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Theoretical description of the metastable phase decay kinetics in the presence of specific connections between the embryos of small
sizes has been given. The theory of the decay kinetics in the presence of relaxation processes is constructed in analytical manner.
The 𝑚-mers nucleation is investigated and the global kinetics of decay is also constructed in this case analytically.

1. Introduction
The first-order phase transition kinetics is actively investigated since the publication of the pioneer papers by Wilson
[1–3] concerning the famous chamber which became the
main tool in investigations of the microworld. The range
of applications of the first-order phase transition kinetics
inevitably grows since the phenomena concerning the selforganization [4, 5] and aggregation [6] become the field
of application of ideas lying in the base of the mentioned
kinetics. The word “nucleation” has nothing in common with
nuclear phenomena but comes from the evident fact that the
embryos of a new phase are rather compact objects and can
be treated as some nucleus of a new phase. The main content
of the theory which predicts the rate of appearance of the
embryos of a new phase was published in several papers in
the 1930s and 1940s which forms the classical theory of nucleation. The classical theory of nucleation [7, 8] gives a complete
theoretical description but the problem is that there exists
no correspondence between the theoretical predictions and
experimental results.
The first theoretical investigation on the problem of the
embryos (droplet) formation belong to W. Thomson (1870),
who got the work of formation of the critical embryo and the
size of the critical embryo. However, Laplace and Young were
able to do this after their invention of the additional pressure
under the curved surface. Certainly, the true meaning of the
formulas arises only with the theoretical investigations by
Gibbs (1877).

Historically the classical nucleation theory is associated
with the following four papers [9–12] although many other
contributions (see, e.g., [13], where for the first time was
stressed that the preexponential kinetic factor has to account
collisions of a vapor molecule with cluster) are rather important in creation of the nucleation theory.
After the creation of the classical nucleation theory the
most radical reconsideration was proposed by Lothe and
Pound [14] who suggested including into the free energy of
a cluster the translational and rotational degrees of freedom.
This point of view leads to the reconsideration of the rate of
nucleation in dozen of orders of magnitudes. In some cases
it brings the theory to the coincidence with experiment; in
some cases the situation is the opposite one. The point of
view of Lothe and Pound was reconsidered in [15, 16] and
the effect in comparison with the classical nucleation theory
became radically smaller. Here it is necessary to stress that
the arguments of additional consideration of rotational and
translational degrees of freedom for an embryo are rather
doubtful.
Other approaches to improve the classical nucleation
theory do not suggest such radical improvements. One can
mention here the attempts to account the partial pressure of
the cluster which is treated as a molecule [17, 18]. The effect of
this idea is not too big in comparison with the effect of LothePounds’ reconsideration.
The next approach is the so-called kinetic theory of
nucleation suggested in [19, 20]. The long derivations in order
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to solve the chain of kinetic equations finally led to the
practically known results except the requirement to take into
account the term corresponding to the surface tension of a
cluster with one molecule which can not be treated formally
in this sense but is certainly rather small correction factor.
The Dillmann-Meier theory of nucleation is a rather
model version which can be treated as some postulate on
the surface tension of a curved surface together with requirements of thermodynamic consistency and some other minor
improvements [21, 22]. Certainly the theoretical ground of
this approach is rather doubtful although the ideas are
physically attractive.
The famous paper of Cahn and Hillard [23] is very beautiful theoretically but the jumps of the density between phases
can be hardly described only by the first nontrivial term in the
gradient decomposition. This makes the range of application
of this approach rather narrow, namely, in the vicinity of a
critical point. But in this vicinity one can hardly consider
the embryo as a closed object. So, the use of the mentioned
approach is rather restricted.
One can not find any mathematical gaps in the classical
theory of nucleation. It means that some physical assumptions of the model are not too appropriate since the mathematical frames of theoretical construction are certainly
correct.
One of the possible sources of the deviation of the theoretical predictions from the experimental results is the existence
of the clusters (nonmonomers) with a relatively small free
energy which actively changes the picture of the nucleation
process. Nowadays effect is known under the name of prenucleation [24], although some of such clusters can belong to
the blind channels which can not lead to the big supercritical
clusters [25]; they are not nucleation centers. Nevertheless such terminology exists.
The last example belongs to biological systems. The complex behavior of the nucleation kinetics in biological systems
is not a surprising fact since the complex structure of biological molecules is well known. More intriguing is the prenucleation importance in calcium containing systems [26].
The further analysis of the prenucleation phenomena [27]
shows the possibility of many paths through a nucleation barrier to a supercritical zone. The nucleation processes through
the different channels can even compete [28]. Unfortunately
the experimental observations are rarely accompanied by the
weighted theoretical constructions.
An evident intention to solve the appearing problems is to
use computer calculations. Unfortunately it is impossible to
check all suppositions of the theory by computer simulation
since the nucleation process is the principally collective phenomenon and the true simulation has to consider billions of
particles with precise numerical integration because the effect
of nucleation is hidden in excesses from the phase coexistence
line.
Ordinarily the attempts to improve the theory are aimed
at getting the more reliable expression for the free energy of
the critical embryo. There is no doubt that the critical embryo
is the central object of the nucleation theory consideration
but the constructions of the classical nucleation theory
approach are valid only under the “good” behavior of the free
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energies of embryos of other sizes and kinetic coefficients of
ejection and absorption of the molecules for the embryos far
from the critical one.
The “good” behavior means that there are no peculiarities
in behavior of kinetic coefficients and no local extremal
points of the free energy of classically noncritical embryos.
Meanwhile there is absolutely no insurance that the mentioned “good” behavior really takes place. The experimental
information is rather poor, kinetic coefficients are mainly
measured on the basis of the growth rate [29], and this
characteristic is measured with such an accuracy that one can
put a question about the excesses in the growth rate [30]. The
measurements of the growth rates can give only the difference
between the adsorption and ejection coefficients but not
exactly the values of these coefficients.
One can note that in the presence of the prenucleation
centers the reconsideration of the rate of the stationary nucleation can be a nontrivial problem only in situations when
the embryos have rather complex structure coming from
various structural components (see, e.g., [25]). The methods
to construct the stationary rate of nucleation are rather
well known although one can find many interesting subjects
in this question also.
Here we will focus on the kinetics of the global nucleation,
that is, on the description of the global evolution of the system
starting from the appearance of metastability up to the end of
the active formation of the embryos of a new phase which
grow irreversibly until the Ostwald ripening. The last stages
of the phase transition including the coagulation [31] and
Lifshic-Slezov asymptote [32, 33] are not the subject of this
analysis because we are interested in the total number of
supercritical embryos and formation of their sizes spectrum.
The total number of embryos and their size spectrum are the
main results of the phase transformation and later the coagulation and mutual consumption (it is better to use, namely,
this terminology because the ordinary used word “coalescence” implies absolutely another physical process) will only
deform the size spectrum and the total number of supercritical embryos.
To describe the global nucleation kinetics it is necessary to
put the initial conditions. This requirement seems to be quite
natural. We suppose that at the initial moment of time there
exists in the system a metastable phase without a new phase
and the process of nucleation begins. Otherwise we can define
the initial moment as the last moment before appearance of
the first traces of a new phase. No further external action on
the system is implied. This type of the initial and boundary
conditions is quite natural and has the name of the decay of
the metastable state.
The situation of decay without peculiarities in behavior
of the free energy of a small cluster was considered in [34]
where the complete theory was constructed. It is shown
that the evolution of the system can be described by the
substance balance equation in some special form. For our
purposes to describe the kinetics in the situation where one
size of clusters is extracted by a very small free energy the
analogy with heterogeneous nucleation will be very useful. In
heterogeneous nucleation the kinetics of the process is governed not only by the fall of the supersaturation but also by
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the exhaustion of heterogeneous centers which become the
centers of the droplets. Here the theory was given in 1989 [35]
but the gap in the theory was filled only in 1993 [36].
The peculiarities in connections between the small clusters in a mother phase can cause very specific behavior of the
global nucleation kinetics. Although already many important
cases were considered there exist enough important situations necessary to be described theoretically. Below we will
give the theoretical description of some of them.

