Hindawi Publishing Corporation
International Journal of Combinatorics
Volume 2015, Article ID 638767, 4 pages
http://dx.doi.org/10.1155/2015/638767

Research Article

Hindawi

On 3-Regular Bipancyclic Subgraphs of Hypercubes

Y. M. Borse and S. R. Shaikh

Department of Mathematics, University of Pune, Pune 411 007, India

Correspondence should be addressed to Y. M. Borse; ymborse@math.unipune.ac.in

Received 31 July 2014; Accepted 15 April 2015

Academic Editor: Chris A. Rodger

Copyright © 2015 Y. M. Borse and S. R. Shaikh. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

The n-dimensional hypercube Q, is bipancyclic; that is, it contains a cycle of every even length from 4 to 2”. In this paper, we prove
that Q, (n > 3) contains a 3-regular, 3-connected, bipancyclic subgraph with [ vertices for every even I from 8 to 2" except 10.

1. Introduction

The cartesian product G, x G, of two graphs G, and G, is a
graph with the vertex set V(G,) xV(G,), and any two vertices
(u,u,) and (v;, v,) are adjacent in G, xG, if and only if either
u, = v, and u, is adjacent to v, in G, or u, = v, and u, is
adjacent to v; in G;. A graph G with even number of vertices is
bipancyclic if it contains a cycle of every even length from 4 to
[V(G)|. The hypercube Q,, of dimension 7 is a graph obtained
by taking cartesian product of the complete graph K, on two
vertices with itself » times; that is, Q, = K, x K, x --- x K,
(n times). The hypercube Q,, is an n-regular, n-connected,
bipartite, and bipancyclic graph with 2" vertices. It is one
of the most popular interconnection network topologies [1].
The bipancyclicity of a given network is an important factor
in determining whether the network topology can simulate
rings of various lengths. The connectivity of a network gives
the minimum cost to disrupt the network. Regular subgraphs,
bipancyclicity, and connectivity properties of hypercubes are
well studied in the literature [2-6].

Since Q, (n > 2) is bipancyclic, it contains a 2-regular,
2-connected subgraph (cycle) with [ vertices for every even
integer I from 4 to 2". Suppose 3 < k < n. Mane and
Waphare [4] proved that Q, contains a spanning k-regular,
k-connected, bipancyclic subgraph. So the natural question
arises; what are the other possible orders existing for k-
regular, k-connected and bipancyclic subgraphs of Q,? As
Q, = Q,_x X Qi Qy can be regarded as a subgraph of Q,,.
Hence Q,, has a k-regular, k-connected, bipancyclic subgraph
with 2* vertices. In this paper, we answer the question for

k = 3. We prove that Q, (n > 3) contains a 3-regular, 3-
connected, and bipancyclic subgraph with [ vertices for every
even integer I from 8 to 2" except 10.

2. Proof

The cartesian product of a nontrivial path with the complete
graph K, is a ladder graph. Let F be the graph obtained from a
pathA,A,,..., A, (m > 4)byadding one extraedge A | A,.
We call the graph F x K, a ladder type graph on 2m vertices
(see Figure 1).

Lemma 1. A ladder graph is bipancyclic.

Proof. Let L be a ladder graph with 2m vertices. Label the
vertices of L by A;’s and B;s so that L is the union of the paths
P =A,A,,...,A,and P, = B, B,, ..., B,, and the m edges
A;B; fori = 1,2,...,m. Suppose 2 < | < m. Let P| be the
subpath of P, from A, to A; and let P, be the subpath of P,
from B, to B,. Then P, UP, U{AB,, A;B;} is a cycle of length
2l in L. Hence L has a cycle of every even length from 4 to
IV(L)I. O

The vertices of the hypercube Q,, can be labeled by the
binary strings of length 7 so that two vertices are adjacent
in Q,, if and only if their binary strings differ in exactly one
coordinate. Denote by QZH the subgraph of Q, induced by
the set of all vertices of Q,, each having first coordinate j for
j =0,1. Then Q2—1 and Q,lq_1 are vertex-disjoint and each of
them is isomorphic to Q,_;. We can express Q, as Q,, = Qg_l U



A ladder graph A ladder type graph

FIGURE 1

Q. ,UD,where D = {XY | X € V(Q}_)) and Y € V(Q,_))}.
Note that D is a perfect matching in Q,,.

Lemma 2. For every m with 4 < m < 2", there exists a
ladder type subgraph in Q,, (n > 3) with 2m vertices.

