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Fractional diffusion equations for three-dimensional lattice models based on fractional-order differences of the Griinwald-Letnikov
type are suggested. These lattice fractional diffusion equations contain difference operators that describe long-range jumps from
one lattice site to another. In continuum limit, the suggested lattice diffusion equations with noninteger order differences give the
diffusion equations with the Griinwald-Letnikov fractional derivatives for continuum. We propose a consistent derivation of the
fractional diffusion equation with the fractional derivatives of Griinwald-Letnikov type. The suggested lattice diffusion equations

can be considered as a new microstructural basis of space-fractional diffusion in nonlocal media.

1. Introduction

Fractional calculus and differential equation of noninteger
orders [1-5] have a long history that is connected with
the names of famous scientists such as Liouville, Riemann,
Griinwald, Letnikov, Marchaud, and Riesz. Derivatives and
integrals of noninteger orders have a lot of applications
in different areas of physics [6-10]. Fractional calculus is
a powerful tool to describe processes in continuously dis-
tributed media with nonlocal properties. As it was shown in
[11, 12], the continuum equations with fractional derivatives
are directly connected [7] to lattice models with long-range
interactions. The lattice equations for fractional nonlocal
media and the correspondent continuum equations have
been considered recently in [13-15]. Fractional-order dif-
ferences and the correspondent derivatives have been first
proposed by Griinwald [16] and by Letnikov [17]. At the
present time these generalized differences and derivatives
are called the Griinwald-Letnikov fractional differences and
derivatives [1-3, 18]. One-dimensional lattice models with
long-range interactions of the Griinwald-Letnikov type and
the correspondent fractional differential and integral contin-
uum equations have been suggested in [19]. The suggested
form of long-range interaction is based on the form of
the left-sided and right-sided Griinwald-Letnikov fractional
differences. A possible form of lattice vectors calculus based

on the fractional-order differences of the Griinwald-Letnikov
type has been suggested in [20]. In this paper, we apply
this approach to describe diffusion on lattices with long-
range jumps and to derive fractional diffusion equations for
nonlocal continuum with power-law nonlocality.

The diffusion equations describe the change of proba-
bility of a random function in space and time in transport
processes, and they usually have the form of second-order
partial differential equation of parabolic type. Unfortunately,
for complex nonlocal media, the usual second-order diffusion
equation cannot adequately describe real processes. For
example, the diffusion processes with the Poissonian waiting
time and the Lévy distribution for the jump length cannot
be described by equation with second-order derivatives with
respect to coordinates. The Lévy distribution describes the
Lévy flights [21, 22] that are random walks, where the jump
lengths have probability distributions with heavy tails. The
Lévy motion can be described by equation with spatial
derivatives of noninteger orders p, [22]. In this case, the
moment of order § for the Lévy motion has the form
(x(®)1%) ~ %%, where 0 < & < y < 2. Usually the space-
fractional diffusion equations are obtained from the second-
order differential equations by replacing the second-order
space derivatives by fractional-order derivatives. Fractional
diffusion equations with coordinate derivatives of noninte-
ger order have been suggested in [23]. The solutions and



properties of these equations are considered in [24-26]. The
diffusion equations with fractional coordinate derivatives
were also considered in [8, 9, 27].

In this paper we propose a consistent derivation of the
space-fractional diffusion equation with Griinwald-Letnikov
derivatives of noninteger orders by using lattice models with
long-range jumps that is considered new microstructural
basis to describe fractional diffusion processes in nonlocal
media. In this paper, we suggest a lattice equation for
probability density of particle in unbounded homogeneous
three-dimensional lattice with long-range jumps between
lattice sites. We prove that continuous limit for the suggested
lattice diffusion equation gives the space-fractional diffusion
equation for nonlocal continuum. The fractional differential
equation for continuum contains the Griinwald-Letnikov
derivatives on noninteger orders. Continuum models can be
considered as a continuous limit of lattice models, where
the length-scales of a continuum element are much larger
than the distances between the lattice sites. The suggested
approach to derive the space-fractional diffusion equations
can serve as a microstructural basis to describe the spatial-
fractional diffusion processes.

2. Fractional Diffusion Equation for Lattice

The differences of fractional order and the correspondent
fractional derivatives have been introduced by Griinwald in
1867 and independently by Letnikov in 1868.

