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This paper is an expository devoted to an important class of real-valued functions introduced by Löwner, namely, operator
monotone functions. This concept is closely related to operator convex/concave functions. Various characterizations for such
functions are given from the viewpoint of differential analysis in terms of matrix of divided differences. From the viewpoint of
operator inequalities, various characterizations and the relationship between operator monotonicity and operator convexity are
given by Hansen and Pedersen. In the viewpoint of measure theory, operator monotone functions on the nonnegative reals admit
meaningful integral representations with respect to Borel measures on the unit interval. Furthermore, Kubo-Ando theory asserts
the correspondence between operator monotone functions and operator means.

1. Introduction

A useful and important class of real-valued functions is the
class of operator monotone functions. Such functions were
introduced by Löwner in a seminal paper [1].These functions
are functions of Hermitian matrices/operators preserving
order. In that paper, he established a relationship between
operatormonotonicity, the positivity ofmatrix of divided dif-
ferences, and an important class of analytic functions, namely,
Pick functions. This concept is closely related to operator
convex/concave functions which was studied afterwards by
Kraus in [2]. Operator monotone functions and operator
convex/concave functions arise naturally in matrix and oper-
ator inequalities (e.g., [3–7]). This is because the theory of
inequalities depends heavily on the concepts ofmonotonicity,
convexity, and concavity. One of the most beautiful and
important results in operator theory is the so-called Löwner-
Heinz inequality (see [1, 8]) which is equivalent to the
operator monotonicity of the function 𝑡 → 𝑡

𝑝 for 𝑡 ⩾ 0

when 𝑝 ∈ [0, 1]. Seemore information about operatormono-
tonicity/convexity in [5, Chapter V], [9, Section 2], [10,
Chapter 4], and [11].

Operator monotone functions have applications in many
areas, including functional analysis, mathematical physics,

information theory, and electrical engineering; see, for exam-
ple, [12–15]. This concept plays major roles in the so-called
Kubo-Ando theory of operator connections and operator
means. This axiomatic theory was introduced in [16] and
plays central role in operator inequalities, operator equations,
network theory, and quantum information theory. Indeed,
there is a one-to-one correspondence between operator
monotone functions on the nonnegative reals R+ and opera-
tor connections. See more information about applications of
operator monotone functions to theory of operator means in
[9, 10, 17–19].

In this paper, we survey significant results of operator
monotone functions related to operator convexity and opera-
tor means. We give various characterizations in several view-
points. The first viewpoint is differential analysis in terms
of matrix of divided differences. In viewpoint of operator
inequalities, Hansen and Pedersen provide characterizations
and relationship of operator monotonicity and operator con-
vexity/concavity. Frommeasure theory viewpoint, every ope-
rator monotone function on the nonnegative reals always
occurs as an integral of suitable operatormonotone functions
with respect to a Borelmeasure. Such functions formbuilding
blocks for arbitrary operator monotone functions on R+. A
deep theory of Kubo and Ando states that each operator
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monotone function 𝑓 on R+ corresponds to a unique oper-
ator connection. Moreover, if 𝑓(1) = 1, then 𝑓 is associated
with an operator mean.

Here is the outline of the paper. In Section 2, after setting
basic notations, we give the definitions and examples of
operator monotone/convex functions and provide their char-
acterizations with respect to matrix of divided differences.
Section 3 deals with Hansen-Pedersen characterizations of
operator monotone/convex functions. The aims of Section 4
are to characterize operator monotone functions on the non-
negative reals in terms of Borel measures and to give some
concrete examples. Finally, we establish the correspondence
between operator monotone functions and operator means
in Section 5.

2. Operator Monotonicity and Convexity

Throughout this paper, let H be a complex Hilbert space.
Denote by𝐵(H) the algebra of bounded linear operators onH.
The spectrum of an operator 𝐴 is denoted by 𝜎(𝐴). Consider
the real vector space𝐵(H)sa of self-adjoint operators onH and
its positive cone 𝐵(H)+ of positive operators on H. A partial
order is naturally equipped on 𝐵(H)

sa by defining 𝐴 ⩽ 𝐵 if
and only if 𝐵 − 𝐴 ∈ 𝐵(H)

+. We write 𝐴 > 0 to mean that 𝐴
is a strictly positive operator, or equivalently, 𝐴 ⩾ 0 and 𝐴 is
invertible. When H = C𝑛, we identify 𝐵(H) with the algebra
M𝑛 of 𝑛-by-𝑛 complex matrices. Then M+

𝑛
is just the cone of

𝑛-by-𝑛 positive semidefinite matrices.
Let 𝐴 ∈ M𝑛 be normal. By the spectral resolution of 𝐴,

there exist distinct scalars 𝜆1, . . . , 𝜆𝑚 ∈ C and projections
𝑃1, . . . , 𝑃𝑚 on C𝑛 such that

𝐴 =

𝑚

∑

𝑖=1

𝜆𝑖𝑃𝑖,

𝑃𝑖𝑃𝑗 = 0

for 𝑖 ̸= 𝑗,

𝑚

∑

𝑖=1

𝑃𝑖 = 𝐼.

(1)

Moreover, these scalars and projections are uniquely deter-
mined. In fact,𝜎(𝐴) is the set {𝜆1, . . . , 𝜆𝑚} (not countingmul-
tiplicities) and each 𝑃𝑖 is the projection onto the eigenspace
ker(𝐴−𝜆𝑖𝐼). For each function 𝑓 : 𝜎(𝐴) → C, we can define
the functional calculus for the function 𝑓 by

𝑓 (𝐴) =

𝑚

∑

𝑖=1

𝑓 (𝜆𝑖) 𝑃𝑖. (2)

Definition 1. Let 𝐽 ⊆ R be an interval. A function 𝑓 : 𝐽 → R

is said to be as follows:

(i) Matrix monotone of degree 𝑛 or 𝑛-monotone if, for
every 𝐴, 𝐵 ∈ Msa

𝑛
with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐽, it holds that

𝐴 ⩽ 𝐵 ⇒

𝑓 (𝐴) ⩽ 𝑓 (𝐵) .

