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F-expansion method is proposed to seek exact solutions of nonlinear partial differential equations. By means of Hermite transform,
inverse Hermite transform, and white noise analysis, the variable coefficients and Wick-type stochastic Schamel KdV equations are
completely described. Abundant exact traveling wave solutions for variable coeflicients Schamel KdV equations are given. These
solutions include exact stochastic Jacobi elliptic functions, trigonometric functions, and hyperbolic functions solutions.

1. Introduction

In this paper, we investigate the variable coefficients Schamel
KdV equations [1, 2]:

u + [91 O u'l? + g, (t) “] Uy +gs () thyy = 0, W
(t,x) e R, xR,

where g, (1), g,(t), and g;(t) are bounded measurable or inte-
grable functions on R, . Random wave is an important subject
of stochastic partial differential equations (SPDEs). Many
authors have studied this subject. Wadati first introduced and
studied the stochastic KAV equations and gave the diffusion
of soliton for KdV equation under Gaussian noise in [3, 4]
and others [5-9] also researched stochastic KdV equations.
Xie first introduced Wick-type stochastic KdV equations on
white noise space and showed the auto-Backlund transforma-
tion and the exact white noise functional solutions in [10].
Furthermore, Xie [11-14] and Ghany et al. [15-21] researched
some Wick-type stochastic wave equations using white noise
analysis.

In this paper we use F-expansion method for finding new
periodic wave solutions of nonlinear evolution equations in

mathematical physics, and we obtain some new periodic wave
solutions for Schamel KdV equations. This method is more
powerful and will be used in further works to establish more
entirely new solutions for other kinds of nonlinear partial
differential equations arising in mathematical physics. The
effort in finding exact solutions to nonlinear equations is
important for the understanding of most nonlinear physical
phenomena, for instance, the nonlinear wave phenomena
observed in the fluid dynamics, plasma, and optical fibers
[1, 2]. Many effective methods have been presented such
as homotopy analysis method [22], variational iteration
method [23, 24], tanh-function method [25-27], homotopy
perturbation method [28-30], tanh-coth method [26, 31,
32], Exp-function method [33-38], Jacobi elliptic function
expansion method [39-42], and F-expansion method [43-
46]. The main objective of this paper is using F-expansion
method to construct the exact traveling wave solutions for
Wick-type stochastic Schamel KdV equations via the Wick-
type product, Hermite transform, and white noise analysis.
If (1) is considered in a random environment, we can get
stochastic Schamel KdV equations. In order to give the
exact solutions of stochastic Schamel KdV equations, we
only consider this problem in white noise environment.



We will study the following Wick-type stochastic Schamel
KdV equations:

U, +[G, () o U + G, (t) o U] o U,
(2)
+G;()OU,,, =0,

where “¢” is the Wick product on the Kondratiev distribution
space (&)_; and G,(¢),G,(t), and G5(t) are (&)_; valued
functions [47].

2. Description of the F-Expansion Method

In order to simultaneously obtain more periodic wave solu-
tions expressed by various Jacobi elliptic functions to non-
linear wave equations, we introduce an F-expansion method
which can be thought of as a succinctly overall generalization
of Jacobi elliptic function expansion. We briefly show what F-
expansion method is and how to use it to obtain various peri-
odic wave solutions to nonlinear wave equations. Suppose a
nonlinear wave equation for u(t, x) is given by

) =0, (3)

where u = u(f,x) is an unknown function and ¥, is
a polynomial in u and its various partial derivatives in
which the highest order derivatives and nonlinear terms
are involved. In the following we give the main steps of a
deformation F-expansion method.

‘Ijl (u’ Ups Uses U Uyexexeo -+

Step 1. Look for traveling wave solution of (3) by taking
t
u(t,x)=u()), E(t,x):kx+J O(r)dr+c. (4)
0

Hence, under the transformation in (4), then, (3) can be
transformed into ordinary differential equation (ODE) as
follows:

Y, (u, ou' k' K" KW ) =0. (5)

Step 2. Suppose that u(&) can be expressed by a finite power
series of F(£) of the form

N
u(t,x) =u@® =Y aF &), (6)
i=0

where agy,a,,...,ay are constants to be determined later,
while F'(€) in (6) satisfies

[F'©®)] = PF* (&) + QF* () + R 7)
and hence holds for F(&):
F'F" = 2PF°F' + QFF,
F" = 2PF° + QF,
(8)
F" = 6PF*F' + QF,

where P, Q, and R are constants.
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Step 3. The positive integer N can be determined by consider-
ing the homogeneous balance between the highest derivative
term and the nonlinear terms appearing in (5). Therefore, we
can get the value of N in (6).

