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Considering a function f(z) = z/(1 - z%) which is analytic and starlike in the open unit disc U and a function f(z) = z/(1 - z)
which is analytic and convex in U, we introduce two new classes &, (8) and % ,(f8) concerning f,(z) = z/(1 - z2%) (« > 0). The

object of the present paper is to discuss some interesting properties for functions in the classes &, () and F ().

1. Introduction and Preliminaries

Let &/ be the class of functions f(z) which are analytic in the
open unit disk U = {z € C : |z| < 1} with f(0) = 0 and
') =1.

Let & denote the subclass of o/ consisting of functions
f(2) € o which are univalent in U. Also, let §*(f) be the
subclass of & consisting of f(z) which are starlike of order
B (0 < B < 1) in U. Further, we say that f(z) € F(p) if
f(z) € & satisfies zf'(z) € §*(P). A function f(z) € ()
is said to be convex of order in U (cf. [1-3]).

With the above definitions for classes #(f3), §*(B), S,
and &, it is known that

FB)cs (B cscd o)

and f(z) € 8*(B) ifand only if [(f(t)/t)dt € H(P).
The function f(z) given by

f2)=

z 3 5
2=Z+Z +z +---
1-2z

(z €U) (2)
is in the class $*(0) = & and the function f(z) given by
f(z)::—z=z+z2+z3+-~- zeU) (3

is in the class #(0) = K.

If we consider the function f(z) given by

=z+ iz“mx (z€U) (4)

n=1

z
1—-2z%

fu(2) =

for some real « (0 < a < 2), we discuss some properties
between functions f(z) in (2) and (3), where we consider the
principal value for z"*.

With the function f(z) given by (4), we introduce a class
o, of analytic functions f(z) with series expansion in U such
that

f(2)=z+ Ozo:anz“"“ (zeU) (5)

n=1

for somereala (0 < a < 2), where we take the principal value
for 2" 1f f(z) € o, satisfies

Re(%>>ﬁ (z €eU) (6)

for some real B (0 < 8 < 1), then we say that f(z) € & (p).
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Also, if f(z) € o, satisfies

Re<l+z}c,((;))>>ﬁ (z eU) 7)

for some real 3 (0 < 3 < 1), then we say that f(z) € # ().
With the above definitions for the classes & (B) and

H . (B), we have that f(z) € H,(p) if and only if zf'(z) €
&:(B) and that f(z) € & (p) if and only if Ioz(f(t)/t)dt €
Fo(P).

2. Some Properties

In this section, we consider some properties of functions with
series expansion given by (4).

Theorem 1. If f(z) is given by (4), then f(z) € S5 (2 - «)/2)
for0<a<2and f(z) € () for0 < o < 1.

Proof. For f(z) given by (4), we see that zf'(z)/f(z) =1 for
z=0and

zf' (2) B 1+(x—-1)z"
Re< @ )_Re<—1—z“ )

1—1z"‘) ®

1 _2—0c ]
l—ei"‘9>_ 2 <

= 1—oc+ocRe<

= l—oc+ocRe(

forz = € (0 < 6 < 277). This shows that £(z) € &7 ((2-a)/2)
for 0 < « < 2. Further, we have that 1 + zf"(z)/f'(z) =1 for
z=0and

Zf"(Z)
Re(1+ f’(z))
(1+(2(x—1)z"‘ oc(oc—l)z"‘)
= Re
1-2z¢ 1+ (ax—1)z*

:3oc—l+2(1—oc)Re< ! )
1-2%

“are( ) ©

1
:3“_1+2(1_(X)Re(1_—ei069>

—aRe(%)
1+ (ax—1)e?
1+ (a—1)cos(ab)
1+ (=1 +2(a—1)cos(ab)

=20 -«

for z = ¢ (0 < 0 < 2m). Letting

) = 1+(ax—1)t
I -1 +2(a- D)t

(t = cos(a)), (10)
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we have that
a(a—1)(ax—-2)

() = >0
g (1+((x—1)2+2(06—1)t)2 (11)
O<ac<l).
Thus, we see that
o Fid)oe e

for 0 < « < 1. This completes the proof of the theorem. [

Corollary 2. A function

(@ (z€U) (13)

oz
“1-7
belongs to the class §,(3/4) and K ,,(1/2).