The first important case is the situation when in the monomer
nucleation there exists a weak connection between the region
(in the scale of sizes) of monomers and the region of 𝑚-mers
and it is necessary to take into account not only the consumption of 𝑚-mers by the supercritical embryos (every embryo
has to consume one 𝑚-mer to start the life) but also the
weak source of monomers being transformed into 𝑚-mers.
This source changes the kinetics of the process.
Here it is very useful to use the analogy with heterogeneous nucleation. Really, the 𝑚-mers can be considered as
some objects analogous to heterogeneous centers. But the
situation with the relaxation of heterogeneous centers has not
been considered. So, there exists a nontrivial mathematical
content of the constructions presented below.
We introduce the value of 𝜃 as
(1)

This value can be less or greater than 1. Here 𝑛[𝑚, 𝑡] is the
number of embryos with 𝑚 molecules at the time moment 𝑡.
One can formulate the system of equations for unknown
functions 𝑔 and 𝜃 and after some scaling get
𝑑𝜃
= −𝑗 (𝜃 − 𝜃lim ) − 𝑇𝜃 [𝑡] exp (−𝑔 [𝑡])
𝑑𝑡
𝑡

3

𝑔 [𝑡] = ∫ (𝑡 − 𝑡 ) 𝜃 [𝑡 ] exp (−𝑔 [𝑡 ]) 𝑑𝑡 .
0

(2)
(3)

(5)

were formulated. This chain is very productive for the accuracy estimates which lead to the guaranteed accuracy of the
obtained approximations.
To conserve these chains one can propose the following
recurrent scheme:
𝑑𝜃(𝑖+1)
= −𝑗 (𝜃(𝑖) − 𝜃lim ) − 𝑇𝜃(𝑖) [𝑡] exp (−𝑔(𝑖) [𝑡])
𝑑𝑡
𝑡

