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We study some nonlinear stochastic Cauchy problems in the framework of the (C,E,P)-algebras. We adapt the definitions to this
framework. By means of suitable regularizations, we define associated generalized problems. We use our previous results about
the wave equation in canonical form to obtain generalized solutions. We compare the generalized solutions with the classical ones
when they exist.

1. Introduction

A possibility in studying stochastic differential equations is
to make use of the theory of Colombeau-type generalized
functions spaces to overcome the multiplication problem in
distribution space. Here, to study some nonlinear stochastic
Cauchy problems, we choose to reformulate them correctly
in the framework of the (C,E,P)-algebras of Marti [1–
3] in order to show that, following the example of the
theory of Colombeau [4, 5], these algebras may serve as
a tool for treating singular processes in stochastic analysis.
Until now, similar studiesweremade only inColombeau-type
algebras.

A (C,E,P)-algebra, whereC is overgenerated by a finite
set 𝐵, is always isomorphic to a Colombeau-type algebra
but the asymptotic scale of this last algebra, which can be
obtained from the generators of 𝐵, is not explicit and difficult
to work with. So, by using the overgeneration, we are able
to work with asymptotics which are explicit. Therefore, we
consider this framework more convenient.

We adapt the definitions to the framework of the
(C,E,P)-algebras. We interpret generalized stochastic pro-
cesses onR2 as measurable maps with values in a (C,E,P)-
algebra. Using our previous results about our study on the
wave equation in canonical form [6, 7], we can prove that

some nonlinear non-Lipschitz stochastic Cauchy problems
have a unique solution. So this paper completes our research.
We find some results similar to those of [8, 9] about the
solutions in theory of Colombeau algebra.

The paper is organized as follows. In Section 2, we
give some definitions and references for stochastic analysis,
(C,E,P)-algebras, and algebras of generalized stochastic
processes. In Section 3, we study the following Cauchy
problems formally written as

(𝑃) : 𝜕2𝑈
𝜕𝑥𝜕𝑦 = 𝐹 (𝑈) +𝑊,
𝑈|𝛾 = 𝐴,
𝜕𝑈
𝜕𝑦

𝛾 = 𝐵,

(𝑃) : 𝜕2𝑈
𝜕𝑥𝜕𝑦 = 𝐹 (𝑈)𝑊,
𝑈|𝛾 = 𝐴,
𝜕𝑈
𝜕𝑦

𝛾 = 𝐵,

(1)
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where 𝛾 is a monotonic curve of equation 𝑦 = 𝑓(𝑥), 𝛾 is
not a characteristic curve, 𝐴 and 𝐵 are generalized stochastic
processes onR, and𝑊 is a generalized process onR2.That is,
𝐴, 𝐵, and𝑊 are weakly measurable maps of some probability
space (Ω, Σ, 𝜇)with values in the Schwartz distribution space
D(R), respectively, D(R2). The function 𝐹 is smooth; it
can be non-Lipschitz (in 𝑈) but 𝐹 and all derivatives have
polynomial growth.

For 𝜔 fixed, 𝜔 ∈ Ω, we replace problem (𝑃) (resp.,
(𝑃)) by a generalized one well-formulated (𝑃(𝜔)gen) (resp.,
(𝑃(𝜔)gen)) in a convenient algebra. To do this, we use reg-
ularizations and cutoff techniques. We use two parameters.
The first parameter regularizes the data and the second one
replaces the problem by a family of Lipschitz problems. We
show that problem (𝑃) (resp., (𝑃)) has a unique solution in
some algebras of generalized stochastic processes. Moreover,
if problem (𝑃) (resp., (𝑃)) admits a solution satisfying
appropriate growth estimates on some open subset 𝑂 of R2,
then this solution and the generalized one are equal in a
meaning given inTheorem 16.

In Section 4, we are interested in a nonlinear stochastic
Cauchy problem with the white noise as initial data:

(𝑃1) : 𝜕2𝑈
𝜕𝑥𝜕𝑦 = 𝐹 (𝑈) ,
𝑈|𝛾 = 𝑊,
𝜕𝑈
𝜕𝑦

𝛾 = 0,
(2)

where 𝛾 is the curve of equation 𝑦 = 𝑓(𝑥), 𝛾 is not a
characteristic curve, and 𝑊 is the white noise on R. The
function 𝐹 is smooth; it can be non-Lipschitz but 𝐹 and all
derivatives have polynomial growth.We treat problem (𝑃1) in
the same way as the previous ones and we study the limiting
behavior of the generalized solution.

2. Algebra of Generalized Stochastic Processes

2.1. Stochastic Analysis. We refer the reader to [8, 10, 11], for
some basic facts from stochastic analysis as construction of
white noise and the relation between the white noise and
Wiener process on R𝑑.

Let (Ω, Σ, 𝜇) be a probability space. A weakly measurable
map

𝑋 : Ω → D
 (R𝑑) (3)

is called a generalized stochastic process on R𝑑.
For each fixed test function 𝜑 ∈ D(R𝑑), the mapΩ → R;

𝜔 → ⟨𝑋(𝜔), 𝜑⟩ is a random variable.The space of generalized
stochastic processes is denoted byD

Ω(R𝑑).
White noise �̇� on R𝑑 is constructed as follows.
The probability space is the space of tempered distribu-

tions Ω = S(R𝑑) and Σ is the Borel 𝜎-algebra generated by
the weak topology. According to Bochner-Minlos theorem,
there is a unique probability measure 𝜇 on (Ω, Σ) such that

∫ 𝑒𝑖⟨𝑋(𝜔),𝜑⟩𝑑𝜇 (𝜔) = 𝑒−(1/2)‖𝜑‖2𝐿2(R𝑑) (4)

for 𝜑 ∈ S(R𝑑).
The white noise �̇� : Ω → D(R𝑑) can be define as

the identity mapping ⟨𝑋(𝜔), 𝜑⟩ = ⟨𝜔, 𝜑⟩, 𝜑 ∈ D(R𝑑).
Remark that �̇� is a generalized Gaussian process with mean
zero and variance 𝐸(�̇�(𝜑)2) = ‖𝜑‖2

𝐿2(R𝑑)
, where 𝐸 denotes

mathematical expectation. Its covariance is

𝐸 (�̇� (𝜑) �̇� (𝜓)) = ∫
R𝑑
𝜑 (𝑦) 𝜓 (𝑦) 𝑑𝑦. (5)

The white noise on R𝑑 is realized as the 𝑑-fold distributional
derivative of the Wiener process.

2.2. Algebras of Generalized Functions

2.2.1. The Presheaves of (C,E,P)-Algebras. We recall briefly
some notions that form the basis of our study [7, 12].We refer
the reader to the references. Take K = R or C. Consider

(1)Λ a set of indices,𝐴 a solid subring of the ringKΛ (that
is to say, for any ((𝑠𝜆)𝜆, (𝑟𝜆)𝜆) ∈ KΛ × |𝐴|, with |𝐴| = {(|𝑟𝜆|)𝜆 :(𝑟𝜆)𝜆 ∈ 𝐴}, if (|𝑠𝜆|)𝜆 ≤ (𝑟𝜆)𝜆 (i.e., for any 𝜆, |𝑠𝜆| ≤ 𝑟𝜆), then(𝑠𝜆)𝜆 ∈ 𝐴), and 𝐼𝐴 a solid ideal of 𝐴;

(2) E a sheaf of K-topological algebras on a topological
space𝑋, such that, for any open set𝑂 in𝑋, the algebraE(𝑂)
is endowed with a family P(𝑂) = (𝑝𝑖)𝑖∈𝐼(𝑂) of seminorms
satisfying

∀𝑖 ∈ 𝐼 (𝑂) , ∃ (𝑗, 𝑘, 𝐶) ∈ 𝐼 (𝑂) × 𝐼 (𝑂) ×R∗+, ∀𝑓, 𝑔 ∈ E (𝑂) : 𝑝𝑖 (𝑓𝑔) ≤ 𝐶𝑝𝑗 (𝑓) 𝑝𝑘 (𝑔) . (6)

Assume that, for any open subsets 𝑂1, 𝑂2 of 𝑋 such that
𝑂1 ⊂ 𝑂2, we have 𝐼(𝑂1) ⊂ 𝐼(𝑂2) and if 𝜌21 is the restriction
operator E(𝑂2) → E(𝑂1), then, for each 𝑝𝑖 ∈ P(𝑂1), the
seminorm �̃�𝑖 = 𝑝𝑖 ∘ 𝜌21 extends 𝑝𝑖 toP(𝑂2).

Assume that, for any family O = (𝑂ℎ)ℎ∈𝐻 of open subsets
of𝑋 if𝑂 = ∪ℎ∈𝐻𝑂ℎ, then, for each 𝑝𝑖 ∈ P(𝑂), 𝑖 ∈ 𝐼(𝑂), there
exists a finite subfamily 𝑂1, . . . , 𝑂𝑛(𝑖) of O and corresponding

seminorms 𝑝𝑛(𝑗) ∈ P(𝑂𝑛(𝑗)), 1 ≤ 𝑗 ≤ 𝑖, such that, for any
𝑢 ∈ E(𝑂), 𝑝𝑖(𝑢) ≤ ∑𝑛(𝑖)𝑗=1 𝑝𝑛(𝑗)(𝑢|𝑂𝑛(𝑗)).