(3)

(ii) Operator monotone or matrix monotone if it is 𝑛-
monotone for all 𝑛 ∈ N.

(iii) Matrix convex of degree 𝑛 or 𝑛-convex if, for every
𝐴, 𝐵 ∈ Msa

𝑛
with 𝜎(𝐴), 𝜎(𝐵) ⊆ 𝐽, it holds that

𝑓 (𝑡𝐴 + (1 − 𝑡) 𝐵) ⩽ 𝑡𝑓 (𝐴) + (1 − 𝑡) 𝑓 (𝐵) . (4)

(iv) Operator convex if it is 𝑛-convex for every 𝑛 ∈ N.
(v) Matrix concave of degree 𝑛 or 𝑛-concave if −𝑓 is 𝑛-

convex.
(vi) Operator concave if it is 𝑛-concave for every 𝑛 ∈ N.

Recall that a continuous function 𝑓 : 𝐽 → R is convex
(concave) if and only if it is midpoint-convex (midpoint-
concave, resp.). It follows that a continuous function 𝑓 : 𝐽 →

R is 𝑛-convex if and only if it is 𝑛-midpoint convex; that is,
the condition (4) holds for 𝑡 = 1/2. In particular, if 𝑓 is
continuous, then 𝑓 is operator convex if and only if it is
operator midpoint-convex. Similar results are applied for the
case of concavity.

Every 𝑛-monotone function is (𝑛 − 1)-monotone but
the converse is false in general. The condition of being 1-
monotone is the monotone increasing in usual sense. The
set of operator monotone functions on the interval 𝐽 is
closed under taking nonnegative linear combinations, point-
wise limits, and compositions. The straight line 𝑡 → 𝑚𝑡 + 𝑐

is operator concave and operator convex on the real line for
any𝑚, 𝑐 ∈ R. This function is operator monotone if and only
if the slope𝑚 is nonnegative.

Proposition 2. On (0,∞), the function 𝑡 → 1/𝑡 is operator
convex and 𝑡 → −1/𝑡 is operator monotone. On (−∞, 0), the
function 𝑡 → 1/𝑡 is operator concave and 𝑡 → −1/𝑡 is operator
monotone.

Proof. If𝐴 ⩾ 𝐵 > 0, then𝐴−1 ⩽ 𝐵
−1 and hence −𝐴−1 ⩾ −𝐵

−1.
This shows the operator monotonicity of 𝑡 → −1/𝑡 on (0,∞).
The scalar inequality [(1 + 𝑡)/2]−1 ⩽ (1 + 𝑡

−1
)/2 implies that

for every 𝐶 > 0

(
𝐼 + 𝐶

2
)

−1

⩽
𝐼 + 𝐶
−1

2
. (5)

For 𝐴, 𝐵 > 0 inM𝑛, by setting 𝐶 = 𝐴
−1/2

𝐵𝐴
−1/2; we have

(
𝐴 + 𝐵

2
)

−1

= (
𝐴
1/2

(𝐼 + 𝐶)𝐴
1/2

2
)

−1

= 𝐴
−1/2

(
𝐼 + 𝐶

2
)

−1

𝐴
−1/2

⩽ 𝐴
−1/2

(
𝐼 + 𝐶
−1

2
)𝐴
−1/2

=
𝐴
−1
+ 𝐵
−1

2
.

(6)

Hence 𝑡 → 1/𝑡 is operator convex. For the case (−∞, 0),
consider −𝐴 and −𝐵 instead of 𝐴 and 𝐵.

It follows from this proposition that the function 𝑡 → (𝑐−

𝑡)
−1 is operatormonotone on (𝑎, 𝑏) for any 𝑐 ∉ (𝑎, 𝑏).The next
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result is called the Löwner-Heinz inequality. It was first proved
by Löwner [1] and also by Heinz [8]. There are many proofs
of this fact. The following is due to Pedersen [20].

Theorem 3. For𝐴 ⩾ 𝐵 inM+
𝑛
and 𝑟 ∈ [0, 1], one has 𝐴𝑟 ⩾ 𝐵

𝑟.

Proof. The continuity argument allows us to consider 𝐴 ⩾

𝐵 > 0. Since 𝑝 → 𝐴
𝑝 and 𝑝 → 𝐵

𝑝 are continuous, the set

Ω = {𝑝 ∈R : 𝐴
𝑝
⩾ 𝐵
𝑝
} (7)

is closed. Clearly, 0, 1 ∈ Ω. Recall that the set of dyadic
numbers in [0, 1] is dense in [0, 1]. Hence, to prove that
[0, 1] ⊆ Ω, it suffices to show that

𝑝, 𝑞 ∈ Ω ⇒

𝑝 + 𝑞

2
∈ Ω.

(8)

Suppose 𝐴𝑝 ⩾ 𝐵
𝑝 and 𝐴𝑞 ⩾ 𝐵

𝑞. Then 𝐴−𝑝/2𝐵𝑝𝐴−𝑝/2 ⩽ 𝐼 and


𝐵
𝑝/2
𝐴
−𝑝/2

2

=


(𝐵
𝑝/2
𝐴
−𝑝/2

)
∗

(𝐵
𝑝/2
𝐴
−𝑝/2

)



=

𝐴
−𝑝/2

𝐵
𝑝
𝐴
−𝑝/2

⩽ 1.