Differences of noninteger orders are defined as a general-
ization of the integer order difference

(aeR,, meN).

@)

The Fourier transformation F of the fractional-order differ-
ences of Griinwald-Letnikov type (see Section 20 of [1, 2]) has
the form

FVef @0 = (1= F{fl). @

The differences of integer orders (1) are defined by the finite
series. The differences of noninteger order « € R, are defined
as infinite series (see Section 20 of [1, 2]). Fractional-order
differences of Griinwald-Letnikov type are defined by
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The difference V“ is called left-sided fractional difference,
and V;_ is called the right-sided fractional difference. We
note that the series in (3) converges absolutely and uniformly
for every bounded function f(x)and « > 0.

Using the fractional-order differences (3), we can con-
sider the derivatives of noninteger orders. The left- and right-
sided Griinwald-Letnikov derivatives of fractional order « >
0 are defined by

f(xFna),

D, f () = lim Vai—f(x)

a— 0+ |a|"‘

(4)

International Journal of Statistical Mechanics

For integer values of « = m € N the Griinwald-Letnikov
derivatives (4) are equal to the usual integer order derivatives
up to the sign in the form

DL f (x) = (z1)"

We can note that the Griinwald—Letnlkov fractional deriva-
tives coincide with the Marchaud fractional derivatives for
the functions from L,(R), where 1 < r < co (see Theorem
20.4 in (1, 2]).

Let us consider three-dimensional unbounded and
bounded lattices. Physical lattices are characterized by space
periodicity. For unbounded lattices we can use three non-
coplanar vectors a,, a,, and a, that are the shortest vectors
by which a lattice can be displaced and be brought back
into itself. Sites of this lattice can be characterized by the
number vector n = (n;,n,,n;), where n; (j = 1,2,3) are
integer. For simplification, we consider a lattice with mutually
perpendicular primitive lattice vectors a; (j = 1,2,3). We
choose directions of the axes of the Cartesian coordinate
system that coincide with the vector a;. In this case a; =
aje;, where a; = la;| > 0 and e; are the basis vectors of
the Cartesian coordinate system. This means that we use a
primitive orthorhombic Bravais lattice. Then the vector n can
be represented as n = n, e, + n,e, + nse;.

Choosing a coordinate origin at one of the lattice sites, the
positions of all other sites with n = (n;,n,, n;) are described
by the vector r(n) = n,a; + n,a, + nza;. The lattice sites
are numbered by n, so that vector n can be considered as
a number vector of the corresponding particle. We assume
that the positions of particles in the lattice coincide with
the lattice sites. The distribution function, which describes
probability density for lattice site n, will be denoted by
f(n,t) = f(n,,n,,ns,t). This function satisfies the conditions

+00 400 400
Z Z Z f(nl’n2>n3,t) =1,

11,=—00 1, =—00 13 =—00 (6)
f(n,ny,ngt) >0 (t>0).

To describe dynamics of the distribution function f(n, t)
in the lattice models with long-range jumps between sites, we
define fractional-order difference operators of the Griinwald-
Letnikov type in the direction e o= aj/laj] of the lat-
tice. Fractional-order difference operators of the Griinwald-
Letnikov type for unbounded lattice are the operators

+ .
GLIDL [D;J ] that act on the function f(m, ) as
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(7)
where the kernels “* Kz (n) are defined by the equation
- (-1)"T(1+a;) (H [n] + H[-n])
K, (n) = ,
i 2T (|n) + DT (1 +a; - |n]) (8)

((xj>0, neZ),
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and I'(z) is the gamma function, H[#] is the discrete variable
Heaviside step function that is defined as H[n] = 1 forn > 0,
and H[n] = 0 for n < 0, where n € Z. The parameter «;
is called the order of the operator. It should be noted that
the definition of H[0] = 1 for discrete variable Heaviside
function is significant for us, since it allows us to write

the kernels % K;(n) in the simple form without allocating
repeated zero terms. Fractional-order difference operators
(7) can be called a lattice fractional partial derivative in the
directione; = a./|a;]|.

It should be noted that one-dimensional lattice models
with the long-range interaction of the form GLK;(n) and
correspondent fractional nonlocal continuum models have
been suggested in [19]. The lattice operators (7) recently have
been proposed in [20].

