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A number of techniques, used as remedy to the instability of the Galerkin finite element formulation for Stokes like problems,
are found in the literature. In this work we consider a coupled Stokes-Darcy problem, where in one part of the domain the fluid
motion is described by Stokes equations and for the other part the fluid is in a porous medium and described by Darcy law and the
conservation of mass. Such systems can be discretized by heterogeneous mixed finite elements in the two parts. A better method,
from a computational point of view, consists in using a unified approach on both subdomains. Here, the coupled Stokes-Darcy
problem is analyzed using equal-order velocity and pressure approximation combined with subgrid stabilization. We prove that the
obtained finite element solution is stable and converges to the classical solution with optimal rates for both velocity and pressure.

1. Introduction

The transport of substances between surface water and
groundwater has attracted a lot of interest into the coupling of
viscous flows and porous media flows [1-5]. In this work we
consider coupled problems in fluid dynamics where the fluid
in one part of the domain is described by the Stokes equations
and in the other, porous media part, by the Darcy equation
and mass conservation. Velocity and pressure on these two
parts are mutually coupled by interface conditions derived
in [6]. Such systems can be discretized by heterogeneous
finite elements as analyzed by Layton et al. [1]. In more
recent works, unified approaches become more popular. For
instance, discontinuous Galerkin methods were analyzed by
Girault and Riviére [3], mixed methods by Karper et al. [4],
and local pressure gradient stabilized methods by Braack and
Nafa [7].

In this work, we consider the L’-formulation of the
coupled Stokes-Darcy problem as in [4], but we discretize
by equal-order finite elements and use subgrid method and
grad-div term to stabilize the pressure and control the natural
H'(div) velocity norm on the Darcy subdomain.

2. Formulations of the Stokes-Darcy
Coupled Equations

2.1. Model Equations. Let Q@ ¢ R% d = 2 or 3, be a
bounded region with Lipschitz boundary 0Q. Q¢ and Q, are,
respectively, the fluid and porous media subdomains of Q
such that Qg N Qp = 0. The subdomains have a common
interface I' = ﬁs n ﬁD. We denote by v = (vg,vp) the
fluid velocity and by p = (ps, pp) the fluid pressure, where
Vi = Vg, pi = pla,1 = S, D. The flow in the domain Qg is
assumed to be of Stokes type and governed by the equations

=2vdiv (D (vg)) + Vpg = f, in Qg
)
divvg =0, in Qg
with symmetric strain tensor D(vg) = (1/2)(Vvg + va),
external force f, and constant viscosity v > 0. In the porous
region Q, the filtration of an incompressible flow through
porous media is described by Darcy equations

K'vy+ Vpp=£, in Qp
2)

divvy =g, in Qp,



where the permeability K = K(x) is a positive definite
symmetric tensor and g denotes an external Darcy force.

2.2. Boundary Conditions. On I's = 0Qg \ I, we prescribe
homogeneous Dirichlet conditions for the velocity vy.

vg=0, onl. (3)

The boundary of Qp, is split into three parts 0Q, = I'U
I'p, UTp,. We prescribe zero flux on I, ; and a homogeneous
Dirichlet condition for the pressure on I'p,.

vp-np =0, onlIp;

(4)

pD = 0, on rD,Z’

where nj, denotes the outer normal vector on the boundary
pointing from Qp, into Q4. This boundary condition ensures
a zero mass flux.

2.3. The Beavers-Joseph-Saffman Condition. The flows in Qg
and Qp are coupled across the interface I'. Conditions
describing the interaction of the flows are as follows [6, 8]:

(i) The continuity of the normal velocity:

Vg Ng=~Vp-np, onl (5)

(ii) The balance of normal forces:

—(=psI +2vD(v5))ng-ng = pp, onT (6)

(iii) The Beavers-Joseph-Saffman condition written in
terms of the strain tensor:

Vs'T=—T(D(Vs)'ns)‘T’

where k = K7 - 7 and « is a dimensionless param-
eter to be determined experimentally, this condition
relating the tangential slip velocity vg- 7 to the normal
derivative of the tangential velocity component in the
Stokes region

3. Variational Formulation

As variational formulation we consider the so-called L-
formulation used by Karper et al. [4] and recently by [9, 10].
We denote

(v, w)g = J vwdx, v,wel’ (Q)d,
Q

(8)
(v, w)p = L vwds, v,we L*(T),

where L*(Q) and H'(Q)) denote the usual Sobolev spaces.
Next, we define the spaces