(9)

Hence, ‖𝐵𝑝/2𝐴−𝑝/2‖ ⩽ 1 and similarly ‖𝐵𝑞/2𝐴−𝑞/2‖ ⩽ 1. Thus

1 ⩾


(𝐵
𝑝/2
𝐴
−𝑝/2

)
∗

(𝐵
𝑞/2
𝐴
−𝑞/2

)



=

𝐴
−𝑝/2

𝐵
(𝑝+𝑞)/2

𝐴
−𝑞/2

⩾ 𝑟 (𝐴
−𝑝/2

𝐵
(𝑝+𝑞)/2

𝐴
−𝑞/2

)

= 𝑟 (𝐴
−(𝑝+𝑞)/4

𝐵
(𝑝+𝑞)/2

𝐴
−(𝑝+𝑞)/4

)

=

𝐴
−(𝑝+𝑞)/4

𝐵
(𝑝+𝑞)/2

𝐴
−(𝑝+𝑞)/4

.

(10)

Here, 𝑟(⋅) denotes the spectral radius. Now,

𝐼 ⩾ 𝐴
−(𝑝+𝑞)/4

𝐵
(𝑝+𝑞)/2

𝐴
−(𝑝+𝑞)/4 (11)

or 𝐴(𝑝+𝑞)/2 ⩾ 𝐵
(𝑝+𝑞)/2; that is, (𝑝 + 𝑞)/2 ∈ Ω.

Proposition 4. For each 𝑝 > 1, the function 𝑡 → 𝑡
𝑝 is not

operator monotone on R+.

Proof. Consider 𝐴 = (3/4) [
2 0
0 1 ] and 𝐵 = (1/2) [

1 1
1 1 ]. Then

𝐴 ⩾ 𝐵 ⩾ 0. Since 𝐵 is a projection, for each 𝑝 > 0, we have
𝐵
𝑝
= 𝐵 and

𝐴
𝑝
− 𝐵
𝑝
=

[
[
[

[

(
3

2
)

𝑝

−
1

2
−
1

2

−
1

2
(
3

4
)

𝑝

−
1

2

]
]
]

]

. (12)

Compute

det (𝐴𝑝 − 𝐵𝑝) = (
3

8
)

𝑝

(3
𝑝
−
2
𝑝
+ 4
𝑝

2
) . (13)

If 𝐴𝑝 ⩾ 𝐵
𝑝, we must have det(𝐴𝑝 − 𝐵

𝑝
) ⩾ 0; that is, (2𝑝 +

4
𝑝
)/2 ⩽ 3

𝑝, which is false when 𝑝 > 1.

Operator monotone functions can be defined in the con-
text of operators acting on a Hilbert space as illustrated in
the next theorem.This is why we also call a matrix monotone
function an operator monotone function. Note that in this
theorem we assume the continuity of 𝑓 since we need to
define the continuous functional calculus of an operator.

Theorem 5. The following statements are equivalent for a
continuous function 𝑓 : (𝑎, 𝑏) → R:

(i) 𝐴 ⩽ 𝐵 ⇒ 𝑓(𝐴) ⩽ 𝑓(𝐵) for all Hermitianmatrices𝐴, 𝐵
of all orders whose spectra are contained in (𝑎, 𝑏);

(ii) 𝐴 ⩽ 𝐵 ⇒ 𝑓(𝐴) ⩽ 𝑓(𝐵) for all Hermitian operators
𝐴, 𝐵 ∈ 𝐵(H) whose spectra are contained in (𝑎, 𝑏) and
for an infinite-dimensional Hilbert space H;

(iii) 𝐴 ⩽ 𝐵 ⇒ 𝑓(𝐴) ⩽ 𝑓(𝐵) for all Hermitian operators
𝐴, 𝐵 ∈ 𝐵(H) whose spectra are contained in (𝑎, 𝑏) and
for all Hilbert spaces H.

Proof. It is obvious that (iii) implies (ii). The implication (ii)
⇒ (i) follows by taking an 𝑛-dimensional subspace.

(i) ⇒ (iii). For each finite-dimensional subspace 𝐹 of H,
let 𝑃𝐹 be the orthogonal projection onto 𝐹. Suppose that 𝐴 ⩽

𝐵 in𝐵(H)with spectra in (𝑎, 𝑏). Consider nets𝐴𝐹 := 𝑃𝐹𝐴𝑃𝐹+

𝑐(𝐼−𝑃𝐹) and 𝐵𝐹 := 𝑃𝐹𝐵𝑃𝐹+𝑐(𝐼−𝑃𝐹) in 𝐵(H), where 𝑐 ∈ (𝑎, 𝑏)
is fixed and a directed set:

{𝐹: 𝐹 is a finite-dimensional subspace of H} (14)

with respect to the set inclusion. Since𝐴𝐹 → 𝐴 and𝐵𝐹 → 𝐵

in the strong-operator topology, we have𝑓(𝐴𝐹) → 𝑓(𝐴) and
𝑓(𝐵𝐹) → 𝑓(𝐵) in the strong-operator topology. Note that

𝑓 (𝐴𝐹) = 𝑓 (𝑃𝐹𝐴𝑃𝐹) + 𝑓 (𝑐) (𝐼 − 𝑃𝐹) , (15)

where 𝑓(𝑃𝐹𝐴𝑃𝐹) is the functional calculus of 𝑃𝐹𝐴𝑃𝐹 in 𝐵(𝐹).
Since 𝐵(𝐹) is identified with M𝑛 with 𝑛 = dim𝐹 and since
𝑃𝐹𝐴𝑃𝐹 ⩽ 𝑃𝐹𝐵𝑃𝐹 as elements of 𝐵(𝐹), the assumption (i)
implies that 𝑓(𝑃𝐹𝐴𝑃𝐹) ⩽ 𝑓(𝑃𝐹𝐵𝑃𝐹) and hence 𝑓(𝐴𝐹) ⩽

𝑓(𝐵𝐹). By taking the limit in the strong-operator topology,
we have 𝑓(𝐴) ⩽ 𝑓(𝐵).

