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Infrastructures are considered as important facilities required for every country and society to be able to work properly. Aging
and deterioration of such structures during their lifetime are a major concern both for maintenance researchers in the academic
world and for the practitioners. This concern is mainly because the deterioration increases the maintenance costs dramatically
and lowers the reliability, availability, and safety of the structural system. Preventive maintenance and inspection activities are the
most usual means for keeping the structure in a good condition. This paper utilizes the concept of delay-time for developing the
optimal inspection policy for deteriorating structures. In the proposed stochastic model, discrete times of inspection activities are
taken as the decision variables of an optimization problem, in a way that the obtained aperiodic (nonuniform) inspection schedule
minimizes the total downtime ratio of the structure. To illustrate the model capabilities, various numerical examples are solved and
results are compared with the traditional periodic (uniform) inspection policies. The results indicate the substantial reduction in
system downtime due to the wisely planned inspection schedule and the appropriate utilization of delay-time concept, which is
indeed a powerful framework for inspection optimization problems.

1. Introduction
Infrastructures are usually characterized by long design lifetime periods and high initial costs. Roads, railways, and highway bridges are examples of transport infrastructure and petroleum pipelines and platforms are examples of energy infrastructure. The design of such structures has been extensively
studied by researchers and engineers throughout many years
and is still a developing field of study. On the contrary, prediction of the condition of these systems during their lifecycle
under various maintenance activities is another complex area
which has not been studied until the recent decades [1].
This ever-growing research in the field of maintenance
is normally because many nations have already finished
public infrastructure and rushed into a maintenance period.
Thus maintenance has become more important than production, manufacture, and construction [2]. In detail, as
time passes and such structures become older, the system
becomes less reliable and safe, and the related costs of
maintenance increase so that managers and administrators
in charge face more serious challenges. The situation is even

more challenging when the varying circumstances dictate
an extended structure lifetime while maintenance costs rise
more rapidly, which is the case for many offshore oil and gas
installations in the North Sea which are approaching the end
of their designed lifetime period. But due to the technological
improvements and higher oil prices it has been decided
to continue the operations more than expected [3]. These
issues explain the importance of maintenance modeling and
optimization for such structures.
Maintenance optimization must initially include a proper
modeling of the system in investigation. In the case of deteriorating structures, the aging phenomenon must be modeled
in a suitable way. Next step is to consider the budget and
resource constraints and other reasonable assumptions and
finally to develop an optimization problem for the structure.

