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This paper discusses an extended version of the Hawkins and Simon condition which constitutes a synthetic formulation of the
mathematical properties that viable economies must satisfy in single production models. The new version is implicit in the economic
interpretations offered by them of the Hawkins and Simon condition, once a correction is introduced in one of those interpretations.
Moreover, the paper details the meaning of the extended version following the interpretation of the original version proposed by
Dorfman, Samuelson, and Solow. It also introduces a characteristic property of indecomposable matrices that has not previously

been published.

1. Introduction

When studying the economies capable of reproducing them-
selves, it is useful to distinguish between first- and second-
class economies. The former ones do not produce a surplus
while the latter ones do produce a surplus. Furthermore,
both classes may be viable or not, depending on whether
they comply or not with certain requirements which, in
turn, are not the same for different authors (e.g., Benitez
Séanchez and Benitez Sanchez [1], p. 22; Bidard [2], pp. 13,
32; Kurz and Salvadori [3], pp. 60, 96; Pasinetti [4], pp.
63, 78). This paper presents a synthetic formulation of the
mathematical properties that viable economies must satisfy
in the models considered by Leontief [5] and Sraffa [6]
and discusses its economic meaning. According to Benitez
Sanchez and Benitez Sanchez [1], in first-class economies,
the matrix of technical coefficients must be indecomposable
and its Frobenius root must equal one, while, in second-class
economies, the matrix must satisfy the condition established
by Hawkins and Simon [7], which will be referred to with
the notation HS. The synthetic formulation of these two
sets of conditions constitutes an extended version (EHS) of
HS that simultaneously expresses the conditions required by
viable economies of the two classes. Furthermore, this paper

shows that EHS is implicit in the economic interpretations of
HS offered by Hawkins and Simon [7] once a correction is
introduced.

Including this introduction, the paper is divided into
seven sections. Section 2 presents a brief survey of the
relevant literature. Section 3 presents the reference model
and a mathematical characterization of the viable techniques.
Section 4 introduces EHS and proves its equivalence with the
two sets of conditions characterizing viable economies. It also
presents a characteristic property of indecomposable matri-
ces that, as far as the author is aware, has not been published
previously. Section 5 proposes an economic interpretation of
EHS based on the interpretation of HS by Dorfman et al.
[8]. Section 6 points out and corrects an error in one of the
economic interpretations of HS originally offered by Hawkins
and Simon [7]. It also formulates an alternative definition
of viable economies which helps readers to visualize these
economic interpretations as well as an interpretation of EHS.
The last section adds some comments of a general character.

2. A Brief Survey of the Literature

Benitez Sanchez and Benitez Sianchez [1] showed that the
closed model studied by Leontief [5] and the subsistence



economies introduced by Sraffa [6] may be understood as
particular representations of second-class economies. This
implies that if the second-class economies satisfy HS, in both
cases, the corresponding coefficient matrix is indecompos-
able and its Frobenius root is equal to one. On this basis, they
introduced the definition of viable economies reproduced in
the following section, further study of which is the central
theme of this paper.

Regarding the economic interpretation of HS, it is
important to distinguish the two approaches introduced,
respectively, by Dorfman et al. [8] and by Hawkins and Simon
[7]. In the first work, the interpretation refers to the quantity
of each good required to produce a unit of the same good,
while in the second one, it refers to the capacity of each set
of industries to produce the quantity of each good consumed
by the set. Some aspects of the first interpretation have been
discussed by Benitez Sanchez [9, 10], Dasgupta [11], Fujita
[12], Jeong [13, 14], and Takayama [15]. In contrast, the second
interpretation has been studied much less.

3. Viable Techniques

The first part of this section presents the model of a single pro-
duction economy and the second one presents the definition
of viable techniques.

3.1. The Model. The reference economy is integrated by n
(n > 1) industries, each one producing a particular type of
good labeled i or j so thati,j = 1,2,...,n. We will refer
to a set of indexes {jl, j2,...,jD} as D-set if it contains
D different indexes and, for any particular D-set, we have
d = 1,2,...,D. We will also refer to indexes as goods. For
each pair (i, j) and for each j, a;; and I are, respectively, the
quantity of i and the quantity of labor consumed directly in
the production of one unit of j. Regarding these technical
coeflicients, we assume that a;; > 0 for every (i, j) and [; > 0
for every j. Furthermore, for each i, p; is the price of good i,
z; is the sum of wages and profits corresponding to branch
i per unit of good, x; is the quantity of i produced in the
corresponding industry, and ¢ is the difference between this
quantity and the amount of the same good that is consumed
in the industrial system during the period. It is useful to
write these quantities in matrix notation defining the column
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vectors p = (P Py Pu) > 2 = (21,29...,2,) >, X =
(X1, Xg5 -5 %,) s and ¢ = (¢, 6p5...,6,)", together with the
input matrix A = [a;]. This enables us to represent the

relations between the inputs and outputs of the different
goods and the relation between each price and its production
cost, respectively, by means of the first and the second of the
following equation systems:

