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We determine the energy-momentum tensor of nonperfect fluids in thermodynamic equilibrium and, respectively, near to it. To
this end, we derive the constitutive equations for energy density and isotropic and anisotropic pressure as well as for heat-flux
from the corresponding propagation equations and by drawing on Einstein’s equations. Following Obukhov on this, we assume the
corresponding space-times to be conform-stationary and homogeneous. This procedure provides these quantities in closed form,
that is, in terms of the structure constants of the three-dimensional isometry group of homogeneity and, respectively, in terms of the
kinematical quantities expansion, rotation, and acceleration. In particular, we find a generalized form of the Friedmann equations.
As special cases we recover Friedmann and Godel models as well as nontilted Bianchi solutions with anisotropic pressure. All of our
results are derived without assuming any equations of state or other specific thermodynamic conditions a priori. For the considered

models, results in literature are generalized to rotating fluids with dissipative fluxes.

1. Introduction

In this paper, we consider systems described by Einstein’s
equations:

1
Rab - ERguh = Tab (1)

with an energy-momentum tensor and equations of state,
neither of which are specified by any ad hoc assumptions.
Instead, we discuss the whole question from a thermody-
namic perspective (we emphasize that we approach this with-
out any specific thermodynamic conditions as done, e.g., in
[1]; i.e., we refrain from applying linear or extended thermo-
dynamics). This consideration is discussed for a class of cos-
mologically interesting metrics (introduced and shown to be
observationally admissible in [2-5], see (5) below). In terms
of the temperature and the kinematic invariants characteriz-
ing the matter, our consideration provides a class of general
equations of state (“matter equations”) which are compatible
with Einstein’s equations and correspond to generalized
Friedmann equations. This framework can find (and has
found) applications in relativistic cosmology and astro-
physics. Basically, it allows to go beyond the standard phase

cosmology (governed by phases with certain equations of
state like inflation, radiation, and dust that have to be fitted
by fine-tuning) and to describe the cosmological state transi-
tions from phase to phase by intermediate stages. However, in
[6-9] a fine-tuned sudden passage from the decelerated to the
accelerated regime, as observed today, produces inadequa-
cies. These are then avoided by ad hoc introduced equations
of state where viscosity originates from geometry (e.g., H, H).
Our calculations can provide a theoretical foundation of such
equations. Furthermore, this framework also contributes to a
physical discussion of no-go theorems like the shear-free fluid
conjecture [10]. For instance, this thermodynamic approach
enables one to sharpen the theorem (proved in [11], without
explicitly referring to thermodynamics) which states for non-
vanishing acceleration that rotation and expansion cannot
simultaneously be equal to zero: in [11] it has been shown
that models with vanishing acceleration do not allow for
nonvanishing rotation.

Ehlers et al. have proven [12] that the high isotropy of the
cosmic microwave background (CMB) and the vanishing of
shear o, of a congruence of curves (for the definition of the
quantities, shear, rotation, acceleration, and expansion, see [1]
or see also Section 2) are closely related to the requirement



that there exists a conformal Killing vector field (in [13], it
is shown that while for o, = 0 fluids the CKV property is
essential, for 0, # 0 fluids this property has to be generalized
to conformal collineation) being parallel to the tangents of the
curves (i.e., to the velocity of a streaming fluid). In detail, it
was shown (Lemma 3 in [12]) that a space-time admits a time-
like conformal Killing vector field (CKV)

fu;b + Eb;u = CDgab (2)

with &, = au,, if and only if there is a velocity field u, with
u,u” = -1 satisfying

Oy = 0,

0 3)
<1:l[a - —u[u> = 0,
3 ;b)

where 11, is the acceleration and ® the expansion. Oliver Jr.
and Davis [14] showed that (3) is a necessary and sufficient
condition for the existence of a CKV in the case of rotating
space-times, too. In the following, we consider such conform-
stationary space-times (according to [15, 16] this is equivalent
to parallax-free cosmological models).

In particular, the second condition allows implying a
parameter « which can be identified as the inverse tempera-
ture, o« = 1/T, so that &, = u,/T can be interpreted as temper-
ature vector. This parameter occurs if the second equation in
(3) is rewritten as (Theorem 2.1 in [14])

o
;,a = i{a - gua. (4)
Additionally, we assume that the considered space-
times are spatially homogeneous. This reduction to Bianchi-
type models still allows for the matter distribution to be
anisotropic, while the CMB is isotropic.
Altogether we are led to the subclass of tilted Bianchi
models constructed by Obukhov [2-5] that admit a CKV,

ds® = g, dx"dx"
€)

= —dt’ + 2anadxadt + azyagdxadxb.

Thereby, rotating and expanding models with acceleration
and isotropic CMB are considered in [2-5]. In contrast to
that, in [17-19], Ehlers-Geren-Sachs theorems were, partly in
a generalized version, used to study and determine a class
of space-times containing also inhomogeneous cosmological
models, with nontrivial acceleration but zero rotation.