 3

(4)

is rather complex even already in the first iterations which
are constructed in a way to simplify the form of the size





(6)



𝑔(𝑖+1) [𝑡] = ∫ (𝑡 − 𝑡 ) 𝜃(𝑖) [𝑡 ] exp (−𝑔(𝑖) [𝑡 ]) 𝑑𝑡
0

with initial condition
𝜃 [𝑡 = 0] = 1

(7)

and initial approximations
𝜃(0) = 𝜃lim

(8)

or
𝜃(0) [𝑡] = 𝜃 [𝑡 = 0] ,

(9)

𝑔(0) = 0
or the recurrent scheme
𝑑𝜃(𝑖+1)
= −𝑗 (𝜃(𝑖+1) − 𝜃lim )
𝑑𝑡
− 𝑇𝜃(𝑖+1) [𝑡] exp (−𝑔(𝑖) [𝑡])
𝑡

Here 𝑇 is some positive parameter which can not be avoided.
The positive parameter 𝑗 shows the intensity of the relaxation
process. The value 𝜃lim is the equilibrium value. It is also a
parameter.
Now we will clarify the meaning of two unknown functions 𝑔 and 𝜃 of the time 𝑡. The function 𝑔 is the relative
number of the molecules in a new phase. The function 𝜃 is the
relative number of the free (unoccupied by the supercritical
embryos) heterogeneous centers.
Ordinarily the solution of the system of condensation
equations (analogous to (2)-(3)) is given by iterations (see
[37]). The behavior of the spectrum of sizes
𝑓 [𝑡] = 𝜃 [𝑡] exp (−𝑔 [𝑡])

𝜃(1) < 𝜃(3) < ⋅ ⋅ ⋅ < 𝜃 < ⋅ ⋅ ⋅ < 𝜃(2)
𝑔(0) < 𝑔(2) < ⋅ ⋅ ⋅ < 𝑔 < ⋅ ⋅ ⋅ < 𝑔(3) < 𝑔(1) ,

2. Weak Relaxation of Seeds in
Monomer Nucleation

𝑛 [𝑚, 𝑡]
.
𝜃=
𝑛 [𝑚, 𝑡 = 0]

spectrum. This fact means that in our case one can not invent
too “intelligent” iterations. Namely, the presentation of (3) in
the already integrated form seems to produce too complex
iteration procedure.
In investigation of the nucleation process with the
absence of the relaxation process (see [37]) the following
chains of inequalities,

(10)

3

𝑔(𝑖+1) [𝑡] = ∫ (𝑡 − 𝑡 ) 𝜃(𝑖) [𝑡 ] exp (−𝑔(𝑖) [𝑡 ]) 𝑑𝑡
0

with the same initial condition and the same initial approximations. The third scheme is
𝑑𝜃(𝑖+1)
= −𝑗 (𝜃(𝑖) − 𝜃lim ) − 𝑇𝜃(𝑖+1) [𝑡] exp (−𝑔(𝑖) [𝑡])
𝑑𝑡
𝑡

 3





(11)



𝑔(𝑖+1) [𝑡] = ∫ (𝑡 − 𝑡 ) 𝜃(𝑖) [𝑡 ] exp (−𝑔(𝑖) [𝑡 ]) 𝑑𝑡
0

with the same initial approximations and the same initial
condition.
We have to choose what type of iterations is the best one.
The first procedure is absolutely correct and it can not lead
to divergence at some step of iterations. The second and the
third schemes require additional regularization. One has to
put an additional restriction.

4
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The Nucleation Process Stops When 𝜃 Attains Zero. This
restriction is necessary to avoid the negative rate of nucleation
and the divergence of iterations.
The account of the relaxation process in the nucleation
kinetics is a hard problem. Already the first iteration from
those where the effect of the relaxation term can be seen
in the behavior of the supersaturation can not be calculated
analytically.
To fulfil analytical calculations we have to fulfil an additional simplification based on the property of the avalanche
consumption.
The mentioned property can be formulated as follows.
Under Any Behavior of 𝜃 > 0 the Relative Growth of 𝑔 Occurs
Faster Than (𝑡 − 𝑡0 )3 . One can prove this property analytically.
Actually, this property is evident since we take into account
𝑡
that 𝑔 = ∫0 (𝑡 − 𝑡 )3 𝜃[𝑡 ]exp(−𝑔[𝑡 ])𝑑𝑡 and 𝜃 > 0.
On the basis of this property we see that the “pseudohomogeneous spectrum of sizes” (the spectrum of sizes
which would be formed if there would be no action of the
number of free seeds on the nucleation process)
𝑓hom ∼ exp (−𝑔)