SetC = 𝐴/𝐼𝐴,
X(𝐴,E,P) (𝑂)
= {(𝑢𝜆)𝜆 ∈ [E (𝑂)]Λ : ∀𝑖 ∈ 𝐼 (𝑂) , (𝑝𝑖 (𝑢𝜆))𝜆 ∈ |𝐴|} ,
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N(𝐼𝐴,E,P)
(𝑂)

= {(𝑢𝜆)𝜆 ∈ [E (𝑂)]Λ : ∀𝑖 ∈ 𝐼 (𝑂) , (𝑝𝑖 (𝑢𝜆))𝜆 ∈ 𝐼𝐴} .
(7)

X(𝐴,E,P) is a sheaf of subalgebras of the sheaf EΛ and
N(𝐼𝐴,E,P)

is a sheaf of ideals of X(𝐴,E,P) [13]. The constant
sheaf X(𝐴,K,|⋅|)/N(𝐼𝐴,K,|⋅|)

is the sheaf C = 𝐴/𝐼𝐴. We call
presheaf of (C,E,P)-algebra the factor presheaf of algebras
A = X(𝐴,E,P)/N(𝐼𝐴,E,P)

.
Wewrite [𝑢𝜆] the class inA(𝑂) of (𝑢𝜆)𝜆∈Λ ∈ X(𝐴,E,P)(𝑂).

We simplify the notations by writing X(𝑂) (resp., N(𝑂))
instead ofX(𝐴,E,P)(𝑂) (resp.,N(𝐼𝐴,E,P)

(𝑂)).
Overgenerated Rings. Let 𝐵𝑝 = {(𝑟𝑛,𝜆)𝜆 ∈ (R∗+)Λ : 𝑛 = 1, . . . ,
𝑝} and𝐵 be the subset of (R∗+)Λ obtained as rational functions
with coefficients inR∗+, of elements in 𝐵𝑝 as variables. Define

𝐴 = {(𝑎𝜆)𝜆 ∈ K
Λ | ∃ (𝑏𝜆)𝜆 ∈ 𝐵, ∃𝜆0 ∈ Λ, ∀𝜆

≺ 𝜆0 : 𝑎𝜆 ≤ 𝑏𝜆} .
(8)

We say that 𝐴 is overgenerated by 𝐵𝑝 (𝐴 is a solid subring of
𝐾Λ). If 𝐼𝐴 is some solid ideal of 𝐴, we also say that 𝐶 = 𝐴/𝐼𝐴
is overgenerated by 𝐵𝑝.
RelationshipwithDistributionTheory. Let𝑂be an open subset
ofR𝑛. If (𝜑𝜀)𝜀∈(0,1] is a family of mollifiers 𝜑𝜀(𝑥) = (1/𝜀𝑛)𝜑(𝑥/
𝜀), 𝑥 ∈ R𝑛, ∫𝜑(𝑥) 𝑑𝑥 = 1 and if 𝑇 ∈ D(R𝑛), the convolution
product family (𝑇∗𝜑𝜀)𝜀 is a family of smooth functions slowly
increasing in 1/𝜀. So, the space of distributionsD(𝑂) can be
embedded into A(𝑂). Taking 𝜀 as component of the multi-
index 𝜆 ∈ Λ, we shall choose the subring 𝐴 overgenerated by
some 𝐵𝑝 of (R∗+)Λ containing the family (𝜀)𝜆.
Association Process.Consider𝑂 an open subset of𝑋,𝐸 a sheaf
of topological K-vector spaces containing E as a subsheaf,
and 𝑎 a map from Λ to K such that (𝑎(𝜆))𝜆 = (𝑎𝜆)𝜆 is an
element of 𝐴. Assume that

N (𝑂) ⊂ {(𝑢𝜆)𝜆 ∈ X (𝑂) : lim
𝐸(𝑂),Λ

𝑢𝜆 = 0} . (9)

We say that 𝑢 = [𝑢𝜆] and V = [V𝜆] ∈ E(𝑂) are 𝑎-𝐸 associated
if, for each neighborhood 𝑉 of 0 for the 𝐸-topology, there
exists 𝜆0 ∈ Λ such that 𝜆 ≺ 𝜆0 ⇒ 𝑎𝜆(𝑢𝜆 − V𝜆) ∈ 𝑉. We write
𝑢 𝑎∼
𝐸(𝑂)

V if lim𝐸(𝑂),Λ𝑎𝜆(𝑢𝜆 − V𝜆) = 0. We define an association

process between 𝑢 = [𝑢𝜆] and 𝑇 ∈ 𝐸(𝑂) by 𝑢 ∼ 𝑇 ⇔
lim𝐸(𝑂),Λ𝑢𝜆 = 𝑇.
D-Singular Support. Assume that

N
A
D (𝑂) = {(𝑢𝜆)𝜆 ∈ X (𝑂) : lim

D(𝑂),𝜆→0
𝑢𝜆 = 0}

⊃ N (𝑂) .
(10)

Let O𝐷
A
(𝑢) be the set of all 𝑥 having a neighborhood 𝑉 on

which 𝑢 is associated with a distribution. The D-singular

support of 𝑢 ∈ A(𝑂) is the set singsuppD(𝑢) = 𝑆A
D

A

(𝑢) =
Ω \ O𝐷

A
(𝑢).

2.2.2. Generalized Operator and Generalized Restriction Map-
ping. We denote by 𝜆 = (𝜀, 𝜂) an element of Λ = Λ 1 × Λ 2,Λ 1 = Λ 2 = (0, 1].

Let𝑂 be an open subset ofR2 and𝐹𝜂 ∈ 𝐶∞(𝑂×R,R).We
say that the algebraA(𝑂) is stable under the family (𝐹𝜂)𝜆 if for
all (𝑢𝜆)𝜆 ∈ X(𝑂) and (𝑖𝜆)𝜆 ∈ N(𝑂) we have (𝐹𝜂(⋅, ⋅, 𝑢𝜆))𝜆 ∈
X(𝑂), (𝐹𝜂(⋅, ⋅, 𝑢𝜆 + 𝑖𝜆) − 𝐹𝜂(⋅, ⋅, 𝑢𝜆))𝜆 ∈ N(𝑂).

If A(𝑂) is stable under (𝐹𝜂)𝜆, for 𝑢 = [𝑢𝜆] ∈ A(𝑂),
[𝐹𝜂(⋅, ⋅, 𝑢𝜆)] is a well defined element of A(𝑂) (i.e., not
depending on the representative (𝑢𝜆)𝜆 of 𝑢).

The stability condition is verified if the family (𝐹𝜂)𝜆
is smoothly tempered, that is to say, if the following two
conditions are satisfied:

(i) For each 𝐾 ⋐ R2, 𝑙 ∈ N, and (𝑢𝜆)𝜆 ∈ X(𝑂),
there is a positive finite sequence 𝐶0, . . . , 𝐶𝑙, such that
𝑃𝐾,𝑙(𝐹𝜂(⋅, ⋅, 𝑢𝜆)) ≤ ∑𝑙𝑖=0 𝐶𝑖𝑃𝑖𝐾,𝑙(𝑢𝜆).

(ii) For each 𝐾 ⋐ R2, 𝑙 ∈ N, (V𝜆)𝜆, and (𝑢𝜆)𝜆 ∈ X(𝑂),
there is a positive finite sequence𝐷1, . . . , 𝐷𝑙 such that

𝑃𝐾,𝑙 (𝐹𝜂 (⋅, ⋅, V𝜆) − 𝐹𝜂 (⋅, ⋅, 𝑢𝜆)) ≤
𝑙

∑
𝑗=1

𝐷𝑗𝑃𝑗𝐾,𝑙 (V𝜆 − 𝑢𝜆) . (11)

Let 𝐹 ∈ 𝐶∞(𝑂 ×R,R) and (𝑓𝜂)𝜂 ∈ (𝐶∞(R))Λ 1 ; we define
𝐹𝜂 (𝑥, 𝑦, 𝑧) = 𝐹 (𝑥, 𝑦, 𝑧𝑓𝜂 (𝑧)) . (12)

IfA(𝑂) is stable under (𝐹𝜂)𝜆, the operator
F : A (𝑂) → A (𝑂) ,

𝑢 = [𝑢𝜆] → [𝐹𝜂 (⋅, ⋅, 𝑢𝜆)]
(13)

is called the generalized operator associated with 𝐹 via the
family (𝑓𝜂)𝜂.

Consider 𝑓 ∈ 𝐶∞(R). We say that 𝑓 is compatible with
second-side restriction if

(𝑢𝜆 (⋅, 𝑓 (⋅)))𝜆 ∈ X (R) , ∀ (𝑢𝜆)𝜆 ∈ X (R2) ,
(𝑖𝜆 (⋅, 𝑓 (⋅)))𝜆 ∈ N (R) , ∀ (𝑖𝜆)𝜆 ∈ N (R2) .