To complete notation used in (5), we define

a u- a (6)

= TR
Yar = ﬁme a€p
with v; and f3; as arbitrary constants. Here the triad compo-

nents e, = ef_(x*) form a basis which is invariant under the
spatial isometries of the Bianchi models. Accordingly, their
Lie derivative with respect to the generating Killing vector
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fields (KV) vanishes (for details see [20]). The components

eP_(x") are supposed to be functions of the space-like canonic
coordinates only and determine the metric (5) as to the
Bianchi-type. The coordinate t = x° denotes the proper time
with respect to a fluid particle and a = a(¢) is the scale factor.

Furthermore, Latin indices are used for the coordinate
while Greek indices are used for the tetrad description of
the tensor components. All indices with hat denote the three
spatial dimensions, for example, @ = 1,2,3 and & =
(1), (2), (3), whereas those without hat run through all four
space-time dimensions, a = 0, 1,2,3 and a = (0), (1), (2), (3).

Regarding the thermodynamic proposition, we follow the
Eckart approach and assume that the model under considera-
tion is in thermodynamic (near)equilibrium [21]. The Eckart
approach to the relativistic Theory of Irreversible Processes
[22] (see also [23-25]) is based on the balance equations for
the particle number (where u represents mass density and
v = (1/u) the specific volume)

(wu), =0, )

the energy-momentum
Tab;b =0 (8)

(in particular, regarding (7), the null-component can be
interpreted as the first law of thermodynamics 26, 27], i.e.,
as the conservation of internal energy), and the entropy

220, ©)

where s” denotes the entropy vector and ¢ the density of
the nonnegative entropy production. In the case of ther-
modynamic equilibrium (vanishing of entropy production),
appropriated supplementary conditions have to be added by
hand. In the general-relativistic version of this theory the
framework is completed by Einstein’s gravitational equations
(1). However, in the general-relativistic Theory of Irreversible
Processes no further assumptions have to be introduced ad
hoc in order to yield thermodynamic equilibrium [21].

Now, if the entropy vector is defined according to [23, 24,
28],

a

s = usu® + q?’ (10)

the entropy production can be reformulated as

Up (rab b b q'

al a a
o:F(T - pu*u’ - ph );a+<F>;u. (11)
Here g” denotes the heat-flux, p the energy density, p the

pressure, and u®/T the temperature vector and h* = g% +

u*u”. Finally, by decomposing the energy-momentum tensor
(27) this yields [28]

77" <% ) (7 = puu” - ph*). (12)
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As shown in [21], regarding the conformal Killing equation
(2), the second term in brackets turns out to be traceless
which results in a vanishing entropy production o

(Tab - Puaub - phab) (Ea;h + Eb;a) =0. (13)

This shows that nonperfect fluids are not necessarily incom-
patible with reversible thermodynamics [28-30]. However,
for space-times without a CKV or KV (13) can only be
solved by assuming a perfect fluid. That this CKV property
is not purely mathematical but has also a physical meaning is
supported by the following arguments.

Firstly, the derivations of (12) and (13), given in [28], show
that the quantities p, p, and T are thermodynamically well
determined. Indeed, it is assumed that the specific entropy s
is given as a function of the specific internal energy u and the
specific volume v; that is,

s=s(u,v), (14)
so that (Gibbs equation)
Tds = du + pdv,
os 1
a0 T (15)
9 _p
v T

Moreover, for a comoving observer the relation p = u(1 +
u) holds. For the thermodynamic quantities defined in this
way (13) is valid. Secondly, (13) has the following solutions:
Either the fluid is perfect or the temperature vector has to
be a CKV (containing the special case of a Killing vector
field). Therefore, the CKV property is justified by defining
equilibrium or near-equilibrium states in the framework of
reversible thermodynamics [21].

This is confirmed by the fact that £&* = u“/T, being a
CKYV, leads to some well-known models like Friedmann’s and
Godel’s space-times with the corresponding equations of state
(see Section 3.2). Furthermore, it should be emphasized that
the justification of the thermodynamic meaning of the CKV
condition given via (13), that is, in the context of phenomeno-
logical continuum theory, is supported by considerations in
the framework of kinetic theory, where the CKV property of
&% in combination with related equations of state for some
special cases is derived from Boltzmann’s equation [31-34].

Based on the existence of such a CKV one can derive a
set of four propagation equations for nonperfect fluids (see
[11]), which link the propagation of the matter content to the
kinematic description of the space-time (see Section 3).