Ax+c¢ = x, ¢Y)
ATp+z=p. (2)

The Frobenius roots of matrices A and A”, which are equal,
are represented with A ,. Furthermore, given two matrices
(A, B) or two vectors (x, y), the relations A > Band x > y
means respectively that a; > b; for every couple (i, j) and
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x; > y; for every j. We define each one of the relations “<”,
“>”and “<” in a similar manner. A vector x is positive if x > 0
and semi-positive if x > 0 and x # 0, similar definitions are
valid for matrices and positive scalars. If all the entries of a
matrix or a vector are equal to zero we may represent it with
0.

A square matrix A > 0 may be interpreted as an input
matrix corresponding to an economy that produces one unit
of each good. Assuming this interpretation, and to simplify,
we will refer to any such matrix as a technique even if the
labor amounts are not indicated.

3.2. Viable Techniques. In first-class economies, ¢ = z = 0,
and in second-class economies, ¢ > 0,¢ # 0,and z > 0,z # 0.
The following definition, in which I, is (nx#) identity matrix,
is relevant to both classes.

Definition 1. Let A be a square matrix such that A > 0. A is
a viable technique if it satisfies either the first two or either of
the last two of the following conditions:

A is indecomposable, (3)
Ay=1, (4)
HS: all the principal minors of [I,, — A]

are greater than zero, ®
0<A, <1 (6)

In first-class economies, (3) and (4) are a pair of necessary
and sufficient conditions for a technique to sustain an
economy producing the means of production consumed and
a price system to exist, allowing each branch to recover
the investment made. In second-class economies, each of
the conditions (5) and (6) are necessary and sufficient for
a technique to sustain an economy producing any given
physical surplus and a price system to exist, allowing each
branch to obtain any given share of the national income. It
must be underscored that, in the first case, relative prices are
determined and are positive, although the unit in which they
are measured has yet to be defined. Similarly, the proportions
between the quantities of goods to be produced, which are
positive, are fixed but not the quantities. In the second
case, both quantities and prices are semipositive and are
determined univocally.

In accordance with this, Definition 1 establishes the nec-
essary and sufficient conditions in order for (1) and (2) to
have a solution for each type of economy where, as shown
in Benitez Sdnchez and Benitez Sdnchez [1], such a solution is
characteristic of viable economies in both the Leontief [5] and
Sraffa [6] models. Certain interesting cases are not covered by
this definition in an immediate manner and do require special
attention, as in the next example:
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This matrix does not represent a viable technique because the
corresponding equations (1) and (2) do not have a unique
solution. The interpretation compatible with Definition1 is
that (7) represents an economy of the first class composed of
two viable economies of the first class. This and other cases
are studied in Benitez Sinchez and Benitez Sianchez [1] where
there is also a comparison of Definition 1 with three other
definitions of viable economies proposed by contemporary
authors.

4. The Extended Hawkins and
Simon Condition

This section presents two properties of indecomposable
matrices and uses one of them to expose EHS.

4.1. Two Characteristic Properties of Indecomposable Matrices.
Let A be n x n matrix such that A > 0. For each D-set, A
is D x D matrix obtained from A by deleting each row j and
each column j such that j ¢ D, A, is the Frobenius root
of Ap, and I, is D x D identity matrix. Therefore, the matrix
[I, — Ap] is a principal submatrix of [I,, — A] and |I;, - Ap|
is the corresponding principal minor. Using this notation, we
can formulate HS and EHS as follows:

HS: |I, — Ap| > 0 for every D-set.

EHS: |I, — Ap| > 0 for every D-set such that D < n
and |, - A| > 0.

Therefore, EHS states that all the principal minors of [I,, — A]
are greater than zero, except for |I,, — A| which is greater than
or equal to zero. The next theorem presents two characteristic
properties of indecomposable matrices required to study this
condition in the following sections.

Theorem 2. Let A be a square matrix suchthat A > 0.Ifn > 1,
the following propositions are equivalent.

