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Abstract. 
We investigate locally rotational symmetric (LRS) Bianchi type I space time  coupled with scalar field. String cosmological models generated by a cloud of strings with particles attached to them are studied in the Brans-Dicke theory. We assume that the expansion scalar is proportional to the shear scalar and also power law ansatz for scalar field. The physical behavior of the resulting model is discussed through different parameters.


1. Introduction
It is believed that the early universe evolved through some phase transitions, thereby yielding a vacuum energy density which at present is at least 118 orders of magnitudes smaller than in the Planck time [1]. Such a discrepancy between theoretical expectations and empirical observations constitutes a fundamental problem in the interface uniting astrophysics, particle physics, and cosmology. The recent observational evidence for an accelerated state of the present universe, obtained from distant SNe Ia (Perlmutter et al. [2]; Riess et al. [3]), gave strong support to search for alternative cosmologies. Thus, the state of affairs has stimulated the interest in more general models containing an extra component describing dark energy and simultaneously accounting for the present accelerated stage of the universe.
The isotropic models are considered to be the most suitable to study large scale structure of the universe. However, it is believed that the early universe may not have been exactly uniform. This prediction motivates us to describe the early stages of the universe with the models having anisotropic background. Thus, it would be worthwhile to explore anisotropic models in the context of modified theories of gravity. Among the various modifications of general relativity (GR), the Brans-Dicke (BD) theory of gravity [4] is a well-known example of a scalar tensor theory in which the gravitational interaction involves a scalar field and the metric tensor. One extra parameter 
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 is used in this theory which satisfies the equation given by
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 is the trace of the matter energy-momentum tensor. It is mentioned here that the general relativity is recovered in the limiting case 
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. Thus we can compare our results with experimental tests for significantly large value of 
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. The majority of popular cosmological models, including all the ones referred to above, use the cosmological principle; that is, they assume that the universe is homogeneous and isotropic. On the other hand, there are hints in the CMB temperature anisotropy studies that suggest that the assumption of statistical isotropy is broken on the largest angular scales, leading to some intriguing anomalies. To provide predictions for the CMB anisotropies, one may consider the homogeneous but anisotropic cosmologies known as Bianchi type space times, which include the isotropic and homogeneous FRW models. In this study we consider the simplest of these, the locally rotationally symmetric (LRS) Bianchi type-I space time as an anisotropic background universe model; note that this space time is a generalization of flat 
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 FRW metric.
The presence of strings results in anisotropy in the space time, though strings are not observable in the present epoch. Unlike domain walls and monopoles, strings cause no harm (to the cosmological models) but rather can lead to very interesting astrophysical consequences. The string gas cosmology will lead to a dynamical evolution of the early universe, very different from what is obtained in standard and inflationary cosmology and can already be seen by combining the basic ingredients from string theory discussed so far. As the radius of a cloud of strings decreases from an initially large value which maintains thermal equilibrium, the temperature first rises as in standard cosmology since the occupied string states (the momentum modes) get heavier. However, as the temperature approaches the Hagedorn temperature, the energy begins to flow into the oscillatory modes and the increase in temperature levels off. As the radius decreases below the string scale, the temperature begins to decrease as the energy begins to flow into the winding modes whose energy decreases as the radius decreases.
Brans-Dicke theory has been studied by several researchers in different contexts. Johri and Desikan [5] obtained Brans-Dicke cosmological models with constant deceleration parameter in the presence of particle creation. Ram and Singh [6] studied the effect of time dependent bulk viscosity on the radiation of Friedmann models with zero curvature in BD theory. Singh and Beesham [7] studied the effect of bulk viscosity on the evolution of the spatially flat Friedmann-Lemaitre-Robertson-Walker models in the context of open thermodynamical systems, which allow for particle creation, analyzed within the framework of BD theory. Reddy et al. [8] discussed the homogeneous axially symmetric Bianchi type-I radiating cosmological model with negative constant deceleration parameter in BD scalar-tensor theory gravitation. Spatially homogeneous and anisotropic Bianchi type-I (BI) model is used to study the possible effects of anisotropy in the early universe [9, 10]. Some people [11–13] have constructed cosmological models by using anisotropic fluid and BI universe. Recently, this model has been studied in the presence of binary mixture of the perfect fluid and the DE [14]. Sharif and Kausar [15, 16] have discussed dynamics of the universe with anisotropic fluid and Bianchi models in 
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 gravity. Some exact BI solutions have also been investigated in this modified theory [17–20].
In this paper, we consider a spatially homogeneous and anisotropic LRS Bianchi type-I cosmological model in Brans-Dicke scalar-tensor theory of gravitation in the presence of cosmic string source. Some physical properties of the model are also discussed. The resulting cosmological model can be considered as an analogue of inflationary model in Brans-Dicke string cosmology.
2. Metric and Field Equations
The line element for the spatially homogeneous and anisotropic LRS Bianchi type-I space time is given by
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 only. Brans-Dicke theory of gravitation is a natural extension of general relativity which introduces an additional scalar field 
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. The scalar tensor field equations in the Brans-Dicke theory are given by the field equation 
						