H (Q) = {w e(H' (QS))d | w=0on rs}
H' (div, 0p) = {w e I’ (0p)" | divw e I’ (Qp)}, )

H%m (Qp) = {W e H' (div,Qp) | w-np =0 on FD}.
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Then, multiplying the Stokes equations (1) by the test func-
tionswg € H%S(QS), gs € L*(Qg), respectively, and integrating
by part on the domain Qg, we obtain

(2vD (v5), D (Ws))gs — (29D (vg) ng, wg)
— (P divwg)o + (s Ws ng)p = (£, W) > (10)
(divvs, gs)g, = 0.
Using the decomposition wg = (wg- ng)ng + (wg- 7)7, the fluid
normal stress condition (6), and the BJS interface condition

(7) in (10), we obtain the weak formulation of the Stokes
equations: find vg € H}S(Qs), ps € L*(Q) such that

(29D (vs), D (Ws))gs + ﬁ (Vs T Ws T)p

= (psrdivwg)g, + (pprws - n5)p = (Ewg)g (D

(divvs, qS)QS =0,

Vwy € H;S(QS), gs € L*(Qy).

Similarly, taking § > 0 and testing the Darcy equations (2)
by wp € Hll"m(QD)’ dp € L*(Qp), respectively, together with
the weighted grad-div term we obtain the weak formulation
of Darcy equations: find v, € H%D(QD), Pp € HBZ(QD) such
that

(K*lvD, WD)QD + (VP Wp)o,
+0 (divvp, divwp), =8 (g,divwp), (12)
- (vp» qu)QD +(vp np,qp)y = (9> qD)QD'
Summing up (11) and (12) the weak form of the coupled

problem is given by the following: find v € H}S(QS), ps €
2 1 2
L*(Qg), vp € Hy, (Qp), and pp, € L(Qp) such that

(2vD (v5), D (Ws))QS - (ps> diVWS)QS

+ (K*lvD,wD)QD + (VpD,wD)QD

. . o
+0 (divvp, divwp), + —= (Vs T,Ws T);
vk (13)

+ (Pp»Ws *ng)p = (f>Ws)Qs +0 (g, diva)QD’
(diVVS>CIS)QS - (vp» qu)QD

= (Vs s, qp); = (9, qD)QD'
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To analyze the weak formulation of the coupled problem
we introduce the following spaces

V= {v € H(div, ) | vg € (H' (Qg))", v

=0onIg v-nyp=0o0n FD,I}’ (14)
Q={qeL2(Q)|pD€H1(QD), p=Oel“D,2},
X=VxQ.

The velocity and pressure spaces V and Q are equipped with
the natural norms

2 2 .2 \1/2
vl = (VI + Ivlig, + Idivvlig, )

" 15)

Q~ és éD
Ielg = (I2lls, + 19205,

Further, due to the positive definiteness of K with respect
to the LZ(QD) norm || - "QD’ there exist positive real numbers
k, and k, such that

ky Ivli, < (K-lv,v)% <k Ivlg, . YveV. (i)

Next, we define the bilinear forms for v = (vg,vp), w =

(wg,wp) in Vand p = (ps, pp)» 9 = (4s,qp) in Q on the two
parts of the domain by

s (v, pw, q) = (2vD (vs) D (W)

Yoo
+— (Vs T, Wg - T);

Vk
~ (ps, div WS)QS

+(divvs, gs), » 17)
-1
Ap (v, psw.q) = (K VD’WD)QD
+ 8 (divvp, divwp)
+ (VPD’WD)QD - (vp, VqD)QD .

Hence, the bilinear form for the coupled problem is the sum
of (v, p;w,q), dp(v, p;w,q), and terms to enforce the
continuity of the normal part of the velocities across the
interface.

o () = (v prwa)+ o piw)

+ (Pp> Ws - ns>r ~{ap>Vs - ns>r-

Assuming, for simplicity, that f and g are extended by zero to
the whole domain, the variational formulation of the coupled
Stokes-Darcy system in compact form reads as follows: find
(v, p) € V x Q solution of

d(v,p;w,q) = F (w,q), VY(w,q) e VxQ, (19)

with
F (w,q) = (f. W) +(9:9p)q + 0 (g, divwp), . (20)

It can easily be shown that a sufficiently regular solution
(v,p) € V xQ of (19) such that vq € HZ(QS)d, vy €
Hl(QD)d, p € HI(QS U Qp) is also a classical solution of
(1) and (2). We note that there is an alternative variational
formulation to the one given here called H(div)-formulation.
The latter uses the term —(p, div w)QD + (divv, q)QD instead
of (W,Vp)g - (V,Vq)q  [4].