(14)

Clearly, if 𝑢 = [𝑢𝜆] ∈ A(R2), then [𝑢𝜆(⋅, 𝑓(⋅))] is a well
defined element ofA(R).

If the function 𝑓 is compatible with second-side restric-
tion, the mapping

R𝑓 : A (R2) → A (R) ,
𝑢 = [𝑢𝜆] → [𝑢𝜆 (⋅, 𝑓 (⋅))]

(15)

is called the generalized second-side restriction mapping
associated with 𝑓.
2.3. The Algebras A(𝑂) and A𝑝(𝑂), 𝑝 ∈ N∗. Set E = 𝐶∞
and 𝑋 = R𝑑 for 𝑑 = 1, 2 and 𝐸 = D and set Λ as a set
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of indices, 𝜆 ∈ Λ. For any open set 𝑂, in R𝑑, E(𝑂) is
endowed with the P(𝑂) topology defined by the family of
the seminorms:
𝑃𝐾,𝑙 (𝑢𝜆) = sup

|𝛼|≤𝑙

𝑃𝐾,𝛼 (𝑢𝜆) ,

with 𝑃𝐾,𝛼 (𝑢𝜆) = 𝐷𝛼𝑢𝜆 (𝑥)𝐿∞(𝐾) , 𝐾 ⋐ 𝑂
(16)

and 𝐷𝛼 = 𝜕𝛼1+⋅⋅⋅+𝛼𝑑/(𝜕𝑧𝛼11 ⋅ ⋅ ⋅ 𝜕𝑧𝛼𝑑
𝑑
) for 𝑧 = (𝑧1, . . . , 𝑧𝑑) ∈ 𝑂,

𝑙 ∈ N, 𝛼 = (𝛼1, . . . , 𝛼𝑑) ∈ N𝑑, and 𝐾 ⋐ 𝑂 means that 𝐾 is a
compact subset of 𝑂. Let 𝐴 be a subring of the ring RΛ. We
consider a solid ideal 𝐼𝐴 of 𝐴. Put

X (𝑂) = {(𝑢𝜆)𝜆 ∈ [𝐶∞ (𝑂)]Λ : ∀𝐾 ⋐ 𝑂, ∀𝑙
∈ N, (𝑃𝐾,𝑙 (𝑢𝜆))𝜆 ∈ |𝐴|} ,

N (𝑂) = {(𝑢𝜆)𝜆 ∈ [𝐶∞ (𝑂)]Λ : ∀𝐾 ⋐ 𝑂, ∀𝑙
∈ N, (𝑃𝐾,𝑙 (𝑢𝜆))𝜆 ∈ 𝐼𝐴} .

(17)

The generalized derivation 𝐷𝛼 : 𝑢(= [𝑢𝜀]) → 𝐷𝛼𝑢 = [𝐷𝛼𝑢𝜀]
provides A(𝑂) = X(𝑂)/N(𝑂) with a differential algebraic
structure.

Take 𝑝 ∈ N∗. For any open set 𝑂, in R𝑑, E(𝑂) = 𝐶∞(𝑂)
is endowed with theP𝑝(𝑂) topology defined by the family of
the seminorms
𝑁𝑝
𝐾,𝑙
(𝑢𝜆) = sup

|𝛼|≤𝑙

𝑁𝑝𝐾,𝛼 (𝑢𝜆) ,

with 𝑁𝑝𝐾,𝛼 (𝑢𝜆) = 𝐷𝛼𝑢𝜆 (𝑥)𝐿𝑝(𝐾) , 𝐾 ⋐ 𝑂,
(18)

and 𝑙 ∈ N, 𝛼 ∈ N𝑑. Put

X𝑝 (𝑂) = {(𝑢𝜆)𝜆 ∈ [𝐶∞ (𝑂)]Λ : ∀𝐾 ⋐ 𝑂, ∀𝑙
∈ N, (𝑁𝑝

𝐾,𝑙
(𝑢𝜆))𝜆 ∈ |𝐴|} ,

N𝑝 (𝑂) = {(𝑢𝜆)𝜆 ∈ [𝐶∞ (𝑂)]Λ : ∀𝐾 ⋐ 𝑂, ∀𝑙
∈ N, (𝑁𝑝

𝐾,𝑙
(𝑢𝜆))𝜆 ∈ 𝐼𝐴} ,

A𝑝 (𝑂) = X𝑝 (𝑂)
N𝑝 (𝑂) .

(19)

The generalized derivation 𝐷𝛼 : 𝑢(= [𝑢𝜀]) → 𝐷𝛼𝑢 = [𝐷𝛼𝑢𝜀]
providesA𝑝(𝑂) with a differential algebraic structure.

Remark 1. The 𝑁2𝐾,𝑙 (𝑝 = 2) norms are bounded by the 𝑃𝐾,𝑙
norms. We haveA(𝑂) ⊂ A2(𝑂).
2.4. Algebras of Generalized Stochastic Processes. Let 𝑂 be an
open set in R𝑑.

Definition 2. A A(𝑂)-generalized stochastic process on a
probability space (Ω, Σ, 𝜇) is a mapping 𝑈 : Ω → A(𝑂) such
that there is a representing function

𝑢 = 𝑅𝑈 : Λ × 𝑂 × Ω → R (20)

with the following properties:

(i) For fixed 𝜆 ∈ Λ, the map (𝑥, 𝜔) → 𝑢(𝜆, 𝑥, 𝜔) is jointly
measurable on 𝑂 × Ω.

(ii) Almost surely in 𝜔 ∈ Ω, the map 𝜆 → 𝑢(𝜆, ⋅, 𝜔)
belongs toX(𝑂) and it is a representative of𝑈(𝜔); that
is, almost surely in 𝜔 ∈ Ω, (𝑈(𝜔)𝜆)𝜆 = (𝑢(𝜆, ⋅, 𝜔))𝜆 ∈
X(𝑂).

The algebra of generalized stochastic processes is denoted by
AΩ(𝑂).
Definition 3. A A2(0)-generalized stochastic process on a
probability space (Ω, Σ, 𝜇) is a map 𝑈 : Ω → A2(𝑂) such
that there is a representing function

𝑢 = 𝑅𝑈 : Λ × 𝑂 × Ω → R (21)

with the following properties:

(i) For fixed 𝜆 ∈ Λ, the map (𝑥, 𝜔) → 𝑢(𝜆, 𝑥, 𝜔) is jointly
measurable on 𝑂 × Ω.

(ii) Almost surely in 𝜔 ∈ Ω, the map 𝜆 → 𝑢(𝜆, ⋅, 𝜔)
belongs to X2(𝑂) and it is a representative of 𝑈(𝜔);
that is, almost surely in 𝜔 ∈ Ω, (𝑈(𝜔)𝜆)𝜆 =
(𝑢(𝜆, ⋅, 𝜔))𝜆 ∈ X2(𝑂).

The algebra of generalized stochastic processes is denoted by
AΩ
2 (𝑂).

Remark 4. Let 𝜒 ∈ D(R) having the properties
∫𝜒 (𝑠) 𝑑𝑠 = 1;

∫ 𝑠𝑝𝜒 (𝑠) 𝑑𝑠 = 0, 1 ≤ 𝑝 ≤ 2;
(22)

define 𝜑 by 𝜑(𝑥, 𝑦) = 𝜒(𝑥)𝜒(𝑦). Let 𝑉 ∈ D
Ω(R𝑑) be a

generalized stochastic process. If 𝜆 ∈ Λ, then 𝑉(𝜔) ∗ 𝜑𝜆 is
measurable with respect to𝜔 ∈ Ω and smooth with respect to
𝑥 ∈ R𝑑, hence jointly measurable. Also, (𝑉(𝜔)∗𝜑𝜆)𝜆 belongs
toX(R𝑑). Thus,

𝑅𝑉 (𝜆, 𝑥, 𝜔) = (𝑉 (𝜔) ∗ 𝜑𝜆) (𝑥) = 𝑉 (𝜔)𝜆 (𝑥) (23)

qualifies as a representative for a random generalized func-
tion. We obtain an imbedding 𝜏 : D

Ω(R𝑑) → AΩ(R𝑑).
3. Nonlinear Stochastic Problems

3.1. A Nonlinear Stochastic Problem with Additive Generalized
Stochastic Process. Weconsider theCauchy problem formally
written as

(𝑃) : 𝜕2𝑈
𝜕𝑥𝜕𝑦 = 𝐹 (𝑈) +𝑊,
𝑈|𝛾 = 𝐴,
𝜕𝑈
𝜕𝑦

𝛾 = 𝐵,
(24)
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where 𝛾 is a monotonic curve of equation 𝑦 = 𝑓(𝑥), 𝛾 is not
a characteristic curve, 𝐴, 𝐵 ∈ AΩ(R), and𝑊 ∈ AΩ(R2) is a
A(R2)-generalized stochastic process on a probability space
(Ω, Σ, 𝜇). The function 𝐹 is smooth; it can be non-Lipschitz
but 𝐹 and all derivatives have polynomial growth. Assume
that 𝐹(0) = 0. We look for a solution (𝑈 : Ω → A2(R2)) ∈
AΩ
2 (R2) (e.g., we can take 𝐹(𝑈) = −𝑈 − 𝑈3 or 𝐹(𝑈) = −𝑈3).
Then,𝑈 is a solution to problem (𝑃) if and only if, for any