	
 		
 			
				(
				3
				)
			
 		
	

	
		
			

				𝑅
			

			
				𝑖
				𝑗
			

			
				−
				1
			

			
				
			
			
				2
				𝑔
			

			
				𝑖
				𝑗
			

			
				𝑅
				=
				𝜔
				𝜙
			

			
				−
				2
			

			
				
				𝜙
			

			
				,
				𝑖
			

			

				𝜙
			

			
				,
				𝑗
			

			
				−
				1
			

			
				
			
			
				2
				𝑔
			

			
				𝑖
				𝑗
			

			

				𝜙
			

			
				,
				𝑘
			

			

				𝜙
			

			
				,
				𝑘
			

			
				
				−
				𝜙
			

			
				−
				1
			

			
				
				𝜙
			

			
				𝑖
				𝑗
			

			
				−
				𝑔
			

			
				𝑖
				𝑗
			

			
				
				,
				□
				𝜙
			

		
	

					where 
						
	
 		
 			
				(
				4
				)
			
 		
	

	
		
			
				□
				𝜙
				=
				𝜙
			

			
				,
				𝑘
				,
				𝑘
			

			
				=
				8
				𝜋
				𝑇
			

			
				
			
			
				.
				𝜙
				(
				3
				+
				2
				𝜔
				)
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 is the energy momentum tensor of matter, 
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 the scalar field, and 
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 the dimensionless coupling constant. As a consequence of field equations (2) and (3) we get the equation
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					The energy momentum tensor for a cloud of strings is given by 
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A “dot” denotes differentiation with respect to 
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. Here we have four independent equations in five unknowns 
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. Therefore, we need more relations to find the determinate solutions of these equations. So any one quantity may be chosen freely to solve the system of equations. Since the field equations contain 
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 has already been used by Johri and Desikan [5] in the context of Robertson Walker Brans-Dicke models.
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3. Cosmological Solutions
Since the field equations are highly nonlinear, we assume power law for the scalar field 
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. At the beginning of the universe the scalar field has a significant role in establishing a string dominated era. At large cosmic time, when the effect of the scalar field is negligible, it is seen that particles dominate over the strings to fill up the volume of the universe.
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				(
				𝑘
				+
				1
				)
			

			

				2
			

			
				
				𝑐
			

			

				1
			

			
				𝑡
				+
				𝑐
			

			

				2
			

			

				
			

			

				2
			

			
				
				×
				[
				]
				,
				(
				(
				𝑚
				+
				1
				)
				(
				9
				𝑚
				+
				9
				−
				𝑘
				)
				−
				(
				𝑚
				+
				2
				)
				𝛼
				{
				(
				𝑚
				+
				2
				)
				𝛼
				−
				6
				(
				𝑚
				+
				2
				)
				−
				3
				𝑘
				}
				)
				8
				𝜋
				𝜆
			

			
				
			
			
				𝜙
				=
				𝑐
			

			
				2
				1
			

			
				(
				1
				−
				𝑚
				)
			

			
				
			
			
				(
				𝑘
				+
				1
				)
			

			

				2
			

			
				
				𝑐
			

			

				1
			

			
				𝑡
				+
				𝑐
			

			

				2
			

			

				
			

			

				2
			

			
				(
				3
				(
				1
				+
				𝑚
				)
				−
				(
				𝑚
				+
				2
				)
				𝛼
				−
				𝑘
				)
				,
				8
				𝜋
				𝜌
			

			

				𝑝
			

			
				
			
			
				𝜙
				=
				𝑐
			

			
				2
				1
			

			
				
			
			
				(
				𝑘
				+
				1
				)
			

			

				2
			

			
				
				𝑐
			

			

				1
			

			
				𝑡
				+
				𝑐
			

			

				2
			

			

				
			

			

				2
			

			
				
				4
				𝑚
			

			

				2
			

			
				
				−
				
				+
				2
				𝑚
				−
				2
				−
				2
				𝑘
				𝑚
				(
				𝑚
				+
				2
				)
			

			

				2
			

			

				𝛼
			

			

				2
			

			
				−
				
				3
				𝑚
			

			

				2
			

			
				
				−
				3
				3
				𝑚
				−
				6
				𝛼
				−
				3
				𝑘
				(
				𝑚
				+
				2
				)
				𝛼
			

			
				
			
			
				9
				
				.
			

