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Petrov Type D-Levi-Civita (DLC) space-time is considered in two different coordinates, that is, spherical and cylindrical. Noether
gauge symmetries and their corresponding conserved quantities for respective metric with the restricted range of parameters and

coordinates are discussed.

1. Introduction

Levi-Civita (LC) space-time is considered as the static, cyl-
indrically symmetric vacuum solutions of Einstein’s field
equations. The vacuum space-time Petrov Type DLC is taken
from Stephani et al. [1]. Ehlers and Kundt [2] studied this
metric in spherical and cylindrical coordinates with the
restricted range of parameters. Zinovyevich has been famous
for classification of Einstein space, which is known as the
Petrov classification. In 1954, the Weyl tensor which is related
to Petrov classification is published for first time by A. Z.
Petrov. In a Lorentzian manifold, the Weyl tensor having
all possible algebraic symmetries is described by the Petrov
classification in the field of theoretical physics and differential
geometry. Space-time with different events has different types
of Petrov. With respect to the field of general relativity,
sometimes Petrov Types classification is called the gravita-
tional field classification. So, this metric plays an important
role in the field of general relativity; therefore, most of the
different solutions for Levi-Civita space-time are investigated
in recent years. The regions of Petrov Type D is related
to the massive objects of the gravitational field. However,
the characterization of mass and angular momentum of a
gravitating object field occurs as the field of Petrov Type
D. In some specific cases, a physical interpretation and
close correspondence were found between the constant of

symmetries and the Petrov Type. For instance, spherically
static space-time is just like Petrov Type D. In general, space-
time is special type of Petrov Type I, but this space-time which
is not geodesically complete is Petrov Type D space-time.

Symmetry plays an important role in understanding
nature of the universe. Some of the stars are considered to
have sphere-like symmetry. Cylindrical and plane symme-
tries are helpful to compute the gravitational waves. Since the
field of general relativity and some other modified theories,
like f(R) [3-10] and f(R,T) [11-15] theories of gravity and
so forth, are assumed to be highly nonlinear, the solutions
of their field equations can be found by their symmetries.
Also in physics, symmetry has great significance to simplify
the solutions of many problems. Thus, we can say a concept
of symmetry is more helpful to describe the geometry of
the space-time. In physics, the connection between the sym-
metries and conservation laws has both the fascinating and
the fundamental significance.

In the 19th century, William Rowan Hamilton developed
some alternative methods for calculating the conserved quan-
tities. Another important approach, that is, Hamilton-Jacobi
equation, is also helpful for finding the conserved quantities
of DEs. But, here in this paper, Noether approach is used
for finding the conserved quantities [16, 17] of the variational
problems. This approach is frequently used in the areas of the
theoretical physics. In this paper, we used Emmy Noether’s



approach to calculate the conserved quantities of the respec-
tive metric. A mathematician Emmy Noether (1812-1935)
has been famous among the physicists. She has proved Noe-
ther’s theorem in 1915 and it has been published in 1918.
Noether’s theorem states that there is a connection between
the continuous symmetries of nature and the conserved
quantities [16]. So, according to that theorem, we related the
conservation energy to the time. In the field of modern theo-
retical physics and calculus of variations, Noether’s theorem
has great importance and it has also become a fundamental
practical calculational tool. It helps us to investigate the
(invariants) conserved quantities of a physical system. In
physics, this theorem is considered as a powerful tool which
states that every symmetry of a physical system provides a
conserved quantity of the system [17]. So, in simple words, we
can say that a one to one correspondence is found between
the symmetries of nature and the laws of conservation of a
physical system. When the symmetry is translation symmet-
ric, then the theorem leads us to the linear conservation of
momentum. If the physical system has rotational symmetry,
then it gives the conservation of angular momentum and
the symmetry in time provides the conservation of energy
[16, 17]. For the cosmological equation, we used systematic
Noether’s approach to obtain the exact solution of the
system. In the field of theoretical physics and the calculus
of variations, many applications of Noether’s theorem have
a vital role. The application of Noether’s theorem helps the
physicists to obtain the extremely powerful insights into any
general theory of relativity and physics, by just observing the
different transformations which has made the special form of
laws involved invariant. In the field theory, Noether’s theorem
is developed for Lagrange-Euler’s equation. However, from
Noether’s theorem, it is clear that generalized symmetries
give the complete identification between the continuous
symmetries and corresponding conserved quantities.