The existence and uniqueness of the solution of problem
(19) follows from Brezzi’s conditions for saddle point prob-
lems [11]; namely,

AV, psv, p) > FlIVIIS,,

(21)
VV € V) ‘)7 > 0’
(divv,q)
inf  sup T Bs> (22)
4€09) verp 0 191, 1],
-(v,Vq)
inf sup —— 2 > Bp- (23)

qEHl(QD)VGLZ(gD)d "V"QD "Vq"QD -

with positive constants g and 3, [7].

The following lemma is needed in the analysis below and
is a consequence of the continuous inf-sup conditions (23)
[10].

Lemma 1. For every (v, p) € X there isw € V such that wg -
ng = 0 on T, satisfying

o (v, piw,0) 2 ¢ | pllg, = & I¥lly »
24)
with positive constants c,, ¢,, and c;.

Proof. Let (v, p) € X. Then, due to Stokes inf-sup condition
there exists wg € H'(Qg)? with wg = 0 on Iy and wg - n = 0
on I' such that

~(divws p)g, = [Pl -
(25)

[vwsla, < < 2la, -

For the Darcy equation, due to the condition p = 0 on I'y,,

there exists wy, € H'(Qp)? with wp, - n = 0 on I'p,andT,
such that

~(divwp p)g. = VoI, -
IVwola, < e [VPlg, -

Define

wg in Qg
w= (27)
wp in Qp,



and then
o (v, p;w,0) = (2vD (v), D (w))q, — (p» divw)QS

+ (K’lv,w)Q +(Vp, W)QD
+0 (divv,divw)g
> 29D W)lla, ID W, + [,

—ky Wl [Wollo, + VoI5,

~ 8 |divvllg, Idivwlg,

2 (28)
> 29[l VWl + 2l
2
—ky IVllq, "wD"QD + ”VPHQD
- & |divvlg, IVwliq,
2
2 =296 [ VVllq, [Pllo, + 2],
2
= &ppkz IVlla, [Vela, + [V2[q,
= dcp |ldiv vl ||Vp||QD ,
where ¢, denote the Poincaré constant.
Then, using Young’s inequality we obtain
Ve
o (v, piw,0) = === [Vl + (1= vesey) [,
1
c,Cpksy
- IV,
&
' s (29)
DK€y CpEs 2
L
Ocp ..
-~ 2 |div vl -
&
Choosing ¢,, &,, & positive constants such that
< —,
“ Ve
e <2
2 CPCDkz > (30)
2 = cpepkye,
&G < ——,
Scp
we obtain the required result
(v, p;w,0) 2 ¢, | plley — &1 IVI, (31)
where
c,cpk, 8
G :maX{E) P 232};
g 28 28
(32)

cppka&y  Scpe, }

=min<{1—vce, 1 -
(] { s€1 > B
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In addition, we also have

Iwliy = VWi, + Iwli,, + lIdivwiig,
2 2 2 2 2 (33)
< lpllo, + b (6 + 1) Vo0, < & lplo-

where c32 = ma)({csz,cé(c}z7 + 1)} O

4. Finite Element Discretization

Let ), be a shape-regular partition of quadrilaterals for d =
2 or hexahedra for d = 3 [12, 13]. The diameter of element
T e T, will be denoted by A and the global mesh size is
defined by h == max{h; : Tin J,}. Let T = (~1;1)" be
the reference element, F; the mapping from T to element T,
and Q"(T) the space of all polynomials on T with maximal
degreer > 0in each coordinate. We assume that the mesh 77,
is obtained from a coarser mesh 7, by global refinement.
Hence, 7 ,;, consists of patches of elements of 7 ,. We define
the finite element space

X; ={vecC(Qg)ucC(Qp): v
A (34)
oFrin Q,(T), VT € 7,}.

For the discrete spaces V;,, and Q, we use the equal-order
finite element functions that are continuous in Qg and Q,
and piecewise polynomials of degree r > 1.

v, = (X)) nv,
(35)
Q,=X,NnQnH"(Q).