(12)

will be truncated in a manner sharper than
exp (− (

𝑡
𝑡cut

3

) ),

(13)

where 𝑡cut is the characteristic time. Then one can speak about
the cut-off type of the pseudo-homogeneous spectrum of
sizes.
Now one can see the qualitative behavior of 𝜃. At first 𝜃
relaxes to the value
𝜃𝑛 =

𝑗
𝜃
𝑗 + 𝑇 lim

we see that
𝑑𝜃/𝑑𝑡
< 𝑗 + 𝑇.
𝜃

(18)

When 𝑇 ≫ 𝑗 one simply can not see the relaxation.
The picture in this case is the picture described earlier (see
[37]) plus some small perturbation. Then having excluded
this situation we can rewrite the last inequality as
𝑑𝜃/𝑑𝑡
< (3 ÷ 4) 𝑗.
𝜃

(19)

Now we see that the danger of destruction of the cut-off
form of the size spectrum can appear only at big values of 𝑗.
Actually it has to be
−1
.
𝑗 ≫ 𝑡cut

(20)

If 𝑡cut ≪ 𝑇−1 then there is no exhaustion of seeds. So, the
actual situation is 𝑡cut ≥ 𝑇−1 and then we see that
𝑗 ≫ 𝑇.

(21)

Here 𝜃lim is close to 𝜃𝑛 and then 𝑡cut based on 𝜃lim is close
to 𝜃 based on 𝜃𝑛 . This means that the cut-off behavior is not
broken here. So, the property of the cut-off takes place in all
situations.
The property of the cut-off allows using the approximation exp(−𝑔) = 1 for 𝑡 < 𝑡cut and exp(−𝑔) = 0 for 𝑡 > 𝑡cut . The
moment 𝑡cut can be determined as the root of equation
𝑔 (𝑡cut ) = 1.

(22)

Then for 𝑡 < 𝑡cut
𝑑𝜃
= −𝑗 (𝜃 − 𝜃lim ) − 𝑇𝜃 [𝑡]
𝑑𝑡

(14)

𝑡

 3



(23)



𝑔 [𝑡] = ∫ (𝑡 − 𝑡 ) 𝜃 [𝑡 ] 𝑑𝑡
0

with characteristic time
−1

𝑡rel 𝑛 = (𝑗 + 𝑇) .

(15)

This relaxation can lead to the increase of 𝜃 when
𝜃 [𝑡 = 0] < 𝜃𝑛

(16)

or to the decrease of 𝜃 in the opposite situation.
At the moment 𝑡cut this relaxation is changed by the
relaxation of 𝜃 to 𝜃lim with the characteristic time 𝑡rel = 𝑗−1 .
The question which we are interested in is whether the
change of 𝜃 can destroy the cut-off type of the real spectrum
of sizes 𝜃 exp(−𝑔) (earlier the cut-off type was shown for
exp(−𝑔)).
The destruction of the cut-off type of 𝜃 exp(−𝑔) can take
place only under the sharp relative increase of 𝜃. So, we have
to estimate (𝑑𝜃/𝑑𝑡)/𝜃. Since
𝑑𝜃
< 𝑗𝜃lim
𝑑𝑡
𝜃>

𝑗
𝜃
𝑗 + 𝑇 lim

(17)

and one can explicitly calculate
𝜃 [𝑡] = 𝜃𝑛 − (𝜃𝑛 − 𝜃 [𝑡 = 0]) exp (− (𝑗 + 𝑇) 𝑡) .

(24)

The value of 𝑔 can be presented as
𝑡

𝑔 = ∫ (𝑡 − 𝑡 )

3

0

(25)




⋅ (𝜃𝑛 − (𝜃𝑛 − 𝜃 [𝑡 = 0]) exp (− (𝑗 + 𝑇) 𝑡 )) 𝑑𝑡

and can be easily found analytically which allows getting 𝑡cut
as the solution of an ordinary algebraic equation.
Equation (22) can be easily solved since we know the
estimates 𝜃𝑛 𝑧4 /4 and 𝜃[0]𝑧4 /4 for the behavior of 𝑔 which
leads to the estimates for the roots. What estimate is the above
estimate and what the below estimate is are determined by the
sign of 𝜃lim − 𝜃[0].
The total number of droplets in the renormalized units
can be found as
𝑁 = 𝐴∫

𝑡cut

0

1 𝑑𝑡 = 𝐴𝑡cut ,

(26)
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where 𝐴 is the initial amplitude (in renormalized values it
equals 1) or as
𝑁 = 𝐴∫

𝑡cut

0

exp (−𝑔 [𝑡]) 𝜃 [𝑡] 𝑑𝑡,

(27)

where for 𝑔 and for 𝜃 one can take the mentioned approximations. The linearization of appearing exponents is also
approximately suitable and leads to the presence of the result
in elementary functions. One has to note that the first recipe
seems to be more rough than the second one but it gives better
results. The reason is the effective compensation of decrease
of the intensity of appearance of new embryos before 𝑡cut by
the existence of the tail after 𝑡cut . The refinement of equation
for 𝑡cut (it is better to use 𝑔[𝑡cut ] = ln 2) can make the first
recipe very accurate. Certainly the further refinement with
the help of the perturbation technique can be fulfilled.
Even the linear approximation
𝜃 = 𝜃 [0] + (𝑗 + 𝑇) (𝜃𝑛 − 𝜃 [0]) 𝑡