𝜔 ∈ Ω, 𝑈(𝜔) is solution to the problem (𝑃(𝜔)):

(𝑃 (𝜔)) : 𝜕2𝑈 (𝜔)
𝜕𝑥𝜕𝑦 = 𝐹 (𝑈 (𝜔)) + 𝑊 (𝜔) ,
𝑈 (𝜔)|𝛾 = 𝐴 (𝜔) ,
𝜕𝑈 (𝜔)
𝜕𝑦

𝛾 = 𝐵 (𝜔) .
(25)

3.2. A Nonlinear Stochastic Problem with Multiplicative Gen-
eralized Stochastic Process. We consider the Cauchy problem
formally written as

(𝑃) : 𝜕2𝑈
𝜕𝑥𝜕𝑦 = 𝐹 (𝑈)𝑊,
𝑈|𝛾 = 𝐴,
𝜕𝑈
𝜕𝑦

𝛾 = 𝐵,
(26)

where 𝛾 is a monotonic curve of equation 𝑦 = 𝑓(𝑥), 𝛾 is not
a characteristic curve, 𝐴, 𝐵 ∈ AΩ(R), and𝑊 ∈ AΩ(R2) is a
A(R2)-generalized stochastic process on a probability space
(Ω, Σ, 𝜇). The function 𝐹 is smooth; it can be non-Lipschitz
but 𝐹 and all derivatives have polynomial growth. Assume
that 𝐹(0) = 0. We look for a solution (𝑈 : Ω → A2(R2)) ∈
AΩ
2 (R2) (e.g., we can take 𝐹(𝑈) = −𝑈3).
Then,𝑈 is a solution to problem (𝑃) if and only if, for any

𝜔 ∈ Ω, 𝑈(𝜔) is solution to the problem (𝑃(𝜔)):

(𝑃 (𝜔)) : 𝜕2𝑈 (𝜔)
𝜕𝑥𝜕𝑦 = 𝐹 (𝑈 (𝜔))𝑊 (𝜔) ,
𝑈 (𝜔)|𝛾 = 𝐴 (𝜔) ,
𝜕𝑈 (𝜔)
𝜕𝑦

𝛾 = 𝐵 (𝜔) .
(27)

3.3. Cutoff Procedure. Let (𝑟𝜂)𝜂 be in R(0,1]∗ such that 𝑟𝜂 > 0
and lim𝜂→0𝑟𝜂 = +∞. Set 𝐸𝜂 = [−𝑟𝜂, 𝑟𝜂].

Consider a family of smooth one-variable functions (ℎ𝜂)𝜂
such that

sup
𝑧∈𝐼𝜂

ℎ𝜂 (𝑧) = 1,

ℎ𝜂 (𝑧) = {
{{
0, if |𝑧| ≥ 𝑟𝜂
1, if − 𝑟𝜂 + 1 ≤ 𝑧 ≤ 𝑟𝜂 − 1.

(𝐻)

Assume that 𝜕𝑛ℎ𝜂/𝜕𝑧𝑛 is bounded on 𝐸𝜂 for any integer 𝑛,
𝑛 > 0. Set

sup
𝑧∈𝐸𝜂


𝜕𝑛ℎ𝜂
𝜕𝑧𝑛 (𝑧)

 = 𝑀𝑛. (28)

Let 𝜙𝜂(𝑧) = 𝑧ℎ𝜂(𝑧). We approximate the function 𝐹 by the
family of functions (𝐹𝜂)𝜂 defined by

𝐹𝜂 (𝑧) = 𝐹 (𝜙𝜂 (𝑧)) = 𝐹 (𝑧ℎ𝜂 (𝑧)) . (29)

Assume that 𝐹(0) = 0. Here, function 𝐹 is smooth; it can
be non-Lipschitz but 𝐹 and all derivatives have polynomial
growth. More precisely, we assume the existence of 𝑝 ∈ N

such that

∀𝑙 ∈ N, ∃𝑐𝑙 > 0, sup
𝑧∈R

𝐷𝑙𝐹 (𝑧) ≤ 𝑐𝑙 (1 + |𝑧|)𝑝 . (30)

Thus,

∀𝑙 ∈ N, ∃𝜇𝑙 > 0, sup
𝑧∈R;|𝛼|≤𝑙

𝐷𝛼𝐹𝜂 (𝑧) = sup
|𝑧|≤𝑟𝜂 ;|𝛼|≤𝑙

𝐷𝛼𝐹 (𝜙𝜂 (𝑧)) ≤ 𝑎𝑙 (1 + 𝑟𝜂)𝑝 . (31)

So, according to [7, 12],A(R) is stable under the family (𝐹𝜂)𝜂.
3.4. Construction ofA(R2). Put 𝑈(𝜔) = [𝑈(𝜔)𝜀,𝜂] and

𝑊(𝜔)𝜀,𝜂 (𝑥, 𝑦) = (𝜙𝜂 (𝑊 (𝜔) ∗ 𝜑𝜀)) (𝑥, 𝑦) . (32)

Define 𝜑 by 𝜑(𝑥, 𝑦) = 𝜒(𝑥)𝜒(𝑦) with 𝜒 ∈ D(R) having the
properties

∫𝜒 (𝑠) 𝑑𝑠 = 1;

∫ 𝑠𝑝𝜒 (𝑠) 𝑑𝑠 = 0, 1 ≤ 𝑝 ≤ 2.
(33)

Consider (𝜒𝜀)𝜀 a family of mollifiers such that 𝜘𝜀(𝑦) =
(1/𝜀)𝜒(𝑦/𝜀); then, 𝜑𝜀(𝑥, 𝑦) = 𝜘𝜀(𝑥)𝜘𝜀(𝑦). Put𝐴(𝜔)𝜀 = 𝐴(𝜔)∗
𝜒𝜀 and 𝐵(𝜔)𝜀 = 𝐵(𝜔) ∗ 𝜒𝜀.

We make the following assumptions to generate a conve-
nient (C,E,P)-algebra adapted to our problem:

(𝐻1) ∃𝑝 > 0, ∀𝑙 ∈ N, ∃𝑎𝑙 > 0, sup𝑧∈R;|𝛼|≤𝑙|𝐷𝛼𝐹𝜂(𝑧)| ≤ 𝑎𝑙(1+𝑟𝜂)𝑝.

(𝐻2) ∀𝐾 ⋐ R2, ∀𝑙 ∈ N, ∃𝜌𝑙 > 0, 𝑃𝐾,𝑙(𝑊(𝜔)𝜀,𝜂) ≤ 𝜌𝐾,𝑙(1 +𝑟𝜂)𝑝.
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(𝐻3) C = 𝐴/𝐼𝐴 is overgenerated by the following elements
of R(0,1]∗ : (𝜀)𝜀,𝜂, (𝜂)𝜀,𝜂, (𝑟𝜂)𝜀,𝜂, (exp 𝑟𝜂)𝜀,𝜂.

(𝐻4) A(R2) = X(R2)/N(R2) is built on C with (E,P) =
(𝐶∞(R2), (𝑃𝐾,𝑙)𝐾⋐R2 ,𝑙∈N).

(𝐻5) A2(R2) = X2(R2)/N2(R2) is built on C with
(E,P) = (𝐶∞(R2), (𝑁2𝐾,𝑙)𝐾⋐R2 ,𝑙∈N).

