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An investigation is performed to study the effect of suction/injection on unsteady hydromagnetic natural convection flow of viscous
reactive fluid between two vertical porous plates in the presence of thermal diffusion. The partial differential equations governing
the flow have been solved numerically using semi-implicit finite-difference scheme. For steady case, analytical solutions have been
derived using perturbation series method. Suction/injection is used to control the fluid flow in the channel, and an exothermic
chemical reaction of Arrhenius kinetic is considered. Numerical results are presented graphically and discussed quantitatively with
respect to various parameters embedded in the problem.

1. Introduction

Suction or injection on the boundary layer control played sig-
nificant role in the field of aerodynamics and space sciences.
Shojaefard et al. [1] used suction/injection to control fluid
flow on the surface of subsonic aircraft. By controlling the
flow as such, fuel consumption might be decreased by 30%,
a considerable reduction in pollutant emission is achieved,
and operating costs of commercial airplanes are reduced by
at least 8%; see the study by Braslow in [2]. In mass transfer
cooling, suction or injection of a fluid through the bounding
surface can significantly change the flow field and, as a result,
affect the heat transfer rate from the plate; see the study by
Ishak et al. in [3]. Many interests have been built in the study
of flow of heat and mass transfer with suction or injection
because of its extensive engineering applications. In the area
of steady flow of viscous incompressible fluid over infinite
porous plates subject to suction or injection, various aspects
of the problem have been investigated by many authors. To
be more specific, Griffith and Meredith [4] investigated the
steady flow of an incompressible viscous fluid over an infinite
porous flat plate subject to uniform suction. Jena andMathur
[5] studied free convection in the laminar boundary layer flow
of a thermomicropolar fluid over a vertical flat plate subject

to uniform suction or injection. Boundary layer controls by
suction or injection in the flowof incompressible fluid over an
infinite porous wedge are to be found in the studies by Devi
and Kandasamy [6] and Kandasamy et al. [7, 8]. Layek et al.
[9], Shateyi [10], and Cortell [11] have analyzed the stretching
sheet problem with suction or injection. Attia [12] reported
the unsteady flow due to a rotating disk with uniform suction
or injection. Al-Sanea [13] investigated mixed convection
heat transfer along a continuously moving heated vertical
plate with suction or injection. Unsteady free convection
and mass transfer flow over an infinite vertical porous plate
considering suction or injection are to be found in the study
by Takhar et al. in [14]. Recently, Cortell [15] studied the
effects of suction, viscous dissipation, and thermal radiation
on flow and heat transfer of a power-law fluid past an infinite
porous plate. Effect of suction and injection on unsteady free
convection Couette flow and heat transfer of reactive viscous
fluid in vertical porous plate is to be found in the study by Jha
et al. in [16].

The investigation of the flow of an electrically conducting
fluid in a porous channel in the presence of a transverse
magnetic field is important because of its widespread engi-
neering and industrial applications such as MHD marine
propulsion, electronic packages, microelectronic devices,
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thermal insulation, petroleum reservoirs, MHD stirring of
molten metal, exothermic reaction in packaged reactors, and
magnetic-levitation casting. On the other hand, Soret or
thermal diffusion is important wheremore than one chemical
species are present under very large temperature gradients,
such as chemical reactions and isotope separation, and in
mixtures of gases with very light molecular weight such as
hydrogen or helium and ofmediummolecular weight such as
nitrogen or air. Because of the applications ofMHDandSoret,
many authors investigated their effects on natural convection
heat and mass transfer flow. Postelnicu [17] reported the
influence of magnetic field on heat and mass transfer by
natural convection from vertical surfaces in porous media
considering Soret and Dufour effects. Osalusi et al. [18]
determined numerically the effects of Soret and Dufour on
heat and mass transfer of a steady MHD convective and slip
flow due to a rotating disk with viscous dissipation and ohmic
heating. Recently, Turkyilmazoglu and Pop [19] reported the
effects of Soret and heat source on unsteady radiative MHD
free convection flow from an impulsively infinite vertical
plate. In nutshell, there have been considerable published
works dealing with steady flow with Soret and Dufour effect;
some of them are the works of Alam et al. [20], Chamkha
and Ben-Nakhi [21], Tsai and Huang [22], Tak et al. [23],
and Magyari and Postelnicu [24]. Steady flows with chemical
reaction considering Soret and Dufour effect are to be found
in the studies byMansour et al. [25], Beg et al. [26], El-Kabeir
et al. [27], and Gangadhar [28]. Unsteady fluid flow problems
in the presence of Soret and Dufour effects with chemical
reaction can be found in the studies by Bhargava et al. [29]
and Pal andMondal [30]. Nandkeolyar et al. [31] investigated
numerically and analytically the effect of suction/injection
on unsteady hydromagnetic heat and mass transfer flow of
a radiating and chemically reactive fluid past a flat porous
plate with ramped wall temperature. Numerical investigation
of buoyancy effects on hydromagnetic unsteady flow through
a porous channel considering suction and injection is to be
found in the study by Makinde and Chinyoka [32].