(i) A is indecomposable.
(ii) A opy < A4 for every D-set such that D < n.

(iii) In every D-set for which 1 < D < m, Y50, ;4 < }.; &;
for at least one i € D.

The equivalences (i) © (ii) and (i) & (iii) follow imme-
diately from the fact that a matrix is indecomposable if and
only if it can be written as block triangular. The proposition
(i) = (ii) appeared in Marcus and Minc ([16], p. 125), under
heading 5.5.6 while (i) & (iii) had not been published prior
to this paper, as far as I know.

4.2. Synthetic Formulation of the Viability Conditions. The
following theorem relates viable economies and EHS.

Theorem 3. Let A be a square matrix such that A > 0. The
following propositions are equivalent:

(i) A is a viable technique.
(ii) EHS.

Proof. (i) = (ii). Two cases are possible with respect to
whether (3) and (4) or (5) and (6) are true. In the first case, for
each D-set such that D < n, (ii) of Theorem 2 together with
(3) and (4) imply that A 55y < 1. This result together with the
equivalence between (5) and (6) permit us to establish that
|Ip — Apl > 0, while (4) implies that |I, — A| = 0. In the
second case, it is obvious that (ii) is true and that |I,, — A| > 0.
(ii) = (i). We have two possible cases: either |I,,— A| > O or
|I,— Al = 0. In the first case, (5) is true and, for this reason, A
is viable. In the second case, the equation |I,, — A| = 0 implies
that an eigenvalue of A is equal to one and, for this reason,

Ay 1 (8)

On the other hand, given that for each D-set such that D <
n, |[Ip — Apl > 0, the equivalence between (5) and (6)
implies that A 4y < 1. This conclusion together with (8), and
(ii) of Theorem 2 permit us to conclude that A satisfies (3).
Furthermore, the equation |I, — A| = 0 implies that there is a
solution x, such that x > 0 and x # 0 for the equation system
Ax = x. This result and the fact that A is indecomposable
imply (4), according to (iv) of Theorem 4.B.1 by Takayama
([15], p. 372). O

It follows from this theorem that a square matrix A >
0 represents a viable production technique if and only if it
satisfies EHS.

5. Economic Interpretation of HS by Dorfman,
Samuelson, and Solow

This section exposes the economic interpretation of HS pro-
posed by Dorfman et al. [8] in a form that facilitates the cor-
responding interpretation of EHS.

5.1. Self-Sustaining Economies. According to Dorfman et al.
([8], p. 215), the economies satisfying HS are self-sustaining,
a concept that may be defined as follows.

Definition 4. An economy is self-sustaining if, for each j,
the quantity of j consumed directly and indirectly in the
production of one unit of j is less than one unit.

To visualize the relation between HS and this definition,
it is useful to consider the next equation system that, for any
given D-set, can be formulated for each k such that1 < k < D:

[Ip— Ap] x9 = P, ©9)

where ¢ =

,¢ip)" with ¢;y = 0 Vjd # jkand
,ij)T. If [I, — A] satisfies

HS there is a unique vector x¥ satisfying both (9) and the
first of the following propositions:

(cj1>€jpo -

cjx = 1 while xR = (i1 X5 -

xR > o, (10)

In turn, (10) and the equation k in (9) imply (11).



System (9) produces each good in the quantity required
to obtain a surplus of one unit of jk without considering
the consumption of the goods not belonging to D. For this
reason, xj — 1 and (xj; — 1)/x; = 1 - 1/xj are the
total quantities of jk consumed directly and indirectly in the
industries producing the D-set without considering the goods
not belonging to this set, to obtain a surplus, respectively,
of one unit and 1/x; units of jk. In the last case, the fact
that one unit of jk is produced, together with (11), imply that
the quantity of jk consumed is less than one unit. This result
suggests the following version of Definition 4.

Definition 5. An economy is self-sustaining if, given any D-
set, the quantity of any good j € D consumed directly
and indirectly in the production of one unit of j in the
industries producing the D-set, without considering the
indirect consumption through the goods not belonging to
this set, is less than one unit.

Therefore, an economy is self-sustaining if any set of
industries producing a unit of a good consumes in this
process, directly and indirectly through the goods produced
by the set, less than one unit of the same good. Moreover, it is
possible to observe that Definitions 4 and 5 are equivalent.
On the one hand, the first definition implies the second
one due to the fact that the quantities of a good consumed
either directly or indirectly in the production of another good
(not necessarily different) are nonnegative (see Jeong [13]).
For this reason, in an economy satisfying Definition 4, the
quantity of each good consumed in the production of the
same good is less than one unit, even when, instead of the
entire industrial system, only a part is considered. On the
other hand, the conclusion that the second definition implies
the first one follows from the remark that Definition 5 is valid
for the set of all goods.