Thus, it would be interesting to study the Petrov Type
D-Levi-Civita space-time from classification point of view
in spherical and cylindrical coordinates. Ponce discussed
the Levi-Civita space-time in multidimensional theories and
also constructed the family of Levi-Civita-Kasner vacuum
solutions in (4 + N) dimensions [18]. da Silva et al. [19]
investigated two exact solutions of Einstein’ field equations
corresponding to a cylinder of dust with net zero angular
momentum. He observed that the dust distribution is homo-
geneous in one of the cases, while, in the other, the angular
velocity of dust particles is constant. The same authors [20]
investigated the main properties of Levi-Civita solutions with
the cosmological constant. Weinstein developed correspon-
dence between Einstein and Levi-Civita [21]. Konkowski et al.
[22] worked on the quantum singularity of Levi-Civita
space-time. Miguelote et al. discussed the local and global
properties of the Levi-Civita solutions coupled with an elec-
tromagnetic field [23].

Noether symmetries play an important role in recovering
some lost conservation laws and the symmetry generators
of space-time [24-26]. Sharif and Waheed [27] explored the
energy contents of colliding plane waves by using the approx-
imate Noether symmetry approach. It has been observed
that there does not exist any nontrivial first-order symmetry
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generator for plane electromagnetic and gravitational waves.
The same authors [28] investigated the energy contents of
Bardeen model and stringy charged black hole type solutions
using approximate Lie symmetries method. Shamir et al.
[29] calculated f(R) theory of gravity in the presence of
gauge term through Noether symmetries approach. For
this purpose, they considered Noether symmetry genera-
tors for spherically symmetric space-time and Friedmann-
Robertson-Walker universe. Capozziello et al. [5] established
f(R) gravity for spherically symmetric space-time using
approximate Noether symmetries. In [30], a new class of
Noether symmetries has been observed for spherical sym-
metry in f(R) gravity. Using the Lie and Noether point
operators, Paliathanasis et al. [31] discussed the modified
f(R) gravity models.

The pattern of paper is organized as follows: Section 1.1
is devoted to present the fundamental operators. Section 2
presents the Noether gauge operators and conserved quan-
tities of the Petrov Type DLC in spherical and cylindrical
coordinates by using Noether’s approach. The last section of
the paper contains the summary and conclusion.

L1. Fundamental Operators. The method for calculating the
Noether symmetries by using the Lagrangian is defined as
follows [32, 33]. We consider a vector field X as

ay O ay O
X =E&(s,x )a+qb(s,x )@ (1)

Then X is said to be the Noether point symmetry of the
Lagrangian that satisfied this relation:

x"(L) + LD, () = D, (A), )

where XV is the first-order prolongation [34]. A is said to be
gauge terms and the total derivative operator D is defined as

0 ., 0

Dy=— . 3
$T 55 T oxe ®
The first integral of motion associated with X is defined as
oL
I=¢L X" - A. 4
§L+(n" - 8) =5 (4)

2. Noether Gauge Operators and
Conserved Quantities

In this section, Noether gauge operators and conserved quan-
tities of the Petrov Type DLC in spherical and cylindrical
coordinates are computed by using the Noether approach.

2.1. Petrov Type DLC in Spherical Coordinates

2.1.1. Type 1. Levi-Civita space-time in spherical coordinates,
(t,1,0,¢),is

ds = 72 (d6° + sin20de> <
s r( + sin ¢)+ "

— <ﬂ>dt2.
r

ib)drz
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The coordinates and parameters are restricted as ¢t € R, 0 <
0<m¢el0,2nm),and(0<b<r)V(b<0<r).