The aim of the present analysis is to study the effect
of suction/injection on unsteady hydromagnetic convective
flow of viscous reactive fluid between two infinite vertical
parallel porous plates in the presence of transverse magnetic
field and thermal diffusion. In this paper, an exothermic
chemical reaction of Arrhenius kinetics is employed and
suction/injection is used to control fluid flow in the channel.

2. Governing Equations

Consider the transient natural convection and mass transfer
flow of viscous reactive, incompressible, and electrically
conducting fluid between infinite vertical parallel porous
plates under the influence of a transversely magnetic field
of strength 𝐵

0
; see Figure 1. The magnetic Reynolds number

is assumed to be small so that the induced magnetic field
and the hall effect of MHD are negligible. At time 𝑡


≤ 0,

both the fluid and the plates are at rest and at the same
temperature and concentration 𝑇



0
and 𝐶



0
, respectively. At

𝑡

> 0, the temperature and concentration of the plate 𝑦 =

0 are raised to 𝑇


𝜔
and 𝐶



𝜔
and thereafter remain constant
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Figure 1: Schematic diagram of the problem.

and those of 𝑦 = 𝐻 are lowered to 𝑇


0
and 𝐶



0
, where

𝑇


𝜔
> 𝑇


0
and 𝐶



𝜔
> 𝐶


0
. It is assumed that the flow is

subjected to suction of the fluid from one porous plate and
at the same rate fluid is being injected through the other
porous plate. We chose a Cartesian coordinate system with
the 𝑥 axis along the upward direction and the 𝑦 axis normal
to it. The physical properties are assumed to be constant
excluding density in the buoyancy term.The fluid is assumed
to be Newtonian and obeys the Boussinesq’s approximation.
Under the previous assumptions, the momentum, energy,
and concentration equations in the dimensional form are the
following:
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(1)

The initial and boundary conditions for the present problem
are the following:

𝑡

≤ 0 : 𝑢


= 0, 𝑇


→ 𝑇



0
, 𝐶

→ 𝐶



0
, 0 ≤ 𝑦


≤ 𝐻,

𝑡

> 0 : 𝑢


= 0, 𝑇


= 𝑇


𝜔
, 𝐶

= 𝐶


𝜔
at𝑦 = 0,

𝑢

= 0, 𝑇


= 𝑇


0
, 𝐶

= 𝐶


0
as𝑦 → 𝐻,

(2)

where 𝜎 is the conductivity of the fluid, 𝐵
0
is the electromag-

netic induction, 𝛽 is the coefficient of thermal expansion, 𝛽∗
is the coefficient of concentration expansion, 𝑄 is the heat of
reaction, 𝐴 is the rate constant, 𝐸 is the activation energy,
𝑅 is the universal gas constant, ] is the kinematic viscosity,
𝐶


0
is the initial concentration of the reactant species, 𝑔 is the

gravitational force,𝐶
𝑝
is the specific heat at constant pressure,

𝑘 is the thermal conductivity of the fluid, 𝜌 is the density of
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the fluid, 𝐷
𝑚
is the coefficient of mass diffusivity, 𝑇

𝑚
is the

mean fluid temperature, and 𝑘
𝑇
is the thermal diffusion ratio.

In order to solve (1) to (2), we employ the following
dimensionless parameters:
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(3)

Using (3), (1) to (2) can take the following form:
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(4)

The initial and boundary conditions in dimensionless form
are the following:

𝑢 = 0, 𝜃 = 0, 0 ≤ 𝑦 ≤ 1, 𝑡 ≤ 0,

𝑡 > 0 : 𝑢 = 0, 𝜃 = 𝜃
𝑇
, 𝐶 = 𝐶

𝑇
at𝑦 = 0,

𝑢 = 0, 𝜃 = 0, 𝐶 = 0, as𝑦 = 1.