The paper is organized as follows: In Section 2, we
introduce a suitable tetrad frame that allows us to establish
manageable equations. In addition, the decomposition of
the energy-momentum tensor with respect to kinematic
invariants is shortly reviewed and their form in tetrads for the
space-times (5) is derived. Subsequently, by solving the prop-
agation equations, we deduce in Section 3 general expressions
for the whole matter content depending on the structure
constants and the kinematic invariants, respectively. After

checking the consistency with Einstein’s equations the general
case of a nonperfect fluid and particular cases like nontilted
[35] and stationary models are discussed. Among the special
cases that can be recovered are the Friedmann and the Godel
models. In Section 4 we discuss the results and provide
alternative formulations, relevant for further observational
and thermodynamic considerations.

2. Tetrad Formulation and
Kinematic Invariants

In the following, we introduce tetrads (see, e.g., [36]) that
allow for a convenient separation of the variable objects, a(t)

and e’A‘a(xE), and the constants, v; and B3 in (5). Defining

0 0
&= ),
0 e“g
(0 0 )
&b = _
(04
0 eab

\ 00
&b, = 1, 17)
0 &

the tetrads can be chosen as

0
6%, = 6580 + ac%,,

(16)

with

(18)
6,7 =085 +a'e,”.

To fulfill the relations
Gab = (pweyaevb (19)

the constant and symmetric matrix {,,, has to take the form

¢ <_1 v;) (20)
= . 0
! Va ﬁm

The structure constants of the isometry groups acting on the
space-like hypersurfaces and specific to the Bianchi models
can be expressed by a 4-dimensional representation:

=Y v b~ -
C ot = 26[06 Ieyb)deﬁ]c, (21)

such that EYOa =0, éyﬁo = 0, and 60 pa = 0. Expressions
for the curvature tensors and scalars in terms of these newly
introduced tetrads are derived in Appendix B.

On the basis of these preliminaries, we now introduce the
kinematic invariants and the respective decomposition of the
energy-momentum tensor.

Assuming a one-component fluid with the four-velocity
u”, such that u,u® = -1, the gradient of u® can be
decomposed kinematically [1]:

® .
uu;b = wab + Uuh + ghab — U,Uy. (22)



Thus, rotation, shear, acceleration, and expansion as well as
the scalar quantities of rotation and acceleration read

c1d .
Wap = Ml Uy = Upap) + gty

d Q)
Oab = hihb Ued) — ghuzw
u, =u ub
a — “ab" >
(23)
0=u",
2 _ 1 aff
(3,
.2 .
U =1,

Choosing u® = §j, these kinematic quantities are rewritten
in the tetrad representation and for the space-times (5) as fol-
lows (the subscript || denotes the covariant tetrad derivative)

. 1~y
(()aﬁ = u[a"ﬁ] + u[aum = ZC ﬁoc(yO’ (24)
a
thg = tgptt” = ;hg’ (25)
@=u, =t =32, (26)

where u, = (.
According to [1], the energy-momentum tensor can be
decomposed with respect to the timelike velocity field u,:

Tab = pu iy + Phab + 2u(aqb) + Tap- (27)

Here the quantities can be identified with the appropriate pro-
jections, p = T,,u’u® for the energy density, p = (1/3)T,,h™
for the isotropic pressure, g, = —chubh; for the heat-flux,
and 7y, = Tcthth — phy, for the anisotropic pressure.

3. Matter Equations

The conditions for the temperature vector u,T~", being a
CKYV, are

20
1
O = 3T(?>’0. (29)

Both can be found in [14] (the latter reproduces the 0-
component of (4)). The two results (28) and (29) are obtained
by inserting 1, T™" into (2) and multiplying this equation by
u"ub and g®, respectively.

Furthermore, integration of (29) leads to an expression
for the temperature scalar,

1
rca
and the conformal factor,
D =2 ca, 31)

where ;¢ is the constant of integration.
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The existence of the CKV has far-reaching consequences
for the geometry of the space-time and, factoring in Einstein’s
field equations, for the matter. By drawing on the Ricci
identity for the CKV and the Bianchi identity subsequently,
we deduce a set of four propagation equations [11, 21]. The
first two describe the evolution of the energy density p and
the isotropic pressure p:

—%u@+<’1’>—<b;mam+%(3p+p)+—®(3§’T+P)
-0, (32)
oo BP=P) _200p-p)
T 3T

The other two equations describe the change of the heat-flux
9a>

b. A 1 2
h,q, =T®,h, - TO 0", - gTq),m@h;" - §®qa

(33)
k
—q Wig»
and the anisotropic pressure 7,

T L

Wy Wty = = B0 = TH B D 4y PE
(34)

20 O(p-
+ an(“wc)k - ?T[uc + yhac.

3.1. Solutions of the Propagation Equations. The reformula-

tion of the dynamic equations (32)-(34) in terms of the space-

times (5) and some tedious algebra brings us to a set of ordi-

nary differential equations which can be solved analytically.
To this end, we decouple (32) to