Step 4. Substituting (6) into (5) with condition (7), we obtain
polynomial in F/(E)[F'(E))) (i = 0+ 1,%2,..., j = 0,1).
Setting each coefficient of this polynomial to be zero yields
a set of algebraic equations for ay, a,, ..., ay and 0.

Step 5. Solving the algebraic equations with the aid of Maple
we have ay, a,, ..., ay and 0 can be expressed by P, Q, and R.
Substituting these results into F-expansion (6), then a general
form of traveling wave solution of (3) can be obtained.

Step 6. Since the general solutions of (6) have been well
known for us, choose properly P, Q, and R in ODE (7) such
that the corresponding solution F(&) of it is one of Jacobi
elliptic functions (see Appendices A, B, and C) [43-45].

3. Exact Traveling Wave Solutions of (2)

In this section, we apply Hermite transform, white noise
theory, and F-expansion method to explore soliton and
periodic wave solutions for (2). Applying Hermite transform
to (2), we get the deterministic equation

Ut (t,x,z) + {51 (t,z) o' (t,x,2)
+G, (LU (tx2)} U, (bx,z) 9
+G, (t,2) U, (t,x,2) =0,

where z = (z,,2,,...) € (CN)C is a vector parameter. To
look for the traveling wave solution of (3), we make the
transformations Gl(t, z) = g,(t,2), Gz(t, z) = g,(t,2),
G,(t,z) := g5(t, z), and Ult,x,z) = ult,x,z), u = V%
v(t, x,z) = V(&), with

Et,x,2) =k [x - Jte(r,z) dr] +c, (10)
0

where k and c are arbitrary constants which satisfy k # 0
and 0(t, z) is a nonzero function of the indicated variables
to be determined later. Thus, (3) can be transformed into the
following ODE:

"

—OVV' + g,V + g,V | V' + gk [VV" +3V'V"] =0,

(11)
where V' = dV/dE. The balancing procedure implies that

N = 1. Therefore, in view of F-expansion method the solution
of (3) can be expressed in the form

Vt,x,z)=V (&) =ay+a,F (&t x2), (12)

where a,, a, are constants to be determined later. Substitute
(12) with conditions (7) and (8) into (11) and collect all terms



Physics Research International

with the same power of F@[F ()6 = 0,+1,+2,..., j=
0, 1) as follows:

[—Gaoal + glagal + gzagal + g3k2a0a1Q] F'
+ [—Qaf +24,a00) + 3g2a§af + 4g3k2an] FF'
+ [glaf + 3g2aoaf + 6g3k2a0a1P] F*F' )
+ [gzai1 + 12g3k2afP] F’F' =o0.

Setting each coeflicient of F(&)[F' ()] to be zero, we geta
system of algebraic equations which can be expressed by

(—6 + 4,0y + gzag + g3k2Q) apa; =0,
(—6 +2g,ay + 3g2a§ + 4g3k2Q) af =0,
(14)
(glaf + 3g2a0af + 6g3k2a0P) a; =0,
(gzaf + 12g3k2P) a; =0,
with solving the above system to get the following coefficients:
-12k’g, (t,2) P
a, = i\/—g3( ?) ,
g, (t,2)

_ _291 (t,2)
° 59, (t,2)’ =

_ -6g; (t,2) + 25k g, (t,2) g5 (£, 2) Q
25g, (t,z) ’

0

Substituting coefficient (15) into (12) yields general form
solutions to (2):

— 2
u(t,x,z) = [—2% (t,2) +ik\/12g3 (t’z)PF(f(t,x,z))] ,

59, (t,2) 9, (t,2)
(16)
with
E(t,x,2)
. «lx ) J-t [ -6g7 (1,2) + 25k*g, (1,2) g5 (1, 2) Q] dT}
0 25g, (1,2)
+c.

(17)

From Appendix A, we give the special cases as follows.

Casel. Ifwetake P =1,Q = (2—m?), and R = (1-m?), then
F&) — cs®);

Uy (tax7Z)
120, (69) : )
_|29b2) g (120, (12)
_[ 592 (6:2) ilkJ 0o (f’x’z))] ,

3
with
& (tx,2)
L _J-t 642 (1,2) + 25K 9, (1, 2) g5(1,2) (2- m?) N
0 259, (1,2)
+e.
(19)

In the limit case whenm — o, we have cs(§) — cot(&); thus
(18) becomes

u, (t, %, 2)
—_— 2
_ [_% iik\/—lzfs(:,t’z)z)cot (&, (t,x,z))] , 20
with
& (txz)
i {x ~ Jf [—6gf (1,2) + 50k*g, (1,2) g5 (1, 2) ] dT}
0 259, (1,2)
+cC.