(5)

3. Analytical Solutions

The analytical solutions have played an important role in
validating and exploring computer routines of complicated
problems. They are also used to inspect the internal con-
sistency of mathematical models and of the approximations
adopted by Jha et al. in [16]. Therefore, we reduce the
governing equations of this problem due to its nonlinearity
into a form that can be solved analytically. By setting

𝜕𝑢/𝜕𝑡 = 0, 𝜕𝜃/𝜕𝑡 = 0, and 𝜕𝐶/𝜕𝑡 = 0 into (4) to (5) and
by taking 𝜃

𝑇
= 1 and 𝐶

𝑇
= 1 at the boundary, we get
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(6)

The boundary conditions are the following:

𝑢 = 0, 𝜃 = 1, 𝐶 = 1, at 𝑦 = 0,

𝑢 = 0, 𝜃 = 0, 𝐶 = 0, at 𝑦 = 1.

(7)

In order to construct an approximate solution to (6) subject to
(7), we employed a regular perturbation method by taking a
power series expansion in the Frank-Kamenetskii parameter
𝜆 as follows:

𝑢 = 𝑢
0
+ 𝜆𝑢
1
,

𝐶 = 𝐶
0
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1
,

𝜃 = 𝜃
0
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1
.

(8)

Substituting (8) into (6), the solutions of the governing
equations are obtained as follows:
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(9)

Using (9), we write the steady-state skin friction, rate of
heat transfer, and rate of mass transfer on the boundaries as
follows.
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Steady-state skin frictions on the boundary plates are the
following:

𝜕𝑢

𝜕𝑦

𝑦=0

= 𝐻
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8
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(10)

The steady-state rate of heat transfer on the boundary plates
is

−
𝜕𝜃

𝜕𝑦

𝑦=0
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The steady-state rate of mass transfer on the boundary plates
is given as follows:
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1
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2
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3
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4
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7
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2
are defined in the appendix section.

4. Numerical Solutions

The complete forms of (4) are solved numerically using
semi-implicit finite-difference method given in the study by
Makinde and Chinyoka in [32]. We used forward difference
formulas for all time derivatives and approximate the spatial
derivatives with central difference formula.The semi-implicit
finite-difference equations corresponding to (4) are as fol-
lows:
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where 𝑟
1
= 𝜉Δ𝑡/Δ𝑦

2, 𝑟
2
= (1 − 𝜉)Δ𝑡/Δ𝑦

2, 𝑟
3
= Δ𝑡/Δ𝑦, 𝑟

4
=

SrΔ𝑡/Δ𝑦2, and 0 ≤ 𝜉 ≤ 1.We chose 𝜉 = 1; the detailed reasons
to this particular selection are documented in [32]. Also the
analytical solutions displayed in the previous section are used
as a check on the accuracy and effectiveness of the numerical
scheme. Again, in order to reconfirm the accuracy of the
scheme, the numerical results for velocity, concentration, and
temperature are compared with the analytical solutions. It
has been found that the numerical values of the velocity,
concentration, and temperature fields calculated from the
expressions (9) have matched very well with the numerical
obtained from the expressions (13) at the steady-state time.
See Figure 2 for the graph of the numerical solutions at
steady state and steady-state analytical solutions for velocity,
concentration, and temperature fields.

5. Results and Discussion

The numerical results are obtained by solving (13) using
the method described in the previous section for various
values of physical parameters to describe the physics of
the problem. The nondimensional parameters that govern
the flow are the Prandtl number (Pr), which is inversely
proportional to the thermal diffusivity of the working fluid,
the Frank-Kamenetskii parameter (𝜆), the Soret number (Sr),
the magnetic parameter (𝑀), the thermal Grashof number
(Gr), the solutal Grashof number (Gc), the nondimensional
time (𝑡), the Schmidt number (Sc), which is inversely pro-
portional to the mass diffusivity of the working fluid, and



International Scholarly Research Notices 5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

1.2

y

Ve
lo

ci
ty

/te
m

pe
ra

tu
re

/c
on

ce
nt

ra
tio

n

Num. soln. for velocity at steady state
Steady-state analy. soln. for velocity
Num. soln. for temp. at steady state
Steady-state analy. soln. for temp.
Num. soln. for concentration at steady state
Steady-state analy. soln. for concentration

Figure 2: Unsteady and steady-state solutions for velocity, concen-
tration, and temperature profiles.