2 .
p=-30p-TOD-Td+T0,,i",

2 2 1 1 (35)
p=—"@p+-TaD - -TD+ TP i/
P=735P73 30 3ot

By means of (18), (35) can be rewritten as
(a’p) , +2da (¢ +1) +2aa (20" - 1)
+2aC" (¥ =0,
(36)

(a%p),, + 30a (1-20") - Zaa (70 + 1)

4 =Y «0
- gaC Kyc =0.
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Integrating (36) yields

p= —2(9>0 (¢®+1)-3 (S)ZC"O - 2;;2@@:“0

a’,

(37)
1
+;PC’
2 (a 00 a\> 00 48~y 0
P= 3<a>,o(2( 1)+3<a> ¢ +3azc"y<
(38)
1
+a—PC,

where the objects ,cand ,c represent the summed constants
of integration of the additive antiderivatives; see Appendix C.
For concrete cosmological or astrophysical models, for exam-
ple, stars, the boundaries of the respective integrals are
specified.

With the identity

hﬁ (C”mec + h;u”Qy”v) =0 (39)

and (24), the tetrad formulations for the propagation equa-
tions of the heat-flux (33) and the anisotropic pressure (34)
together with the kinematic quantities (24)-(26) yield the
following integrable partial differential equations:

(qua”) , + 2 (@ - da) W) + 4T 1y pol™ = 0,
3(0" 70y ) o + 2 (@0 = i) (B, (O +1) =3H3R))  (40)
+24C° " (85 hgy — 300 hy,) = 0

for the heat-flux and the anisotropic pressure, respectively.
Integration and reorganization of terms bring the wanted
solutions

a P o 1

Qo =2 (;))0 hg + ;CVMCVOC 04 = JeA (41)
2(a 0 00 0,0

Mo = > (;))O B (g (80 + 1) = 3H0H3)

a —p K0
—C l (6Zh0‘ﬁ B 382;(/3);’) (42)

where, similarly to the case of the energy density (37) and

the isotropic pressure (38) above, the objects ¢, and ,¢,,

represent the constants of integration (see Appendix C).

With the help of the kinematic quantities (24)-(26) and
(A.1)-(A.4) of Appendix A the solutions (37), (38), (41), and
(42) can be rewritten as follows:

1
p= 5(92 + 3% =20, + T 1, (43)

2.1 4
p=-0-_0"-i’+ TR T e, (44)

3 3 p

5
= 2O + 20, i + T (45)
9o = 3 o ay T q o
2 . 2
ﬂ“l; = ——®h0h% - 2u2ha/3 + _a}’" h‘xl;
3¢ 3"
(46)
. K SP 2 2
-2Tu C K((xhﬁ)p +T TC ncaﬁ
or, in terms of purely kinematic quantities,
= 20 (2R ug) - 3OMY) + 2 (i), — 95 )
Tap = 3 (alp) = Mallg) + 3 Wy =707 ) g
(47)

. 4 -
+ ity — 3 Otgitg) + Aoty + ity
- 4a2u(xul; +T? Tc2 Cap

The expressions (43) and (44) can be understood as general-
ized Friedmann equations.

According to (27), we can now reconstruct the energy-
momentum tensor by inserting the four solutions above:

Tos= _§@ (Cap + 020) + % (61}, - © - 9%) L,

(48)
- 2T ;¢ a“@PK(aCﬁ)p + T2 T62 EICup>
or
Top = 26 (2 gy — KK — hag)
P =3 («Mp) ™ Mallp) = Map
2 L/, 2

=i (Thag + ugiy) + 3 (i) -0") 0 (49

+ 4 (U + aitg) + T7 1€ prcup,
where

EICocﬁ = pC xxOZﬁO + pc hocﬁ + zqc(occﬁ)o + ﬂcotﬁ' (50)

In order to verify the consistency of solutions (43)-(46)
with Einstein’s field equations and in order to recover special
cases, the constants of integration are determined by the
calculations of Appendix C. The matter equations (43)-(46)
then take the exclusively kinematic forms:

1 1~
p= 5@2 + 30" = 20"y, = SRT? 76 + 2%, (51)
2.1 5, ., 4. I= o 2 2,
p= _5(9— 5G) -+ EuV"y + gRT 1€+ 30 (52)
= 201 4w i + @™y h (53)
9o = 3 Wayl" + @ 7y
2. 0 0,0 2 2
Top = 5@ (Zh(“uﬁ) - 3hahﬁ) -2 (2u +w )uauﬁ
1 -
2+ Y .2 _ 2 2 2
+5 (20, - 1807 — 20° + RT” 1) "
= .2 2 4_. . o
- R(xﬁT TC - §®U(aul3) + 41/{(“"[;) + 41/{““[;

+ sz(aUﬁ)aK - zw‘rﬂ"#h.r(‘xuﬁ):



in which for the latter, Tops relation (A.3) was used in addi-
tion. By multiplying these expressions with the tetrads, one
obtains the coordinate representation without any additional
terms.