𝑑𝑛 [𝑚]
= 𝑛 [𝑚]𝑞 𝑓 [𝑡]
𝑑𝑡

(33)

with some known function 𝑓[𝑡] can be written in the
following integral form:
𝑛 [𝑚] =

𝑛 [𝑚, 𝑡 = 0]
𝑡

((𝑞 − 1) ∫0 𝑓 [𝑡 ] 𝑑𝑡 + 1)

1/(𝑞−1)

.

(34)

Now we write the expression for the rate of nucleation in
the generalized Clausius-Clapeyron integrated form as
𝐽 = 𝐽0 𝜃𝑞 exp (−

Γ (𝜁 − Φ∗ )
),
Φ∗

(35)

where
Γ=

Φ∗ 𝑑𝐹𝑐 

𝑑𝜁 𝜁=Φ∗

(36)

and Φ∗ is the base of decomposition. Here 𝐽0 is the initial
value of the rate of nucleation and 𝜃 is the relative number
of 𝑚-mers referred to initial value.
One can get
Γ=(

Φ∗
)] ,
(Φ∗ + 1) 1𝑐

(37)

where ]1𝑐 is the number of monomers in critical embryo. This
number is connected with the total number of molecules ]𝑐
in the critical embryo as
(38)

𝑧

𝑔 [𝑧] = ∫ (𝑧 − 𝑥)3 𝜃𝑞 [𝑥] exp (−𝑔 [𝑥]) 𝑑𝑥
0

(30)

−1/(𝑞−1)

𝑧

𝜃 [𝑧] = ((𝑞 − 1) 𝐴 ∫ exp (−𝑔 [𝑥]) 𝑑𝑥 + 1)
0

(29)

It is interesting to investigate this situation and to see the
transition to the case when 𝑞 is great enough. Certainly the
probability
𝑃 ∼ 𝑛 [𝑚]

corresponding to the chemical potential of ideal gas.
The equation

After the scaling the system of evolution equations is the
following one:

The second important task is to consider the situation when
it is necessary to spend 𝑞 𝑚-mers to form the supercritical
embryo and the rate of nucleation is proportional to the
number of 𝑚-mers in power 𝑞:

𝑞

(32)

]𝑐 = ]1𝑐 + 𝑞𝑚.

3. Accumulation of Several Seeds in
the Monomer Nucleation

𝐽 ∼ 𝑛 [𝑚] .

𝜇 = − ln (𝑛 [𝑚])

(28)

truncated at the crossing point with 𝜃𝑛 , that is, at (𝑗 + 𝑇)−1 ,
and prolonged further as 𝜃𝑛 gives a rather good approximation for the characteristics of the process. This approximation
ensures the pure algebraic equation of the fifth power for 𝑡cut .
It is a really suitable approximation since this approximation
has the maximal deviation as (𝑗+𝑇)−1 which is relatively small
(∼exp(−1)) in comparison with initial deviation of 𝜃 from 𝜃𝑛 .
Then the difference in integrals staying in (22) is less than
two times which gives the difference for the duration of the
intensive nucleation period in 21/4 ≈ 1.2 times (in reality the
difference in duration is much more small). The last approximation brings equation on root to the explicit formulas.
This completes the analytical description of the situation
of the decay in the system with the relaxation process for the
centers of nucleation.

𝑞

with a chemical potential

(39)
.

Here 𝐴 is the coefficient which remains after the scaling and
can not be canceled.
We can formulate the iteration procedure as follows:
𝑧

𝑞

𝑔(𝑖+1) (𝑧) = ∫ (𝑧 − 𝑥)3 𝜃(𝑖) [𝑥] exp (−𝑔(𝑖) [𝑥]) 𝑑𝑥
0

𝜃(𝑖+1) [𝑧]
transfers into

(40)
𝑧

𝑃 ∼ exp (−𝜇𝑞)

(31)

−1/(𝑞−1)

= ((𝑞 − 1) 𝐴 ∫ exp (−𝑔(𝑖) [𝑥]) 𝑑𝑥 + 1)
0

.