5.2. Economic Interpretation of EHS. The preceding analyses
help us to visualize the following interpretation of EHS.

Proposition 6. A technology is viable if any set of industries
producing a unit of a good consumes in this process, directly
and indirectly through the goods produced by the set, less than
one unit of the same good. The only possible exception is the set
of all goods, in which case that quantity is equal to one unit for
every good.

In a viable economy of the second class, the corre-
sponding coefficient matrix satisfies HS. As this situation
has already been treated in the preceding subsection, I will
discuss here only the case of a viable economy of the first
class. On the one hand, it is important to observe that the
analysis developed in the previous subsection is valid for any
D-set such that D < n.Indeed, (ii) of Theorem 2 together with
(3) and (4) imply that A 4y < 1 and, given the equivalence
between (5) and (6), matrix [I, — Ap] satisfies HS. Thus,
in any set of industries not producing all the goods, the
total consumption of each good produced by the set in the
production of one unit of the same good is less than one
unit. On the other hand, considering the set of all goods,
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we must remember that in any x satisfying (1) the different
goods are always produced in the same proportions and, for
each good, the quantity produced is equal to the quantity
consumed. Therefore, to produce one unit of each good, a
total consumption of one unit of the same good is required
directly and indirectly.

6. Economic Interpretations of HS by
Hawkins and Simon

The first part of this section discusses two economic interpre-
tations of HS offered by Hawkins and Simon ([7], p. 248). The
last two parts present some results that help us to understand
the content of EHS along the lines of these interpretations.

6.1. Economic Interpretations by Hawkins and Simon. The
following economic interpretation refers to second-class
economies.

Proposition 7. The condition that all principal minors must be
positive means, in economic terms, that the group of industries
corresponding to each minor must be capable of supplying more
than its own needs for the group of products produced by this
group of industries.

The next economic interpretation refers to first-class
economies. We have made some minor changes, adapting the
original text to the notation followed here.

Proposition 8. Let D = {1,2,..., (n— 1)}. If the matrix [I, -
Ap] satisfies HS and if |I,, — A| = 0, then one can say that each
group of industries must be just capable of supplying its own
demands upon itself and the demands of the other industries in
the economy.

Regarding this proposition, it is necessary to consider first
the situation when matrix A satisfies the following condition:

a; >0 V(i) such thati# j. (12)

Hawkins and Simon ([7], p. 245) assume (12), which implies
that A is indecomposable. As shown in the proof of
Theorem 3, this result together with the assumption that |I,, —
Al = 0 imply that matrix A satisfies (4). Thus, A is a viable
technique of the first class and, for this reason, Proposition 8
is true, a conclusion explained in the next section.

However, apparently Hawkins and Simon ([7], p. 254, n.
3) inadvertently suppose that Proposition 8 is true also when
a; > 0 V(i, j) but (12) is not satisfied. This is not the case as
can be discerned in the following example:

00

01 (13)

NN

010

This technique satisfies the two conditions indicated in
Proposition 8 but the second industry does not supply the
demands of Good 2 from the whole industry. A corrected
version of Proposition 8 can be formulated as follows.
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Proposition 9. If|I,—Ap| > 0 forevery D-set suchthat D < n
and if|I,—A| = 0, then one can say that each group of industries
must be just capable of supplying its own demands upon itself
and the demands of the other industries in the economy.

Matrix (13) does not comply with the first condition of
Proposition 9 because for D = {2,3} we have D < n but
|Ip — Apl = 0. It is important to remark that, according to
Theorem 3, the two conditions indicated in this proposition
imply (3) and (4) and thus we can establish the following
conclusion.

Proposition 10. The techniques satisfying the conditions indi-
cated in Propositions 7 and 9 are the same as those covered by
Definition 1.

This fact has not been previously pointed out, as far as [
know. It follows from Proposition 9 that in Leontief’s closed
model, matrix A can be considered to be indecomposable as a
general rule and not only in particular cases, contrary to what
has usually been assumed (e.g., Berman and Plemmons [17],
p. 262; Dorfman et al. [8], p. 255; Wurtele [18], p. 25). Benitez
Sanchez and Benitez Sanchez [1] provide some additional
arguments for this conclusion.