3. Differential Analysis of Operator
Monotonicity and Convexity

In this section, we consider topological properties of operator
monotone/convex functions. Note that we do not impose a
topological assumption on any 𝑛-monotone/concave func-
tion. The following three theorems show that any 𝑛-mono-
tone/concave function on an open interval is at least contin-
uously differentiable (i.e., 𝐶1) function when 𝑛 ⩾ 2.

Theorem 6. If 𝑓 is a 2-monotone function on (𝑎, 𝑏), then 𝑓 is
𝐶
1 on (𝑎, 𝑏) and 𝑓 > 0 unless 𝑓 is a constant. In particular,

every operator monotone function on (𝑎, 𝑏) is 𝐶1.

Proof. The proof is very long and it consists of many details.
The original proof is contained in [1]; see also [9, Section 2].
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Theorem 7. Let 𝑛 ⩾ 2 be an integer. The following statements
are equivalent for a function 𝑓 : (𝑎, 𝑏) → R:

(1) 𝑓 is 𝑛-monotone on (𝑎, 𝑏);

(2) 𝑓 is 𝐶1 on (𝑎, 𝑏) and [𝑓[1](𝜆𝑖, 𝜆𝑗)]
𝑛

𝑖,𝑗=1
⩾ 0 for every

choice of 𝜆1 < 𝜆2 < ⋅ ⋅ ⋅ < 𝜆𝑛 from (𝑎, 𝑏).

Here, the 1st divided difference 𝑓[1] is defined as follows:

𝑓
[1]
(𝑥, 𝑦) :=

𝑓 (𝑥) − 𝑓 (𝑦)

𝑥 − 𝑦
, 𝑥 ̸= 𝑦, (16)

and 𝑓[1](𝑥, 𝑥) := 𝑓

(𝑥).

Proof. See [1] or [9, Section 2].

Theorem 8. Let 𝑛 ⩾ 2 be an integer. The following statements
are equivalent for a function 𝑓 : (𝑎, 𝑏) → R:

(1) 𝑓 is 𝑛-convex on (𝑎, 𝑏);

(2) 𝑓 is𝐶2 on (𝑎, 𝑏) and [𝑓[2](𝜆1, 𝜆𝑖, 𝜆𝑗)]
𝑛

𝑖,𝑗=1
⩾ 0 for every

choice of 𝜆1, 𝜆2, . . . , 𝜆𝑛 from (𝑎, 𝑏).

Moreover, if 𝑓 is operator convex, then 𝑓
[1]
(𝜆, ⋅) is operator

monotone for every 𝜆 ∈ (𝑎, 𝑏). Here, the 2nd divided difference
𝑓
[2] is defined to be

𝑓
[2]
(𝑥, 𝑦, 𝑧) :=

𝑓
[1]
(𝑥, 𝑦) − 𝑓

[1]
(𝑦, 𝑧)

𝑥 − 𝑧
, 𝑥 ̸= 𝑧, (17)

and 𝑓[2](𝑥, 𝑦, 𝑥) := 𝑓

(𝑥).

Proof. See [2] or [9, Section 2].

4. Hansen-Pedersen Characterizations

In this section, we characterize operator monotone functions
in the sense of Hansen-Pedersen [21].

Theorem 9. Let 𝑓 : [0, 𝛼) → R be a function where 0 < 𝛼 ⩽

∞. Then the following are equivalent:

(i) 𝑓 is operator convex on [0, 𝛼) and 𝑓(0) ⩽ 0;
(ii) 𝑓 is operator convex on (0, 𝛼) and 𝑓(0

+
) ⩽ 𝑓(0) ⩽

0, where the existence of 𝑓(0+) := lim𝑡→0+𝑓(𝑡) and
𝑓(0
+
) ⩽ 𝑓(0) are automatic from the operator convex-

ity of 𝑓 on (0, 𝛼);
(iii) 𝑓(𝑡)/𝑡 is operator monotone on (0, 𝛼) and 𝑓(0

+
) ⩽

𝑓(0) ⩽ 0, where the existence of 𝑓(0+) and 𝑓(0+) ⩽
𝑓(0) are automatic from the operator monotonicity of
𝑓(𝑡)/𝑡 on (0, 𝛼);

(iv) 𝑓(𝑋∗𝐴𝑋) ⩽ 𝑋
∗
𝑓(𝐴)𝑋 for every𝐴 ∈ M𝑠𝑎

𝑛
with𝜎(𝐴) ⊂

[0, 𝛼), for every 𝑋 ∈ M𝑛 with ‖𝑋‖ ⩽ 1 and for every
𝑛 ∈ N;

(v) 𝑓(𝑋∗𝐴𝑋 + 𝑌
∗
𝐵𝑌) ⩽ 𝑋

∗
𝑓(𝐴)𝑋 + 𝑌

∗
𝑓(𝐵)𝑌 for every

𝐴, 𝐵 ∈ M𝑠𝑎
𝑛
with 𝜎(𝐴), 𝜎(𝐵) ⊆ [0, 𝛼), for every 𝑋,𝑌 ∈

M𝑛, with𝑋∗𝑋 + 𝑌
∗
𝑌 ⩽ 𝐼 and for every 𝑛 ∈ N;

(vi) 𝑓(𝑃𝐴𝑃) ⩽ 𝑃𝑓(𝐴)𝑃 for every 𝐴 ∈ M𝑠𝑎
𝑛

with 𝜎(𝐴) ⊆
[0, 𝛼), for every orthogonal projection 𝑃 on C𝑛 and for
every 𝑛 ∈ N.