Next, we discuss some properties of functions f(z) for
o

o

Theorem 3. If f(z) given by (5) satisfies

18

(nac+1-p)la,|<1-B (14)

I
—_

n

for some B (0 < B < 1), then f(z) € S, ().
The equality holds true for f(z) given by

_ < (l_ﬁ)em I+na
f(z)_z+zn(n+1)(noc+l—ﬁ)

n=1

(15)

Proof. Let the function f(z) be given by (5); then, we have
that

S0\ | B Sl
f (@) L+ Y2 a2 | = 1= 32 |a| 2™ 16)
©
Zn:l ’:oa |an| <1- ﬁ
1- ZnZI |an|

if f(z) satisfies (14). This shows that f(z) € & (). Further,
if we consider a function f(z) given by (15), then we see that

i(na+1—ﬁ)|an|:§ 1-B

Sn(n+1)
< /1 1 17)
:(l_ﬁ);<;_n+l>
=1-p
O

Theorem 4. If f(z) given by (5) satisfies

Yt (s 1-flaj<1-p  a8)

n=1

for some 3 (0 < 3 < 1), then f(z) € K ,(p).
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The equality in (18) holds true for f(z) given by

X (1-P)ma+1)e”
f(z)_z+zn(n+1)(n(x+l—ﬁ)

n=1

Z1+n(x' (19)

Further, we obtain the following.

Theorem 5. Let f(z) be given by (5) with arga, = m —
nad (0 < 0 < 2m). Then, f(z) € S, (B) if and only if

Mg

(na+1-p)|a,|<1-B (20)

By
I
—

for some 3 (0 < 3 < 1). The equality holds true for

_ N (1 - ﬁ) ei(ﬂ—nae) 1+na
f(z)_“,;n(nﬂ)(naﬂ—ﬁ)z - @

Proof. Theorem 3 implies that if f(z) satisfies (20), then
f(z) € S (B). Next, we suppose that f(z) € S (). Then,

Re(zf (z)) _Re ( 1+Y2 (na+1)a,z™ ) 22)

f(2) 1+Y° a,z™

If we consider z = re?, then we have that

nec im

a,2" = |a,|r"*e™ = —|a,|r". (23)
Then, we obtain that

Re(zf’ (z)) 1= (na+ 1) a,| ™

f (2) 1- Z;t“;l |an| e (24)
(o] no
=1- 2n=1 Zloa |an| r > ﬁ
1- Zn:l |an| e
This gives us
2ot 1|
———— <1-4 25
S Y )
that is,
(e}
Z(noc+l—[3)|an|gl—/3. (26)
n=1

Thus, f(z) € &,(B) if and only if the coefficient inequality
(20) holds true. O

Further, for the class % ,(f3), we have the following.

Theorem 6. Let f(z) be given by (5) with arga, = m —
nal (0 < 0 < 2m). Then, f(z) € K ,(P) if and only if

Ozo:(noc+1)(noc+1—[5)|an|sl—ﬁ (27)
n=1

for some 3 (0 < 3 < 1). The equality holds true for

- & (na +1) (1 - p) 0
f(z)—z+z nn+1)(na+1-p)

n=1

Zme. (28)

3
3. Radius Problems
In this section, we consider
g(z) = (zeU) (29)

1—2z*

for some real « > 2. Then, we say that g(z) ¢ &,(f) and
g(z) ¢ H () foranyreal f (0< < 1).
Now, we derive the following.

Theorem 7. If g(z) is given by (29) with « > 2, then

zg' (2)
Re( g(z) ) >

Proof. For g(z) given by (29), we have that

1-(a-1)r"
1+

O<|zl=r<1). (30)

zg' (z) C1+(a-1) r%e®? e L (a—1)r*

g (Z) 1- rzxewte e—ux@ _ ( )
for z = e’ € U. This gives us
/ _ o _ _ 20
Re (%9 (=) _ 1+ (x=2)r*cosald — (x—1)r  (32)
g(2) 1+ 72 —2r%cosaf
Letting
_ oy _ 2a
hit) = I1+(a-2)r"t—(ax—1)r (t = cosad), (33)