The Lagrangian for Levi-Civita space-time in spherical
coordinates (5) is

L=r (92+sin20¢2)+<rib>f2—<r;b>i2. (6)

Now substituting (6) in (2) and after some manipulations, we
get the following system of linear PDEs:

(i) E¢ =0,

(i) & =0,
(iii) & =0, (7)
(IV) Et =y

(v) A;=0,

o -2(Z0)n -4

.. 2r 2 (8)
(if) (r—b)m—Ar’

(iii) 212 ;15 Ap,

. 2. 2. 4
(i) 2r°sin 0115—A¢,

@ ()= () o ©)
(i) < );19 —r’yl =0,

(i) <r:b>;1;+rsm20;1t—o

(ii) ( ) Ho + 11, =0, (10)
(iii) ( ) M+ sin’0* =0,

(i) 1, +sin’6ry =0,

(i) r& —2n" - 2rmy =0, (1)

ﬁ)«wm—eﬁtﬂwwdﬂ,

mraﬂlﬁﬁtﬂﬁﬂ,
" (12)
(i) r& - 2r;7$ - 2172 — 2r cot 6;73 =0.
For this case, the solution is
§=¢,
N =c
7 (13)
q=0 i=234,
A=qc,.

Thus, the approximate Noether operatorsare X; = 9/0s, X, =
0/0t. The first integrals of motion associated with approx-
imate Noether point symmetries X, and X, are

r—>b\ .2 r
I, = # -
! < r ) <r—b

IZ:—2<r_b>i‘—cz.
r

2.1.2. Type 2. The metric is given by the line element in the
spherical coordinates (t, 7, 6, ¢):

) P20 - r2gbzsin26 -G,
(14)

as’ = 1* (d6” - sin®0ar”) +

+<r b>d¢2.

The coordinates and parameters are restricted tot € R, 0 <
0<m¢el0,2n),and(0<b<r)V(b<0<r).
The Lagrangian for (15) is defined as

L:r2(92—sin29i‘2>+<rib>i’2+<r;b>§b2. (16)

Lagrangian (16) with (2) yields

rb>dﬁ

r—

(i) &=0,
(i) & =0,
(i) & =0, 17)
(iv) =0,
W) A,=0,

i - 21’2sin2011s1 =A,

(i) ( zrb> P =A, (18)

r—

(iti) 2r°7) = Ag,

0 o(2)ion

.. . 201 1 2 (19)
(g )ine
(ii) rsin“On, " i
(iii) sin’@ny -1, =0
(i r sin2617¢ (r ; b) n=0,
. 1 2 3
(ii) <m> M + 11, =0, (20)



(

—

i) r2;13)+<r_b>;13:0,

—
(ii) r€ —2nq" —2rm, =0, (21)
(i) rE, + (L) n -2’ =0,

S r— b r

(i) r& - 2;12 - 2r;1t1 — 2r cot 91’/3 =0,
(22)
@ o-0)8- (L) -20-b -0

For this case, the solution of the above equation will be

EZCD
4
n =6
_ (23)
n=0 i=12,3,

A=qc,.
Thus, the approximate Noether operators will be X; = 9/0s,

X, = 0/0¢. Corresponding first integrals of motion for ap-
proximate Noether point symmetries are

I, =r25in26i2—< rb>f2—r262—<r_b>¢—q,

r— r
r—>b\ .
12=2< " )gb—cz.

2.2. Petrov Type DLC in Cylindrical Coordinates

(24)

2.2.1. Type 1. In cylindrical coordinates, Levi-Civita space-
time is defined as

z

ds* =2 (dr2 + sinhzrd(pz) + (b )dz2

b-z
- ( ) dr’,
z
with the restrictions on coordinates and parameters as t € R,

0<r,¢el0,2m),and (0 < z < b).
The Lagrangian for (25) is

o252 2, 2 z .2 z-b
L—z(r +s1nhr¢)+<b—>z—< "

-z

-z
(25)

> . (6)

Equation (26) with the help of (2) gives

@) &=0,
(i) & =0,
(i) & =0, 27)
(iv) & =0,
(v) A,=0,
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. z-b
(i) 2(7)’751=At,
(i) 22%° =4,

2
Gi) (52 )l = A

2. 12 4
) 2z°sinh’ry; = Ay,

Rk
(ii) (z_b>n:+zznf=0,
z
z-b 1 ( z > 3
:0)
(iii) ( . >nz+ - 1,

(1) (Z ld ) 17;5 + zzsinhzmz1 =0,

—

. 2 1 ) 3
- =0,

(i) =z + <b—z .
(iii) 1755 + sinh2r11:1 =0,

(i) (%) 11; +z sinhzrqi =0,

-z

(i) z& -2 —2zn17 =0,

b

z

(

—

) -t~

. b 3 3
| —— )y’ -2z =0,
(ii) 2, (b_z>n 21,

z& — 2.211;15 — 27" =2z cothri” = 0.