Proof. See [21] or [9, Theorem 2.5.2].

Theorem 10. If 𝛼 = ∞ and 𝑓(𝑡) ⩽ 0 for all 𝑡 ∈ [0,∞), then
the conditions of Theorem 9 are also equivalent to

(vii) −𝑓 being operator monotone on [0,∞).

Proof. See [21] or [9, Theorem 2.5.3].

Corollary 11. A function on 𝑓 : [0,∞) → [0,∞) is operator
monotone if and only if 𝑓 is operator concave.

Proof. This is the equivalence between (i) and (vii) of
Theorem 10.

Corollary 12. Consider the following statements for a function
𝑓 : (0,∞) → (0,∞):

(i) 𝑓 is operator monotone;
(ii) 𝑡/𝑓(𝑡) is operator monotone;
(iii) 𝑓 is operator concave;
(iv) 1/𝑓(𝑡) is operator convex.

We have (i)⇔ (ii)⇔ (iii)⇒ (iv).

Proof. (i)⇒ (ii). For any 𝜖 > 0, 𝑓(𝑡+ 𝜖) is operator monotone
on [0,∞). Theorem 10 implies that −𝑓(𝑡 + 𝜖)/𝑡 is operator
monotone on (0,∞). Proposition 2 then implies that

𝑡

𝑓 (𝑡 + 𝜖)
= −(−

𝑓 (𝑡 + 𝜖)

𝑡
)

−1

(18)

is operator monotone on (0,∞). Letting 𝜖 ↘ 0 yields (ii).
(ii) ⇒ (i). For any 𝜖 > 0, (𝑡 + 𝜖)/𝑓(𝑡 + 𝜖) is operator

monotone on [0,∞).Theorem 10 implies that−(𝑡+𝜖)/𝑡𝑓(𝑡+𝜖)
is operator monotone on (0,∞). Proposition 2 then implies
that

𝑡𝑓 (𝑡 + 𝜖)

𝑡 + 𝜖
= −(−

𝑡 + 𝜖

𝑡𝑓 (𝑡 + 𝜖)
)

−1

(19)

is operator monotone on (0,∞). Letting 𝜖 ↘ 0 yields (i).
(i)⇔ (iii). By Corollary 11, we have that

𝑓 is operator monotone on (0,∞)

⇐⇒ 𝑓 (𝑡 + 𝜖) is operator monotone on [0,∞)

for any 𝜖 > 0

⇐⇒ 𝑓 (𝑡 + 𝜖) is operator concave on [0,∞)

for any 𝜖 > 0

⇐⇒ 𝑓 is operator concave on (0,∞) .

(20)

(iii)⇔ (iv). Write 𝑔(𝑡) = 1/𝑓(𝑡). Let 𝐴, 𝐵 > 0 inM𝑛. By (iii),

𝑓(
𝐴 + 𝐵

2
) ⩾

𝑓 (𝐴) + 𝑓 (𝐵)

2
. (21)
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Then Proposition 2 implies

𝑔(
𝐴 + 𝐵

2
) = 𝑓(

𝐴 + 𝐵

2
)

−1

⩽ {
𝑓 (𝐴) + 𝑓 (𝐵)

2
}

−1

⩽
𝑓 (𝐴)
−1
+ 𝑓 (𝐵)

−1

2
=
𝑔 (𝐴) + 𝑔 (𝐵)

2
.

(22)

Hence 𝑔 is operator convex.

Example 13. Consider the following:
(i) For each 𝑝 ∈ [0, 1], 𝑡𝑝 is operator concave on [0,∞).
(ii) The function 𝑓(𝑡) = (𝑡 − 1)/ log 𝑡 on [0,∞) where

𝑓(0) := 0 and 𝑓(1) := 1.
(iii) The logarithmic function is operator monotone and

operator concave on (0,∞).
(iv) The function 𝑔(𝑡) = 𝑡 log 𝑡 is operator convex on

[0,∞).

Proof. (i) It follows from the Löwner-Heinz inequality and
Corollary 11. (ii) Use the integral representation 𝑓(𝑡) =

∫
1

0
𝑡
𝑥
𝑑𝑥 for 𝑡 ⩾ 0. (iii) By (ii), 𝑡/ log(1 + 𝑡) is operator mono-

tone function on (0,∞). Corollary 12 then implies that log(1+
𝑡) is operator monotone and operator concave on (0,∞).
Now, for each 𝜖 > 0, log(𝜖 + 𝑡) = log 𝜖 + log(1 + 𝜖

−1
𝑡) is

operator monotone and operator concave on (0,∞). Letting
𝜖 ↘ 0 yields the result. (iv) Since 𝑔 is continuous on
[0,∞) and 𝑔(𝑡)/𝑡 = log 𝑡 is operator monotone on (0,∞),
we can conclude that 𝑔 is operator convex on [0,∞) by
Theorem 9.

Example 14. In information theory, the function 𝑓(𝑡) =

−𝑡 log 𝑡 is known as the entropy function. In [22], it was shown
that this function is operator concave. An analogue notion of
the entropy function in quantummechanics is the entropy of
a density matrix (a positive semidefinite matrix with trace 1)
or a positive contraction on a Hilbert space. More precisely,
for each positive operator 𝐴 with ‖𝐴‖ ⩽ 1, we define the
entropy of 𝐴 by

𝑆 (𝐴) = −𝐴 log𝐴 ⩾ 0. (23)

More concrete examples of operator monotone functions
are provided in [23].

5. Integral Representations of
Operator Monotone Functions on
the Nonnegative Reals

In this section, we focus on the class of operator monotone
functions from R+ to R+, denoted by OM(R+). A reformu-
lation of Löwner’s theorem (see [1] or [5, Chapter V]) states
that every 𝑓 ∈ OM(R+) admits an integral representation
with respect to Borel measure on the unit interval as follows.