3.5. Generalized Differential Problems Associated with the
Formal Ones. Our goal is to give a meaning to the problems
formally written as (𝑃) and (𝑃).
3.5.1. Generalized Differential Problem Associated with (𝑃).
For𝜔fixed, the problemassociatedwith (𝑃(𝜔)) can bewritten
as the well-formulated problem

(𝑃 (𝜔)gen) : 𝜕2𝑈 (𝜔)
𝜕𝑥𝜕𝑦 = F (𝑈 (𝜔)) + [𝑊 (𝜔)𝜀,𝜂] ,

R𝑓 (𝑈 (𝜔)) = [𝐴 (𝜔)𝜀] ,
R𝑓 (𝜕𝑈 (𝜔)

𝜕𝑦 ) = [𝐵 (𝜔)𝜀] ;
(34)

then,

𝜕2𝑈 (𝜔)
𝜕𝑥𝜕𝑦 = [𝐹𝜂 (𝑈 (𝜔))] + [𝑊 (𝜔)𝜀,𝜂] ,
𝑈 (𝜔)|𝛾 = [𝐴 (𝜔) ∗ 𝜒𝜀] ,

𝜕𝑈 (𝜔)
𝜕𝑦

𝛾 = [𝐵 (𝜔) ∗ 𝜒𝜀] .
(35)

In terms of representatives, and thanks to the stability and
restriction hypothesis, if we can find 𝑈(𝜔)𝜀,𝜂 ∈ 𝐶∞(R2)
verifying

(𝑃 (𝜔)(𝜀,𝜂)) : 𝜕2𝑈 (𝜔)𝜀,𝜂
𝜕𝑥𝜕𝑦 (𝑥, 𝑦)

= 𝐹𝜂 (𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑦))
+𝑊 (𝜔)𝜀,𝜂 (𝑥, 𝑦) ,

𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑓 (𝑥)) = 𝐴 (𝜔)𝜀 (𝑥)
= (𝐴 (𝜔) ∗ 𝜒𝜀) (𝑥) ,
𝜕𝑈 (𝜔)𝜀,𝜂

𝜕𝑦 (𝑥, 𝑓 (𝑥)) = 𝐵 (𝜔)𝜀 (𝑥)
= (𝐵 (𝜔) ∗ 𝜒𝜀) (𝑥)

(36)

and if we can prove that (𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 ∈ X2(R2), then 𝑈(𝜔) =[𝑈(𝜔)𝜀,𝜂] is a solution of 𝑃(𝜔)gen.
Let 𝑉(𝜔) = [𝑉(𝜔)𝜀,𝜂] be another solution to 𝑃(𝜔)gen. The

uniqueness of the solution to 𝑃gen(𝜔)will be the consequence
of (𝑉(𝜔)𝜀,𝜂 − 𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 ∈ N(R2).

Remark 5. Dependence from some regularizing family. The
problem𝑃(𝜔)gen itself, and so a solution of it, a priori depends
on the family of cutoff functions and, in the case of irregular
data, on the family of mollifiers [7].

Remark 6. 𝐹(𝑈) is such that

𝐹 (𝑈) : Ω → A (R2) ,
𝜔 → [𝐹𝜂 (𝑈 (𝜔)𝜀,𝜂)] ,

𝐹𝜂 (𝑈 (𝜔)𝜀,𝜂) : R2 → R,
(𝑥, 𝑦) → 𝐹𝜂 (𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑦)) .

(37)

Moreover,

𝑅𝑈 = 𝑢 : Λ ×R
2 × Ω → R;

(𝜆, (𝑥, 𝑦) , 𝜔) → 𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑦) = 𝑢 (𝜆, 𝑥, 𝑦, 𝜔) , (38)

with 𝜆 = (𝜀, 𝜂).
3.5.2. Generalized Differential Problem Associated with (𝑃).
For 𝜔 fixed, the problem associated with (𝑃(𝜔)) can be
written as the well-formulated problem

(𝑃gen (𝜔)) : 𝜕2𝑈 (𝜔)
𝜕𝑥𝜕𝑦 = F (𝑈 (𝜔)) [𝑊 (𝜔)𝜀,𝜂] ,

R𝑓 (𝑈 (𝜔)) = [𝐴 (𝜔)𝜀] ,
R𝑓 (𝜕𝑈 (𝜔)

𝜕𝑦 ) = [𝐵 (𝜔)𝜀] ;
(39)

then,

𝜕2𝑈 (𝜔)
𝜕𝑥𝜕𝑦 = [𝐹𝜂 (𝑈 (𝜔))] [𝑊 (𝜔)𝜀,𝜂] ,
𝑈 (𝜔)|𝛾 = [𝐴 (𝜔) ∗ 𝜒𝜀] ,

𝜕𝑈 (𝜔)
𝜕𝑦

𝛾 = [𝐵 (𝜔) ∗ 𝜒𝜀] .
(40)

In terms of representatives, and thanks to the stability and
restriction hypothesis, if we can find 𝑈(𝜔)𝜀,𝜂 ∈ 𝐶∞(R2)
verifying

(𝑃 (𝜔)(𝜀,𝜂)) : 𝜕2𝑈 (𝜔)𝜀,𝜂
𝜕𝑥𝜕𝑦 (𝑥, 𝑦)

= 𝐹𝜂 (𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑦))𝑊 (𝜔)𝜀,𝜂 (𝑥, 𝑦) ,
𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑓 (𝑥)) = 𝐴 (𝜔)𝜀 (𝑥)
= (𝐴 (𝜔) ∗ 𝜒𝜀) (𝑥) ,
𝜕𝑈 (𝜔)𝜀,𝜂

𝜕𝑦 (𝑥, 𝑓 (𝑥)) = 𝐵 (𝜔)𝜀 (𝑥)
= (𝐵 (𝜔) ∗ 𝜒𝜀) (𝑥)

(41)
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and if we can prove that (𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 ∈ X2(R2), then 𝑈(𝜔) =
[𝑈(𝜔)𝜀,𝜂] is a solution of (𝑃(𝜔)gen).
3.6. Generalized Problems

3.6.1. Solution to the Parametrized Regular Problems. For
𝜔 fixed, we consider the families of regularized problems
(𝑃(𝜔)(𝜀,𝜂)) and (𝑃(𝜔)(𝜀,𝜂)). We are going to prove that
(𝑃(𝜔)(𝜀,𝜂)) and (𝑃(𝜔)(𝜀,𝜂)) have a unique smooth solution
under assumptions (𝐻1) and (𝐻2) and the assumption

(𝐻𝜀,𝜂)
(a) 𝑓 ∈ 𝐶∞(R), 𝑓 > 0, 𝑓(R) = R,
(b) 𝐹𝜂 ∈ 𝐶∞(R,R),
(c) 𝐴(𝜔)𝜀, 𝐵(𝜔)𝜀 ∈ 𝐶∞(R).

Following [6], one can prove that (𝑃(𝜔)(𝜀,𝜂)) is equivalent to
the integral formulation

𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑦) = 𝑈 (𝜔)0,𝜀,𝜂 (𝑥, 𝑦)
−∬

𝐷(𝑥,𝑦,𝑓)
(𝐹𝜂 (𝑈 (𝜔)𝜀,𝜂 (𝜉, 𝜁))

+ 𝑊 (𝜔)𝜀,𝜂 (𝜉, 𝜁)) 𝑑𝜉 𝑑𝜁
(42)

and (𝑃(𝜔)(𝜀,𝜂)) is equivalent to the integral formulation

𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑦) = 𝑈 (𝜔)0,𝜀,𝜂 (𝑥, 𝑦)
−∬

𝐷(𝑥,𝑦,𝑓)
(𝐹𝜂 (𝑈 (𝜔)𝜀,𝜂 (𝜉, 𝜁))𝑊 (𝜔)𝜀,𝜂 (𝜉, 𝜁)) 𝑑𝜉 𝑑𝜁,

(43)

where 𝑈(𝜔)0,𝜀,𝜂(𝑥, 𝑦) = Υ(𝜔)𝜀(𝑦) − Υ(𝜔)𝜀(𝑓(𝑥)) + 𝐴(𝜔)𝜀(𝑥)
and Υ(𝜔)𝜀 denotes a primitive of 𝐵(𝜔)𝜀 ∘ 𝑓−1, with
𝐷(𝑥, 𝑦, 𝑓)

= {
{{
{(𝜉, 𝜁) : 𝑓−1 (𝑦) ≤ 𝜉 ≤ 𝑥, 𝑦 ≤ 𝜁 ≤ 𝑓 (𝜉)} if 𝑦 ≤ 𝑓 (𝑥) ,
{(𝜉, 𝜁) : 𝑥 ≤ 𝜉 ≤ 𝑓−1 (𝑦) , 𝑓 (𝜉) ≤ 𝜁 ≤ 𝑦} if 𝑦 ≥ 𝑓 (𝑥) .

(44)

Theorem 7. Under Assumptions (𝐻𝜀,𝜂), (𝐻1), and (𝐻2),
problem (𝑃(𝜔)(𝜀,𝜂)) (resp., (𝑃(𝜔)(𝜀,𝜂))) has a unique solution,
𝑈(𝜔)𝜀,𝜂, in 𝐶∞(R2).

See [6, 12] for a detailed proof; replace 𝑢𝜀,𝜂 by𝑈(𝜔)𝜀,𝜂 and𝐹𝜂(𝑥, 𝑦, 𝑢𝜀,𝜂(𝑥, 𝑦)) by 𝐹𝜂(𝑈(𝜔)𝜀,𝜂(𝑥, 𝑦))+𝑊(𝜔)𝜀,𝜂(𝑥, 𝑦) (resp.,𝐹𝜂(𝑈(𝜔)𝜀,𝜂(𝑥, 𝑦))𝑊(𝜔)𝜀,𝜂(𝑥, 𝑦)).
3.6.2. Solution to the Problems

Theorem 8. Assume that 𝑈(𝜔)𝜀,𝜂 is the solution to problem
(𝑃(𝜔)(𝜀,𝜂)) (resp., (𝑃(𝜔)(𝜀,𝜂))); then, problem (𝑃(𝜔)gen) (resp.,
(𝑃(𝜔)gen)) has a unique solution 𝑈(𝜔) = [𝑈(𝜔)𝜀,𝜂] inA(R2).