		
	

					We get geometric strings (or) Nambu strings when 
	
		
			
				𝜌
				=
				𝜆
			

		
	
 so we have
	
 		
 			
				(
				3
				0
				)
			
 		
	

	
		
			
				
				𝑐
				𝜌
				=
				𝜆
				=
			

			
				2
				1
			

			
				(
				1
				−
				𝑚
				)
			

			
				
			
			
				(
				𝑘
				+
				1
				)
			

			

				2
			

			
				
				𝑐
			

			

				1
			

			
				𝑡
				+
				𝑐
			

			

				2
			

			

				
			

			

				2
			

			
				
				×
				
				𝑚
				
				
			

			

				3
			

			
				+
				5
				𝑚
			

			

				2
			

			
				
				𝛼
				+
				8
				𝑚
				+
				4
			

			

				2
			

			
				
				+
				
				𝑚
			

			

				3
			

			
				+
				3
				4
				𝑚
			

			

				2
			

			
				
				
				+
				4
				5
				𝑚
				−
				2
				2
				𝛼
				+
				9
				𝑚
			

			

				3
			

			
				−
				2
				1
				4
				𝑚
			

			

				2
			

			
				
				−
				4
				4
				7
				𝑚
				+
				2
				5
				8
			

			
				
			
			
				
				3
				𝑚
			

			

				2
			

			
				
				
				,
				−
				𝑚
				+
				1
				4
			

		
	
where
	
 		
 			
				(
				3
				1
				)
			
 		
	

	
		
			
				𝑚
				𝑘
				=
				
				
			

			

				3
			

			
				+
				5
				𝑚
			

			

				2
			

			
				
				𝛼
				+
				8
				𝑚
				+
				4
			

			

				2
			

			
				+
				
				6
				𝑚
			

			

				3
			

			
				+
				3
				9
				𝑚
			

			

				2
			

			
				
				
				+
				5
				7
				𝑚
				+
				6
				𝛼
				−
				5
				4
				5
				𝑚
			

			

				2
			

			
				+
				9
				𝑚
				−
				4
				
				
			

			
				
			
			
				
				3
				𝑚
			

			

				2
			

			
				
				,
				−
				𝑚
				+
				1
				4
			

		
	
and the volume scale factor turns out to be
						
	
 		
 			
				(
				3
				2
				)
			
 		
	

	
		
			
				𝑉
				=
				(
				𝑘
				+
				1
				)
			

			
				(
				𝑚
				+
				2
				)
				/
				(
				𝑘
				+
				1
				)
			

			
				
				𝑐
			

			

				1
			

			
				𝑡
				+
				𝑐
			

			

				2
			

			

				
			

			
				(
				𝑚
				+
				2
				)
				/
				(
				𝑘
				+
				1
				)
			

			

				.
			

		
	

					The expansion scalar 
	
		
			

				𝜃
			

		
	
 and shear scalar 
	
		
			

				𝜎
			

		
	
 take the form 
						
	
 		
 			
				(
				3
				3
				)
			
 		
	

	
		
			
				𝜃
				=
				(
				𝑚
				+
				2
				)
				𝑐
			

			

				1
			

			
				
			
			
				
				𝑐
				(
				𝑘
				+
				1
				)
			

			

				1
			

			
				𝑡
				+
				𝑐
			

			

				2
			

			
				
				,
				1
				𝜎
				=
			

			
				
			
			

				√
			

			
				
			
			
				3
				(
				𝑚
				−
				1
				)
				𝑐
			

			

				1
			

			
				
			
			
				
				𝑐
				(
				𝑘
				+
				1
				)
			

			

				1
			

			
				𝑡
				+
				𝑐
			

			

				2
			

			
				
				.
			

		
	

					The mean anisotropy parameter 
	
		
			

				𝐴
			

			

				𝑚
			

		
	
 becomes
						
	
 		
 			
				(
				3
				4
				)
			
 		
	

	
		
			

				𝐴
			

			

				𝑚
			

			
				=
				(
				2
				𝑚
				+
				4
				)
			

			

				2
			

			
				
			
			
				3
				(
				𝑚
				+
				2
				)
			

			

				2
			

			

				.
			