We define the Scott-Zhang interpolation operator which
preserves the boundary condition [13], as Jf : HY(Q) — X,
with stability and interpolation properties, respectively, as

|vire
|6 = i'¢],.0 <™ 1Bl r0
(37)

pecH™(Q), m=0orl,

|Q = l¢|1,0’ $peH (Q). (36)

where ¢, ¢, are positive constants.
We will also use the inverse inequality

1/2
<Zh%IIV¢IIT> <qlgly, VoeH (Q). (38)

TeT,,

Similarly, for vector functions we define the interpolation
operator

i H () — (x5)7, (39)

with interpolation and stability properties as above.

It is known that the standard Galerkin discretizations of
the Darcy system are not stable for equal-order elements. This
instability stems from the violation of the discrete analogue
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on to the inf-sup condition. One possibility to circumvent this
condition is to work with a modified bilinear form &/,,(-; -) by
adding a stabilization term &,(-; -); that is,

Ay (Vi b3 w, @) = A (Vi 3w, q) + S (pr3q),  (40)

such that the stabilized discrete problem reads
Ay, (Vi psw>q) = F (Woq) ¥ (W,q) €V, x Q. (4D)

Unlike in [10] where a combination of a generalized mini
element and local projection (LPS) is analyzed and in [14]
where a method based on two local Gauss integrals for the
Stokes equations is used, here we will analyze the problem
using a subgrid method [12, 15, 16].

For this method the filter, with respect to the global
Lagrange interpolant I,;,, onto a coarser mesh 7, is used.
Defining x,;, = I — I,;, the subgrid stabilization term reads

Sn(pwa) = Y ha (WP Vi) 721, (42)

MEeT y,

where y is patchwise constant.

A more attractive method from the computational point
is obtained using only the fine mesh with smaller stencil.
Defining «;, = I — I, the subgrid stabilization term reads

Sn(pwq) = Z hy (YK, P VELG) > 12 2. (43)

KeT,

Next, we prove the stability of the discrete coupled Stokes-
Darcy problem with respect to the norm

(v, ) s = (I + ol + S5 (pip) . (@9)

5. Stability

Theorem 2. Let T, be a quasi-regular partition [13]. Then,
the following discrete inf-sup condition holds for some positive

constant 8 independent of the mesh size h.

f A (Vi Py Wi> 1)
in sup
WP EVQMO0) (v, .)€V, xQ,\ (001 Il (Vir 1) Ml (Wiis G) (45)
> B.
Proof. First, let (vy,, p,) € V;, x Qy, and then the diagonal

testing combined with Korn’s inequality and the positivity of
K give

Ay, (Vi Pu3 Vi Pu) = A (Vs P Vi Pr) + S (P i)

> & |VIy + S, (Pus P -

In addition, let w be as in Lemma 1, corresponding to
(Vi Pr) € V, xQy, and set z = jfw —w. Then,

'Q{(Vh)ph;jfw’ 0) = (Vi ps W, 0) + (v}, P13 2,0)

2 2
20 "Ph"Q -G ”Vh”V (47)

+ s (Vi P32, 0)

+ 9 (Vs P13 2,0).

Next, we estimate &/g(vy, p,;2,0) and & (v, pp,;2,0) as
follows:

s (Vi pr32,0) = (29D (v,) , D (2)) o, + (VP Z)g

e (48)
+—= <Vhs‘T’zs'T>r)

Vk

where the first two terms are bounded using Cauchy inequal-
ity together with the interpolation, stability, and inverse
inequalities

oD (v,), D (@) | <7 [D (vi)llg, 1D @)llg,
<v|villy IV2la, < v [[villy IVWlo,

<656 [villy [Pallg

1/2
Y by ||z||%>

TeT},,TCQgq

1/2
( > h%llmlli)
TeT},,TCQyq

1/2
S( y h;zhéwwwu%> a | Pullas
TeT ,, Ty

(Vph’z)gs < <

(49)

< cger VWl "Ph"QS < GG ||ph||2Q

The boundary term is bounded using the trace theorem and
the H'- stability by

VX 2 VX
— AV T2 T) | < —= |[Vily IVzll
\/E< hs S >r \/E ” h"V Qg 50)
o
< C?CsCsﬁ [Villv 122l -
Hence, by Young inequality with
€ = 2
8vcics
= (51)
__oVk
©= 8vactc,c
we obtain
A5 (Vi P32, 0) < %04 "Ph"2Q e [villy» (52)

where ¢, = (4(1)c3c,~)2 + O.25(cr2csc3)2)/cz.