𝑈(𝜔) is the solution to (𝑃(𝜔)(𝜀,𝜂)) (resp., (𝑃(𝜔)(𝜀,𝜂))) if
(𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 ∈ X(R2); that is,

(𝑃𝐾,𝑙 (𝑈 (𝜔)𝜀,𝜂))𝜀,𝜂 ∈ 𝐴, ∀𝐾 ⋐ R
2, ∀𝑙 ∈ N. (45)

The proof follows the same steps as the existence results
which can be found in [12], replacing 𝑢𝜀,𝜂 by 𝑈(𝜔)𝜀,𝜂 and𝐹𝜂(𝑥, 𝑦, 𝑢𝜀,𝜂(𝑥, 𝑦)) by 𝐹𝜂(𝑈(𝜔)𝜀,𝜂(𝑥, 𝑦))+𝑊(𝜔)𝜀,𝜂(𝑥, 𝑦) (resp.,𝐹𝜂(𝑈(𝜔)𝜀,𝜂(𝑥, 𝑦))𝑊(𝜔)𝜀,𝜂(𝑥, 𝑦)). An induction process on the
order of the successive derivatives shows that (𝑈(𝜔)𝜀,𝜂)𝜀,𝜂
belongs to X(R2). The Gronwall lemma is essential tool for
the uniqueness.

Theorem 9. Assume that 𝑈(𝜔)𝜀,𝜂 is the solution to problem
(𝑃(𝜔)(𝜀,𝜂)) (resp., (𝑃(𝜔)(𝜀,𝜂))); then, problem (𝑃(𝜔)gen) (resp.,
(𝑃(𝜔)gen)) has a unique solution𝑈(𝜔) = [𝑈(𝜔)𝜀,𝜂] inA2(R2).
Proof. 𝑈(𝜔) is the solution to (𝑃(𝜔)(𝜀,𝜂)) if (𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 ∈
X2(R2). We shall prove that

(𝑁2𝐾,𝑙 (𝑈 (𝜔)𝜀,𝜂))𝜀,𝜂 ∈ 𝐴, ∀𝐾 ⋐ R
2, ∀𝑙 ∈ N. (46)

But

𝐷𝛼 (𝑈 (𝜔)𝜀,𝜂)𝐿2(𝐾)
≤ (𝜇 (𝐾))1/2 𝐷𝛼 (𝑈 (𝜔)𝜀,𝜂)𝐿∞(𝐾)

(47)

and, as (𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 ∈ X(R2), we have (‖𝐷𝛼(𝑈(𝜔)𝜀,𝜂)‖∞)𝜀,𝜂 ∈𝐴. Thus,

(𝐷𝛼 (𝑈 (𝜔)𝜀,𝜂)𝐿2(𝐾))𝜀,𝜂 = (𝑁2𝐾,𝑙 (𝑈 (𝜔)𝜀,𝜂))𝜀,𝜂 ∈ 𝐴. (48)

So𝑈(𝜔) ∈ A2(R2) and it is the solution to problem (𝑃(𝜔)gen)
inA2(R2). Set

𝑈 : Ω → A2 (R2) ,
𝜔 → 𝑈 (𝜔) .

(49)

Then, 𝑈 ∈ AΩ
2 (R2).

Theorem 10. The mapping 𝑈 is the solution to problem
(𝑃) (resp., (𝑃)) and it is almost surely unique inAΩ

2 (R2).
Proof. Since𝑈(𝜔) is the unique solution to problem (𝑃(𝜔)gen)
in A2(R2), then almost surely in 𝜔 ∈ Ω, the map 𝜆 →
𝑅𝑈(𝜆, (⋅, ⋅), 𝜔) = 𝑈(𝜔)𝜆, (𝜆 = (𝜀, 𝜂)), belongs to X2(R2) and
it is a representative of 𝑈(𝜔) (i.e., 𝑈(𝜔) = [𝑈(𝜔)𝜆]). For fixed𝜆 = (𝜀, 𝜂) ∈ Λ, the map

((𝑥, 𝑦) , 𝜔) → 𝑅𝑈 (𝜆, (𝑥, 𝑦) , 𝜔) = 𝑈 (𝜔)𝜆 (𝑥, 𝑦) = 𝑢𝜆 ((𝑥, 𝑦) , 𝜔) (50)
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is jointly measurable on R2 × Ω. So 𝑈 is the solution to
problem (𝑃) almost surely unique inAΩ

2 (R2).
3.7. The Regularized and the Nonregularized Problems

Remark 11. The generalized function represented by the
family of solutions to the regularized problems (𝑃(𝜔)(𝜀,𝜂))
(resp., (𝑃(𝜔)(𝜀,𝜂))) is defined from the integral representation.
Thus, we are going to study the relationship between this
generalized function and the classical solutions to (𝑃(𝜔)gen)
(resp., (𝑃(𝜔)(𝜀,𝜂))), when they exist, on a domain 𝑂 such
that ∀(𝑥, 𝑦) ∈ 𝑂, 𝐷(𝑥, 𝑦, 𝑓) ⊂ 𝑂. This justifies choosing
𝑂 = ]𝑎, 𝑏[ × ]𝑓(𝑎), 𝑓(𝑏)[ when (𝑎, 𝑏) ∈ R2 with 𝑎 < 𝑏.

If problem (𝑃(𝜔)gen) (resp., (𝑃(𝜔)gen)) has a smooth
solution V on 𝑂, then, necessarily, we have 𝑂 ⊂ R2 \
singsupp (𝑈(𝜔)).

Let us recall that there exists a canonical sheaf embedding
of 𝐶∞ intoA, through the morphism of algebra

𝜎𝑂 : 𝐶∞ (𝑂) → A (𝑂) ,
𝑔 → [𝑔𝜀] ,

(51)

where𝑂 is any open subset ofR2 and 𝑔𝜀 = 𝑔. The presheafA
allows defining restriction and, as usually, we denote by 𝑢|𝑂
the restriction on 𝑂 of 𝑈 ∈ A(R2).
Theorem 12. Let 𝑂 be an open subset of R2 such that

𝑂 ⊂ R
2 \ singsupp (𝑈 (𝜔)) . (52)

Assume that 𝑂 = ⋃𝜂 𝑂𝜂 when (𝑂𝜂)𝜂 is an increasing family
of open subsets of R2 such that 𝑂𝜂 = ]𝑎𝜂, 𝑏𝜂[ × ]𝑓(𝑎𝜂), 𝑓(𝑏𝜂)[
when (𝑎𝜂, 𝑏𝜂) ∈ R2 with 𝑎𝜂 < 𝑏𝜂. Assume that the
nonregularized problem (𝑃(𝜔)gen) (resp., (𝑃(𝜔)gen)) has a
smooth solution𝑉(𝜔) on𝑂 such that sup(𝑥,𝑦)∈𝑂𝜂 |𝑉(𝜔)(𝑥, 𝑦)| <𝑟𝜂 − 1 for any 𝜂. Let 𝑈(𝜔) ∈ A(R2) be the generalized
function represented by the family (𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 of solutions to
(𝑃(𝜔)(𝜀,𝜂)) (resp., (𝑃(𝜔)(𝜀,𝜂))). Then, 𝜎𝑂(𝑉(𝜔)) = 𝑈(𝜔)|𝑂.

We refer the reader to [12] for a detailed proof.
We can say that the solution𝑈 = [𝑈(𝜔)] to the regularized

problem coincides with the solution to the nonregularized
equation on 𝑂.
3.8. A Special Case. We consider the Cauchy problem for-
mally written as

(𝑆) : 𝜕2𝑈
𝜕𝑥𝜕𝑦 = 𝑊,
𝑈|𝛾 = 𝐴,
𝜕𝑈
𝜕𝑦

𝛾 = 𝐵,
(53)

where 𝛾 is a monotonic curve of equation 𝑦 = 𝑓(𝑥), 𝛾 is not
a characteristic curve, 𝐴, 𝐵 ∈ AΩ(R), and𝑊 ∈ AΩ(R2) is a

A(R2)-generalized stochastic process on a probability space
(Ω, Σ, 𝜇).

This problem coincides with problem (𝑃) for 𝐹 = 0 and
with problem (𝑃) for 𝐹 = 1. We obtain the solution 𝑈 to
problem (𝑆). 𝑈(𝜔) = [𝑈(𝜔)𝜀,𝜂] inA2(R2) is defined, with the
previous notations, by

𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑦) = 𝑈 (𝜔)0,𝜀,𝜂 (𝑥, 𝑦)
−∬

𝐷(𝑥,𝑦,𝑓)
𝑊(𝜔)𝜀,𝜂 (𝜉, 𝜁) 𝑑𝜉 𝑑𝜁.