6
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The separation of the spectrum in 𝑔 and 𝜃 which seems
to be natural from the physical point of view is quite unusual
from the formal point of view when the unique equation
𝑧

Then
∞

𝑁tot(2) = ∫ ((𝑞 − 1) 𝐴𝑧 + 1)

−𝑞/(𝑞−1)

0

𝑔 [𝑧] = ∫ (𝑧 − 𝑥)3

exp (−

𝑧4
) 𝑑𝑧 (49)
4

0

𝑥

⋅ ((𝑞 − 1) 𝐴 ∫ exp (−𝑔 [𝑥 ]) 𝑑𝑥 + 1)

−𝑞/(𝑞−1)

(41)

0

⋅ exp (−𝑔 [𝑥]) 𝑑𝑥
is considered. Then it is more natural to construct iterations
as
𝑧

𝑔(𝑖+1) [𝑧] = ∫ (𝑧 − 𝑥)3

and this can be expressed through the hypergeometric function
𝑁tot(2) = 2(−9/2+2(𝑞/(𝑞−1))) (𝑞 + 𝐴)

3

⋅ 2−(5/2)(𝑞/(𝑞−1))+1/2 𝜋4 (𝑞 + 𝐴) (

0

𝑥



−𝑞/(𝑞−1)



⋅ ((𝑞 − 1) 𝐴 ∫ exp (−𝑔(𝑖) [𝑥 ]) 𝑑𝑥 + 1)

(42)

but this way does not correspond to appearance of the above
and below estimates although it is possible to prove that these
iterations with the initial approximation
𝑔(0) = 0

(43)

converge to solution.
The procedure for 𝜃 and 𝑔 as the separate functions which
was formulated above will lead under the initial approximations
𝜃(0) = 1,

1
4
(𝑞 + 𝐴) )
4

⋅

(45)

Parameter 𝐴 is considered here as constant value for all
iterations and the concrete value of 𝐴 will be determined on
the basis of the last (precise) iteration.
It is useful to calculate the total number of supercritical
embryos as
∞

𝑞

𝑁tot ∼ ∫ 𝜃 [𝑥] exp (−𝑔 [𝑥]) 𝑑𝑥.
0

(46)

2

∞

𝑞

0

(47)

1 𝑞
1 𝑞 1 1 𝑞
3 3 5
,1 +
, +
],[ , , ],
4𝑞−1
4𝑞−1 2 4𝑞−1
2 4 4

−

1
4
(𝑞 + 𝐴) )
4

𝑔(0)

(48)

𝜃(1) = ((𝑞 − 1) 𝐴𝑧 + 1)

.

−𝑞/(𝑞−1)
1
3
𝐻 ([
)
𝑞+𝐴
4

+

1 𝑞 1 1 𝑞 1 1 𝑞
3 5 1
, +
, +
],[ , , ],
4𝑞−1 4 4𝑞−1 2 4𝑞−1
4 4 2

−

1
4
(𝑞 + 𝐴) )
4

⋅

csc ((1/4) 𝜋 (𝑞/ (𝑞 − 1))) Γ (1 + 𝑞/ (𝑞 − 1))
Γ (1 + (1/4) (𝑞/ (𝑞 − 1)))

+
⋅

−1/(𝑞−1)

csc ((1/4) 𝜋 + (1/4) 𝜋 (𝑞/ (𝑞 − 1))) Γ (2 + 𝑞/ (𝑞 − 1))
Γ (5/4 + (1/4) (𝑞/ (𝑞 − 1)))

+ 2(5/2−(5/2)(𝑞/(𝑞−1))) 𝜋4 (𝑞 + 𝐴) (

The calculation of iterations gives
𝑧4
=
4

−𝑞/(𝑞−1)
1
3
𝐻 ([
)
𝑞+𝐴
4

+

+ 2(3−(5/2)(𝑞/(𝑞−1))) 𝜋4 (

On the basis of iteration procedure one can calculate
𝑁tot(𝑖+1) ∼ ∫ 𝜃(𝑖) [𝑥] exp (−𝑔(𝑖) [𝑥]) 𝑑𝑥.

sec ((1/4) 𝜋 (𝑞/ (𝑞 − 1))) Γ (3 + 𝑞/ (𝑞 − 1))
Γ (3/2 + (1/4) (𝑞/ (𝑞 − 1)))

− 2(1−(5/2)(𝑞/(𝑞−1))) 𝜋4 (𝑞 + 𝐴) (

to the chains of inequalities

𝜃(1) < 𝜃(3) < ⋅ ⋅ ⋅ < 𝜃 < ⋅ ⋅ ⋅ < 𝜃(2) < 𝜃(0) .

−𝑞/(𝑞−1)
1
3
𝐻 ([
)
𝑞+𝐴
4

−

⋅

𝑔(0) < 𝑔(2) < ⋅ ⋅ ⋅ < 𝑔 < ⋅ ⋅ ⋅ < 𝑔(3) < 𝑔(1)

1
3

1 𝑞
1 𝑞 5 1 𝑞
3 7 5
,1 +
, +
],[ , , ],
4𝑞−1
4𝑞−1 4 4𝑞−1
2 4 4

(44)

𝑔(0) = 0

(

+

0

⋅ exp (−𝑔(𝑖) [𝑥]) 𝑑𝑥

−𝑞/(𝑞−1)