2. Literature Review
Christer [4] introduced the delay-time concept to justify the
necessity of inspection activities for plant PM. The delay-time
is a concept that divides the failure process into two stages:
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a normal working stage and a delay-time stage. In the normal
working stage the system is healthy and working until an
identifiable defect emerges. In the delay-time stage the system
is still working but the defect causes a failure at the end; and
the system fails. The key advantage of this concept is that if the
distribution of the stages can be quantified, the relationship
between the average number of failures and the inspection
interval can be obtained. Therefore, one of the main usages
and benefits of the delay-time models is to find the optimal
inspection intervals. One of the early works in this area is
the paper by Abdel-Hameed [5] which was corrected by
himself several years later [6]. He studied an optimal periodic
inspection policy model based on the class of increasing pure
jump Markov processes. Thoft-Christensen and Sorensen [7]
have included a reliability constraint in their model and
obtained an aperiodic inspection schedule. Using the reliability index 𝛽, a basic definition in the structural reliability
context, they have defined a decision tree and described
possible maintenance actions after each inspection. Among
the varieties of the delay-time models, Christer and Wang
[8] considered a multicomponent system and added the
feature of opportunity inspection to their model. However,
the mathematical complexity of their model is very high
and because the arrival rate of defects is not constant, a
recursive algorithm was developed by them later in [9] to
find the optimal nonconstant inspection intervals until the
final replacement. Okumura et al. [10] and Okumura [11]
proposed a method for determining discrete time points of
inspection for a single unit deteriorating system, without
using the stochastic processes. Their work is different from
other works as they have included a failure physics model for
describing the deterioration process. But similar to the other
works they have used the renewal theory and minimized
the long-run average cost per unit time. Wang and Christer
[12] have addressed the problem of maintenance optimization
for petroleum pipelines. They have calculated the failure
probabilities using the structural reliability methods. Also,
an elegant way of accounting for the inspection uncertainty
is presented in his work, where a Bayesian updating scheme
is used. Wang and Majid [13] have performed a reliability
analysis for an offshore oil platform plant and modeled its
major preventive maintenance activities using the delay-time
technique. They have minimized the system downtime using
an optimal periodic inspection policy.
Currently there is a well-established literature on delaytime models where inspections may or may not be perfect.
During the past four decades, a large number of papers
on maintenance optimization models have been published,
many of them written by highly skilled mathematicians,
but without paying enough attention to the practicality
aspects [1, 14]. This paper uses the simple classical delaytime model and tries to develop a model applicable for the
real-word maintenance problems, after implementing certain
necessary modifications and extensions. However, there are
a variety of maintenance optimization works for different
structures and systems which have used other concepts. There
is another work that has used a concept similar to the delaytime concept: Castanier and Rausand [14] have claimed to
try to narrow the gap between the theory and practice of
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maintenance optimization by using the PF interval model,
essentially proposed for the Reliability Centered Maintenance
(RCM), to optimize the preventive replacement of a subsea
oil pipeline. Their model can be used to determine the
inspection interval that minimizes the average maintenance
cost per unit time. Although they have mentioned a linear
degradation trend for the internal coating of pipeline, the
assumption of perfect repair has finally allowed for using
the results of renewal theory. In other words, the structure
(pipeline) lifetime is approximately taken as infinite and
optimal periodic (uniform) inspection schedule is calculated.
In the work by Dawotola et al. [15] a risk-based maintenance
optimization of a petroleum pipeline is achieved by minimizing the total economic loss of failure while taking the human
risk and maintenance budget as constraints. Their proposed
framework is utilized for maintenance planning of a very long
cross-country petroleum pipeline system and the optimal
inspection interval for periodic planning is determined.
Speaking of suitable maintenance policies for the structures, it is clear that PM activities are eminently suitable since
such structures usually have important societal and economical functions and their failures can generally be considered as
catastrophic. More than this, for any PM program, inspection
is a basic and vital activity because it provides information on
the status of system under maintenance. The information can
then be used for making the proper decision regarding the
repair, replacement, or other maintenance activities.
Recently, Wang [16] has provided an overview of the
recent advances in delay-time-based maintenance modeling
and highlighted future research directions.
In this paper we have used the nonhomogenous Poisson
process (NHPP) for modeling the deterioration process. This
extension to the delay-time model was first done by Christer
and Wang [8]. Again, they have minimized the total expected
cost per unit time. The proposed model in this paper, unlike
the most delay-time-based models found, focuses on finding
the optimal aperiodic inspection schedule while the lifetime
of the structural system is limited. The NHPP formulation
suitably captures the deterioration process so that the model
can also be considered as an extension to the applications
of delay-time models. Also, because the lifetime is fixed and
limited in the model, the renewal theory approximation is not
used and unlike the other works, the downtime of the system
is minimized via finding an optimal aperiodic inspection
schedule.
The structure of the remaining parts of this paper is
as follows. In Section 2 we introduce the notation and
terminology and the assumptions of the model. The detailed
formulation of the delay-time-based model is presented in
Section 3. In Section 4 numerical study is conducted to show
the behavior and results of the proposed model for a typical
inspection planning problem. Further discussions and also
the potential areas of work are brought in Section 5.