In this case, the solution is

E=q,
1
=6
N~ = —c,cos P + ¢ sin ¢,
=0,
1
0t = —= [c, sin + c5 cos p cosh 7 + ¢ sinh 7],
A=q,.
We obtained these five Noether operators:
0
X, = —,
' 0s
0
X, ==,
Y
0 sin¢g 0
X; = —cosp— + ———,
’ €08 ¢Br sinh r 0¢
X, = singbi cos¢coshr 9

>n3-z(z-b)n}=o,

or ' sinhr ¢’

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)
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The above solution gave five symmetries, while three sym-
metries were the same as the symmetries in spherical coor-
dinates.

The first integrals of motion associated with approximate
Noether point symmetries X;, X,, X5, X, and X5 by using
(4) as follows:

I, = 27% — ¢,

I, = 2Z%sin’hrg — ¢,

b-z\. . z
13=< 2 >t2—22r2—<b_z

_%’

) 2 - zz¢zsin2hr
(36)
I, = —22° cos ¢ + 22° sin g sinh rh — ,,

I = 22% sin o + 22% cos ¢ coshrsinhrd —c,.

2.2.2. Type 2. 'The Levi-Civita metric in the cylindrical coor-
dinates (t,7, z, ¢) is given as

ds’ = 22 (dr + 2dg’) + 2d2 - 2df,  (37)
V4

where the restriction of coordinates is ¢ € R, 0 < r, ¢ € [0,
27),and 0 < z.
The Lagrangian for (37) is defined as

. 1
L=2(#+1°¢" )+ 25 - —i, (38)
z

Lagrangian (38) with (2) gives the following system of
determining equations:

M & =0,
(i) & =0,
(i) £ =0, (39)
(V) &=0,

v) A, =0,

W -(2)n =4,

(i) 22’ =4, (40)

(iii) 2zn) = A,,

. 22 4
(i) 2riz’n; = A,

(i 1y 2,2 _ ¢

i) \Z)m -2 =0 (41)

1
(iii) (2>17; —zrlf =0,

1
(M (;) ng =21’ =0,
(ii) zqﬁ + 113 =0, (42)
(iii) 75 +7r’n, =0,
(i) 17; + 21’211;1 =0,
(ii) ZES - 2’73 - 2’73 =0, (43)
i) &-20'+()7 =0
z
(i) z¢& - 113 - 22112 =0,
2 3 4 (44)
(ii) zr§ -2z = 2ry" - 2rzn, = 0.
For this case, the above equations yield the solution
E=¢s+o,
;11 = 26 L+c¢
=zatta
21 .
n = grc1 — 5 COS ¢ + ¢z sin @,
(45)
, 1
n=3%
4_ 1 .
= [cr + ¢5 sing + s cos @],
A=g.
The Noether operators are
= 52 + zti + lri + lzi
'"9s 30t 6o0r 307
0
X = >
> s
0
X5 = VR
ot
(46)
X, = —cos¢>% + = s1n¢%,
X5 = sm(/)% + - cos¢%,
Xo= 2.
¢

Then, the first integrals of motion corresponding to the above
Noether operators by using (4) are

I, =-"t-c,
1 LA

I, = 222r2¢ -G,



1. 2 A, rZ?
I = -1 = 2% — 22 - 22°P%¢ - —t+ —i
z 3z 3

22*

+ ?2_C3,

1. L2
I, = A S 222r2¢ -G,
z
I; = -22% cos o + 2rz” sin od — ¢,
I = 22% sin o + 2rz” cos ¢p — ;.

(47)

2.2.3. Type 3. The metric is given by the line element in cyl-
indrical coordinates:

z

ds? = 22 (dr® — sinhZrds? <
s z(r sinhr, )+ 5
b-z 2
d >
+< Z>¢

and the restrictions are t € R, ¢ € [0,27), (0 < z < b), and
0o<r.
The Lagrangian for (48) is defined as

z >22+<z—b
b-z z

Now, for (49) by using (2), we get the following system of
linear PDEs:

— ) dz*
(48)

L=2z* (i’z - sinhzriz) + ( >¢2 (49)

i) & =0,
(i) & =0,
(i) & =0, (50)
(iv) & =0,
(v) A;=0,

i - ZZZSinhzﬂ’]sl =A,

(i) 22°; =4, (51)

(i) (%)I&Az,
. z-b\ 4
0 -2(22)at -4,

(ii) sinh’ry} -7 =0, (52)

(i) zsinh’rp} - (i) =0,
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(

(=

N 22, ]
h +
) z'sinh’ry, < -

Z_b>}1?:0,
(ii) z%(L) =0 (53)
r’z b—z rlr >

(iii) 25—, + <S) 1y =0,

o ()i~ (57 )t-o

(i) z& -2 — 2217 = 0, (54)
(iii) 2z —2zn —2cothry’ — 211" = 0,
. b 3 3
~(— )’ -2z =0,
(i) z& <b_z>11 z1;
) (55)
. 3 4 _
(i) (z-b)& - (;)n -2(z-b)n, =0.
For this case, (50)-(55) yield the solution
E=q,
1
n=a
=0,
(56)
7 =0,
4
M =6
A=c
The Noether operators are
0
X, = —,
' 0s
0
Xy = —,
255 (57)
0
Xy=—.
3 a(l)

And the first integrals of motion for these approximate
Noether operators by using (4) are

I =—zzsinhzri‘z—zzi’z—(biz>z2—<b;z>¢2

_(2’
(58)
I, = —2z%sinh’rt — ¢,
b-z\ .
=2 -G.
3 ( 2 >‘/’ )

2.2.4. Type 4. The metric in the cylindrical coordinates is
defined as

ds’ = 2 (dr - Pdf) + zdZ* + 2dg’. (59)
V4
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The coordinates and parameters are restricted to t € R, ¢ €
[0,27),0 < z,and 0 < 7.

The Lagrangian for Levi-Civita space-time in (59) is
defined as

. 1.2
L=22(i* )+ 252 + —-¢". 60
( ) ~¢ (60)

Now substituting (60) in (2), we get the following system of
linear PDEs:

i) & =0
(i) & =0,
(iii) &, =0, (61)
(iv) & =0,
(v) A;=0,

(i) =-2rz'n =A,,
(i) 22°=A,, (62)
(iii) 2z = A,,
. 2\ 4
z A,
@ <z ) "Is ¢
(i) 2.1 2 (63)

(iii) r’znl - =0,

(i) zn}+n; =0, (64)
2 2 1 4
(i) 27y + <;>11, =0,
(1) z;f + <l>114 =0,
s \Z)"=
(i) 2&-27" - 221 =0, (65)
(iii) rz& —2rzn, —2zi° —2r =0,

() 2z& -1 —2z =0,

1 (66)
i) & -2p+ (2 ) =0.
(i) & -2y +(_)n
After some manipulations, we get the solution
E=¢s+o,
7 =0,
, 1
= —rcp,
M =ema
o (67)
= —z¢,
T =3%a
2
4
= 361‘/”

7
The Noether operators obtained are
X —Si+lr2+lzi+g 3
'770s 6 or 370z 370
(68)
0
X, =—.
27 0s

Then, the first integrals of motion associated with Noether
operators X, and X, by using (4) are

222 .
—z
3

2
2 2:2 2.2 2 S22 177
I =sr'z°t" —sz°i" —szz" — —¢ +?r+
z

4z .
+?¢¢—C3, (69)
2 2:2 2.2 o L2
L=rzt -z —zz" — —¢ —q,.
z

3. Conclusion

In this paper, we computed the Noether symmetries of Pet-
rov Type DLC space-time in different coordinates in the
presence of gauge term. For both spherical and cylindrical
coordinates, we got an overdetermined system of nineteen
linear partial differential equations. We found two Noether
generators for first solution in the spherical coordinates, that
is, d/0s and 0/0t, and for second solution we also got two
symmetries. One symmetry 0/0s obtained in first solution
is common and the additional symmetry is /0¢. Similarly,
we investigated the Noether symmetries of all solutions
in cylindrical coordinates. Further, corresponding energy
contents are also discussed for each generator.
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