For the Darcy bilinear form we have

e%D (Vh’ ph; Zz, O) = (K_lvh’ Z)Q + 6 (diVVh, le Z)QD

+ (Vph> Z)QD

- (K—lvh,z)QD +8 (divvy, diva),

+(V(Ph — %anpn) > Z)QD
+ (Vi oo 2)g,

<&k, lela,
+ 8[| divvy|q, lzlo,
+ IV (= %P, 12110,
+ [ Vianpiullo, 12l

< ky [villg, < Iwla,,
+8[|divvy[l, (1+¢)lIwlg,
+ [V (pn = kanpu)lo, i 1Wlla,,
+¢|Venla,

< ks | ullg
+ 8¢ (1 +¢,) [divvi g, [lPallg
+G6G ”V (pn - KZhPh)”QD

e pullo-
Then, by Young inequality and (52) we obtain

5¢,

2
%l

oy, (Vh’Ph§jl:W’ 0) 2

-C (“"h”i + 83 (P Pw)) -

Scaling jfw we obtain

Ay (Vh)PhU'fW’ 0) 2 "Ph"?g

-G ("Vh“é + 8, (Ph?Ph)) .

Choosing (wy,, q5,) = (vi,, pp) + (1/(1 + Cl))(jfw, 0) we obtain

1
Ay, (Vi Py Wis @) 2 "Vh”i/ T C ||Ph”2Q
1

c, 2
- Il

1 2 2
- L (i 1)

1

2
= TC, I (v o) W
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W @l < W (Vo i) M

+ Il (37w, 0) Il

1+C,
<1 (Ve ) s + C Vi,

< Gl (vis i) M,

(56)
which implies the required result
. @y (Vi Py Wn Gn) =
f >f, (57
B0 g N0 T Vi ) il g 1~ 7
with = C;'/(1 +C)). O
(53) 6. Error Analysis
Theorem 3. Assume that the solution (v, p) of the Stokes-
Darcy problem (19) is such that (vg, ps) € Vg N H ™ (Qg)? x
QN H" (Qy), (v, pp) € Vp NH™H(Qp)* x Qn H* (),
and (vy,, py,) is the solution of the stabilized problem (41). Then,
the following error estimate holds with constants c;,¢,,...,¢,
independent of h:
(v =i p = ) < {(cv + &) B VIR, 0,
+(ch+¢,0) K IVl q,
1/27.1/2 291 2 (58)
+ (Cs +Gy Th +C7h) h "P”l+1,ns
2 2 1/2
#(es ey ) 1 ol |
Proof. Using the stability estimate of Theorem 3, there exists
(W, qp) € Vi, x Qy, with [[(wy,, g)lll;, < C satisfying
54 . .
54) I (JfV—Vh’JIhP—Ph) Il
- lgfh (J'fV—Vh’J}hP - P;Wh’%)
B B ll (wh,qh) |||h
(55) 14 (V= Vi P = P13 Wi 1) (59)
2 N(wpanll,
1 A, (J'f" -V J'th — PpsWh ‘Jh)
3 (W @) T
Then, by Galerkin orthogonality property, the first term of
(59) is bounded by
Ay (V= Vio P = P Wi Gn) _ Sn (p3an)
I (wps g) N, I (ws g) M
( )1/2 ( )1/2 (60)
Sp(psp)” Snldiq 172
- N < S ()"
I (wps g) M
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Hence, the approximation properties of k,;, and x;, imply

1.8, (V= Vi P~ Py Wi 1)

B I (W 1) Ml

1
< E lyVicanplg Vel (61

~1
<qp y1/2h1+1/2 ”P”l+1,Q ‘

To estimate the second term of (59) we consider separately
each individual term of the bilinear form (I/B)th(jfv -

VD = D5 Wi dn)-
Next, Cauchy schwarz and Poincaré inequality for the
boundary terms imply

N

<p [7/ [V Gy =v)lo, 19wl

it = ol 19wl 19 G =), Nl

k

22 e, ool

-1~ r I+1
<B «C [vh IVllr0, + 7 12l0,
VAXC
T
+ 1 Vlarop + —2H ||v||r+ms] ,
Vk

1 . )
Eﬂp (Jl:V -V thP - PpsWp %)

(62)