K ; (1) and “*
and odd functions such that Kz(—n) = +6L Ki (n). The form
of the lattice operators (7) can be defined by the addition and
subtraction of the Griinwald-Letnikov fractional differences

It is easy to see that kernels GL K ; (n) are even

“oi[t] rmo
_ 1 ac -D)"™T(1+«)
|aj'amj:02F(mj+1)F(1+(x—mj)

x(f(n=mjejt) £ f(n=me;t)).
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We should note that in (9) the summation is realized over
nonnegative values m;, in contrast to the sum over all integer
values in (7).

For bounded physical lattice models the fractional-order
difference operators also can be defined. Fractional-order
difference operators of the Griinwald-Letnikov type for

bounded lattice with m} < m; < m? are the operators

Gl [ %] that act on the functi ¢
BIDL[j]taac on the function f(m,1) as

QI+

gLDi[ ]f(mt)—i,xzj (j—mj)f(m>t)
A =

(j=123),
(10)

where kernels GLK:(H) are defined by (8). The suggested
)

forms of fractional difference operators for bounded physical
lattice models are based on the Griinwald-Letnikov fractional
differences on finite intervals (see Section 20.4 of [1, 2]). For
the finite interval [x}, x?], the integer values m}, m? ,and m .
are defined by the equations

1 2
X X X
S b B A P

where the brackets [-] of (11) mean the floor function that
maps a real number to the largest previous integer number.

Using the semigroup property for fractional differences
of nonnegative orders (see Property 2.29 in [3]), it is easy
to show that the semigroup property holds for the fractional
operators (7) in the form

cafe i) w0

Using this equation, it is easy to prove the commutativity and
the associativity of the lattice operator (7) of the Griinwald-
Letnikov type. The commutativity and associativity of the
fractional operators (7) of the Griinwald-Letnikov type for
different directions are obvious.

To describe isotropic physical lattices we should use the
difference operators © [ ] and § B [DL [0;’] with orders
a; =aforall j=1,2,3.

Let us give possible equations for distribution function
f(n,t) on unbounded and bounded lattices. For unbounded
homogeneous lattice the diffusion equation for probability

density can be considered in the form

R i [‘f"] £ m,)

, (13)
N ZgijGLlDi,i [Olfi ﬁjj] f(m,1).

ij=1

For bounded lattice we should use the fractional difference
operators (10), and the correspondent analog of (13) has the
form

af(n,t) Z g:5 |D |:ii:|f(m’t)
(14)

S oL st o B
+i,JZ::1gijB v [ i j]] fm.b).
Equations (13) and (14) are the three-dimensional lattice dif-
fusion equations that describe fractional diffusion processes
with the lattice jumps. Here f(n,t) is the probability density
function to find the test particle at site n at time ¢. The italics
i, j € {1;2;3} are the coordinate indices, and g; and g;; are
lattice coupling constants.

The first and second terms of the right-hand side of
(13) and (14) describe the particle drift and diffusion on
the lattice. These correspondent kernels describe the long-
range drift and diffusion to n-site from all other m-sites.
Parameters o; and f3; in the kernels are positive real numbers
that characterize how quickly the intensity of the drift and
diffusion processes in the lattice decrease with increasing
the value n — m. Kernels Kofj(nj - mj), where j = 1,2,3,

describe long-range jumps in direction a; with lattice step
length |n i—m jI in the lattice. In (13), we use the combination
of the lattice operators

p™* [Of" ﬁ!’] = p* [Of"] p* [/3/'], (15)
i i j



where i, j take values from the set {1; 2; 3}. The action of the
operator (15) on the lattice probability density f(m,t) is

Glp™* [f /’;f ] f(m,1)

+00 +00
Z Z Koi:i (”i - mi) ng (”j -

m;=—00 m;=—00

m;) f (m,1).
(16)

Equations (13) and (14) describe fractional diffusion processes
on the physical lattices, where long-range jumps can be
realized. The lattice diffusion equations (13) and (14) can
be considered as lattice analogs of the fractional diffusion
equations for the processes with the Poissonian waiting time
and the Lévy distribution for the jump length.

Suggested lattice equations (13) and (14) can be consid-
ered as master equations that allow us to describe time-
evolution of particles and quasiparticles on lattice since
evolution is modelled as being in exactly one of the countable
numbers of lattice sites at any given time, where switching
between sites is treated probabilistically. These equations
are differential equations for the variation over time of the
probabilities that the particle occupies each of the lattice sites.