3. Assumptions, Notations, and Parameters
In this section we emphasize the important details of the
problem to be solved and list the assumptions and notations
of the model for reference.
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Consider a system with the specified lifetime 𝐿. We want
to find the optimal times of inspections that minimize the
system downtime during its lifetime. The number of inspection activities is limited, implementing a budget constraint
for the optimization problem. Thus the problem is to plan
for a prespecified number of inspections 𝑚 to be performed
so that while deterioration is present the system undergoes
minimum total downtime. Below we have mentioned the
most important assumptions of the delay-time-based model.
(i) The system under study is considered as single unit.
(ii) Inspections take place at times 𝑡1 , 𝑡2 , . . . , 𝑡𝑚 . System is
new at 𝑡0 = 0 and the end of its life will be at 𝑡𝑚+1 = 𝐿.
Thus the decision vector of the optimization problem
will be of the form t = (𝑡1 , 𝑡2 , . . . , 𝑡𝑚 ).
(iii) Only one failure (and defect) mode is analyzed for the
system. A failure happens after a defect is initiated and
the delay-time is passed.
(iv) Defects arising are independent of each other.
(v) Defects arise as a nonhomogeneous Poisson process and the rate of occurrence/arrival of defects
(ROCOD) at time 𝑡 will be 𝜆(𝑡).
(vi) The defects delay-time probability density function is
𝑓(𝑡) and its cumulative density function is 𝐹(𝑡). The
delay-time distribution is independent of the time
origin.
(vii) The mean time for performing an inspection is 𝑑𝑠 .
During inspection the system is in the down state.
(viii) The mean time for rectifying each defect found from
inspections is 𝑑𝑟 .
(ix) The mean time for repairing each failure that happened is 𝑑𝑓 .
(x) There is only one type of inspection activity considered to be performed for the system. Thus the quality
and level of inspections are similar.
(xi) Inspections are perfect and any defect present will be
recognized.
(xii) Repairs are considered minimal. Thus the system
returns to the state just before the failure happened.
Assuming parametric forms for 𝜆(𝑡) and 𝑓(𝑡) we will
establish our delay-time-based model for the system in the
next section. Hence the optimal inspection schedule can be
derived after solving the optimization problem.

4. Model Formulation
In the previous section all the necessary variables and parameters were defined. Now we should establish the objective
function of the model. It is worth mentioning that since
the defects arise as a nonhomogeneous Poisson process,
the expected number of defects and failures arising over
nonoverlapping intervals of equal length will generally be
unequal. In other words, the only renewal point in the
stochastic process is the system replacement time, that is,
structure lifetime 𝐿.
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The objective function which is the system total downtime ratio is defined as the ratio of the sum of downtime
periods occurring for the system to the sum of downtimes
plus operating times. It can be simply formulated as shown in
𝐷 (𝑡; 𝐿) =

𝑇𝐷 (t; 𝐿)
.
𝑇𝐼 (t; 𝐿)

(1)

In (1), the nominator 𝑇𝐷(t; 𝐿) and denominator 𝑇𝐼(t; 𝐿)
are the system total downtime and total interval durations
(operating plus downtime), respectively. Equations (2) and
(3) are formulated to calculate these terms:
𝑇𝐷 (t; 𝐿)
𝑚

= ∑ (𝑑𝑓 ⋅ 𝐸 [𝑁𝑓 (𝑡𝑖−1 , 𝑡𝑖 )] + 𝑑𝑠 + 𝑑𝑟 ⋅ 𝐸 [𝑁𝑠 (𝑡𝑖 )])
𝑖=1

(2)

+ 𝑑𝑓 ⋅ 𝐸 [𝑁𝑓 (𝑡𝑚 , 𝑡𝑚+1 )] ,
𝑇𝐼 (t; 𝐿)
𝑚

= ∑ ((𝑡𝑖 − 𝑡𝑖−1 ) + 𝑑𝑠 + 𝑑𝑟 ⋅ 𝐸 [𝑁𝑠 (𝑡𝑖 )]) + (𝑡𝑚 , 𝑡𝑚+1 ) .

(3)

𝑖=1

There are three different terms in the summation used
in (2) accounting for the downtime periods due to the
unexpected failures, downtime period due to conduct of
inspection, and downtimes needed for rectifying defects
found at inspection intervals.
Similarly, the summation used in (3) accounts for the
operating time (including downtimes related to repairs)
of each interval, downtime period due to conduct of
inspection, and downtimes needed for rectifying defects
found at inspection intervals. We should remark that
there are 𝑚 planned inspections at times 𝑡1 , 𝑡2 , . . . , 𝑡𝑚 but
there are 𝑚 + 1 intervals during the system lifetime:
(𝑡0 , 𝑡1 ), (𝑡1 , 𝑡2 ), . . . , (𝑡𝑚−1 , 𝑡𝑚 ), (𝑡𝑚 , 𝑡𝑚+1 ). The point is that no
inspection happens after the last interval so that the corresponding downtime is only due to the failures occurring. For
this reason, the summations in (2) and (3) cannot be used for
all of the intervals. Thus, the downtime and total interval time
of the last interval must be calculated separately.
In order to evaluate the objective function, we have to
calculate two expected value terms appearing in (2) and
(3), 𝐸[𝑁𝑓 (𝑡𝑖−1 , 𝑡𝑖 )] and 𝐸[𝑁𝑠 (𝑡𝑖 )], which are the expected
number of failures occurring in the interval (𝑡𝑖−1 , 𝑡𝑖 ) and the
expected number of defects found at the inspection time 𝑡𝑖 ,
respectively. From the property of the underlying Poisson
process for defect arrivals it follows directly that the expected
number of defects arising in (𝑡𝑖−1 , 𝑡𝑖 ) is given by
𝑡𝑖