< 3_1 [kz

+0 "V (jf‘v - v) HOD ||divwh||QD

-h
)V - V”QD "Wh“QD

V(e -p)lg, Iwila,
+[Val, Jitv-+],, |
<B Tl Vs, +OH Wlia,
+ B Pl + B W, ] -
Thus,
I (jl:" =V J'IhP - Ph) I,
<@rv+5)H [Vll41,00 + (Gh+c,0)H Ivll41.0,
(63)

12172

+ (ES +Cgy + E7h) H "P”m,(zs

+ (Es + Eﬁyl/zhl/z + E7h) H "p”l+1,QD :

Squaring the norm and applying Young inequality we obtain

Gy =vis ' = a) I

2
r+1,Qg

<4Ev+5) W v
+4(Gh+5,0)" K VI q, (64)
4 (2 + 2y PH 2 + k) W | Plig,
4 (@ + Sy PH? 1 5h) 1 el
Next, we estimate the interpolation error by
(v =irvp-i'p) Iy
= [y (=il < 1=l
+aiv (v =), + o - iell,
[V (o= itp)li, + S (eanprrn) (65)
<RIV 0, + B (W + 1) B INIE, o
+ (&0 +yh) W ol
+ (& +yh) K Pl 0, -

Adding the interpolation error (64) to the projection
error (65) we obtain the required result

v =i p = i) < (@7 + )" Y I¥I

+ (csh + ) K" v

r+1,Qp
1/21.1/2 2090 112 (66)
+ (Cs +egy ThT+ 07h) h ||P||1+1,QS
) 1/2
+ (c5 + c6y1/2hl/2 + c7h) W ||P||12+1)QD} .
O

Remark 4. We note that the analysis above holds true for the
triangular subgrid interpolation P, — P, — P,.

Remark 5. Because of the presence of divergence of the
velocity and the gradient of the pressure in the discrete

norm, the velocity and pressure solutions are O(h") and o),
respectively. So, we expect the L,-asymptotic rates to be

O(K™*') and O(H™Y).

7. Numerical Results

As a test model problem we take Q = (0, 1) x (0, 1) and split
it into Qg = (0,1/2) x (0,1) and Qp = (1/2,1) x (0,1). The
interface boundary is I' = {(0.5,y) | 0 < y < 1}. We take



TABLE 1: Rates of convergence for velocity and pressure solution in
the Stokes subdomain.

lo-wlon,  IVE-w)lo, 1P~ Pilloo,
pel _ _ _
8
h= 1—16 1.9303 1.0284 0.8480
h=L 1.9735 1.0208 0.9149
32
h=L 1.9890 1.0119 0.9511
64
h= L 1.9951 1.0055 0.9725
128

TABLE 2: Rates of convergence for velocity and pressure solution in
the Darcy subdomain.

lo-wlon,  Idiv(u-w)loo, 12— Puloo,
pel _ _ _
8
h= 1—16 0.8813 0.8412 1.0416
h=— 0.9534 0.9235 1.0318
32
h= L 0.9642 0.9514 1.0167
64
h= L 0.9857 0.9657 1.0085
128

v =1,a = 1,k = 1,and K = I and the right hand sides
f, g such that the velocity and pressure solution in the two
subdomains are given by

ug = (y4ex,ey cos (2x)) , (xy) € Qg
up = (yle4y°e"), (x,y) € Qp (67)

(x,y) € Q.

Note that for this problem forcing terms are needed to balance
the equations; notably additional terms are added to the
interface conditions in (6) and (7) as follows:

p — y4ex’

~(=psI +2vD(vg))ng-ng = pp+g;, onT,

2k

Vs T= T~ (D(vg) ng)-7 (68)
on I,

where g, = —2y*¢*,and g, = ¢’ cos(2x)+4y’e*~2¢” sin(2x).

The problem is solved using a Q; — Q, velocity-pressure
approximation with a two-level subgrid stabilization on a
uniform mesh with § = 0.4. Rates of convergence for the
velocity and pressure errors for h = 1/8,1/16,1/32,1/64, and
1/128 are displayed in Tables 1 and 2.

In Table 1, we see clearly that the velocity field in the
Stokes subdomain is of second-order accuracy with respect
to the L,-norm and first-order accuracy with respect to
H'-seminorm, and the pressure is of first-order accuracy.
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In addition, In Table 2, we observe that the velocity field
and its divergence are of first-order accuracy in the Darcy
subdomain, and the pressure is of first-order accuracy with
respect to the L,-norm. So, clearly these results are in
agreement with the theoretical results of the previous section
and are comparable to the ones found in [2, 5].
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