suction/injection parameter (𝛾), which were simultaneously
applied each to opposite porous plates of the channel at the
same rate. For the purpose of discussion, some numerical
calculations are carried out for dimensionless velocity (𝑢),
temperature (𝜃), concentration (𝐶), skin friction, rate of heat
transfer in terms of Nusselt number, and the rate of mass
transfer in terms of Sherwood number. Unless otherwise
stated, the values 𝜆 = 0.1, Gr = 0.1, 𝑀 = 1, Gc = 0.1,
Sr = 0.1, 𝜃

𝑇
= 1, 𝐶

𝑇
= 1, Pr = 0.71, Sc = 0.62, 𝑡 = 0.1,

𝛾 = 0.5, and 𝜀 = 0.01 are used for the investigation. Results
obtained are displayed graphically for velocity, temperature,
concentration, skin friction, Nusselt number, and Sherwood
number for various flow parameters.

Figure 3 shows the effects of the Frank-Kamenetskii
parameter (𝜆) and suction/injection (𝛾) on the temperature
profiles. From Figure 3(a), it is observed that temperature
of the fluid increases with increasing values of 𝜆 in case
of suction and injection, respectively. This is physically true
since an increase in 𝜆 leads to significant increases in the
reaction and viscous source terms and hence significantly
increases the fluid temperature. It is evident from Figure 3(a)
that temperature of the fluid is greater in case of injec-
tion than suction. Figure 3(b) represents the influence of
suction/injection parameter on the temperature field. From
Figure 3(b), it is seen that temperature decreases due to
suction but increases due to injection. In case of suction, the
fluid at ambient conditions is brought closer to the surface
and reduces the thermal boundary layer thickness. The same
principle operates but in reverse direction in case of injection.
Figures 4(a) and 4(b) illustrated the effects of the Frank-
Kamenetskii parameter (𝜆) and suction/injection parameter
(𝛾) on velocity distribution, respectively. Figure 4(a) revealed
that increasing 𝜆 accelerates the velocity of the fluid in case
of suction and injection. It is evident from this figure that
the velocity is higher in case of injection than suction. From
Figure 4(b), it is seen that velocity of the fluid decelerates due

to suction while it accelerates due to blowing. The physical
explanation for such a behavior is that while stronger blowing
is provided, the heated fluid is pushed farther from the wall
where the buoyancy forces can act to accelerate the flow with
less influence of the viscosity. This effect acts to increase
the shear by increasing the maximum velocity within the
boundary layer. The same principle operates but in reverse
direction in case of suction. It is also noticed that, in case of
suction, velocity of the fluid moves away from the channel
centerline towards the plate (𝑦 = 0) and, in case of injection,
the maximum velocities are shifted towards the right porous
plate (𝑦 = 1).

In Figure 5, we have presented the response of the fluid
velocity to variations in the Soret number (Sr) and magnetic
parameter (𝑀) in the presence of suction and injection
parameter. Figure 5(a) shows the effect of the Soret number
on the velocity with constant suction and injection. From
this figure, it is noted that Soret number accelerates the
fluid velocity in the presence of suction and injection. In
Figure 5(a), it is seen that, in the presence of suction, the
velocity of the fluid moves toward the left porous plate and
in case of injection the maximum velocities move towards
the right porous plate. Figure 5(b) revealed that increasing
the strength of magnetic parameter is to decrease velocity
profiles. This is due to the fact that transverse magnetic field
produces a resistivity force (Lorentz force) similar to the drag
force which retards the velocity. It is seen that the velocity of
the fluid is greater in case of injection than suction.The effects
of the Soret number (Sr) and suction/injection parameter
(𝛾) on the concentration distribution are shown graphically
in Figures 6(a) and 6(b), respectively. From Figure 6(a), it
can be noticed that concentration of the fluid increases with
increasing values of Sr in case of suction and injection.
Further, Figure 6(a) reveals that the concentration of the fluid
is high in the vicinity of the wall (𝑦 = 0), where suction takes
place more than at the wall (𝑦 = 1) where injection takes
place. From Figure 6(b), it can be noticed that concentration
of the fluid decreases due to suction but increases due to
injection. The influence of the thermal Grashof number (Gr)
and solutal Grashof number (Gc) is illustrated in Figures
7(a) and 7(b), respectively. These plots of Figures 7(a) and
7(b) indicate that the momentum boundary layer thickness
increases with increasing values of Gr and Gc. It is further
noticed from these figures that velocity of the fluid is greater
in case of injection than suction.