𝐸 [𝑁𝑑 (𝑡𝑖−1 , 𝑡𝑖 )] = ∫

𝑡𝑖−1

𝜆 (𝑢) 𝑑𝑢.

(4)

The failures which occur during each interval can be
modeled as another nonhomogeneous Poisson process [11,
17]. The corresponding rate of occurrence/arrival of failures
(ROCOF) can be obtained by
𝜌 (𝑡) = ∫

𝑡𝑖

𝑡𝑖−1

𝜆 (𝑢) 𝑓 (𝑡 − 𝑢) 𝑑𝑢

(𝑡𝑖−1 ≤ 𝑡 < 𝑡𝑖 ) .

(5)
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𝐸 [𝑁𝑓 (𝑡𝑖−1 , 𝑡𝑖 )] = ∫

𝑡𝑖

𝑡𝑖−1

𝜌 (𝑢) 𝑑𝑢.

(6)

It is now possible to find the expected number of identifiable defects at the inspection time 𝑡𝑖 using (7). Attention
must be paid that in each interval defects which start to grow
and become a failure will finish in two different ways: either
causing a failure or being rectified at the moment of (perfect)
inspection. Thus we will have
𝐸 [𝑁𝑓 (𝑡𝑖−1 , 𝑡𝑖 )] + 𝐸 [𝑁𝑠 (𝑡𝑖 )] = 𝐸 [𝑁𝑑 (𝑡𝑖−1 , 𝑡𝑖 )] .

𝑡𝑖

𝜆 (𝑢) 𝑑𝑢

𝑡𝑖−1

−∫

𝑡𝑖

𝑡𝑖−1

∫

𝑡𝑖

𝑡𝑖−1

(8)
𝜆 (𝑢) 𝑓 (V − 𝑢) 𝑑𝑢 𝑑V.

Thus, using (6) and (8) the objective function given in (1)
can be evaluated. The constraints for decision variables can
be simply constructed with the below set of equations:
𝑡1 > 0
𝑡2 > 𝑡1 + 𝑑𝑠
𝑡3 > 𝑡2 + 𝑑𝑠

1.8
1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
0

0

50

(9)

..
.
𝐿 = 𝑡𝑚+1 > 𝑡𝑚 + 𝑑𝑠 .
The obtained optimization problem is a single-objective
constrained nonlinear problem with 𝑚 variables and 𝑚
linear constraints. Solving this type of problem analytically is
normally very time-consuming since the variables appear in
the integral lower and upper bounds. However, the numerical
solution to the problem with a reasonable number of decision
variables (below 100) can be obtained very quickly with
ordinary computers. Because the main purpose of this paper
is to develop mathematical maintenance models, instead of
their solution algorithms, we will content ourselves with
establishing the model and analyzing the solutions reported
by computer software such as MATLAB. In the next section
we develop various numerical examples and discuss different
aspects of them in detail.

5. Numerical Examples
So far we have described the details of our stochastic delaytime-based model formulation and derived the required

100

150

200

250

Time (month)

𝜆(t) = 0.025 + 10−3 t
𝜆(t) = 0.025 + e(1.8∗10
−5 2
𝜆(t) = 0.025 + (1.3 ∗ 10 )t

(7)

Substituting the terms from the previous equations we
will have
𝐸 [𝑁𝑠 (𝑡𝑖 )] = ∫

2
Rate of occurrence of defects (per month)

Because generally every defect does not lead to a failure,
we can predict that the values of ROCOF function 𝜌(𝑡)
are to be less than ROCOD function 𝜆(𝑡). This can be
also understood from the mathematical formulation of 𝜌(𝑡)
in which the existence of the probability term 𝑓(𝑡 − 𝑢)
lessens 𝜆(𝑡) in the integration process. Similarly, the expected
number of failures occurring during interval (𝑡𝑖−1 , 𝑡𝑖 ) is given
by

−2

)t

Figure 1: Linear, quadratic, and exponential functions used for the
ROCOD.