14 r2* — 2r%t

we see that i/ (t) > 0. This gives us

Re(zg (Z)>>1_(“_1)r“. (34)
g(z) 1+7r%
O
Corollary 8. If g(z) is given by (29) with & > 2, then
Re(zg(z)>>ﬁ (0<p<1) (35)
foro< |zl < §/(1-B)/(B+a—-1)< 1.
Proof. If we consider
zg' (z) 1-(x—-1)r*
Re( 9@ ) > 1 e > f, (36)
then
oJ 1P
0<1’S\jm<l. (37)
O

Remark 9. If 3 = 0in (35), then

1
0<|z| < \“/ <1, (38)
a—-1

and if f = 1/2, then

1
0<lz| < \“/ <1. (39)
200 — 1




4, Partial Sums

Finally, we consider the partial sums of f(z) given by (5). In
view of (5), we write

fo2)=z+a,z"™ (n=1,23,..) (40)

for some real « (0 < a < 2). Recently, Darus and Ibrahim [4]
and Hayami et al. [5] have shown some interesting results for
some partial sums of analytic functions.

Now, we derive the following.

Theorem 10. Let f,(z) be given by (40) with |a,| < 1. Then,
zf, (2)

M(ﬁ®)>

zfl (z) 1 - (no+1)r"™
M(nm>2 o

Proof. It follows that

! no
Re 7, (@) = Re(l + o,z ) =1
fa(2) 1+a,z™
(43)
TR nec|a,| ™ (cos (nab + @) + i sin (na + )
‘\1+ |a,| " cos (nad + @) + i|a,| " sin (naf + @) )

1-(na+1) |an|

)] (zeU), (41)

(lzl=r<1). (42)

where a,, = |a,|e”” and z = re”. This gives us

zf, (2)
R n:’
e( f(@ )
(44)
nac|a,| "™ (|a,| ™ + cos (nab + ¢))

=1+

1+2|a,| " cos (nad + @) + ||’ e
Defining h(t) by

|an|r”“ +t

ht) =

142 |a,| 7ot + |a,|* e (45)
(t = cos (nad + ¢)),

we have that 4'(t) > 0 with |a,| < 1.
Thus, we obtain

zf) (2) no|a,| "™
Re | =2 >1—-—2—  (0<r<1). (46)
f.(2) 1-|a,|rm
Making r — 1 in (46), we see (41). Also letting |a,| = 1 in
(46), we see (42). O

Corollary 11. Let f,(z) be given by (40) with |a,| < (1 -
B)/(nax+1—-P) (0<B<1). Then, f,(z) € S ().

Proof. Since |a,| < 1, f, () satisfies (41).
Therefore, for |a,| < (1 - B)/(nx + 1 — f3), (41) gives us
fu(2) € SL(P). O

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Chinese Journal of Mathematics

Acknowledgments

The work here is supported by MOHE Grant FRGS/1/2016/
STG06/UKM/01/1.

References

(1] P.L.Duren, Univalent Functions, vol. 259, Springer-Verlag, New
York, Berlin, Heidelberg, Tokyo, 1983.

[2] A. W. Goodman, Geometric Theory of Functions, vol. I and II,
Mariner, Tampa, Fla, USA, 1983.

[3] M. I. S. Robertson, “On the theory of univalent functions,’
Annals of Mathematics. Second Series, vol. 37, no. 2, pp. 374-408,
1936.

[4] M. Darus and R. W. Ibrahim, “Partial sums of analytic func-
tions of bounded turning with applications,” Computational &
Applied Mathematics, vol. 29, no. 1, pp. 81-88, 2010.

[5] T. Hayami, K. Kuroki, E. Y. Duman, and S. Owa, “Partial sums
of certain univalent functions,” Applied Mathematical Sciences,
vol. 6, no. 13-16, pp. 779-805, 2012.



Advances in
Op ranons Research

Advances in

DeC|5|on SC|ences

Journal of

Ap ||ed Mathemancs

Algebra

Journal of
bability and Statistics

The Scientific
Wo‘rld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
https://www.hindawi.com

Journal of

Mathematics

Journal of

clﬂhMbhemahcs

in Engmeermg

Mathematical Problems

Journal of

tion Spaces

Abstract and
Applied Analysis

International Journal of

Stochastic Analysis

International Journal of
D|fferent|a| Equations

Discrete Dynamics in
ure and Society

Optimization