The wall shear stress dependence on reaction param-
eter 𝜆 is illustrated in Figure 8 for varying values of the
nondimensional time when suction and injection take place.
Figures 8(a) and 8(b) represent the wall shear stress at the
walls 𝑦 = 0 and 𝑦 = 1, respectively. From Figure 8, it is
observed that skin friction increases as time and 𝜆 increase
until a steady-state condition is reached in case of suction and
injection. Figure 8(a) reveals that skin friction is greater in
case of suction than injection, but opposite trend is noticed
in Figure 8(b). The rate of heat transfer in terms of Nusselt
number dependence on the reaction parameter 𝜆 is displayed
in Figure 9 for varying values of time in the presence of
suction and injection. Figures 9(a) and 9(b) represent the
Nusselt number at 𝑦 = 0 and 𝑦 = 1 for different values
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Figure 3: Effects of Frank-Kamenetskii parameter (𝜆) and suction/injection (𝛾) on temperature.
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Figure 5: Effects of Soret number (Sr) and magnetic parameter (𝑀) on velocity.
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Figure 6: Effects of Soret number (Sr) and suction/injection (𝛾) on concentration.
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Figure 7: Effects of thermal Grashof number (Gr) and solutal Grashof number (Gc) on velocity.
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Figure 8: Variation of skin friction with 𝜆 and time (𝑡) at 𝑦 = 0 and 𝑦 = 1.
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Figure 9: Variation of Nusselt number with 𝜆 and time (𝑡) at 𝑦 = 0 and 𝑦 = 1.

of 𝜆, respectively. From Figure 9(a), it is seen that the rate
of heat transfer decreases by increasing time and 𝜆 until
a steady-state condition is attained in case of suction and
injection. It is also evident from Figure 9(a) that Nusselt
number decreases more in case of injection than suction.
Figure 9(b) reveals that rate of heat transfer at the plate
𝑦 = 1 increases as time and 𝜆 increase until a steady-state
value is achieved. From this figure, it is seen that Nusselt
number is higher in case of injection than suction. The skin
friction on suction/injection parameter for varying values
of the Soret number is illustrated in Figure 10. Figures 10(a)
and 10(b) represent the skin friction at the walls 𝑦 = 0

and 𝑦 = 1, respectively. From Figure 10(a), it is noticed
that skin friction increases as Sr increases in case of suction
while it decreases due to injection. Figure 10(b) reveals that
skin friction increases with increasing values of Sr in case of
injectionwhile it decreases due to suction. Figure 11 shows the
influence of Sr on the Sherwood number. Figures 11(a) and
11(b) represent the Sherwood number at the plates 𝑦 = 0 and
𝑦 = 1. Sherwood number decreases as Sr increases in case
of suction and injection; see Figure 11(a). Figure 11(b) reveals
that Sherwood number increases as Sr increases in case of
injection while it decreases as Sr increases due to suction.

Figure 12 shows the wall shear stress dependence on
magnetic parameter 𝑀 at the plates 𝑦 = 0 and 𝑦 = 1 for
varying values of nondimensional time in case of suction and
injection. Figures 12(a) and 12(b) represent the skin friction
at the plates 𝑦 = 0 and 𝑦 = 1, respectively. Figure 12
reflected that skin friction increases with increasing time

until a steady-state condition is attained in case of suction
and injection. Figure 12(a) revealed that higher values of 𝑀
reduce the skin friction in case of suction and injection.
Reduction is noticed in case of injection more than suction.
From Figure 12(b), it is seen that as 𝑀 increases the skin
friction decreases in the presence of suction and injection.
Further, it is observed fromFigure 12(b) that reduction is seen
in the presence of suction more than injection when 𝑀 is
large. The wall shear stress dependence on Gr for varying
values of time at the porous plates 𝑦 = 0 and 𝑦 = 1 when
suction and injection take place is illustrated in Figure 13.
Figures 13(a) and 13(b) represent the skin friction at the walls
𝑦 = 0 and 𝑦 = 1, respectively. Figure 14 shows the wall
shear stress dependence on Gc for varying values of time
when suction and injection take place. Figures 14(a) and 14(b)
represent the skin friction at the porous plates 𝑦 = 0 and
𝑦 = 1, respectively. Figures 13 and 14 revealed that skin
friction increases by increasing nondimensional time until a
steady-state value is achieved. In both Figures 13(a) and 14(a),
skin friction when suction takes place is greater than when
injection takes place, but reverse effect is observed in Figures
13(b) and 14(b).