(54)

4. A Nonlinear Stochastic Cauchy Problem
with the White Noise as Data

We consider the Cauchy problems formally written as

(𝑃1) : 𝜕2𝑈
𝜕𝑥𝜕𝑦 = 𝐹 (𝑈) ,
𝑈|𝛾 = 𝑊,
𝜕𝑈
𝜕𝑦

𝛾 = 0,

(𝑃2) : 𝜕2𝑉
𝜕𝑥𝜕𝑦 = 0,
𝑉|𝛾 = 𝑊,
𝜕𝑉
𝜕𝑦

𝛾 = 0,

(55)

where 𝛾 is a monotonic curve of equation 𝑦 = 𝑓(𝑥), 𝛾 is not
a characteristic curve, and 𝑊 ∈ AΩ(R) is the white noise
on R. The function 𝐹 is smooth; it can be non-Lipschitz but
𝐹 and all derivatives have polynomial growth. Assume that
𝐹(0) = 0.We look for a solution (𝑈 : Ω → A(R2)) ∈ AΩ(R2)
and (𝑉 : Ω → A(R2)) ∈ AΩ(R2).

𝑈 is a solution to problem (𝑃1) if and only if, for any 𝜔 ∈
Ω, 𝑈(𝜔) is a solution to the formally problem

(𝑃1 (𝜔)) : 𝜕2𝑈 (𝜔)
𝜕𝑥𝜕𝑦 = 𝐹 (𝑈 (𝜔)) ,
𝑈 (𝜔)|𝛾 = 𝑊(𝜔) ,
𝜕𝑈 (𝜔)
𝜕𝑦

𝛾 = 0.
(56)

𝑉 is a solution to problem (𝑃2) if and only if, for any 𝜔 ∈ Ω,
𝑉(𝜔) is a solution to the formally problem

(𝑃2 (𝜔)) : 𝜕2𝑉 (𝜔)
𝜕𝑥𝜕𝑦 = 0,
𝑉 (𝜔)|𝛾 = 𝑊(𝜔) ,
𝜕𝑉 (𝜔)
𝜕𝑦

𝛾 = 0.
(57)
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We consider the samehypotheses andwe take the same spaces
A(R2) andA2(R2) built for problems (𝑃) and (𝑃).
4.1. A Generalized Differential Problem Associated with the
Formal One. Our goal is to give a meaning to the problem
formally written as (𝑃1(𝜔)). For 𝜔 fixed, the problem asso-
ciated with (𝑃1(𝜔)) can be written as the well-formulated
problem

(𝑃1gen (𝜔)) : 𝜕2𝑈 (𝜔)
𝜕𝑥𝜕𝑦 = F (𝑈 (𝜔)) ,

R𝑓 (𝑈 (𝜔)) = [𝑊 (𝜔)𝜀] ,
R𝑓 (𝜕𝑈 (𝜔)

𝜕𝑦 ) = 0;
(58)

then,

𝜕2𝑈 (𝜔)
𝜕𝑥𝜕𝑦 = [𝐹𝜂 (𝑈 (𝜔))] ,
𝑈 (𝜔)|𝛾 = [𝑊 (𝜔) ∗ 𝜒𝜀] ,

𝜕𝑈 (𝜔)
𝜕𝑦

𝛾 = 0.
(59)

The problem associated with (𝑃2(𝜔)) can be written as the
well-formulated problem

(𝑃2gen (𝜔)) : 𝜕2𝑉 (𝜔)
𝜕𝑥𝜕𝑦 = 0,

R𝑓 (𝑉 (𝜔)) = [𝑊 (𝜔)𝜀] ,
R𝑓 (𝜕𝑉 (𝜔)

𝜕𝑦 ) = 0;
(60)

then,

𝜕2𝑉 (𝜔)
𝜕𝑥𝜕𝑦 = 0,
𝑉 (𝜔)|𝛾 = [𝑊 (𝜔) ∗ 𝜒𝜀] ,

𝜕𝑉 (𝜔)
𝜕𝑦

𝛾 = 0.
(61)

In terms of representatives, and thanks to the stability and
restriction hypothesis, if we can find 𝑈(𝜔)𝜀,𝜂 ∈ 𝐶∞(R2)
verifying

(𝑃1 (𝜔)(𝜀,𝜂)) : 𝜕2𝑈 (𝜔)𝜀,𝜂
𝜕𝑥𝜕𝑦 (𝑥, 𝑦)

= 𝐹𝜂 (𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑦)) ,
𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑓 (𝑥))
= (𝑊 (𝜔) ∗ 𝜒𝜀) (𝑥) ,
𝜕𝑈 (𝜔)𝜀,𝜂

𝜕𝑦 (𝑥, 𝑓 (𝑥)) = 0

(62)

and if we can prove that (𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 ∈ X2(R2), then 𝑈(𝜔) =[𝑈(𝜔)𝜀,𝜂] is a solution of (𝑃1(𝜔)gen).
We have [𝑉(𝜔)𝜀,𝜂] = 𝑊(𝜔) ∗ 𝜒𝜀; then, 𝑉(𝜔)𝜀,𝜂(𝑥, 𝑦) =

(𝑊(𝜔) ∗ 𝜒𝜀)(𝑥).
4.2. Generalized Problem

4.2.1. Solution to the Parametrized Regular Problem. For
𝜔 fixed, we consider the family of regularized problems
(𝑃1(𝜔)(𝜀,𝜂)). We are going to prove that (𝑃1(𝜔)(𝜀,𝜂)) has a
unique smooth solution under the following assumptions:
(𝐻𝜀,𝜂)

(a) 𝑓 ∈ 𝐶∞(R), 𝑓 > 0, 𝑓(R) = R,
(b) 𝐹𝜂 ∈ 𝐶∞(R,R),
(c) 𝑊(𝜔)𝜀 ∈ 𝐶∞(R).

(𝐻1) ∃𝑝 > 0, ∀𝑙 ∈ N, ∃𝑎𝑙 > 0, sup𝑧∈R;|𝛼|≤𝑙|𝐷𝛼𝐹𝜂(𝑧)| ≤𝑎𝑙(1 + 𝑟𝜂)𝑝.
Following [6], one can prove that (𝑃1(𝜔)(𝜀,𝜂)) is equivalent to
the integral formulation

𝑈 (𝜔)𝜀,𝜂 (𝑥, 𝑦)
= 𝑈 (𝜔)0,𝜀,𝜂 (𝑥, 𝑦)
−∬

𝐷(𝑥,𝑦,𝑓)
𝐹𝜂 (𝑈 (𝜔)𝜀,𝜂 (𝜉, 𝜁)) 𝑑𝜉 𝑑𝜁,

(63)

where 𝑈(𝜔)0,𝜀,𝜂(𝑥, 𝑦) = (𝑊(𝜔) ∗ 𝜒𝜀)(𝑥), with
𝐷(𝑥, 𝑦, 𝑓)

= {
{{
{(𝜉, 𝜁) : 𝑓−1 (𝑦) ≤ 𝜉 ≤ 𝑥, 𝑦 ≤ 𝜁 ≤ 𝑓 (𝜉)} if 𝑦 ≤ 𝑓 (𝑥) ,
{(𝜉, 𝜁) : 𝑥 ≤ 𝜉 ≤ 𝑓−1 (𝑦) , 𝑓 (𝜉) ≤ 𝜁 ≤ 𝑦} if 𝑦 ≥ 𝑓 (𝑥) .

(64)

Theorem 13. Under Assumptions (𝐻𝜀,𝜂) and (𝐻1), problem
(𝑃1(𝜔)(𝜀,𝜂)) has a unique solution, 𝑈(𝜔)𝜀,𝜂, in 𝐶∞(R2).

We refer the reader to [6, 12] for a detailed proof (replace
𝑢𝜀,𝜂 by 𝑈(𝜔)𝜀,𝜂 and 𝐹𝜂(𝑥, 𝑦, 𝑢𝜀,𝜂(𝑥, 𝑦)) by 𝐹𝜂(𝑈(𝜔)𝜀,𝜂(𝑥, 𝑦))).
4.2.2. Solution to (𝑃1)
Theorem 14. Assume that 𝑈(𝜔)𝜀,𝜂 is the solution to problem
(𝑃1(𝜔)(𝜀,𝜂)); then, problem (𝑃1(𝜔)gen) has a unique solution
𝑈(𝜔) = [𝑈(𝜔)𝜀,𝜂] inA(R2).

See [12] for a detailed proof (replace 𝑢𝜀,𝜂 by 𝑈(𝜔)𝜀,𝜂 and𝐹𝜂(𝑥, 𝑦, 𝑢𝜀,𝜂(𝑥, 𝑦)) by 𝐹𝜂(𝑈(𝜔)𝜀,𝜂(𝑥, 𝑦))).
Theorem 15. Assume that 𝑈(𝜔)𝜀,𝜂 is the solution to problem
(𝑃1(𝜔)(𝜀,𝜂)); then, problem (𝑃1(𝜔)gen) has a unique solution
𝑈(𝜔) = [𝑈(𝜔)𝜀,𝜂] inA2(R2).
Proof. 𝑈(𝜔) is the solution to (𝑃1(𝜔)(𝜀,𝜂)) if (𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 ∈
X2(R2). We shall prove that

(𝑁2𝐾,𝑙 (𝑈 (𝜔)𝜀,𝜂))𝜀,𝜂 ∈ 𝐴, ∀𝐾 ⋐ R
2, ∀𝑙 ∈ N. (65)
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But 𝐷𝛼 (𝑈 (𝜔)𝜀,𝜂)𝐿2(𝐾)
≤ (𝜇 (𝐾))1/2 𝐷𝛼 (𝑈 (𝜔)𝜀,𝜂)𝐿∞(𝐾)

(66)

and, as (𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 ∈ X(R2), we have (‖𝐷𝛼(𝑈(𝜔)𝜀,𝜂)‖∞)𝜀,𝜂 ∈𝐴. Thus,

(𝐷𝛼 (𝑈 (𝜔)𝜀,𝜂)𝐿2(𝐾))𝜀,𝜂 = (𝑁2𝐾,𝑙 (𝑈 (𝜔)𝜀,𝜂))𝜀,𝜂 ∈ 𝐴. (67)

So𝑈(𝜔) ∈ A2(R2) and it is the solution to problem (𝑃1(𝜔)gen)
inA2(R2). Set

𝑈 : Ω → A2 (R2) ,
𝜔 → 𝑈 (𝜔) .