Proof. We first prove that Q,, contains a Hamiltonian cycle
C with a chord e which forms a 4-cycle with three edges of
C. This is obvious for n = 3. Suppose n > 4. Write Q,, as
Q, = QBH UQ,IH UD. By induction, there exists a Hamiltonian
cycle Cyin Q_, with a chord e which forms a 4-cycle Z, with
three edges of C,. Let C, be the corresponding Hamiltonian
cycle in Q._,. Let XY be any edge on C, which is not on Z,
and let X'Y' be the corresponding edge on C,. Then XX’ and
YY'belongto D. Let C = (C,—XY)U(C,-X'Y)u{XX', YY'}.
Then C is a Hamiltonian cycle in Q,, such that e is its chord
which forms the 4-cycle Z, with three edges of C.

Now, we prove that Q, contains a ladder type graph with
2m vertices. Obviously, Qs itself is a ladder type graph on 8
vertices. Suppose n > 4. By the above part, Q,_; contains a
Hamiltonian cycle C with a chord e which forms a 4-cycle
with three edges of C. Label the vertices of C by A;’s so that
C=A,AA;...,Ay1,A ande = A A,. Let F be the
subgraph of Q,,_, obtained by taking the union of the subpath
ALA A, . A, of Candtheedge A|A,. Then FXK, isa
ladder type subgraph of Q,_; XK, = Q, with 2m vertices. [

As a consequence of a result of [7], we get the following
lemma.

Lemma 3. Let G; be an n;-regular, n;-connected graph for i =
1,2. Then the graph G, x G, is (n; + n,)-regular, (n, + n,)-
connected.

It is well known that the hypercube Q,, does not contain
the complete bipartite graph K, ; as a subgraph. The following
result is the main theorem of this paper.

Theorem 4. Let n be an integer such that n > 3. Then there
exists a 3-regular, 3-connected, and bipancyclic subgraph of Q,,
on 1 vertices if and only if | is an even integer with 8 <1 < 2"
and | # 10.

Proof. Suppose Q,, contains a 3-regular subgraph H with |
vertices. By Handshaking Lemma, the sum of the degrees of
all vertices of a graph is even. Hence 3/ is even. Consequently,
I is even. The minimum degree of H is three. Therefore H
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contains an even cycle. Since H is simple, [ > 4. If [ = 4, then
H contains a triangle, a contradiction. Thus [ > 6. Suppose
I = 6. Then H must contain a cycle Z of length four. A vertex
of H outside Z has at least two neighbours in Z giving a
triangle or a K, ; in Q,, which is a contradiction. Suppose
I = 10. Let e be an edge of H. Without loss of generality,
we may assume that the end vertices of e differ in the first
coordinate. Write Q,, as Q,, = QSH u Q}H UD. Thene € D.
Therefore H intersects with both Qg_l and erl_l. Let H f be a

component of HN Qfl_ y for j =0, 1. Then H; is a subgraph of

Qifl with minimum degree two and hence it contains a cycle.
As Q, is simple bipartite, H; has at least four vertices. Since