Table 1: Values used for the model parameters.
Parameter
𝐿
𝑚
𝑑𝑠
𝑑𝑟
𝑑𝑓
𝛾

Value
240
30
0.09
0.1
2
0.0625

Unit
Month
—
Month
Month
Month
Per month

expected values for computation of the objective function.
In this section, we present different examples to show the
performance of the model and the advantages of using an
aperiodic inspection scheme for a deteriorating structure. We
have assumed an exponential distribution 𝑓(𝑡) = 𝛾exp(−𝛾𝑥)
for the delay-time period as used traditionally in the previous
works [8, 13, 17]. Three different function forms, linear,
quadratic, and exponential, are considered for the rate of
occurrence of defects 𝜆(𝑡) which addresses different degradation trends. The initial value of ROCOD is equal for all of the
three cases but the rates of growth vary significantly. Figure 1
shows the development of ROCOD during the structure
lifetime according to these functions. All other parameters of
the model are taken equal for the three cases so that the effect
of severity of deterioration becomes clear. Values used for
other parameters are typical for the group of systems under
study, which are enlisted in Table 1.
Table 2 summarizes the results of using the model for
the three described cases. The results are acquired using
the MATLAB software. In addition to solving the optimization problem for the prescribed cases, the downtime ratio
achieved using the traditional periodic inspection scheme
is calculated and provided to enable us to make further
comparisons.
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Table 2: Results summary for numerical examples.

Periodic schedule
Total downtime
Downtime during
ratio (%)
lifetime (month)

ROCOD
function
from
Linear
Quadratic
Expon’l

7.99
13.91
20.66

Total downtime
ratio (%)

19.6
34.4
51.6

Optimized aperiodic schedule
Improvement in
Reduction in
downtime ratio (%)
downtime (month)

7.61
12.04
16.53

14

0.38
1.87
4.13

0.92
4.6
10.1

100

12

80

10
8

60

6
40

4
2

20

0
−2

0

5

10
Interval number

15

20

0

0

5

10
Interval number

Interval operating time (month)

Interval operating time (month)

Interval downtime (month)

Interval downtime (month)

(a)

15

20

(b)

Figure 2: Bar plot of downtimes and operating times for (a) traditional periodic inspection schedule and (b) optimized aperiodic schedule.

The important fact inferred from the results is that
the more severe the damage caused by deterioration is,
the more beneficial the implementation of an aperiodic
inspection schedule will be. In detail, we initially observe
that the total downtime ratio dramatically increases (from
7.99% to 20.66%) as we use the exponential growth for
the ROCOD, which would be indeed the more real choice
for most mechanical and structural systems, instead of a
linear growth function. However, the reduction in downtime
duration after using the optimized aperiodic schedule is
not significant (less than a month in 20 years) when the
deterioration is not severe, that is, linear ROCOD. Quite the
opposite, the effect of using the proposed aperiodic model is
noteworthy for the exponential deterioration case, preventing
more than 10 months of downtime, which is equivalent to
4.13% improvement in the structure total downtime ratio.
Figure 2 gives more details about the evolution of inspection intervals as the structure ages, for the case of exponential
ROCOD.
In Figure 2(a) it is seen that early inspection intervals
feature very short downtime periods since the system defects
and failures rarely happen; however, late maintenance intervals have long downtime durations due to the occurrence of
failures and the time required for repairing them. Therefore
the total sum of downtimes during the structure lifetime
is rather large. This problem can be explained by the fact
that the inspections done at the early stages are performed
more frequently than required, thus revealing too few defects