(1)

In the limit case when m — 1, we have cs(§) — csch(&);
thus (18) becomes

us (t,x,2)

120. (t.2) 2
_ |20 82) 11205 (12)
) |: 59, (t,2) § lk\l 9, (t,2) csch (53 (t, x, Z))] ,

(22)
with
& (t,x,z)

. {x ) Jt [_6gf (1,2) + 25k g, (1, 2) g5 (1, 2) ] dr}
0 259, (1,2)

+c
(23)

Case 2. If we take P = 1/4,Q = (m* +1)/2,and R = (1 —
m?)?/4, then F(§) — sn&/(cn& + dné) and

u4 (ta X, z)

_ [_Zgl (t2)

\j393 (t) Z)
5g2 (t) Z) a

gZ (t) Z) (24)

y { sn (&, (t,x,2)) Hz
en (& (tx,2)) +dn (& (tx2) ] |




4

with

54 (t’ X Z)

L x_th —12gf (T,z)+25k2g2(7, z) 93(T,z)(m2+1) N
0 5092 (T7 Z)

+c.
(25)

In the limit case whenm — o, we have sn&/(cné +dné) —
sin&/(cos & + 1); thus (24) becomes

us (£, x,2)
= _291 (t,2) + ik W{ siné; (¢, x, z) } :
= 59, (t,2) B g, (t,2) cos E (tx,z) £ 1 >
(26)
with
55 (t’ X, Z)
—k {x _ J't [—129? (1,2) + 25k2g2 (1,2) g5 (1,2) ] dr}
0 509, (7, 2)
+c.
(27)

In the limit case whenm — 1, wehavesné/(cné +dné) —
tanh(&)/2 sech(&) = (1/2) sinh(&); thus (24) becomes

Ug (t>x,Z)
3. (t.2) 2
_ |20 2) ik (30, (02)
_ [ 50, 67) " 2 \/ nito (f’x,Z))] '

(28)

Case 3. If we take P = 1/4,Q = (1 — 2m?)/2, and R = 1/4,
then F(¢) — ns (&) +cs (&) and

u, (t,x,2)
_ [_Zgl (t,2) +ik\]3g3 (t,2)
59, (t,2) g, (t,2) (29)

2

x {ns (& (t, x,2)) + cs (& (¢, x, z))}] ,

with

& (t,x,2)

—k t —12gf(1, z) +25k2g2(‘r, z) g5(1,2) (1 - 2m2) 4

B _Jo 50g, (1,2) ’
+ C.

(30)
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In the limit case when m — o, we have ns(§) + cs(§) —
csc(&) + cot(&); thus (29) becomes

ug (t,x,2)
_ [_291 (t,2) N ik\/3g3 (t,2)
59,(t.2)  \ g,(t,2) (31

2

x {csc (& (t, x,2)) * cot (& (£, x, z))}] .

In the limit case when m — 1, we have ns (§) + cs(§) —
coth & + csch &; thus (29) becomes

uqy (¢, x,2)
_| 292 %\/393 (t.2)
59,(t,z) 2\ g,(t2) (32)

2

x {coth &, (t,x,z) + csch&, (t, x, z)}:| ,

with
& (t,x,z)
s {x N J~t [ 12g7 (1,2) +25k* g, (1, 2) g5 (1, 2) ] dr}
0 50g2 (T’ Z)
+c.
(33)

Remark that there are other solutions for (2). These solutions
come from setting different values for the coeflicients P, Q,
and R (see Appendices A, B, and C). The above-mentioned
cases are just to clarify how far our technique is applicable.

4. White Noise Functional Solutions of (2)

In this section, we employ the results of Section 3 by using
Hermite transform to obtain exact white noise functional
solutions for Wick-type stochastic Schamel KdV equations
(2). The properties of exponential and trigonometric func-
tions yield the fact that there exists a bounded open set H ¢
R, xR, p < 00, A > 0 such that the solution u(t, x, z) of
(9) and all its partial derivatives which are involved in (9) are
uniformly bounded for (¢, x,z) € HxK p()t), continuous with
respect to (t,x) € Hforall z € Kp(/\), and analytic with
respect to z € KP(/\), for all (t,x) € H. From Theorem 4.1.1
in [47], there exists U(t, x,2z) € (&)_; such that u(t, x,z) =
U(t, x)(z) for all (£, x,2z) € H x KP(/\) and U(t, x) solves (2)
in (§)_,. Hence, by applying the inverse Hermite transform
to the results of Section 3, we get exact white noise functional
solutions of (2) as follows.
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(i) Exact stochastic Jacobi elliptic functions solutions:

- 02
G G
U, (t,x) = —iGl—Eg + ik\jlé—?t()t) o cs® (8, (t,x))] ,
2 2
26, . [3G5 (D)
Uyt = | =52t 5 zk\j 0
{ sn° (& (£, ) } ¢
cn® (8, (£, x)) + dn® (B, (t, x)) ’
26, . [3G5 (D)
U, (t,x) = 5G, 0) + zk\j G ®)
02
o {ns<> (B, (t,x)) = cs® (B, (t, x))}] ,
(34)
with
E (t,x)
t[ =6GY? (1) + 25k°G, (1) © G5 (1) (2 — m*)
=k {X B L 25G, (1) ] dT}
+c,
E, (t,x)

{ t [ —12G{? (1) + 25K°G, (1) © G, (1) (m” + 1) } }
=k<{x- J dr
0 50G, (1)

+c

By (t,x)

t[ -12G? (1) + 25K°G, (1) © Gy (1) (1 - 2m?)
—kdx— dr
J() 50G2 (T)

+ C.
(35)

(ii) Exact stochastic trigonometric solutions:

U, (t,x)

_ 2
| 2G| |F12KG (1) o
‘[‘scz(t)iJ HON G (“4(”))} ’

Us (t,x)

2
260, [36,0 [ sin’Es ) ¢
5G, (t) G, (t) cos®E; (t,x) + 1 ’

U, (t, x)

_[260 \/363 (t)
5G, (t) G, (1)

02
o {Csco (E5 (t,x)) + cot® (Bs (t, x))}] ,

(36)
with

B, (tx)

s t [ -6GY2 (1) + 50k7G, (1) © G; (1) ] p
B L 25G, () ’

+c,

s L[ -12G%2 (1) + 25K°G, (1) © G, (1) p
B x_J 50G, () !

(37)

(iii) Exact stochastic hyperbolic solutions:

U; (&, x)

260, \/ “12K%G, (t)
5G, (t) G, (1)

02
& csch® (B (t, x)):| ,

Usg (t, x)

o2
[ 2600 ik (60O ..
=156, 0 £ \/ A0 ¢ sinh® (B (t,x)):| ,

U, (t, x)

| 2G (t)+% 3G; (1)
| 56,0 T 2\ G, ()

o2
<o {coth<>57 (t, x) + csch<>57 (t, x)}] ,

(38)
with

B (£, x)

s 1] —6G®2 (1) + 25K*G, (1) © G, (1) p
=R L 25G, (1) !

+c
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g, (t,x) G, (1)G,(t)G5(t) # 0, exact white noise functional solutions of
(2) are as follows:

0 50G2 (T)

:k{x+ Jt [6(;;” (1) + 25K°G, (1) © G, (r)]dr}

S 2
2 12
Uy (%) = [-ﬂiik\j—cotnl (t,x)] ,
+c. 51 Uy

(39)

2m 3 sin I, (t, x)
We observe that, for different forms of G, G,, and G5, we can Uy (tx) = | = 5 kg I +1 »
. . . . "y fy Leosly (¢, x) + (43)
get different types of exact stochastic functional solutions of

(2) from (34)-(38). Uy, (t, %)
— 2
5. Example 2
P = |:—5—’71J_rik\]i {escTl, (¢, x) + cot IT, (t,x)}] ,
It is well known that Wick version of function is usually T2 T2
difficult to evaluate. So, in this section, we give non-Wick )
version of solutions of (2). Let W, = B, be the Gaussian white with
noise, where B, is the Brownian motion. We have the Hermite 5 5
transform [47]: I, (6 %) = k [x B (—61’]1 + 50k ;12)
o ot 251,
W, (2) = Zzij 1; (s) ds. (40) ¢ 2
=1 70 ><<“ O(T)d7+’73[Bt_E]H+C’
Since ’
2 —121 + 25k,
exp® (B,) = exp (Bt - %) we have I, (6 %) = k [x - ( 5077,