[V(H)| = 10, H; is the only component of H in H N QZH.
We may assume that [V(H,)| < [V(H,)I. Then [V (H,)| = 4 or
[V(H,)| = 5. Let C, be an even cycle in Hy,. Then |Cy| = 4.
If H, has 5 vertices, then the vertex of H, which is not on C,
is adjacent to at least two vertices of C,, giving a triangle or a
K,;inQ’_,,acontradiction. Consequently, H, has 4 vertices.
Thus H,, = C,. Let C; be the cycle in Q) , corresponding to
C,. Since H is 3-regular, each vertex of C, has one neighbour
in H, alongan edge of D. Therefore all vertices of C; belong to
H,. As H, has six vertices, it has a vertex X whichisnotonC,.
Then X has no neighbour in H;,. Thus X has three neighbours
in H,. Therefore X has at least two neighbours in the 4-cycle
C, giving a triangle or a K, 5 in er1—1’ a contradiction. Hence
I # 10. Thus ! is an even integer with 8 <1< 2" and ! # 10.

Now, we construct a 3-regular, 3-connected, bipancyclic
subgraph of Q,, with [ vertices for every even integer | with
8 <1 < 2"and! # 10. Suppose I = 4m for some integer
m with 2 < m < 2" Write Q, as Q, = Q,_, x K. Since
Q,_, is a bipancyclic graph and //2 is even, there is a cycle C
of length /2 in Q,_,. By Lemma 3, C x K, is a 3-regular, 3-
connected subgraph of Q,, with [ vertices. Let e be an edge of
C. Then (C - e) x K, is a ladder graph which spans C x K.
By Lemma 1, C x K, is bipancyclic.

Suppose | = 4m + 2 with 3 < m < 2" — 1. Write Q,
as Q, = Qg_l U Q:l_l UD.As4 < m+1 < 2"2 there
exists a ladder type subgraph L, in Q)_, on 2m + 2 vertices
by Lemma 2. Label the vertices of L, by A;’s and B;’s so that
A, A,,...,A,, and B,B,,...,B,,,; are paths and A;B; is
an edge of L, fori = 1,2,...,m + 1. Let L, be the ladder
type subgraph of Q' | on 2m + 2 vertices corresponding
to L. Label the vertices of L, by A}, A},...,A’ .| and
B;, B;, e B;n +1» Where the vertex A'i corresponds to A;, and
the vertex B; correspondsto B; foreveryi = 1,2,...,m+1. Let
L', be the graph obtained from L, by deleting the edges A,B,
and A,B,. Let L, be the graph obtained from L, by deleting
two vertices A’ and B]. Then L' is a subgraph of Q°_, with
2m + 2 vertices and L', is a ladder subgraph of Q.| with 2m
vertices.

Let H = L) UL, U D, where D, = {A,A),B,B),
A Al BB} C D (see Figure 2). Then H is a 3-
regular subgraph of Q, with 4m + 2 = [ vertices. We claim
that H is bipancyclic and 3-connected. O

Claim 1. H is bipancyclic.



International Journal of Combinatorics

A, B
A,y 0/ > BY Al
!
A 3 Bg Aj
Ay % ¢ By Bi ALL
As B;s BL Al
| | | |
1 1 1 1
A o o B Bl q 0o Al
/ !
A B, .+ By Am+1
! L'
L, H 2

FIGURE 2

Clearly, C= A, A,,..., Ay, AL LA L. AL B, B
'"’B:nJr]’Berl’Bm"'"Bl’Al is a Hamiltonian cycle in H.
By deleting two vertices A’, and B), and then adding the edge
AB} to C, we get a cycle of length 4m in H. Similarly, we
obtain a cycle of length 4m — 2 in H from C by deleting four
vertices A'), A',, B}, B} and then adding the edge A',B,. Now,
by deleting six vertices A, A,, B, B,, A’, B from C adding
the edges A;B; and A’ B} gives a cycle of length 4m — 4 in H.
Suppose m = 3. Then H has 4m + 2 = 14 vertices. We get a
cycle of length 4 and a cycle of length 6 in the ladder L, as,
by Lemma 1, it is a bipancyclic graph on six vertices. Thus H
contains a cycle of every even length from 4 to 14. Suppose
m > 4. Then L' has at least 10 vertices. Let L be the ladder in
H formed by two paths As, Ag,..., A, A LA .. A
and Bs, B, ..., B,,.1» B:nﬂ, B;n, . B; and the matching A;B;
and A"B] fori = 5,6,...,m+ land j = 2,3,...,m + 1. By
Lemma 1, L is bipancyclic. Hence L contains a cycle of every
even length from 4 to [V(L)| = 4m — 6. Thus H contains a
cycle of every even length from 4 to [V(H)| = 4m +2 = L.
Therefore H is bipancyclic.