Notice that (51) and (52) satisfy the Raychaudhuri equa-
tion:

.2
p+3p=-20- 5@2 + 40 +2u° . (55)

3.2. Special Cases

3.2.1. Nontilted Models. The nontilted limit (hg = 0) leads to
purely expanding models, that is, those with vanishing rota-
tion and acceleration. In this case also the coefficients n; of (5)
become zero, so that the space-times are conformally static
(37, 38].

Following up on this premise, (51) and (52) turn into the
equations

a 2a%’
_ (56)
~ <a>2 i, R
P="\a a 6a
These correspond to the Friedmann equations
1P ~ <a>2 Lk
3P \a) " a?
(57)

—_ —2é+<g>2+£
p= a a a?’

if the curvature parameter k and the Ricci scalar R of the 3-
dimensional Bianchi spaces are related by

1~
k=--R 58
< (58)
This result is in accordance with [39, p. 474]. The two
constants of integration are then related by

c=-- c=-R (59)

Furthermore, the heat-flux (53) is identically zero, while
for the anisotropic pressure (54) one gets

~ 1~
ﬂtxﬁ = nctxﬁTz TC2 = _R‘XﬁTZ TCZ * SRTZ TCZh"‘ﬁ' (60)

According to Section 4 of [37], the nonperfect fluid models
investigated here can be subdivided into three further classes.
In detail, this amounts to determining the number of distinct
eigenvalues of the anisotropic pressure (60): If 77,5 has three
different eigenvalues, the space-time is of Petrov-type L. In the
case of two different eigenvalues, one obtains Petrov-type D.
Finally, if there is only one eigenvalue, it can only be zero and
results in 77,4 vanishing identically. Therefore, only this latter
case is in general a sufficient condition for obtaining perfect
fluid Friedmann models.
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An example for a nontilted space-time subclass of (5)
which does not contain Friedmann models is provided by the
Bianchi-type IV metric

ds* = —dt* + a® (dx’ By, + 2dxe™ (dzpi,

+dy (Biy + xB13)) + e (dz2ﬁ33
+2dydz (B + xPBs3)

+ d)/z (ﬁzz + 2xﬁ23 + x2/333)))

with canonic coordinates (x° — ¢, x' — x, x> — JA x> - z)
and undetermined constants 3. introduced in (5). Since here
one finds three distinct eigenvalues for (60), models (61) are
of Petrov-type 1.

For the particular case ; = 1, metric (61) takes the form

(61)

ds®
= —dt? (62)
+a (dx2 +e™ (d22 + 2xdydz + dy* (1 + xz)))

which coincides exactly with the example discussed in [37]
(see (4.9) therein).

3.2.2. Stationary Models. We check the consistency of our
results with the stationary limit as to [3, 4]. Accordingly, for
vanishing expansion and generally nontrivial rotation, (51)
and (52) reduce to

1~
p=, T = _ERTZ 7€+ 207,
) (63)
- 22 _ls n 2 29
p_chcT —6RT e +3w,
so that
e
p= —Cp = const. (64)
P
In the perfect fluid limit with vanishing heat-flux and
anisotropic pressure, one obtains from (53) the condition

9o = quc TCZT2 = wxﬂl\yhzxx =0 (65)
and from (54)
22
TToag = nCap TC T
= 2 2 l= 5
= _szﬁT 7€ t+ gRT 7€ h(xﬁ (66)

2,
- 5(&) (3uauﬁ + hocﬁ) - wanﬂhr(auﬁ) =0.

As a more concrete ansatz we choose a Bianchi-type III
subclass of space-times (5):

(ds)* = (dr)* - 2VZae™™ dtdx

2 ! 2 2 (67)
- a ((dxl) + Ke*M* (de) + (dx3) ),
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where v; = (0, VZ,0) and B = diag(1,K,1) and e’A‘a =

diag (1, M 1) with K, M, and X being constant. Admitting
in general nonvanishing rotation and expansion, this metric
is also denoted as the Godel-type model (see [3, 4]). By
this choice, the heat-flux (65) vanishes identically, while the
anisotropic pressure condition (66) holds only for at least
either of the two relations:

K=-=
2 (68)
or M =0.
Furthermore, one has
%o M? (4K +33)
2K+
(69)
5 M3y

Y TR (K+3)

or, by (68), respectively,

R =M,
M2 (70)
w ==
2a?
This yields p€ = o€ and thus, for expression (64),
15 5 > 2
pzpzzRT € = (71)

According to, for example, [28], this is just the equation of
state of the classical Godel space-time. Indeed, in [3] it is
stated that K = —(1/2)X yields closed timelike curves.

4. Discussion

In this paper, we considered homogeneous and conform-sta-
tionary space-times (5) with Bianchi group invariance and
an arbitrary matter source, which allows for generally tilted
models.