and avoiding negligible downtime caused by the consequent
occurrence of failures. On the other hand, inspections at
the final stages are done less frequently than needed; thus
the downtime caused by corrective maintenance activities
lessens the system operating time significantly. This problem
is solved when we consider implementing the proposed
aperiodic scheme for the structure. Figure 2(b) shows the
results of an aperiodic optimized inspection schedule with
exponential deterioration. It is seen that early intervals have
very large operating time durations and inspections are done
less frequently compared to the later inspections. Also, since
those later inspections are done wisely and more frequently
because of the unhealthy state of the structure, long downtimes are totally avoided. This, in fact, is achieved by lowering
the number of defects and failures with reasonable and wise
planning.
Expected number of defects found at inspections and
expected number of failures occurring in each interval are
shown in Figure 3. Again we can notice in Figure 3(a) that
the expected number of failures and number of defects grow
rapidly as the structure ages, mainly because the frequency
of inspections is constant all the time neglecting the fact that
final stages of structure lifetime are more critical and more
frequent maintenance activities are required. But when we
look at the numbers after using the aperiodic schedule in
Figure 3(b) we can see that the expected numbers of both
defects and failure are reduced to a large extent so that the
operating times are increased noticeably.

6
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15

7
6

10

5
4
3

5

2
1

0

0

50

100
150
Time (month)

200

250

0
50

100

Expected number of defects
Expected number of failures

150
Time (month)

200

250

Expected number of defects
Expected number of failures

(a)

(b)

Figure 3: Expected values of defects and failures related to each interval shown at inspection times for (a) traditional periodic inspection
schedule and (b) optimized aperiodic schedule.

Another important matter is the value of 𝑚 which
specifies the number of inspections to be conducted during
the structure lifetime. So far we have considered it to be
fixed and predetermined. However, we should not neglect the
important role it plays. As we pointed out previously, this
value basically implies a budget constraint for the structure;
that is, since the inspection activities are inherently costly
in many cases for infrastructures they must be planned and
conducted based on budget limitations. On the contrary,
their effect on avoiding system downtime is major especially
if carried out in time. Figure 4 shows the improvement in
system total downtime ratio for the above example with
exponential deterioration when the number of inspections
increases. The values are calculated both for the case of
traditional periodic schedule and for the proposed optimized
schedule. Initially we can notice the sharp decrease in
the downtime ratio as we conduct more inspections. One
underlying reason is the assumption of short downtime for
conducting the inspections that adds to the defect-rectifying
feature of inspections. We can also observe that for every
value of 𝑚 the downtime ratio achieved by the aperiodic
schedule is considerably lower than the periodic schedule,
showing the advantage accrued by the proposed model. As
the final point, although the trend is always declining, the rate
of decline is not constant, being high for smaller values of 𝑚
and low for larger values. This is particularly important from
a cost-benefit viewpoint since managers and decision makers
can have a trade-off between the cost of extra inspections and
the benefit brought by increased operating time.

6. Conclusions
In this paper we have proposed a new model to handle the
problem of maintenance planning for structures undergoing
deterioration. Using the nonhomogeneous Poisson process
the deterioration phenomenon is implied in the model.

0.6
0.5
0.4
0.3
0.2
0.1

10

20
30
40
Number of inspections

50

Total downtime ratio (aperiodic schedule)
Total downtime ratio (periodic schedule)

Figure 4: Reduction in downtime versus the number of inspections
carried out during structure lifetime.

Whereas most previous works have used the classical renewal
theory for modeling the occurrence of failures and other
maintenance actions, minimal repair assumption in this
model leads to the fact that the only renewal point in the
stochastic process is the system replacement time. Also,
the notion of delay-time concept is innovatively used for
optimizing the inspection schedule; that is, modifications
have been made both to the objective function and to the
expected values to fit for the problem under study. The results
of the numerical examples approve the superiority of the
optimized aperiodic schedule.
Thorough analysis of the numerical studies reveals that
the accrued benefit of the proposed model is substantially
large when the resources are scarcer and the deterioration is
more severe. In other words, when the costs of conducting
inspections are high and the structure is in an unhealthy state,
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implementation of the proposed optimized schedule can save
a lot of money and time from the cost-benefit and safety
viewpoints.
Since the model is a basic general model for deteriorating structures and systems, suggested future work can
be implementing more specific case-based modifications.
For example, inspection uncertainties are present in many
industrial applications and inclusion of imperfect inspections
is very helpful. Also, modeling is done for a single unit system,
but in many cases the system is multicomponent and reserved
redundant units and their effect can be added to the model.
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