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Unsteady as well as steady natural convection flow in a vertical channel in the presence of uniform magnetic field applied normal
to the flow region and temperature dependent variable thermal conductivity is studied.The nonlinear partial differential equations
governing the flow have been solved numerically using unconditionally stable and convergent semi-implicit finite difference
scheme. For steady case, approximate solutions have been derived for velocity, temperature, skin friction, and the rate of heat
transfer using perturbation series method. Results of the computations for velocity, temperature, skin friction, and the rate of heat
transfer are presented graphically and discussed quantitatively for various parameters embedded in the problem. An excellent
agreement was found during the numerical computations between the steady-state approximate solutions and unsteady numerical
solutions at steady-state time. In addition, comparison with previously published work is performed and the results agree well.

1. Introduction

In recent years, the interest in the study of hydromagnetic
flow in a channel region has been growing rapidly because
of its extensive engineering applications. The experimental
investigation of modern MHD flow in a laboratory was first
carried out by [1]. This study provided the basic knowl-
edge for the development of many MHD devices, such as
MHD pumps, MHD generators, brakes, flow meters, plasma
studies, and geothermal energy extraction. Unsteady free
convection heat transfer with MHD effects in a channel
region can be found in [2]. Unsteady hydromagnetic flows
in rotating systems have been studied by [3–9]. An exact
solution for unsteady hydromagnetic free convection flow
with constant heat flux is to be found in [10]. All the above
mentioned studies assumed the thermal conductivity of the
fluid to be constant. However, it is known that the fluid phys-
ical properties may change significantly with temperature
changes. To accurately predict the flow behavior and heat
transfer rate, it is necessary to take into account the variation
of thermal conductivity with temperature (see [11]). Thermal
properties, particularly thermal conductivity and diffusivity,
are essential materials parameters of bedrock controlling

the heat transfer and temperature increases in the vicinity
of repository. There has been considerable published work
dealing with steady flow with variable thermal conductivity
(see [12–18]). Recently (see [19]) studied steady MHD flow
with variable thermal conductivity over an inclined radiative
isothermal permeable surface.

To the best of our knowledge, the problem of unsteady/
steady hydromagnetic convective flow between two vertical
walls heated symmetrically/asymmetrically in the presence
of variable thermal conductivity has not been studied. The
present paper is committed to study unsteady as well as
steady natural convection flow of a viscous, incompressible
fluid between two parallel vertical walls in the presence
of transverse magnetic field and temperature dependent
variable thermal conductivity when convection between the
vertical parallel walls is set up by a change in the temperature
of the walls compared to the fluid temperature.

2. Governing Equations

Consider the unsteady natural convection flow of viscous,
incompressible, and electrically conducting fluid between
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Figure 1: Geometry of the problem.

two vertical walls in the presence of a transversely imposed
magnetic field of strength 𝐵0. Initially, it is assumed that both
the fluid and the walls are at rest and at the same temperature
𝑇


𝑚
. At time 𝑡


> 0, the temperature of the walls 𝑦


= 0 and

𝑦


= 𝐻 is instantaneously raised or lowered to 𝑇


ℎ
and 𝑇



𝑐
,

respectively, such that𝑇
ℎ
> 𝑇


𝑐
which is thereafter maintained

constant.We chose aCartesian coordinate systemwith𝑥
 axis

along the upward direction and the 𝑦
 axis normal to it as

shown in Figure 1. Thermal conductivity (𝑘
𝑓
) of the fluid is

assumed to vary as a linear function of temperature in the
form (see [20]), 𝑘

𝑓
= 𝑘
𝑚
[1 + 𝛿(𝑇


− 𝑇


𝑚
)], where 𝑘

𝑚
is the

fluid free stream thermal conductivity and 𝛿 is a constant
depending on the nature of the fluid, where 𝛿 > 0 for fluids
such aswater and air, while 𝛿 < 0 for fluids such as lubrication
oils (see [20]). The governing equations under Boussinesq’s
approximation can be written as

𝜕𝑢


𝜕𝑡
= ]

𝜕
2
𝑢


𝜕𝑦2
+𝑔𝛽 (𝑇


−𝑇


𝑚
) −

𝜎𝐵
2
0𝑢


𝜌

𝜕𝑇


𝜕𝑡
=

1
𝜌𝑐
𝑝

𝜕

𝜕𝑦
[𝑘
𝑓

𝜕𝑇


𝜕𝑦
] .