(68)

Then, 𝑈 ∈ AΩ
2 (R2).

Theorem 16. The mapping 𝑈 is the solution to problem (𝑃1)
and it is almost surely unique inAΩ

2 (R2).
Proof. Since 𝑈(𝜔) is the unique solution to problem
(𝑃1(𝜔)gen) in A2(R2), then almost surely in 𝜔 ∈ Ω, the map
𝜆 → 𝑅𝑈(𝜆, (⋅, ⋅), 𝜔) = 𝑈(𝜔)𝜆, (𝜆 = (𝜀, 𝜂)), belongs toX2(R2)
and it is a representative of 𝑈(𝜔) (i.e., 𝑈(𝜔) = [𝑈(𝜔)𝜆]). For
fixed 𝜆 = (𝜀, 𝜂) ∈ Λ, the map

((𝑥, 𝑦) , 𝜔) → 𝑅𝑈 (𝜆, (𝑥, 𝑦) , 𝜔) = 𝑈 (𝜔)𝜆 (𝑥, 𝑦) (69)

is jointly measurable on R2 × Ω. So 𝑈 is the solution to
problem (𝑃1) almost surely unique inAΩ

2 (R2).
Theorem 17. Let 𝑂 be an open subset of R2 such that

𝑂 ⊂ R
2 \ singsupp (𝑈 (𝜔)) . (70)

Assume that 𝑂 = ⋃𝜂 𝑂𝜂 when (𝑂𝜂)𝜂 is an increasing family
of open subsets of R2 such that 𝑂𝜂 = ]𝑎𝜂, 𝑏𝜂[ × ]𝑓(𝑎𝜂), 𝑓(𝑏𝜂)[
when (𝑎𝜂, 𝑏𝜂) ∈ R2 with 𝑎𝜂 < 𝑏𝜂. Assume that the
nonregularized problem has a smooth solution𝑉(𝜔) on𝑂 such
that sup(𝑥,𝑦)∈𝑂𝜂 |𝑉(𝜔)(𝑥, 𝑦)| < 𝑟𝜂 − 1 for any 𝜂. Let 𝑈(𝜔) ∈
A(R2) be the generalized function represented by the family
(𝑈(𝜔)𝜀,𝜂)𝜀,𝜂 of solutions to (𝑃1(𝜔)(𝜀,𝜂)). Then, 𝜎𝑂(𝑉(𝜔)) =
𝑈(𝜔)|𝑂.

We refer the reader to [12].

4.3. Limiting Behavior of the Solution (See [8, 10]). Take𝑊𝜀 =(𝑊(𝜔)∗𝜒𝜀). We have 𝐸(𝑊𝜀) = 0 and𝑉(𝑊𝜀) = 𝜎2𝜀 = ‖𝜒𝜀‖2𝐿2(R).
Then, the variance of𝑊𝜀 tends to infinity as 𝜀 tends to 0. That
implies the following.

Theorem 18. There is a subsequence 𝜀𝑘 → 0 such that, 𝜇-
almost surely in 𝜔 ∈ Ω,

lim
𝑘→0

𝑅𝑉 ((𝜀𝑘, 𝜂) , (𝑥, 𝑦) , 𝜔) = lim
𝑘→0

𝑉 (𝜔)𝜀𝑘,𝜂 (𝑥, 𝑦)
= ∞

(71)

for almost all (𝑥, 𝑦) ∈ R2.

Proof. See [8] Corollary 1 and [10].

Assume that lim|𝑧|→∞𝐹(𝑧) = 𝐿. Define the function𝑀 :
R2 → R by𝑀(𝑥, 𝑦) = 𝑥𝑦𝐿.
Theorem 19. Under the assumptions above, every subsequence
of 𝜀 → 0 has a subsequence 𝜀𝑘 → 0 such that for all compact
set 𝐾 ⋐ R2

lim
𝑘→0

𝑅𝑈 ((𝜀𝑘, 𝜂) , (⋅, ⋅) , 𝜔) − 𝑅𝑉 ((𝜀𝑘, 𝜂) , (⋅, ⋅) , 𝜔)
− 𝑀𝐿1(𝐾) = 0

(72)

𝜇-almost surely.

That is,

lim
𝑘→0

𝑈 (𝜔)𝜀𝑘 ,𝜂 − 𝑉 (𝜔)𝜀𝑘,𝜂 −𝑀𝐿1(𝐾) = 0 (73)

𝜇-almost surely.

Proof. Take 𝜆 = (𝜀, 𝜂). We have

𝑈 (𝜔)𝜆 − 𝑉 (𝜔)𝜆 −𝑀 = 𝜕2𝑈 (𝜔)𝜆
𝜕𝑥𝜕𝑦

− 𝜕2 (𝑉 (𝜔)𝜆 +𝑀)
𝜕𝑥𝜕𝑦 ,

𝜕2𝑈 (𝜔)𝜆
𝜕𝑥𝜕𝑦 − 𝜕2 (𝑉 (𝜔)𝜆 +𝑀)

𝜕𝑥𝜕𝑦 = 𝐹 (𝑈 (𝜔)𝜆)
− 𝐹 (𝑉 (𝜔)𝜆 +𝑀) + (𝐹 (𝑉 (𝜔)𝜆 +𝑀) − 𝐿)
= (𝑈 (𝜔)𝜆 − 𝑉 (𝜔)𝜆 −𝑀)
⋅ ∫1
0

𝜕𝐹
𝜕𝑧 (𝑈 (𝜔)𝜆 + 𝜎 (𝑈 (𝜔)𝜆 − 𝑉 (𝜔)𝜆 −𝑀)) 𝑑𝜎

+ (𝐹 (𝑉 (𝜔)𝜆 +𝑀) − 𝐿) .

(74)

So
𝑈 (𝜔)𝜆 − 𝑉 (𝜔)𝜆 −𝑀𝐿1(𝐾)
≤ 𝑈 (𝜔)𝜆 − 𝑉 (𝜔)𝜆 −𝑀𝐿1(𝐾)


𝜕𝐹
𝜕𝑧

𝐿∞(R)
+ 𝐹 (𝑉 (𝜔)𝜆 +𝑀) − 𝐿𝐿1(𝐾) .

(75)

By Theorem 18, there is a subsequence 𝜀𝑘 → 0 such that 𝜇-
almost surely in 𝜔 ∈ Ω almost everywhere ((𝑥, 𝑦) ∈ R2),
lim𝑘→0|𝑉(𝜔)𝜀𝑘 ,𝜂(𝑥, 𝑦)| = ∞, as lim|𝑧|→∞𝐹(𝑧) = 𝐿 we deduce
that

lim
𝑘→0

𝐹 (𝑉 (𝜔)𝜀𝑘,𝜂)𝜆 +𝑀 − 𝐿𝐿1(𝐾) = 0. (76)

almost everywhere. Hence, by Lebesgue’s theorem and Gron-
wall’s lemma, the assertion follows.
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Theorem 20. Let 𝑉 ∈ D
Ω(R2) be the distributional solution

to the free equation (𝑃2). Then, the representative 𝑈(𝜔)𝜀,𝜂 of
the generalized solution to the nonlinear problem (𝑃1) converge
to 𝑉 + 𝑀 with respect to the strong topology of D(R2), in
probability as 𝜀 → 0.
Proof. Let 𝑞 be one of the defining seminorms of the strong
topology of D(R2). According to Theorem 19, every subse-
quence of 𝜀 → 0 has a subsequence 𝜀𝑘 → 0 such that for all
compact set 𝐾 ⋐ R2

𝑞 (𝑅𝑈 ((𝜀𝑘, 𝜂) , (⋅, ⋅) , 𝜔) − 𝑅𝑉 ((𝜀𝑘, 𝜂) , (⋅, ⋅) , 𝜔) − 𝑀) → 0 (77)

almost surely.This is equivalent to convergence in probability.

5. Conclusion

We can use efficiently the (C,E,P)-algebras in studying
stochastic differential equations and thewhite noise.We hope
that this study will convince the reader that the (C,E,P)-
algebras are a very good tool to study stochastic generalized
processes.
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