Theorem 15 (see [24]). Given a finite Borel measure 𝜇 on
[0, 1], the function

𝑓 (𝑥) = ∫

[0,1]

1!𝑡𝑥𝑑𝜇 (𝑡) , 𝑥 ⩾ 0 (24)

is an operator monotone function from R+ to R+. In fact, the
map 𝜇 → 𝑓 is bijective, affine, and order-preserving.

Thus the functions 𝑥 → 1!𝑡𝑥 for 𝑡 ∈ [0, 1] form building
blocks for arbitrary operator monotone functions onR+.The
measure 𝜇 in the previous theorem is called the associated
measure of the operator monotone function 𝑓. Moreover,
a function 𝑓 ∈ OM(R+) is normalized (in the sense that
𝑓(1) = 1) if and only if 𝜇 is a probability measure [24]. This
means that every normalized operator monotone function
on R+ can be viewed as an average of the special operator
monotone functions 𝑥 → 1!𝑡𝑥 for 𝑡 ∈ [0, 1]. The functions
𝑥 → 1!𝑡𝑥 for 𝑡 ∈ [0, 1] are extreme points of the convex set of
normalized operator monotone functions from R+ to R+.

Example 16 (typical examples of “singularly discrete” operator
monotone functions). The operatormonotone function 𝑥 →
1!𝑡𝑥 corresponds to the Dirac measure 𝛿𝑡 at 𝑡 ∈ [0, 1]. In
particular, the operator monotone functions 𝑥 → 1 and
𝑥 → 𝑥 correspond to the measures 𝛿0 and 𝛿1, respectively.
By affinity of the map 𝜇 → 𝑓, the measure ∑𝑛

𝑖=1
𝑎𝑖𝛿𝑡
𝑖

, where
𝑡𝑖 ∈ [0, 1] and 𝑎𝑖 ⩾ 0, is associated to the function 𝑥 →

∑
𝑛

𝑖=1
𝑎𝑖(1!𝑡

𝑖

𝑥).

Example 17. The following examples illustrate the associated
measures of “absolutely continuous” operator monotone
functions; see [24] for details of proofs.

(1) For each 0 < 𝛼 < 1, the associated measure of the
operator monotone function 𝑥𝛼 is given by

𝑑𝜇 (𝑡) =
sin𝛼𝜋
𝜋

⋅
1

𝑡
1−𝛼

(1 − 𝑡)
𝛼 𝑑𝑡. (25)

(2) The associated measure of 𝑓(𝑥) = (𝑥 − 1)/ log𝑥 is
𝑑𝜇(𝑡) = 𝑔(𝑡)𝑑𝑡 where density function 𝑔 given by

𝑔 (𝑡) =
1

𝑡 (1 − 𝑡) (𝜋
2
+ log2 (𝑡/ (1 − 𝑡)))

. (26)

(3) Consider the operator monotone function

𝑥 →
1

𝑓 (1/𝑥)
=

𝑥

𝑥 − 1
log𝑥. (27)

This function has Lebesgue measure as the associated
measure, equivalently; we have the integral represen-
tation

𝑥

𝑥 − 1
log𝑥 = ∫

[0,1]

1!𝑡𝑥 𝑑𝑡. (28)

If 𝑓 ∈ OM(R+) has 𝜇 as the associated measure, then
the transpose of 𝑓, defined by 𝑥 → 𝑥𝑓(1/𝑥), also belongs
to OM(R+) and has 𝜇Θ as its associated measure. Here, Θ :

[0, 1] → [0, 1] is a homeomorphism defined by 𝑡 → 1 − 𝑡.
We say that 𝑓 is symmetric if it coincides with its trans-

pose. A Borel measure 𝜇 on [0, 1] is said to be symmetric if 𝜇
is invariant under Θ; that is, 𝜇Θ = 𝜇.
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Corollary 18 (see [24]). There is a one-to-one correspondence
between symmetric operatormonotone function fromR+ toR+
and finite symmetric Borel measures via the integral represen-
tation:

𝑓 (𝑥) =
1

2
∫

[0,1]

(1!𝑡𝑥) + (𝑥!𝑡1) 𝑑𝜇 (𝑡) , 𝑥 ⩾ 0. (29)

In particular, an operatormonotone function onR+ is symmet-
ric if and only if its associated measure is symmetric.

It follows that there is a one-to-one correspondence bet-
ween normalized symmetric operator monotone functions
onR+ and probability symmetric Borel measures on the unit
interval via the integral representation (29).

The integral representation (24) also has advantages in
treating decompositions of operatormonotone functions (see
[24]). It turns out that every function 𝑓 ∈ OM(R+) can be
expressed as

𝑓 = 𝑓ac + 𝑓sd + 𝑓sc, (30)

where 𝑓ac, 𝑓sd, and 𝑓sc also belong to the class OM(R+). The
“singularly discrete part” 𝑓sd is a countable sum of 𝑥 → 1!𝑡𝑥

for 𝑡 ∈ [0, 1] with nonnegative coefficients. The “absolutely
continuous part” 𝑓ac has an integral representation with
respect to Lebesguemeasure𝑚 on [0, 1].The “singularly con-
tinuous part” 𝑓sc has an integral representation with respect
to a continuous measure mutually singular to𝑚.

6. Operator Monotone Functions and
Operator Means

This section explains the one-to-one correspondence bet-
ween operator monotone functions on R+ and operator
means.