(1)

The initial and boundary conditions for the present problem
are

𝑡

≤ 0: 𝑢 = 0, 𝑇


= 𝑇


𝑚
, for 0 ≤ 𝑦


≤ 𝐻,

𝑡

> 0: 𝑢 = 0, 𝑇


= 𝑇


ℎ
at 𝑦

= 0,

𝑢

= 0, 𝑇


= 𝑇


𝑐
at 𝑦

= 𝐻,

(2)

where 𝛽 is the coefficient of the thermal expansion, ] is
the kinematic viscosity, 𝑔 is the gravitational force, 𝜎 is the
conductivity of the fluid, 𝐵0 is the electromagnetic induction,
𝜌 is the density of the fluid, and 𝑐

𝑝
is the specific heat at

constant pressure.

In order to solve (1) to (2), we employ the following
dimensionless parameters:

𝑦 =
𝑦


𝐻
,

𝑡 =
𝑡
]

𝐻2 ,
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𝑢
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,
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) .

(3)

Using (3), (1) to (2) can take the following form:

𝜕𝑈

𝜕𝑡
=

𝜕
2
𝑈

𝜕𝑦2 + 𝜃−𝑀
2
𝑈,

Pr𝜕𝜃
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= (1+𝜆𝜃)
𝜕
2
𝜃

𝜕𝑦2 +𝜆(
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)

2
.

(4)

The initial and boundary conditions in dimensionless form
are

𝑡 ≤ 0: 𝑈 = 0, 𝜃 = 0, 0 ≤ 𝑦 ≤ 1,

𝑡 > 0: 𝑈 = 0, 𝜃 = 1, at 𝑦 = 0,

𝑈 = 0, 𝜃 = 𝑅, at 𝑦 = 1.

(5)

3. Approximate Solutions

The approximated solutions played an important role in
validating and exploring computer routes of complicated
problems. Therefore, we reduce the governing equations of
this problem due to its nonlinearity into a form that can be
solved analytically. By setting 𝜕𝑢/𝜕𝑡 = 0, and 𝜕𝜃/𝜕𝑡 = 0 into
(4), we get

𝑑
2
𝑈

𝑑𝑦2 −𝑀
2
𝑈 = −𝜃, (6)

(1+𝜆𝜃)
𝑑
2
𝜃

𝑑𝑦2 +𝜆(
𝑑𝜃

𝑑𝑦
)

2
= 0. (7)

The boundary conditions are

𝑈 = 0, 𝜃 = 1, at 𝑦 = 0

𝑈 = 0, 𝜃 = 𝑅, at 𝑦 = 1.
(8)



Journal of Fluids 3

In order to construct an approximate solution to (6) and (7)
subject to (8), we employed a regular perturbation method
by taking a power series expansion in the variable thermal
conductivity parameter 𝜆:

𝑈 = 𝑈0 +𝜆𝑈1,

𝜃 = 𝜃0 +𝜆𝜃1.
(9)

Substituting (9) into (6) to (8), the solution of the governing
equations are obtained as

𝑈 =
1

𝑀2 [1+ (𝑅− 1) 𝑦 − cosh (𝑀𝑦)

+ (𝑘2 − 𝑘3) sinh (𝑀𝑦)] + 𝜆 [𝐴 cosh (𝑀𝑦)

+𝐵 sinh (𝑀𝑦) + 𝑘4𝑦
3
+ 𝑘5𝑦

2
+ 𝑘6𝑦+ 𝑘7] ,

𝜃 = 1+ (𝑅− 1) 𝑦 + 𝜆 [𝑘1𝑦− (𝑅− 1) 𝑦2

− (𝑅− 1)2
𝑦
3

3
] .

(10)

Using (10), we write the steady-state skin friction and rate of
heat transfer on the boundaries as follows.

Steady-state skin friction on the boundary plates is

𝜕𝑈

𝜕𝑦

𝑦=0
=

1
𝑀2 [(𝑅 − 1) −𝑀 (𝑘2 − 𝑘3)] + 𝜆 [𝑘6

−𝐵𝑀]

𝜕𝑈
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𝑦=1
=

1
𝑀2 [(𝑅 − 1) −𝑀 sinh (𝑀)

−𝑀(𝑘2 − 𝑘3) cosh (𝑀)] + 𝜆 [𝐴𝑀 sinh (𝑀)

−𝐵𝑀 cosh (𝑀) + 3𝑘4 + 2𝑘5 + 𝑘6] .