In this regard, it is important to mention that Georgescu-
Roegen ([19] p. 336, n. 6) points out the error in Hawkins
and Simon ([7], p. 254, n. 3) which, as already indicated, is
at the base of the false assumption highlighted above. Never-
theless, he does not go any further, hence the need for the
clarifications and conclusions presented here.

6.2. Convertible and Viable Techniques. Given a technique A
and a vector x > 0, it is possible to obtain a second technique
* A that, for each j, measures the quantities of good j with
the corresponding coordinate x ;. The matrix * A results from
multiplying each column j of A by, and dividing each row j of
A by, the corresponding coordinate x;. To this end, we define
matrix X = [x;;], where x;; = x; ifi = jand x;; = 0ifi # j.
Then, we have

"A=XTAX. (14)

The following definition indicates the relation between A and

Definition 1. A technique A = [a;;] is convertible to a tech-
nique *A = [*ai].] if there is a vector x > 0 such that “A =

[aijxj/xi].

Convertibility, thus defined, is reflexive when, for a
technique A, the vector x containing a unit of each good
produced by A satisfies this definition. In addition, if A is
convertible to * A, then la;] = [*aijxj_l/xi_l] for x > 0,
which implies that *A is convertible to A. It is important
to point out that the coeflicient matrices of two mutually
convertible techniques have the same Frobenius root and that
both are either decomposable or indecomposable.

Theorem 12. Let A be a square matrix such that A > 0. The
following propositions are equivalent.

(i) A is a viable technique.

(i) A is convertible to a technique A satisfying the
following conditions:

ijd S 1 for every i € D. (15)

In every D-set Y *a
d

If1<D<n, Z*aijd <1, for at least one i € D. ()

d

Proof. (i) = (ii). If A is viable, there is a vector x > 0 such that
[I, — Alx = c in the two possible cases: in the first case, ¢ = 0
and A satisfies conditions (3) and (4) whereas in the second
case, ¢ > 0 and A satisfies conditions (5) and (6). Using each
coordinate of x as the unit of measure of the corresponding
good results in a technique * A satisfying (ii). Indeed, in the
first case, each row adds up to one in * A and, for this reason,
(15) is true. This result and the fact that * A is indecomposable
(due to (3)) imply (16) according to (iii) of Theorem 2. In
the second case, the technique * A produces a surplus of each
good which implies (ii).

(ii) = (i). Two cases are possible with respect to whether
the inequality is satisfied or not in (15) for at least one index
i in D-set of all goods. In the first case, the row sum is
less than one for at least one row, which implies that, if A
is indecomposable, A, < 1 according to the Corollary to
Theorem 4.C.11 by Takayama ([15], pp. 388-389) and, for this
reason, [I, — A] satisfies HS. If A is decomposable, A, is
equal either to zero or to the Frobenius root of at least one
indecomposable matrix on the main diagonal of the canonical
form of A. For that matrix, condition (16) implies that the
row sum is less than one for at least one row so that A, < 1,
as was just shown. In the second case, according to (iii) of
Theorem 2, (16) implies that * A satisfies (3). Moreover, given
that each and every row sum equals one, * A satisfies (4)
according to the theorem by Takayama just mentioned. [J

Some closely related results may be found in Fisher [20]
and Solow [21].

6.3. Economic Interpretation of EHS. Proposition 7, together
with Proposition 9 and Theorem 12, allow for the following
economic interpretation of Definition 1.

Proposition 13. A technique is viable if and only if every group
of industries is capable of supplying at least its own needs for
the group of products produced by this group of industries and,
with the possible exception of the group of all the industries, it
can supply more of at least one of these goods.

7. Final Remarks

As indicated in Section 6, the corrected economic interpreta-
tions of HS by Hawkins and Simon [7] imply EHS, a fact that,
as far as I know, has not been discussed previously. For this
reason, the necessary and sufficient conditions characterizing
viable economies of the first and the second class have been
considered up to now as two independent sets. The synthetic
formulation of these two sets presented here highlights



the existence of a common property in the mathematical
structures of viable economies of the two classes. That is, if
n > 1, matrix [I, — Ap] satisfies HS for every D-set such
that D < n. It is worth adding that this property corresponds
to the fact that the models of the first and the second class
considered by Leontief [5] and Sraffa [6] are different forms to
represent economies of the second class, as argued in Benitez
Sanchez and Benitez Sanchez [1].
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