An axiomatic of operatormeanswas investigated byKubo
and Ando [16]. Recall that an operator connection is a binary
operation 𝜎 on 𝐵(H)

+ such that for all positive operators
𝐴, 𝐵, 𝐶,𝐷:

(M1) monotonicity: 𝐴 ⩽ 𝐶, 𝐵 ⩽ 𝐷 ⇒ 𝐴𝜎𝐵 ⩽ 𝐶𝜎𝐷;
(M2) transformer inequality: 𝐶(𝐴𝜎𝐵)𝐶 ⩽ (𝐶𝐴𝐶)𝜎(𝐶𝐵𝐶);
(M3) continuity from above: for 𝐴𝑛, 𝐵𝑛 ∈ 𝐵(H)

+, if
𝐴𝑛 ↓ 𝐴 and 𝐵𝑛 ↓ 𝐵, then 𝐴𝑛𝜎𝐵𝑛 ↓ 𝐴𝜎𝐵. Here,
𝑋𝑛 ↓ 𝑋 indicates that (𝑋𝑛) is a decreasing sequence
converging strongly to𝑋.

An operator mean is an operator connection 𝜎 with property
that 𝐴𝜎𝐴 = 𝐴 for all 𝐴 ⩾ 0, or, equivalently, 𝐼𝜎𝐼 = 0.

From the monotonicity (M1) and the continuity (M3),
every operator connection is uniquely determined on the set
of strictly positive operators. Indeed, once an operator con-
nection 𝜎 is defined for any 𝐴, 𝐵 > 0, we have

𝐴𝜎𝐵 = lim
𝜖↓0

(𝐴 + 𝜖𝐼) 𝜎 (𝐵 + 𝜖𝐼) ; (31)

here the limit is taken in the strong-operator topology.
Amajor core of Kubo-Ando theory is the one-to-one cor-

respondence between operator connections and operator
monotone functions.

Theorem 19 (see [16, Theorem 3.4]). Given an operator
connection 𝜎, there is a unique operator monotone function
𝑓 : R+ → R+ such that

𝑓 (𝐴) = 𝐼𝜎𝐴, 𝐴 ⩾ 0. (32)

In fact, the map 𝜎 → 𝑓 is a bijection. Moreover, 𝜎 is a mean if
and only if 𝜇 is a probability measure.

The function 𝑓 in this theorem is called the representing
function of the operator connection 𝜎. It turns out that, for
any 𝐴, 𝐵 > 0,

𝐴𝜎𝐵 = 𝐴
1/2
𝑓 (𝐴
−1/2

𝐵𝐴
−1/2

)𝐴
1/2
. (33)

From the integral representation of operator monotone
functions (24), every operator connection admits the integral
representation

𝐴𝜎𝐵 = ∫

1

0

𝐴!𝑡𝐵𝑑𝜇 (𝑡) , 𝐴, 𝐵 ⩾ 0. (34)

Since the weighted harmonic means are jointly concave, it
follows that every operator connection is jointly concave.

Example 20. The function 𝑓(𝑥) = 2𝑥/(1 + 𝑥) is operator
monotone on R+ according to Corollary 12. This function
gives rise to the harmonic mean:

𝐴!𝐵 = 2 (𝐴
−1
+ 𝐵
−1
)
−1

, 𝐴, 𝐵 > 0. (35)

Moreover, 𝐴!𝐵 is the largest positive operator𝑋 such that

[

2𝐴 0

0 2𝐵

] ⩾ [

𝑋 𝑋

𝑋 𝑋

] (36)

(see [3, Theorem I.3]).

Example 21. For each 𝛼 ∈ (0, 1), the function 𝑔𝛼(𝑥) = 𝑥
𝛼 is

operator monotone on R+ by the Löwner-Heinz inequality
(Theorem 3). Each 𝑔𝛼 corresponds to the 𝛼-weighted geomet-
ric mean:

𝐴#𝛼𝐵 = 𝐴
1/2

(𝐴
−1/2

𝐵𝐴
−1/2

)
𝛼

𝐴
1/2
, 𝐴, 𝐵 > 0. (37)

Let us have a close look for the geometric mean #1/2, denoted
briefly by #. In the literature, there are various characteriza-
tions of the geometric mean.This mean was firstly defined by
Pusz and Woronowicz [25]:

𝐴#𝐵 = max {𝑇 ⩾ 0 :

⟨𝑇𝑥, 𝑦⟩



⩽

𝐴
1/2
𝑥



𝐵
1/2
𝑦

∀𝑥, 𝑦 ∈ H} , 𝐴, 𝐵 ⩾ 0.

(38)

This definition coincides with the following formula given by
Ando [3]:

𝐴#𝐵 = 𝐴
1/2

(𝐴
−1/2

𝐵𝐴
−1/2

)
1/2

𝐴
1/2
, 𝐴, 𝐵 > 0. (39)
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Alternatively, the geometric mean of𝐴, 𝐵 > 0 is the common
limit of the following iterative process (see [26]):

𝐴0 = 𝐴,

𝐵0 = 𝐵,

𝐴𝑛 = 𝐴𝑛−1∇𝐵𝑛−1,

𝐵𝑛 = 𝐴𝑛−1!𝐵𝑛−1.

(40)

It was also pointed out in [14] that the geometric mean of
𝐴, 𝐵 > 0 is the unique positive solution to the Riccati equa-
tion:

𝑋𝐴
−1
𝑋 = 𝐵. (41)

Moreover, the geometric mean 𝐴#𝐵 is the largest self-adjoint
operator𝑋 for which

[

𝐴 𝑋

𝑋 𝐵

] ⩾ 0 (42)

(see [3,Theorem I.2]). Seemore information of the geometric
mean in [6, Section 4.1] and [10, Section 5.1].