		
	

					Using (20) and (23) and the mean Hubble parameter 
	
		
			

				𝐻
			

		
	
, we can write the deceleration parameter as 
						
	
 		
 			
				(
				3
				5
				)
			
 		
	

	
		
			
				
				𝑞
				=
				−
				1
				−
				(
				3
				𝑘
				+
				1
				)
			

			
				
			
			
				
				.
				(
				𝑚
				+
				2
				)
			

		
	

					We note that 
	
		
			
				𝑞
				<
				0
			

		
	
, 
	
		
			
				𝑞
				=
				0
			

		
	
, and 
	
		
			
				𝑞
				>
				0
			

		
	
, respectively, indicate an accelerated expansion, uniform expansion, and the decelerating phase of the universe. Here the deceleration parameter 
	
		
			

				𝑞
			

		
	
 is found to be negative, which shows that the model inflates. From the expression of the volume of this model it is seen that this model follows the power law of inflation for 
	
		
			
				𝑘
				<
				(
				𝑚
				+
				1
				)
				/
				3
			

		
	
. The anisotropy parameters are constant at initial epoch and go to zero for later times. The anisotropy parameter of expansion is zero as 
	
		
			
				𝑚
				=
				−
				2
			

		
	
, at the initial epoch. Since the anisotropy parameter of expansion is constant (it vanishes for 
	
		
			
				𝑚
				=
				−
				2
			

		
	
), therefore the model does not isotropize for later times. In this case, the deceleration parameter 
	
		
			

				𝑞
			

		
	
 is found to be a dynamical quantity and can be negative for the appropriate values of the constant parameters. The universe exhibits an initial singularity of the POINT type at 
	
		
			
				𝑡
				=
				−
				𝑐
			

			

				2
			

			
				/
				𝑐
			

			

				1
			

		
	
. The space time is well behaved in the range 
	
		
			
				(
				−
				𝑐
			

			

				2
			

			
				/
				𝑐
			

			

				1
			

			
				)
				<
				𝑡
				<
				∞
			

		
	
. For physically realistic models, we take 
	
		
			

				𝑐
			

			

				1
			

			
				,
				𝑐
			

			

				2
			

			
				>
				0
			

		
	
. At the initial moment 
	
		
			
				𝑡
				=
				(
				−
				𝑐
			

			

				2
			

			
				/
				𝑐
			

			

				1
			

			

				)
			

		
	
 the physical and kinematical parameters 
	
		
			
				𝜌
				,
				𝜆
				,
				𝜃
				,
				𝜎
			

			

				2
			

		
	
, and 
	
		
			

				𝐻
			

		
	
 tend to infinity. So the universe starts from an initial singularity with an infinite energy density with an infinite rate of shear and expansion. Moreover, 
	
		
			
				𝜌
				,
				𝜆
				,
				𝜃
				,
				𝜎
			

			

				2
			

		
	
, and 
	
		
			

				𝐻
			

		
	
 tend to zero at the epoch 
	
		
			
				𝑡
				=
				∞
			

		
	
. Thus 
	
		
			
				𝜌
				,
				𝜆
				,
				𝜃
				,
				𝜎
			

			

				2
			

		
	
, and 
	
		
			

				𝐻
			

		
	
 are monotonically decreasing toward a zero quantity for 
	
		
			

				𝑡
			

		
	
in the range 
	
		
			
				(
				−
				𝑐
			

			

				2
			

			
				/
				𝑐
			

			

				1
			

			
				)
				<
				𝑡
				<
				∞
			

		
	
. The shear tends to zero much faster than the expansion. The proper volume 
	
		
			

				𝑉
			

		
	
and the scalar field 
	
		
			

				𝜙
			

		
	
 tend to zero at the initial singularity. As time proceeds the universe approaches an infinitely large volume and an infinitely large scalar field in the limit as 
	
		
			
				𝑡
				→
				∞
			

		
	
. The expansion scalar 
	
		
			

				𝜃
			

		
	
 is always positive in the interval 
	
		
			
				(
				−
				𝑐
			

			

				2
			

			
				/
				𝑐
			

			

				1
			

			
				)
				<
				𝑡
				<
				∞
			

		
	
. Therefore, the model describes an expanding cosmological model. The deceleration parameter 
	
		
			

				𝑞
			

		
	
 is constant in the interval 
	
		
			
				(
				−
				𝑐
			

			

				2
			

			
				/
				𝑐
			

			

				1
			

			
				)
				<
				𝑡
				<
				∞
			

		
	
.
4. Conclusions
In this paper, we observed that all cosmological models evolve with an initial singularity of the POINT type. The universe starts from an initial singularity with an infinite energy density and with an infinite rate of shear and expansion. The proper volume and the scalar field approach zero at the initial singularity and approach an infinitely large value in the limit as 
	
		
			
				𝑡
				→
				∞
			

		
	
. The models describe expanding cosmological models with a constant deceleration parameter. The entire model is highly anisotropic at the time of the evolution of the universe. At the instant of the beginning of this model, universe the scalar field is found to be a constant quantity; it then increases gradually with time. For very close to the big bang singularity, matter will be in highly dense exotic form that may include viscosity, heat flow, and null radiation flow as well as cosmic strings [9]. It is therefore very important that we have a space-time metric with time-dependent scalar field which is capable of describing almost all these attributes for suitable values for certain parameters. The energy conditions are satisfied. We have found a new solution for inflation that deserves attention.
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