Claim 2. H is 3-connected.

Since H contains a Hamiltonian cycle, it is 2-connected.
It suffices to prove that deletion of any two vertices from
H leaves a connected graph. Let S ¢ V(H) with [S] = 2.
We prove that H — S is connected. Let S = {X, Y}. Suppose
S intersects both V(L'l) and V(L'Z). We may assume that
X € V(L) and Y € V(L)). Being Hamiltonian graphs, both
L', and L', are 2-connected. Hence L' — X and L), - Y are
connected. There are at least two edges from the set D, which
connects L', —X to L,~Y in H-S. Therefore H-S is connected.

Suppose S < V(L)). Then S n V(L) = ¢ and
{A},B), Al . ,B. .} \'S # ¢. Obviously, L is connected.
Suppose L', — S is connected. Then it is joined to L'
through at least two edges from the set D,. This implies
that H — S is connected. Suppose L, — S is not connected.
Then one vertex of S belongs the path A, A’,,..., A’ | and

the other vertex belongs to the path Bj,Bi,...,B, . . Let

> Em+lt

Cc = AL A,,...,A B ,B,....B), A’ be a Hamilto-
nian cycle of L',. Then C — § has exactly two components,
say, T} and T, with vertex set V(T;) and V(T},). Note that
T, or T, may have a single vertex. Therefore L, — S has two
components one with vertex set V(T;) and the other with
vertex set V(T,). It is easy to see that T; contains a vertex from
the set {A'z, B;, A'm+1, B:n+1} \ S and hence has a neighbour in
L' along an edge of the set D, for i = 1, 2. Consequently, each
component of L, — S has a neighbour in L', in the graph H-S.
This implies that H — S is connected.

Suppose S ¢ V(L'l). Then L'2 is connected. Let & =
{A},By, A1, B} \S- Then F # ¢pand F ¢ V(L) - S).
If each component of L'1 — S contains a vertex of the set #,
then all the components of L — S are connected to L', by
the edges of the set D, giving H — S connected. Therefore
it suffices to prove that each component of L', — S contains
a vertex of the set &. If L'1 — S is connected, then we are
done. Suppose L', — S is not connected. Consider the case
when m = 3. Then L| is the union of the two 4-cycles
A, Ay, A;, Ay, Ay and By, B,, B;, B,, B,, and the two
edges A,B,, A;B;. Each of the vertices A,, B,, A,, B, has
degree two in L'. If SN {A,, By, A;,B,} # ¢, then L - Sis
connected. Therefore S ¢ {A,, A5, B}, B;}. ThusS = {A, A5},
{A, B}, {A, B;}, {As, B}, {A5, Bs} or {By, B;}. In any case,
each component of L' — S contains a vertex of the set .
Supposem > 4. Then A}, A,,..., A1, B> By s B, Ay
is a Hamiltonian cycle in L. Therefore L', — S has only two
components. It follows that one component of L', —S contains
a vertex from {A,, B,} \ S and the other component contains
avertex from the set{A,, ., B,,.;} \S. Hence the vertex set of
each component of L', — S intersects %. Consequently, H — S
is connected. Therefore H is 3-connected.

Thus, from Claims 1 and 2, H is a 3-regular, 3-connected,
bipancyclic subgraph of Q, with [ vertices.
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