Example 22. For each 𝑝 ∈ [−1, 1] and 𝛼 ∈ [0, 1], consider the
operator monotone function (see e.g., [5]):

𝑓𝑝,𝛼 (𝑥) = (1 − 𝛼 + 𝛼𝑥
𝑝
)
1/𝑝

, 𝑥 ⩾ 0. (43)

When 𝑝 = 0, it is understood that we take limit as 𝑝 tends to
0 and, by L’Hôspital’s rule,

𝑓0,𝛼 (𝑥) = 𝑥
𝛼
. (44)

Each function 𝑓𝑝,𝛼 gives rise to a unique operator mean,
namely, the quasiarithmetic power mean #𝑝,𝛼 with exponent 𝑝
and weight 𝛼 as follows:

𝐴#𝑝,𝛼𝐵 = [(1 − 𝛼)𝐴
𝑝
+ 𝛼𝐵
𝑝
]
1/𝑝

, 𝐴, 𝐵 ⩾ 0. (45)

The family of quasiarithmetic power means includes the
weighted arithmetic means (the case 𝑝 = 1), the weighted
harmonic means (the case 𝑝 = −1), and the weighted geo-
metric means (the case 𝑝 = 0) as special cases.

Example 23. Let 𝑟 ∈ [−1, 1] and consider the operator
monotone function (see [27])

𝑔𝑟 (𝑥) = (
3𝑟 − 1

3𝑟 + 1
)
𝑥
(3𝑟+1)/2

− 1

𝑥
(3𝑟−1)/2

− 1
, 𝑥 ⩾ 0. (46)

Since each 𝑔𝑟 is symmetric and normalized, it associates to
a unique symmetric operator mean. Note that the family
of these means include the arithmetic mean, the geometric
mean, and the harmonic mean. The cases 𝑟 = 1/3 and 𝑟 =

−1/3 are known as the logarithmic mean and its dual.

Example 24. For each 𝛼 ∈ [0, 1/2], the function

ℎ𝛼 (𝑥) =
𝑥
𝛼
+ 𝑥
1−𝛼

2

(47)

belongs to OM(R+). Each ℎ𝛼 gives rise to an operator mean,
called the Heinz mean. See more information in [28].

Example 25. For each 𝑝 ∈ [−2, 2], consider the operator
monotone function

𝑓𝑝 (𝑥) = (
𝑝 (𝑥 − 1)

𝑥
𝑝
− 1

)

1/(1−𝑝)

, (48)

where the case 𝑝 = 1 is understood as

𝑓1 (𝑥) = lim
𝑝→1

𝑓𝑝 (𝑥) =
1

𝑒
𝑥
𝑥/(𝑥−1)

. (49)

The case 𝑝 = 1 gives rise to the operator mean, called the
identric mean. The case 𝑝 = 0 is associated to the logarithmic
mean.

Example 26. The function 𝑓(𝑡) = log 𝑡 is operator monotone
on (0,∞); see, for example, [5]. Fujii and Kamei [29] intro-
duced the relative operator entropy to be the operator connec-
tion associated with this function by (33) as follows:

𝑆 (𝐴 | 𝐵) = 𝐴
1/2 log (𝐴−1/2𝐵𝐴−1/2)𝐴1/2, 𝐴, 𝐵 > 0. (50)

Note that 𝑆(𝐼 | 𝐴) = 𝑆(𝐴) for any𝐴 > 0.The relative operator
entropy satisfies attractive entropy-like properties in physical
literature (see also [30]).

The relative operator entropy is closely related to the
Karchermean theory.TheKarchermean or theweighted least-
squares mean of the tuple 𝐴 = (𝐴1, 𝐴2, . . . , 𝐴𝑛) of strictly
positive operators with weights 𝑤 = (𝑤1, 𝑤2, . . . , 𝑤𝑛) of
positive real numbers such that ∑𝑤𝑖 = 1 is geometrically
defined to be

argmin
𝑋>0

𝑛

∑

𝑖=1

𝑤𝑖𝛿
2
(𝑋, 𝐴 𝑖) . (51)

Here, 𝛿 is a Riemannian metric given by

𝛿 (𝐴, 𝐵) =

log𝐴−1/2𝐵𝐴−1/2 , 𝐴, 𝐵 > 0. (52)

It turns out that the Karcher mean (51) is the unique positive
definite solution to the equation

𝑛

∑

𝑖=1

𝑆 (𝑋 | 𝐴 𝑖) = 0. (53)

See more information about Karcher mean theory in [31–34]
and references therein.
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[8] E. Heinz, “Beiträge zur Störungstheorie der Spektralzerlegung,”
Mathematische Annalen, vol. 123, pp. 415–438, 1951.

[9] F. Hiai, “Matrix analysis: matrix monotone functions, matrix
means, and majorization,” Interdisciplinary Information Sci-
ences, vol. 16, no. 2, pp. 139–248, 2010.

[10] F. Hiai and D. Petz, Introduction to Matrix Analysis and
Applications, Springer-Verlag, New Delhi, India, 2014.

[11] F. Hiai and K. Yanagi, Hilbert Spaces and Linear Operators,
Makino Publishing, 1995.

[12] W. N. Anderson Jr. and G. E. Trapp, “A class of monotone
operator functions related to electrical network theory,” Linear
Algebra and Its Applications, vol. 15, no. 1, pp. 53–67, 1976.

[13] W. N. Anderson Jr., T. D. Morley, and G. E. Trapp, “Positive
solutions to = 𝐴 − 𝐵𝑋

−1
𝐵,” Linear Algebra and Its Applications,

vol. 134, pp. 53–62, 1990.
[14] W. N. Anderson Jr. and G. E. Trapp, “Operator means and

electrical networks,” in Proceedings of the IEEE International
Symposium on Circuits and Systems, pp. 523–527, 1980.

[15] E. P. Wigner and J. von Neumann, “Significance of Löwner’s
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