−𝑞/(𝑞−1)
1
1 𝑞 1
𝐻 ([
)
,
𝑞+𝐴
4𝑞−1 4

1 𝑞 1 1 𝑞
3 1 1
1
4
, +
] , [ , , ] , − (𝑞 + 𝐴) )
4𝑞−1 2 4𝑞−1
4 2 4
4

sec ((1/4) 𝜋 + (1/4) 𝜋 (𝑞/ (𝑞 − 1))) Γ (𝑞/ (𝑞 − 1))
Γ (3/4 + (1/4) (𝑞/ (𝑞 − 1)))

1 1 𝑞
+ 2(13/2−2(𝑞/(𝑞−1))) 𝜋3 (− +
) (𝑞 + 𝐴)
2 4𝑞−1
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3 1 1
5 1 𝑞
1 𝑞
1
⋅ 𝐻 ([1, , , ] , [ −
,−
+ ,
4 2 4
4 4𝑞−1 4𝑞−1 2
−

of collecting of 𝑚-mers is considered separately. This work in
approximation of ideal gas of 𝑚-mers is

3 1 𝑞
1
1 𝑞
4
+ ,−
+ 1] , − (𝑞 + 𝐴) ) Γ (−2
4𝑞−1 4 4𝑞−1
4

𝐹0 = −𝑞 ln (𝑛 [𝑚]) .

At the same time we have to note that in the embryo
containing ]𝑐 molecules there are only ]𝑐 − 𝑞𝑚 molecules
coming from monomers. Then 𝐹0 has to be written as

−1
𝑞
𝑞
+
)) (𝜋3 Γ (
)) ,
𝑞−1
𝑞−1

(50)
where Γ is the gamma-function and 𝐻 is the hypergeometric
function.
It is possible to show analytically that this expression is
rather accurate. The error is less than one percent. Despite
the known form it is rather difficult to perform calculations
according to this expression and it is necessary to simplify the
calculations.
Again we use the property of the avalanche consumption.
Here one can show that 𝜃 is the decreasing (or at least not
rapidly increasing) function of time (or of the size of the
initial embryo). Then one can see the cut-off type of the function exp(−𝑔) and the possibility of truncation of the function
𝜃𝑞 exp(−𝑔(𝑧)) at 𝑡cut . The value of 𝑡cut can be chosen as
the root of equation 𝑔 = 1. Then the spectrum of sizes
𝑓 ∼ 𝜃𝑞 [𝑥] exp (−𝑔 [𝑥])

(51)

can be approximated as
𝑓 ∼ ((𝑞 − 1) 𝐴𝑧 + 1)

−𝑞/(𝑞−1)

𝑧

𝑁tot = ∫ ((𝑞 − 1) 𝐴𝑥 + 1)

−𝑞/(𝑞−1)

0

−1/(𝑞−1)

(𝐴𝑧𝑞 − 𝐴𝑧 + 1)
𝐴

𝐹0 = −𝑏 (]𝑐 − 𝑞𝑚) + 𝛾𝐴,

𝑑𝑥

−1

(53)
.

This solves the formal problem of our investigation.
To show the consistency of the presented approach we
have to investigate the inclusion of the 𝑚-mers consumption
kinetics into the general nucleation. Here one can find at
least two aspects of the problem. The first aspect is the input
of 𝑚-mers in the overcoming of activation barrier and the
corresponding input in the stationary rate of nucleation. The
second aspect is the consumption of the 𝑚-mers by the nearcritical and precritical embryos (this is the first type) and
by the supercritical embryos (the second type). The rate of
consumption will be different and their manifestation in the
global kinetics 𝑠 will be described by different ways.
To clarify the first aspect we rewrite the stationary rate of
nucleation as
𝐽 ∼ exp (−𝑞 ln (𝑛 [𝑚])) exp (−𝐹𝑐 ) .

(54)

One has to stress that here 𝐹𝑐 is the free energy of the critical
embryo formation on 𝑞 𝑚-mers. This implies that the work

(56)

where 𝑏 is the excess of the chemical potential for monomers,
𝛾 is the renormalized surface tension, and 𝐴 is the surface
area of the embryo. It is clear that in the determination of the
surface area it is necessary to account that the part of the volume inside the embryos surface is occupied by the molecules
coming from 𝑚-mers. When the surface of the embryo simply
surrounds the embryo one has to write
2/3

𝐴 = 4𝜋 (

3V𝑙 (]1𝑐 + 𝑞𝑚)
)
4𝜋

,

(57)

where V𝑙 is the volume per one molecule in a liquid phase and
]1𝑐 is the number of molecules coming from monomers.
In the state of equilibrium the chemical potential of 𝑚mer has to be equal to 𝑚 chemical potentials of monomers
(here we neglect the surface term or consider the deformed
chemical potential). So
𝑛 [𝑚]
= exp (𝑏𝑚)
𝑛 [𝑚, 𝑠 = 0]

(52)

for 𝑧 < 𝑧cut , where 𝑧cut is the size corresponding to 𝑡cut . For
other 𝑧 the spectrum is zero.
The number of embryos can be easily calculated:

=−

(55)

(58)

̂ is
and we see that the total free energy 𝐹
̂ 𝑐 = 𝐹𝑐 − 𝑞𝑏𝑚 = −]𝑐 𝑏 + 𝛾𝐴
𝐹

(59)

and the total free energy coincides with the classical expression.
One has to stress that the parameter Γ in the previous
simplification of the dependence of the free energy on supersaturation (or the dependence of the stationary rate of nucleation on the supersaturation) is the number of molecules
coming from monomers multiplied on Φ∗ /(Φ∗ + 1);
that is,
Γ → Γ1 =

Φ∗ ]1𝑐
.
(Φ∗ + 1)

(60)

Γ1 is Φ∗ 𝑑𝐹𝑐 /𝑑𝜁|𝜁=Φ∗ .
̂ 𝑐 we
If we calculate the derivative of the total free energy 𝐹
get
Φ∗

̂ 𝑐 
𝑑𝐹
𝑑𝑏

= Γ1 + 𝑞𝑚

𝑑𝜁 𝜁=Φ∗
𝑑𝜁

(61)

̂ 𝑐 
𝑑𝐹

= Γ1 + Γ𝑚 ,

𝑑𝜁 𝜁=Φ∗

(62)

or
Φ∗
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where
Γ𝑚 =

𝜁𝑞𝑚 
.

(𝜁 + 1) 𝜁=Φ∗

(63)

In every situation the leading idea will be the avalanche consumption of metastability in different manifestations of this
property.

4. Main Results

As a result
̂ 𝑐 
𝑑𝐹

Φ∗
= Γ.

𝑑𝜁 𝜁=Φ∗
𝜁]𝑐 
Γ=

(𝜁 + 1) 𝜁=Φ∗

(64)

We will call this property the separation of Γ. It takes place
only in the first derivatives of the free energies and only
because the surface term does not act on the derivative of the
free energy. The surface term in the free energy only changes
the number of molecules in the critical embryo and has no
direct influence on derivative.
So, we see that in the free energy there is the direct
correspondence between the 𝑚-mers picture and monomers
picture.
One can propose another picture when the number of 𝑚mers necessary to form the critical embryo is proportional
to the number of molecules inside the critical embryo. In the
enormously big critical embryos, namely, this mechanism has
to be considered. Then the picture is equivalent to the binary
nucleation with two vapors (the vapor of monomers and the
vapor of 𝑚-mers).
The second aspect is connected with the mechanism of
consumption. Here one has to confess that there are two principal mechanisms of the substance consumption. The first
mechanism is “one embryo-fixed number of clusters (monomers or 𝑚-mers).” The second mechanism is “one embryogrowing number of clusters (monomers and 𝑚-mers) corresponding to the law of the regular growth.”
Rigorously speaking we have to write for each type of
active monomers two types of consumption and the balance
equations. With the help of exponential approximations
mentioned above one can unify these mechanisms in one law
of growth. Ordinarily when the first mechanism is important
the second is absent. When the second mechanism acts it
means that there is enough clusters of such type to neglect the
exhaustion of seeds. We will call this effect as the dominating
preference of one mechanism.
Despite the mentioned dominating preference property
the simultaneous existence of several mechanisms can not be
excluded as a specific case. But it is clear that with the help
of approaches developed here it is possible to construct the
theoretical description of any process with different mechanisms of formation, different mechanisms of substance consumption, and different relaxation processes corresponding
to bounds or connections between the resources of clusters of
different sizes.
The different relations between the characteristic times
of the mentioned processes make the processes of nucleation
rather different. The size spectrums are very various also. To
describe these situations one has to demonstrate the power
of the approaches making the base of theoretical description.

This paper contains at least two important derivations concerning the kinetics of decay with account of the relaxation
processes and the kinetics of decay when the 𝑚-mers nucleation
is important. Both cases are important and one can see that
account of these processes radically changes the numerical
values of parameters of the nucleations process. But one has
to confess that the qualitative picture remains similar to the
traditional case. The last does not mean that nothing in the
form of the particles size distribution is changed. Contrarily,
the form of the size spectrum will be absolutely another. But
the property of the avalanche cut-off of the pseudo-homogeneous size spectrum remains. The last property was very
productive in construction of the above presented procedure.
It would be interesting to analyze these situations in the
case of the smooth external influence on the system which
causes nucleation, that is, in the case of dynamic conditions.
Also it would be interesting to see the influence of the relaxation processes in the overcoming of the near-critical region
in the process of the binary nucleation. Certainly, these perspectives make the subjects of separate publications.
Beside the direct construction of the nucleation global
kinetics description we managed to extract some important
features of the effect of 𝑚-mers inclusion into the nucleation
process. One can mention here the property of separation of
Γ and the correspondence between the monomers picture and
𝑚-mers picture. These properties are important enough to be
mentioned in the general theory of nucleation.
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