2
cos® (B,) = cos (Bt - %) , P M
ik [3 ’
t* Uy (6,x) = [—iil—\/—sinh Hs(t,x)] ,
cot® (B,) = cot (Bt - E) , Sty 2 \m
(41) Uss (8 x)
2
o t - 5
csc” (B,) = csc (Bt - —), ) .
2 = [—ﬂiﬁ\/i {cothH4(t,x)icschH4(t,x)}:| ,
Sy 2 \m
’ 44
coth® (B,) = coth (Bt - %) , (44)
with
£2
csch® (B,) = csch (Bt - E) , I1; (¢, x)
—617; + 25k t 2
£ =k[x—%“' o(r)dr+q3[3t—%]}]
sinh® (B;) = sinh <Bt - E) . T2 0
+6
S that
uppose tha 0, ()
Gy (1) =mGs (1), G, (t) =G5 (1), 5 2 . ,
(42) =k[x+—12n1+25 i {J o (1)dt + 15 [Bt_t_”’]
G; () =0 (t) + W, 507, 0 2
where 7, #,, and #; are arbitrary constants and o(t) is inte- +c.

grable or bounded measurable function on R, . Therefore, for (45)
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TaBLE 1
[F'(§))° = PF*() + QF*(§) + R,
P Q R F(@§) ;
B ) cn
-1- 1 ,odE = 2
m m sné, cdé an
-m* 2m* -1 1-m? cné
-1 2 - m? m? -1 dné
1 -1 _m2 mz DSE = i, dCE = dinf
sné ) cné
1-m? 2m* -1 -m’ nc = —
cné
1
2 2
-1 2- -1 dE = —
m m ndé an
1-m? 2—m? 1 sct = sné
cné
2 2 2 sné
— 1- 2m° —1 1 dé=—
m-(1 —m") m sd& an
1 2-m? 1-m? csé = cné
sné
1 2m* — 1 —m?(1 - m?) dsé = Lrlf
sné
m74 ) 1 sné cné
4 2 4 1+dné’ 1—m?+dnt
2 2 2
m” m° -2 m snf + icn, dné , msn&
4 2 4 iVl —m?sné + cné 1+dn
2
1 1-2m 1 nsE + csE, cné , sné ,
4 2 4 V1 —m?sné +dné 1+cng
m -1 m? +1 m? -1 dné
4 2 4 1 + msn&
2 2 2
1-m m’ +1 1-m nGE + isc cné
4 22 4 . 1 +sné
-1 1 —(1-
— m 2+ ( 4m ) mcné + dné
2 2\2
1 m-+1 1-m") sné
4 2 4 cné + dné
1 ) >
1 m 5 mj ns& + ds&

6. Summary and Discussion

We have discussed the solutions of SPDEs driven by Gaussian
white noise. There is a unitary mapping between the Gaussian
white noise space and the Poisson white noise space. This
connection was given by Benth and Gjerde [48]. From
[47, section 4.9] and by the aid of the connection, we can
derive some stochastic exact soliton solutions, which are
Poisson white noise functions in (2). In this paper, using
Hermite transformation, white noise theory, and F-expansion
method, we study the white noise functional solutions for
Wick-type stochastic Schamel KdV equations. This paper
shows that F-expansion method is sufficient to solve the
stochastic nonlinear equations in mathematical physics. The
method which we have proposed in this paper is standard,
direct, and computerized method, which allows us to do
complicated and tedious algebraic calculation. It is shown
that the algorithm can be also applied to other nonlinear
SPDEs in mathematical physics such as modified Hirota-
Satsuma coupled KdV, KdV-Burgers, modified KdV Burgers,

Sawada-Kotera, and Zhiber-Shabat equations and Benjamin-
Bona-Mahony (BBM) equations. Since (2) has other solutions
of Jacobi elliptic functions, trigonometric functions, and
hyperbolic functions if we select other values of P, Q, and
R (see Appendices A, B, and C), there are many other exact
traveling wave solutions for Wick-type stochastic Schamel
KdV equations.

Appendices
A.

The Jacobi elliptic functions degenerate into trigonometric
functions whenm — 0:

sn& — siné, cné — cos &, dné — 1,
scé — tan &,
sd & — sin &, cd&é — cosé,
ns& — cscé, ncé — secé, nd¢ — 1,



cs& — coté,

ds& — cscé, dcé — secé.

(A1)

B.

The Jacobi elliptic functions degenerate into hyperbolic func-
tions whenm — 1:

sné — tang, cné — sech, dn& — sech,
sc& — sinhé,
sd & — sinhé, cdé — 1,

nsé — cothé, ncé — cosh, nd & — cosh,

cs& — csché,

ds& — csch, dcé — 1.

(B.1)

C.

The ODE and Jacobi elliptic functions: for relation between
values of P, Q, and R and corresponding F(£) in ODE,
see Table 1.
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