(11)

The steady-state rate of heat transfer on the boundary plates
is

𝜕𝜃

𝜕𝑦

𝑦=0
= (𝑅− 1) + 𝜆𝑘1

𝜕𝜃

𝜕𝑦
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= (𝑅− 1) + 𝜆 [𝑘1 − 2 (𝑅 − 1) − (𝑅 − 1)2] ,

(12)

where

𝑘1 =
(𝑅 − 1)2 + 3 (𝑅 − 1)

3
,

𝑘2 =
cosh (𝑀)

sinh (𝑀)
,

𝑘3 =
𝑅
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,

𝑘4 = −
(𝑅 − 1)2

3𝑀2 ,

𝑘5 = −
(𝑅 − 1)
𝑀2 ,

𝑘6 =
𝑘1 + 6𝑘4

𝑀2 ,
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2𝑘5
𝑀2 , 𝐴 = − 𝑘7,
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𝑘7cosh (𝑀)

sinh (𝑀)
−

(𝑘4 + 𝑘5 + 𝑘6 + 𝑘7)

sinh (𝑀)
.

(13)

4. Numerical Solutions

The complete forms of (4) are solved numerically using semi-
implicit finite difference scheme. We used forward difference
formulas for all time derivatives and approximate the spatial
derivatives with central difference formula.The semi-implicit
finite difference equations corresponding to (4) are as follows:
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(𝑁)

𝑗−1 + (Pr− 2𝑟2 − 2𝑟3) 𝜃
(𝑁)

𝑗

+ (𝑟2 + 𝑟3) 𝜃
(𝑁)

𝑗+1 + 𝑟4 (𝜃
(𝑁)

𝑗+1 − 𝜃
(𝑁)

𝑗−1)
2
,

(14)

where 𝑟1 = 𝜉Δ𝑡/Δ𝑦
2, 𝑟2 = (1 − 𝜉)Δ𝑡/Δ𝑦

2, 𝑟3 = 𝜆Δ𝑡𝜃
(𝑁)

𝑗
/Δ𝑦

2,
𝑟4 = 𝜆Δ𝑡/4Δ𝑦

2, and 0 ≤ 𝜉 ≤ 1. We chose 𝜉 = 1 so that we are
free to choose larger time steps. The approximated solutions
displayed in the previous section are used as a check on the
accuracy and effectiveness of the numerical scheme. Also, in
order to reconfirm accuracy of the scheme, the numerical
results for velocity and temperature are compared with the
approximated solutions. It has been found that numerical
values of the velocity and temperature fields calculated from
expressions (10) have matched very well with the numerical
solutions obtained from expressions (14) at the steady-state
time. See Figure 2 for the graph of the numerical solutions at
steady-state and steady-state approximate solutions for veloc-
ity and temperature fields. Again, Figures 3 and 4 represent
comparisons with the work of [21] when Pr = 0.71, 𝑀 = 0,
and 𝜆 = 0. It is clear that excellent agreement between the
present numerical solutions and the approximated solutions
of [21] exists.

5. Results and Discussion

The numerical results are obtained by solving (14) using the
method described in the previous section for various values
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Figure 2: Unsteady and steady-state solutions for velocity and
temperature profiles.
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Figure 3: Unsteady and steady-state solutions for velocity profiles
𝑀 = 0, Pr = 0.71, and 𝜆 = 0.

of physical parameters to describe the physics of the problem.
The nondimensional parameters that govern the flow are
the Prandtl number (Pr), magnetic parameter (𝑀), variable
thermal conductivity parameter (𝜆), and buoyancy force
distribution parameter (𝑅). The value of Prandtl number
(Pr) is taken as 1.0, which corresponds to electrolyte solution
(see [22, 23]). Results obtained are presented graphically for
velocity, temperature, skin friction, and Nusselt number for
various flow parameters.

Figures 5 and 6 illustrate the velocity profiles of the
fluid for different values of magnetic parameter (M) and
nondimensional time (𝑡) for asymmetric and symmetric case,
respectively (i.e., 𝑅 = 0 and 𝑅 = 1). From Figure 5
it is observed that velocity of the fluid is maximum near
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Figure 4: Unsteady and steady-state solutions for temperature
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Figure 5: Unsteady and steady-state solutions for velocity profiles
𝑅 = 0, Pr = 1, and 𝜆 = 0.1.

the heated wall (𝑦 = 0) and then gradually decreases
as it moves towards the cooled wall (𝑦 = 1). It is clear
from Figure 6 that symmetric flow about occurs between the
walls for all considered values of 𝑀 and the nature of the
figures is parabolic. In both Figures 5 and 6 it is noted that
increasing 𝑀 decreases the velocity of the flow throughout
the channel walls. The physical explanation of this behavior
is that the presence of magnetic field produces a resistivity
force (Lorentz force) similar to the drag force which retard
the velocity.