By solving the propagation equations (32)-(34), we
deduce explicit expressions for the energy density (37), the
isotropic pressure (38), the heat-flux (41), and the anisotropic
pressure (42) in terms of the scale factor, the tetrad com-
ponents (18), and the structure constants. These results are
rewritten in terms of the kinematic quantities, as to be found
in (43), (44), (45), and (47), and are combined to the energy-
momentum tensor, (48) or (49). Similar equations are ad hoc
assumed in [6-9] in order to solve problems arising during
cosmological evolution for different reasons.

In addition to the Raychaudhuri equation and the other
propagation and constraint equations (see, e.g., [1, 40]), we
obtain equations in which the expressions for the matter con-
tent are decoupled and independent of higher derivatives of
the kinematic quantities (except for the expansion and accel-
eration) or depending on the electric part of the Weyl tensor.
Particularly, no equations of state or further thermodynamic
relations have to be assumed to arrive at these results. Here

it should be emphasized that the vanishing shear does not
necessarily imply a zero anisotropic pressure as required by
linear thermodynamics. It should also be pointed out that
more-component fluids or a cosmological constant can easily
be included.

Equations (37), (38), (41), and (42) represent a class
of models which does not only contain physically relevant
space-times. To take into account well-motivated (energy)
conditions or global aspects (as considered in [41]) which
should provide broader restrictions is therefore a subject of
future research.

Moreover, inspection of (43), (44), (45), and (47) under-
lines that further thermodynamic assumptions like an equa-
tion of state, Fourier’s law, Cauchy’s law, or expressions
from extended thermodynamics will further restrict possible
solutions. This becomes manifest, if one rewrites (37), (38),
(41), and (42) with the help of (29):

p= _(Z) (5C°°+2)+2.—§ (C0°+ 1)

T (72)
+27 7T {0+ T2 1 e,
1/(TYV 2T
p=3 (T) (13¢%-2) - T (20" -1)
(73)
4.
- 3T C' 0+ T2 1 26
7 - fT
9o = 2 ( T2 > h(?c -T T€ Cyaoc(yocgo
(74)
+T? Tc2 Lo
2 (TP —TT
- 00 070
Tap = 3 <—T2 ) (hap (C + 1) - 3h‘xhﬁ)
(75)

2, =P %0 u
e S CITRE N
+T° TCZ 2Cap-

These equations describe the temperature dependence of the
matter content which has to be fulfilled for the considered
class of models.

Expressions (72) and (73) can be used to construct
equations of state. For instance, one can combine the two in
such a way that the outcome does not contain the structure
constants:

7\’ T
p+2p=3(%> (c""—2)+6:F

+T? T62 (2 o€ +3PC)

(76)

which is a possible equation of state for the considered space-
time class. This relation clearly shows that the pressure has
a difficult dependence on the temperature and its first and
second derivatives. Of course, p has an explicit temperature



dependence as given in (72), but assuming the validity of
simple equations of state, like p(p) oc p%, an effective fine-
tuning has to be done in order to prevent an additional
temperature dependence of p.

It becomes obvious from (74) and (75) that the assump-
tion of Fourier’s or Cauchy’s laws consequently generates
additional strong restrictions on the space-time and its matter
content. The same is true for other ad hoc introduced
constitutive equations. This includes nonlinear ones like the
heat-flux law of Israel-Stewart-type [23] which is physically
motivated by the fact that it overcomes stability and causality
problems arising in the linear case. Our point, however, is to
ask for those constitutive equations and equations of state,
respectively, which follow from the conservation laws in a
prescribed geometry and a given temperature field. Thus, it is
not in the sense of the present consideration, to additionally
impose ad hoc constitutive equations on (74) and (75). In
nonrelativistic continuum thermodynamics the situation is
different. There, one has to complete the system of basic
equations resting on the conservation or balance equations by
adding such ad hoc relations manually. If (74) and (75) differ
from those ansatzes made by hand, this can have a variety of
reasons and implications. To call only one, if there were severe
thermodynamic arguments for one of the linear or nonlinear
ad hoc ansatzes, for example, for the heat-flux, one was
obliged to ask under which condition it is compatible with
(74).

This view is reinforced by the results obtained in [42].
There, it was shown that in conform-stationary models the
heat-flux must vanish for zero anisotropic pressure and under
the assumption of a heat-flux law of the Israel-Stewart type.
An example for physical processes in which this does not hold
(Landau damping) is also provided in [42].