6. Conclusion

In the present study, the effect of suction/injection on tran-
sient hydromagnetic convective flow of viscous reactive fluid
between vertical porous plates in the presence of transverse
magnetic field and thermal diffusion is investigated. It is
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Figure 10: Variation of skin friction with Sr and suction/injection (𝛾) at 𝑦 = 0 and 𝑦 = 1.
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Figure 11: Variation of Sherwood number with Sr and suction/injection (𝛾) at 𝑦 = 0 and 𝑦 = 1.
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Figure 12: Variation of skin friction with magnetic parameter (𝑀) at 𝑦 = 0 and 𝑦 = 1.
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Figure 13: Variation of skin friction with thermal Grashof number (Gr) at 𝑦 = 0 and 𝑦 = 1.
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Figure 14: Variation of skin friction with solutal Grashof number (Gc) at 𝑦 = 0 and 𝑦 = 1.

found that suction/injection, thermal diffusion, reaction
consumption, and thermal and solutal buoyancy play an
important role in controlling the transport phenomena.
Formation of the minimum flow occurs near the wall where
suction takes place, while the maximum flow forms near the
wall where injection takes place except in the concentration
distribution for varying values of thermal diffusion. It is
hoped that the present work may be useful in engineering
applications where the formation of boundary layer is to be
delayed or enhanced.
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,

ℎ
1
=

−𝛾 + √𝛾2 + 4𝑀

2
, ℎ

2
=

𝛾 + √𝛾2 + 4𝑀

2
,

𝐻
3
=
Gr (1 − 𝐵) + Gc𝐸

1

𝑀
, 𝐻

4
=

− (Gr𝐵 + Gc𝐸
3
)

𝛾2Pr2 − 𝛾2Pr −𝑀
,

𝐻
5
=

−Gc𝐸
2

𝛾2Sc2 − 𝛾2Sc −𝑀
, 𝐻

1
= −𝐻
2
− 𝐻
3
− 𝐻
4
− 𝐻
5
,

𝐻
2
=

𝐻
3
(𝑒
ℎ
1 − 1)

(𝑒−ℎ2 − 𝑒ℎ1)
+

𝐻
4
(𝑒
ℎ
1 − 𝑒
−𝛾Pr

)

(𝑒−ℎ2 − 𝑒ℎ1)
+

𝐻
5
(𝑒
ℎ
1 − 𝑒
−𝛾Sc

)

(𝑒−ℎ2 − 𝑒ℎ1)
,

𝐻
8
=
Gr𝐷
3

𝑀
, 𝐻

9
=
Gr𝐷
1
+ Gc𝐸

4
+ 𝛾𝐻
8

𝑀
,

𝐻
10

=
− (Gr𝐷

2
+ Gc𝐸

6
+ Gc𝐸

7
)

𝛾2Pr2 − 𝛾2Pr −𝑀
,

𝐻
11

=
𝐻
12
(𝛾 + 2𝛾Pr)

𝛾2Pr2 − 𝛾2Pr −𝑀
,
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𝐻
12

=
− (Gr𝐷

4
+ Gc𝐸

8
)

𝛾2Pr2 − 𝛾2Pr −𝑀
, 𝐻

13
=

− (Gr𝐷
5
+ Gc𝐸

9
)

4𝛾2Pr2 − 2𝛾2Pr −𝑀
,

𝐻
14

=
−Gc𝐸

5

𝛾2Sc2 − 𝛾2Sc −𝑀
,

𝐻
6
= −𝐻
7
− 𝐻
9
− 𝐻
10
− 𝐻
11
− 𝐻
13
− 𝐻
14
,

𝐻
7
=

−𝐻
8

(𝑒−ℎ2 − 𝑒ℎ1)
+

𝐻
9
(𝑒
ℎ
1 − 1)

(𝑒−ℎ2 − 𝑒ℎ1)

+

𝐻
10
(𝑒
ℎ
1 − 𝑒
−𝛾Pr

)

(𝑒−ℎ2 − 𝑒ℎ1)
+

𝐻
11
(𝑒
ℎ
1 − 𝑒
−𝛾Pr

)

(𝑒−ℎ2 − 𝑒ℎ1)

−
𝐻
12
𝑒
−𝛾Pr

(𝑒−ℎ2 − 𝑒ℎ1)

+

𝐻
13
(𝑒
ℎ
1 − 𝑒
−2𝛾Pr

)

(𝑒−ℎ2 − 𝑒ℎ1)
+

𝐻
14
(𝑒
ℎ
1 − 𝑒
−𝛾Sc

)

(𝑒−ℎ2 − 𝑒ℎ1)
.
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