mechanism or by interstitialcy mechanism. The diffusion of
material components is coupled to the diffusion of the defects.
The defects participate in two types of reactions: vacancy-
interstitial recombination and change in dumbbell type when
a dumbbell interstitial encounters a lattice atom of different
type. The defect production has been considered uniform in
space and time. The model consists of a set of six coupled
nonlinear reaction-diffusion equations with uniform source.
For a miscible system (Cu-Au) under irradiation, the linear
stability analysis of the reaction-diffusion equations shows
that the solid solution indeed becomes unstable when a set
of control parameters (temperature, defect production rate,
and initial alloy composition) is varied in a certain way.

Section 2 briefly outlines the summary of the model
presented elsewhere [19], followed by the linear stability
analysis of the model equations under uniform irradiation in
Section 3.The results of the linear stability analysis have been
presented in Section 4. Section 5 presents the conclusion of
the present work.

2. Model Summary

We consider an ideal, concentrated binary solid solution, AB,
under irradiation. There are six species in the model: three
types of dumbbell interstitials (AA, BB, and AB), vacancy,
and A and B lattice atoms. Under operating temperatures of
nuclear reactors, the defects are sufficiently mobile. All the
defect species diffuse either via vacancy mechanism or via
interstitialcy mechanism. The diffusion of the material com-
ponents is mediated by the defects. In addition to diffusion,
defects also participate in two types of reactions: vacancy-
interstitial recombination and change in the dumbbell-type
reactions. Change in the dumbbell type happens when a
dumbbell encounters a lattice atom of different type than its
constituents. In this formulation,A is a faster diffusing species

both by vacancy and interstitialcy mechanism, whereas B is
the slower diffusing species. Evolution of all the species is
governed by reaction-diffusion type dynamics with uniform
defect generation term,

𝜕𝐶
𝑖

𝜕𝑡
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𝑖
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𝑖
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𝑖
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, 𝑅
𝑖
, and 𝑆

𝑖
are the flux, reaction,

and source terms of 𝑖th species (𝑖 = AA, BB, AB, V, A, B),
respectively; 𝐷

𝑖𝑘
is an 𝑛 × 𝑛 matrix of concentration-

dependent diffusion coefficients, where 𝑛 is the number of
species in themodel;𝐶

𝑘
is the fractional concentration of 𝑘th

species. Derivation of the defect fluxes has been carried out
in the Fickian way. For simplicity in the derivation, the solid
solution is considered isotropic and the correlation effects
between successive defect jumps have also been ignored.
These assumptions led us to derive the flux expressions in 1D
and generalize into higher dimensions in a straightforward
manner. Although these assumptionsmay introduce a certain
degree of uncertainty in quantitative estimations, they will
not affect the nature of the solution we are aiming at. The
details of the derivation for 𝐽

𝑖
and 𝑅

𝑖
have been presented

somewhere else [19]. For source terms, 𝑆
𝑖
, we have used the

following expressions:
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2

A,

𝑆BB = 𝐾
0
𝐶
2

B,

𝑆AB = 2𝐾
0
𝐶A𝐶B,

𝑆V = 𝑆AA + 𝑆BB + 𝑆AB,

𝑆A = −2𝑆AA − 𝑆AB,

𝑆B = −2𝑆BB − 𝑆AB,

(2)

such that

𝑆AA + 𝑆BB + 𝑆AB + 𝑆V + 𝑆A + 𝑆B = 0, (3)

where𝐾
0
is defect production rate.

Before performing linear stability analysis, the system of
reaction-diffusion equations has been nondimensionalized
with respect to the intrinsic length and time scales of the sys-
tem.This has been achieved by the following transformations:

(𝑥, 𝑦, 𝑧) → 𝑙 (𝑥, 𝑦, �̃�) ⇒ ∇ → 𝑙
−𝑑
∇̃,

𝑡 → 𝜏�̃�,

(4)

where 𝑑 represents the dimension. In the present study, we
have taken 𝑑 = 2. The time scale (𝜏) has been defined as the
inverse of the fastest reaction rate, 𝐾max, whereas length scale
(𝑙) depends upon the fastest diffusing rate,𝐷max,

𝜏 =
1

𝐾max
, 𝑙 = √

𝐷max
𝐾max

. (5)

The nondimensionalized system of equations may be
expressed as

𝜕𝐶𝑖

𝜕�̃�
= −∇̃ ⋅ 𝐽𝑖 + �̃�𝑖 + 𝑆𝑖. (6)
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3. Linear Stability Analysis

The concentrations 𝐶
𝑖
in the nondimensionalized system of

(6) have been perturbed by an infinitesimal amount, 𝛿𝐶
𝑖
,

about its uniform value 𝐶
𝑖
,

𝛿𝐶
𝑖
= 𝐶
𝑖
− 𝐶
𝑖
. (7)