3. Fractional Diffusion
Equation for Continuum

To describe fractional diffusion in the nonlocal continua, we
should use fractional derivatives with respect to space coor-
dinates instead of the lattice operators. Continuum analogs
of the fractional-order difference operators of the Grinwald-
Letnikov type are the fractional derivatives of Griinwald-
Letnikov type.

Fractional-order difference operators GL[|j)i [0;’ ] defined
by (7) are transformed by the continuous limit operation
into the fractional derivative of Griinwald-Letnikov type with

respect to coordinate x; in the form

. (#91[] ) -

where “* IDé [0;’ ] are the continuum fractional derivatives of
the Griinwald-Letnikov type that are defined by

et la| 1o @ L@
DCL]‘z(l%ﬁi D) 09

[0;? ] Fxt), a7

which contain the Grinwald-Letnikov fractional derivatives
C'LDx_ , with respect to space coordinate x; that can be
it

written as

GL @ v (D" T(a+1)
. li
ij,if(r t) = ln(1)+| ]| mzol"(m +1)F(oc—mj+1)

(a>0).
19)

X f(r+ m]a],t)
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This statement can be proved by analogy with the proof for
lattice model with long-range interaction of the Griinwald-
Letnikov type suggested in [19].

It is important to note that the Griinwald-Letnikov
fractional derivatives coincide with the Marchaud fractional
derivatives (see Section 20.3 in [I, 2]) for the functions
from space L,(R), where 1 < r < oo (see Theorem
20.4 in [1, 2]). Moreover both the Griinwald-Letnikov and
Marchaud derivatives have the same domain of definition.
The Marchaud fractional derivative is defined by the equation

1 J'oo Aszjif (r,1)

a+1
Zj

o,t
YDy f () =

2 (@) dzj, O0<a<s),

(20)

where A% is the finite difference of integer order s,
7

N f (rt) = Z S lk)'k' f(r—kziept), ()
and a(a, s) is

a(a,s) =

(1-&""
d 22
Jamuw 3 =

Using (5), we can note that derivatives (18) for integer
orders & = n € N have the forms

GL_+ [nm _li(—l)n J"
Dc[j]_ 2 o) (23)

Therefore the continuum fractional derivatives © I]ZDC (] are
the usual derivatives of integer order » for even values « only,

and the continuum operators © "D, [ 7] are the derivatives of
integer order n for odd values « only.

For bounded lattices, the fractional-order difference
operators gL[Di [O;J ] defined by (10) are transformed by the
continuous limit

lim <GL [ ]f(m,t))— Sp [o;j]f(r,t), (24)

a; — 0+

into the continuum fractional derivatives of the Griinwald-
Letnikov type with respect to space coordinate x,

GL_* | l (gL @
.| = = 1 T 5 2
B [DC[]] Z(xD . XZD _> (5)

ioxp,

which contain the Griinwald-Letnikov fractional operators

defined on the finite interval [x},x?] with x =m Jaj and

x] = m]a], in the form

M
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where

1 2
M; = [xJ x’], M; = [x] x’]. (27)
a; a;

The suggested forms of continuum fractional derivatives of
the Griinwald-Letnikov type allow us to consider diffusion
processes on bounded areas of nonlocal continuum.

The lattice diffusion equation (13) in the continuum limit
gives the fractional diffusion equation with derivatives of
noninteger orders with respect to space coordinates. This
space-fractional diffusion equation for the probability density
f(r,t) has the form

of (r,1) 3 :
LA —ZD()“m{quﬁ

+lz3 2313 (o, B) "D [ i ﬁj]f(r )
2‘7 4 1] > C l j > >
i=1 j=1
(28)

where D;(«) is the drift vector and D,-j((x, B) is the diffusion
tensor for the continuum that are defined by the lattice
coupling constants g; and g;; by the relations D;(a) =
gi» Djj(a, B) = 2g;;. Similarly, the diffusion equation for
bounded lattice gives the fractional diffusion equation for
bounded region of continua

@ﬁiﬂ-—ZD(>BDC[]fuw

o |4 P .
9)

13 3
*52 2Dy (@f)