Moreover, the form of expressions (74) and (75), which
denotes the modified laws of Fourier and Cauchy, is pointing
in a direction that is to be found in various formulations of
extended thermodynamics [23, 43]. This becomes evident if
one rewrites (75) with the help of (72) and (74):

ﬂaﬁ
—T—z(q +T..cC L (00 -T czc)
- .. . (01 T oa>y0 o
2 (11 - 1°) ! T
. (qﬁ + TTC ayaﬁé‘yoé‘go - T2 TC2 qCﬁ) (77)

1 [TV 0 1

00 2 2
_htxﬁ<gp+<f> C —gT TC pC)
+ 2T TC 6pk(’x(ﬁ)PCK0 + T2 TCZ ncaﬁ'

Asa constitutive quantity 77, is a function which is linear and
quadratic in the heat-flow and linear in the energy density,
while the temperature is also included with its first and
second time derivative.

The consideration of simple models like nontilted or
stationary ones leads back to, for example, the well-known
Friedmann or the Godel space-times (in both cases the
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constants of integration are determined; see Section 3) and
similar anisotropic models as discussed in [37]. In this context
expressions (43) and (44) or (51) and (52), respectively, can be
understood as generalized Friedmann equations.

By rewriting (43), (44), (45), and (47) in terms of the
observational quantities H = a/a for the Hubble function
and (a/a) = —H*(1 + q) for the deceleration parameter g
one receives limits on acceleration, rotation, heat-flux, and
anisotropic pressure.

The corresponding equations take the form

p=C"H*(2g-1)+2H>(1+q) - 2H£6yw{”°

(78)
1
+ ; pC,
p= LR (5-ag)+ 2HP (14 q) + 2HE
3 3 3qg
(79)
1
+ ; pC,
H~ 1
o = —2H2 (1 + q) I’lg + ECVK‘X(VOCKO + ; qcoc’ (80)
2
Tap = =5 H* (149) (R (€ + 1) - 305
2H—~p 0
t3,C b (8phap = 30(,8,) (81)

+ = Capo
g2 b

so that the matter content can be described by the observable
quantities H and q and the model-dependent constants {*°,

h?,and c” py as well as the constants of integration, eventually
given by initial or boundary conditions.

In analogy to the calculations which lead to (76), one
obtains from (78) and (79)

1
20+ p=3H"(29+2+")+ = (2,c+3,¢) (82

which can again be regarded as an equation of state given by
observational quantities. The class of models we consider here
may have an anisotropic behavior of the Hubble flow and the
galaxy distribution function [3, 4]. In this context, the obser-
vation of a large-scale flow of galaxies, called “dark flow,” with
respect to the CMB is remarkable (see [44] for a review).
A detailed discussion of this and other possibly observable
effects in nonrotating models can be found in [17-19].

Refraining from possible further restrictions on relations
(78)-(81), one finds the following hypothetical scenario.

For a large scale factor a > 0, the structure constants
and the constants of integration are negligible, such that, for
the behavior of the matter content, the expansion rate H and
the deceleration rate q are most important. Moreover, one
sees that g has critical values at which the behavior of the
matter variables changes. For instance, in the case of large
accelerations (q < —1), which for cosmological models means
a strongly increasing expansion and for local models (like
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stars) a strongly increasing collapse, most matter variables
change the sign. All matter variables display generally the
same dependence on the expansion rate H and are therefore
of likewise importance. A more detailed discussion can only
be achieved if the dependence on {* and K is fixed for
specified Bianchi models.

For small values of the scale factor g, that is, in the early
cosmological phase or for objects which become very dense,
the structure and the integration constants become much
more important in comparison to H and g. Besides, all matter
variables show the same behavior and are therefore of equal
importance. When the scale factor a(t) increases, the heat-
flux and the anisotropic pressure essentially behave like the
energy and the pressure; they dilute.

As a final remark, we would like to stress out that our
results are obtained using the phenomenological approach
to relativistic thermodynamics. As indicated in the intro-
duction, in this context the vanishing entropy production
(13) is a necessary condition for equilibrium, whereas it is
a necessary and sufficient condition for the description of
reversible processes. To consider the compatibility of these
results with relativistic kinetic theory would be an interesting
task for further investigations.

Appendix

A. Kinematic Relations

The following relations between the kinematic invariants are
used to obtain and simplify results of the Sections 3 and 4 in
kinematic terms.

. 1 o 2 00 =Y x0
iy, = 3 (6+0%)(¢™+1)+TOC" ,{), (A1)
i = 0’ (¢®+1)= Loy, (A2)
9 9
. Lo .2
M‘x"l; = §®h(x6ﬁ +u (h“l; + uauﬁ)
1 . .
+ 5@ (uauﬁ + waﬁ) = Uglig (A.3)
. K 1 KU
— wK(aUﬁ)u - ETU C K((Xhﬁ)[l.’
. 1 T
wrylmhm — wwuﬂ _ ET(UVKC W(wc cvo hm
(A.4)

=P uk
+Tw,,C HPC .