Plugging (7) in (6) and considering quasi-static approxima-
tion, that is, when the stability of the uniform state is calcu-
lated by considering them stationary at each moment, we get
a linearized system of equations in terms of perturbations in
the concentrations,

𝜕𝛿𝐶𝑖

𝜕𝑡
= −∇̃ ⋅ 𝐽𝑖 (𝛿C) + �̃�𝑖 (𝛿C) + 𝑆𝑖 (𝛿C) , (8)

where 𝛿C represents a vector of perturbations in the concen-
tration of other species. As according to [20, 21], although
quasi-static approximation may not be able to capture the
growth rate of the perturbations correctly, it is able to predict
the instability threshold quite accurately. In this regard, one
will expect instability when at least one of the eigenvalues of
the evolution matrix has a positive real part.

The perturbations grow in space and time as follows:

𝛿𝐶
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= 𝜂
𝑖
𝑒
𝜔𝑡+𝑖𝑘𝑥

, (9)

where 𝜂
𝑖
is the amplitude of the perturbation in the 𝑖th

species concentration, 𝜔 is the growth factor, and 𝑘 is the
wavevector of the sinusoidal perturbations. Plugging (9) in
the linearized system of (8), we get six eigenvalue equations,
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(10)

where 𝜉
𝑗

𝑖
(𝑖, 𝑗 = AA, BB, AB, v, A, B) are complicated func-

tions of 𝑘, concentrations, and diffusion and reaction coef-
ficients. Equations (10) may also be expressed in a condense
form as

A𝜂 = 𝜔𝜂. (11)

Owing to complexity of the analytical estimation of the eigen-
values of the evolutionmatrix A (matrix of 𝜉 coefficients) and
hence the dispersion relations, a numerical estimation of the
eigenvalues has been made using eig function of Matlab.

4. Results and Discussions

Considering Cu-Au as the system of interest [22], the system
of (11) has been solved as an eigenvalue problem to get
six eigenvalues (𝜔

1
, . . . , 𝜔

6
). In this alloy, Cu is a faster and

Au is a slower diffusing species. Imaginary part of all the
eigenvalues is zero, which means that the system’s response
is nonoscillatory. Also, only one out of six eigenvalues
(𝜔
6
) has been found to change sign from a negative to a

positive value under a specific set of control parameters.
Other eigenvalues remain always negative. Figure 1 shows the
behavior of all the eigenvalues with respect to the wavevector
𝑘. In this figure, all the stable and unstable eigenvalues have
been displayed. We see that, out of six eigenvalues, only
one (𝜔

6
) becomes unstable under the prevailing irradiation

conditions and temperature. Other eigenvalues are stable for
all 𝑘 values. This shows that the material under irradiation
indeed becomes unstable under a certain set of irradiation
conditions and remains stable otherwise.

5. Conclusion

Stability of a binary solid solution under irradiation has
been studied. There are six species in the model: three
dumbbells as off-lattice species, vacancies, and two material
components as on-lattice species. The temporal evolution of
the solid solution is described by a set of coupled nonlinear
reaction-diffusion equations in all the species concentration.
Defects diffuse either by vacancy mechanism (vacancies)
or by interstitialcy mechanism (dumbbells). The diffusive
flux of the defects has been derived in the Fickian frame-
work by considering the solid solution to be isotropic and
ideal. The correlation effects in the defect jumps have also
been neglected. The flux of the atomic species is coupled
to the defect fluxes. Defects also participate in two types
of reactions: recombination and change in the dumbbell
type. Stability of the solid solution has been investigated by
performing linear stability analysis of the set of six reaction-
diffusion equations with respect to the uniform state of the
binary solid solution under quasi-static approximation [20,
21]. For a miscible Cu-Au solid solution, the resulting system
of eigenvalue equations has been solved numerically to
calculate the dispersion relations showing a relation between
the growth factors (eigenvalues) and wavevectors of the sinu-
soidal perturbations. Real part of one of the growth factors
changes sign from anegative to a positive value, signifying the
presence of unstable eigenmodes under specific simulation
conditions. When simulation conditions are varied beyond
the instability threshold values, the growth factor and the
window of unstable eigenmodes change.The results obtained
in this investigation indicate that, under specific simulation
conditions, the binary solid solution indeed becomes unsta-
ble to infinitesimal sinusoidal perturbations, which might
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Figure 1: Stable (𝜔
1
. . . 𝜔
5
) and unstable (𝜔

6
) growth factors (eigenvalues) of the system calculated at temperature 850K and a dpa rate of 2

× 10−6 dpa/�̃�. The fractional alloy concentration is 𝐶Cu = 0.1 and 𝐶Au = 0.9.

result in the formation of stationary self-organized dissipative
structures or composition patterns.
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