It should be noted that coincidence of orders of fractional
derivatives in the first and second terms allows us to represent
the fractional diffusion equation (28) in the form of the space-
fractional continuity equation

af (l‘ t) ZGLIDC [ 11] ]i (I', t) , (30)
where J; is the probability flow
Iy aL- [ Bj
J; (t,t) = D; () f (1, t) - EZDU (. B) °' D [ j]] f ().
=1

(31)

Equation (31) can be considered as the fractional phe-
nomenological Fick first law for nonlocal media. If &; = 1 for
alli = 1,2, 3, the continuity equation (30) can be represented
as the standard form of the well-known continuity equation

of (1) 3.0J; (r,t)
=

i=1

(32)

where Ji(r, t) is defined by (31) with f3; # 1 in general.

For one-dimensional case with D;(a) = 0 and f(r,t) =
f(x,1), (28) can be represented in the form

of (x,t)

“
o K () V¥ f (1), (33)

where K(u) is the generalized diffusion constant,

K (k) = 3011 (@), 64

and V* is the fractional derivative of order y,

o]l 2]

x
Here we use the semigroup property of fractional derivatives
of the Griinwald-Letnikov type. Equation (33) describes the
fractional diffusion processes with the Poissonian waiting
time and the Lévy distribution for the jump length (see
Section 3.5 of [22]). In [22] the space-fractional diffusion
equation (33) contains the Weyl fractional derivative V¥ of
order y, of one-dimensional case. The solution of (33) can
be obtained analytically by using the Fox function Hzlz1 (for
details see Section 3.5 of [22] and [28]). The exact calculation
of fractional moments [22] gives

(man)-

where 0 < 8 < pu < 2.

Using (2), it is possible to demonstrate that the space-
fractional diffusion equations are connected with continuous
time random walk processes with diverging second moment
of the jump length distribution [22].

If a; = ﬁj = 1forall j = 1,2,3, then (28) and (29) give
the well-known second-order diffusion equation

af(r t _ _i af(r ‘Zi

11]1

(35)
p=o
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P‘)) Mr( 8/#)F(1+5)t5/“’ (36)
Ul (=8/2)T (1+6/2)

' f (rt)
Dy 0x;0x ’
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where D; = D;(1) is the drift vector and D;; = D;;(1, 1) is the
diffusion tensor for local continuum.

4. Conclusion

Lattice analog of the fractional-order differential equations
for bounded and unbounded three-dimensional lattices with
long-range jumps of particles is suggested. These lattice
equations can be considered as a new microscopic basis
to describe the fractional diffusion in nonlocal continua.
In the lattice diffusion equations, we use the fractional-
order difference analogs of fractional derivatives, which are
represented by kernels that describe long-range jumps of
lattice particles. The proposed kernels of long-range jumps on
the lattice can be considered for integer and fractional orders
of suggested difference operators. The continuous limits for
these diffusion equations with fractional-order differences



give the continuum fractional derivatives of the Griinwald-
Letnikov type with respect to space coordinates. The obtained
fractional diffusion on nonlocal continua can be considered
as a continuous limit of the suggested lattice diffusion, where
the sizes of continuum elements are much larger than the
distances between sites of the lattice. The main advantage of
the suggested approach is a possibility to consider fractional-
order difference diffusion equations as tools for formulation
of a microstructural basic model of fractional diffusion in
nonlocal continua. The proposed three-dimensional lattice
diffusion equations can play an important role in formulating
discrete models of nonlocal processes in microscale and
nanoscale.

It is interesting to generalize the suggested lattice
approach to consider lattice Lévy flights subject to exter-
nal force fields and the Galilean invariance. This transport
process on lattice can be described by lattice fractional
diffusion equations. We assume that the lattice Lévy flights in
a constant force field are similar to lattice fractional diffusion
in a constant velocity field by analogy with diffusion processes
in continuum models [29].

We assume that the proposed lattice approach to the lat-
tice fractional diffusion can be generalized to different types
of Bravais lattices such as monoclinic, triclinic, hexagonal,
and rhombohedral lattices. We also assume that the suggested
approach to the fractional diffusion can be generalized for
lattice models with the fractal spatial dispersion, which are
suggested in [30] (see also [31, 32]), and the continuum limits
of these fractal lattice models can give continuum models
of fractal media [33, 34] that are described by non-integer-
dimensional space approach [35, 36].
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