Figures 7 and 8, respectively, show the response of
the fluid temperature to variation in the variable thermal
conductivity parameter (𝜆) and time (𝑡) for asymmetric and
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symmetric case. The effect of variable thermal conductivity
(𝜆) and time (𝑡) on velocity profiles for asymmetric and
symmetric case is shown in Figures 9 and 10, respectively.
From Figures 7 to 10, it is observed that both temperature and
velocity of the fluid increase with increasing 𝜆 and 𝑡 until a
steady-state condition is attained.This is physically true, since
the relation𝜆 = 𝛿(𝑇



ℎ
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𝑚
) indicates thatmounting values of𝜆

increase the temperature difference between outside the plate
and outside the boundary layer. As a result, heat is transferred
rapidly from plate to fluid within the boundary layer. That
is why both velocity and temperature profiles enlarge due
to growing 𝜆. It means that the velocity and the thermal
boundary layer thickness rise for larger 𝜆. From Figure 9, it
is also seen that velocity of the fluid is maximum near the
heated wall (𝑦 = 0) and then progressively decreases as it
moves towards the cooled wall (𝑦 = 1). It is clear from
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Figure 9: Unsteady and steady-state solutions for velocity profiles
𝑅 = 0, Pr = 1, and 𝑀 = 1.

Figures 8 and 10 that symmetric flow about occurs between
the walls for all considered values of 𝜆 and 𝑡 until a steady-
state condition is achieved.

The rate of heat transfer (Nusselt number) dependence
on 𝜆 is illustrated in Figure 11 for symmetric case. Figures
11(a) and 11(b) represent the rate of heat transfer at the walls
𝑦 = 0 and 𝑦 = 1, respectively. Figure 11(b) reveals that
the rate of heat transfer increases as 𝜆 and 𝑡 increase until a
steady-state condition is reached. A reverse effect is observed
at the plate 𝑦 = 0; see Figure 11(a). The wall shear stress (skin
friction) dependence on 𝜆 for varying values of 𝑡 is illustrated
in Figures 12(a) and 12(b) for symmetric case at the plates
𝑦 = 0 and 𝑦 = 1, respectively. From these figures, it is seen
that skin friction increases with increase in 𝜆 and 𝑡. The skin
friction and Nusselt number dependence on 𝜆 for varying
values of 𝑡 is displayed in Figures 13(a) and 13(b), respectively,
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Figure 11: Variation of unsteady and steady-state Nusselt number with 𝜆, 𝑅 = 0.

at the plate 𝑦 = 0 for asymmetric case. Figure 13(a) reflected
that skin friction increases as 𝜆 and 𝑡 increase until a steady-
state condition is attained. Figure 13(b) reveals that Nusselt
number decreases with increasing 𝜆 and 𝑡. It should be noted
that the numerical values of skin friction at the plates 𝑦 = 0
and 𝑦 = 1 are the same for 𝑅 = 1 because a symmetric flow
occurs for this case. Also, the Nusselt number at the plates
𝑦 = 0 and 𝑦 = 1 is the same for 𝑅 = 1.

The skin friction dependence on 𝑀 for varying values of
𝑡 at the plates 𝑦 = 0 and 𝑦 = 1 is displayed in Figures 14(a)
and 14(b), respectively, for 𝑅 = 0. These figures reflected that
skin friction decreases as𝑀 and 𝑡 increase. Figures 15(a) and

15(b) are plotted to see the effects of𝑀 on the skin friction at
the plates 𝑦 = 0 and 𝑦 = 1 for 𝑅 = 1. From these figures, it
is observed that skin friction decreases as 𝑀 and 𝑡 increase.
Further, it is noted that Figures 15(a) and 15(b) are exactly the
same. This is because a symmetric flow occurs for this case;
that is, 𝑅 = 1.

6. Conclusion

Theproblemof unsteady aswell as steady hydromagnetic nat-
ural convection flow of a viscous, incompressible, and elec-
trically conducting fluid between two vertical walls having
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Figure 12: Variation of unsteady and steady-state skin friction with 𝜆, 𝑅 = 0.
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Figure 13: Variation of unsteady and steady-state skin friction and Nusselt number with 𝜆, 𝑅 = 1.
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Figure 14: Variation of unsteady and steady-state skin friction with 𝑀, 𝑅 = 0.
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Figure 15: Variation of unsteady and steady-state skin friction with 𝑀, 𝑅 = 1.

asymmetric/symmetric temperatures on thewalls in the pres-
ence of variable thermal conductivity and uniform applied
magnetic field has been studied by obtaining approximated
and numerical solutions of the governing equations, using

perturbation series method and semi-implicit finite differ-
ence scheme. It is found that the fluid velocity and tem-
perature increase with the increasing of variable thermal
conductivity and nondimensional time for both asymmetric
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and symmetric heating, whilemagnetic parameter retards the
motion of the fluid.
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