B. Tetrad Formulation of Curvature

The connection coeflicients in the tetrad formulation (see
Section 2), the so-called Ricci rotation coeflicients, can be
expressed in terms of the Christoffel symbols chb,

Qcﬂv = 6.udevbrcdb - Ovbeﬂb,c’ (B'l)

9
or, due to (18) by the structure constants (21), respectively,
(- a # 50 0
Q, v g (696v - (VPC )
(B.2)
1 = =y =y
" Z(W (C oSy T C by = C wcpy)'

Determining the Riemannian curvature tensor by the Ricci-
identity and the tetrads,

Rmbcdeocm = Yabyed — 6mb;d;c’ (B-3)
the Ricci tensor can be brought to the form
Ryp
. . 2
a 050 | +00 a\ 00
=~ (2) (26089 + -3(%)
(a),o( w58 C‘xﬁ) a ¢ g
4 (B.4)
=Y x0 =Y K0 =P 7]
T2 (C Kﬁc Cocv +C Cﬁy +C MPC Cvcﬁ)
1 -~
" a2 a
with
Rup
L/ =y =p e
) (_C xpC HPC‘WC +CpC oy
B.5
_6}’ 6P ( CHK ( )
K up>py
=# =T Vo 1"‘? T K V
-C vﬁc Uocc‘u‘rc +EC mfc ya(ﬁy{# Coc‘r( U) .
Accordingly, the Ricci scalar becomes
. .2 .
R=-6 <E) 12 (5> " -62C", 0
alo a a (B.6)
1=~
— ;R
with
5 _ A~ AP UK 1"!‘ =Y af
R=C,,C 0" - EC 48C aul
(B.7)

1oy =t
+ L—Lc"vﬁc 0al" 0l
The expressions ﬁaﬁ of (B.5) and equivalently R of (B.7) can
be identified with the Ricci tensor and the Ricci scalar of 3-

dimensional Bianchi spaces [45].
This results in the following shape of the Einstein tensor:

1
G(xﬁ = Rtxﬁ - ER(“‘B
—» i-a ({ ¢ 6080) 3 a ZC £
=2\ 2 apb = %Op) T2\ ) Sap

a —p x0
+2-5C08" (8)8as = ()

(B.8)

1 - 1~
+ E <_R(xﬁ + ER(‘xﬁ> .
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C. Constants of Integration

From the field equations, G,z = T, in terms of the tetrad
formulation from Section 2 and together with (5), one finds

~ 1~
_Rtxﬁ + ERC“/; = EIClxﬁ' (Cl)

Then, because of (50) the constants of integration, that is,
PG pC € and _c_,, for the energy density, the isotropic
pressure, the heat-flux, and the anisotropic pressure (43)-

(46), become, in this order,

o« 1 w ?
PC = EICapY Mﬁ = _ER +2 (ﬁ) > (C.2)
1 s 1o 20 w
C= - hDC = _R + — I > C'3
PO T 3 ECTT = g 3<TCT> €3
1 .
% = _ElcﬁyulghZ - C2T? (“’Wlluhrm - “’txﬂuﬂ)’ (C.4)

S
nCap = EICyéhZzhﬁ - pc hrxﬁ

- 1~ 2 w \
= Rop+ SR - (ﬁ) (3uatts +hag) (C.5)

2

P H
_ TCsz (wp(“uﬁ)u + w "’4]’1.[(0‘14!;)),

where in (C.4) and (C.5) it was made use of relation (A.4). If
one reinserts the constants of integration (C.2)-(C.5) into the
matter equations (43)-(46), they take the purely kinematic
forms (51)-(54).

The summarized constants of integration, 6 pCs gl and
Cap> i this paper are pieced together as follows:
= 00 00
€= = 826 (20" = 1) =26, (¢ +1)
_ 2(}36}’}()}(1{0’
L 2 00y , 2 00 4
o= —Pc—gg(l—zc )+ 34 (7( +1)+ 3
. C3EYKYCKO,
oG ==& (HL = Hou") = 2 (c; + &) h, (C.6)

- %EYM’CYO(UO)
nCap = % (= nya (1 = ead”) (hg = Fige”)
=2(c, = &) (hap (¢ + 1) = 3K31p)

+26,C7 (SZhaﬁ - 38f“hﬁ)P)) .

Journal of Gravity

The occurring objects ¢, 6, &, ,C, ,C 45 and ;Czp are
the actual constants of integration yielded by the following
integrals, which are to be calculated in Section 3.1:
2
a
Jdadxo =5 +¢p,

- 0 . a*
dadx’ = aa-— 5t

adx" =a+q,

(azp)’o dx’ = a’p + e )
a’p) dx’=a’p+ [,

(a’p), P+,

(azqa)’o dx’ = a’q, + 5 (h}; - hguy) ,

3 (azﬂaﬁ)’o dx’

L Ry S S

= azﬂaﬁ + Gy (hr‘ - hgu") (hz - hgu‘s) .
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