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Continuous girder bridges become increasingly popular because of the rapid development of highway throughout the world. Most
of previous researches on vibration analysis of amultispan continuous bridge subject to complex traffic loading and vehicle dynamic
interaction focus on the girder displacement not considering braking effects. In current literature, few studies have discussed the
effects of braking on continuous girder bridges. In this study, we employ the finite elementmethod (FEM) to investigate the dynamic
response of continuous girder bridge due to three-axle vehicle. Vertical reaction forces of axles that change with timemake bending
vibration of girder increase significantly. The braking in the first span is able to create response in other spans. In addition, the
dynamic impact factors are investigated by both FEM and experiments on a real bridge structure. The results of this study extend
the current understanding of the bridge dynamic behaviors and can be used as additional references for bridge codes by practicing
engineers.

1. Introduction

Dynamic interactions between vehicle and bridge were ini-
tially interested in railway engineering; they rapidly attracted
attention of highway engineering. The initial researchers had
studied the response of bridges subjected to vehicles moving
since the 1950s of the 19th century. The first model moving
loads were obtained by Willis [1]. These models consisted
of a concentrated moving mass where the inertial forces
of the underlying structure were ignored. Following studies
have been introduced for study of the moving loads on
beams with simple model [2, 3]. As Fryba [4] introduced a
fundamental study of girder due to mass roll on the train
rails considering the braking effects and also studied the
quasistatic distribution of braking. Kishan and Trail-Nash
[5] studied the dynamic response of highway bridges due to
vehicle loading considering braking force, and the resulting

impact factors (IMs) may be larger than those adopted in the
current design code. Gupta and Trail-Nash [6] investigated
the dynamic behavior of bridge model with single span
uniformgirder considering the road surface irregularities and
vehicle braking force. Mulcahy [7] carried out method for
analysis of dynamic interaction between single span bridges
and a three-axle tractor-trailer vehicle considering vehicle
acceleration, braking effects, and roughness of the road
surface. Yang and Wu [8] applied and developed numerical
method to investigate the dynamic behavior of a bridge
when vehicle was decelerating. Hu and Han [9] presented
a nonlinear dynamic model of four-wheel-steering vehicles
considering the braking force, as well as the air drag and
wind effect. Law and Zhu [10] studied the dynamic behavior
of continuous three spans under moving vehicle considering
the roughness of the road surface. Ju and Lin [11] used the
FEM to calculate the vertical vibration of girders causing
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Figure 1: The model of a three-axle vehicle moving on a bridge.
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−m · ̈s
−J · 𝜑̈

G

ds3 ds2 ds1ks3 ks2 ks1m · g𝜑

−m1 · ̈s−m3 · ̈s −m2 · ̈s

m1 · g m1 · gm2 · g
dt3 dt2 dt1kt3 kt2 kt1

h
1
+
u
1

h
2
+
u
2

h
3
+
u
3
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Figure 2: The analytical model three-axle vehicle moving on girder element.

moving vehicle due to the braking force with simple model.
González et al. [12] presented an algorithm based on first-
order Tikhonov regularization and dynamic programming
for the identification of moving vehicle forces on a bridge.
Zhao and Uddin [13], based on routine bridge weight-in-
motion results, show that a simulation approach is developed
and proposed to predict bridge safety and integrity if heavy
trucks experience emergency braking on the bridge. Deng
et al. [14] studied the dynamic impact factors for shear and
bending moment of both simply supported and continuous
bridges due to vehicle loading by numerical simulations.
However, of most of the previous researches on dynamic
interaction between the vehicle and simply supported bridge,
very few studies have focused on the multispan continuous
girder bridge considering braking effects. Additionally, the
field test is needed in order to obtain a clearer understanding
of the relationship between dynamic interaction for bridge
types and vehicle models.

This study develops the FEM to analyze the interaction
between three-axle dumper truck vehicle and seven-span

continuous concrete girder bridge considering the braking
force. In addition, this research evaluates the effects of the
girder on vertical direction when the vehicle brakes. The
moving vehicle modeled by four masses, including the mass
of the entire vehicle and three axles, rotational inertia of the
chassis, the damping, and the suspension stiffness, spring,
and tires. Numerical analysis results were compared with
the experimental testing results performed on the Hoa-Xuan
bridge in Danang city, Vietnam.

2. Computational Models and Assumptions

The diagram of a three-axle vehicle moving on the Hoa-Xuan
bridge inDanang city is described as in Figure 1.The dynamic
interaction model between a three-axle vehicle and a girder
element considering vehicle braking effects is described as in
Figure 2.

The mathematical description of Figure 2 is as follows:

𝑥𝑖 = {{{{{
V𝑖 ⋅ (𝑡 − 𝑡𝑖) − 𝑥elf ; if 𝑡𝑖 ≤ 𝑡 ≤ 𝑡𝑏𝑖
V𝑖 ⋅ (𝑡𝑏𝑖 − 𝑡𝑖) + [𝑎𝑖 ⋅ (𝑡 − 𝑡𝑏𝑖)2 + V𝑖] ⋅ (𝑡 − 𝑡𝑏𝑖) − 𝑥elf ; if 𝑡𝑏𝑖 < 𝑡 ≤ 𝑡𝑒𝑖, 0 ≤ 𝑥𝑖 ≤ 𝐿; (1)
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𝑥𝑖 = the coordinate of the 𝑖th axes of the vehicle at time𝑡 (𝑖 = 1, 2, 3);
𝑡 = time variation;
𝑎𝑖 = the acceleration of the 𝑖th axle when a brake is
used (𝑎𝑖 < 0);
𝐿 = the length of the girder elements;
𝑥𝑜 = the coordinate of the centre of mass𝑚 at time 𝑡;
𝑥elf = the distance between the left side of the bridge
and the left side of the girder element;
V𝑖 = the velocity of the 𝑖th axle before a brake is used;
𝑡𝑖 = the point of timewhen the 𝑖th axle begins entering
the bridge;
𝑡𝑏𝑖 = the point of time when a brake on the 𝑖th axle is
used;
𝑡𝑒𝑖 = the point of time when the 𝑖th axle stops;
𝑃 = is the stimulation force caused by the eccentric
mass of the engine;
𝑚 = the mass of vehicle body, excluding the mass of
the axles;
𝑠 = traveling distance of the vehicle on the bridge;
𝑢 = vertical displacement of the chassis at centre of
mass𝑚;
̇𝑢1, ̇𝑢2, ̇𝑢3 = the vertical displacement of chassis at the

three axles;
𝑢1, 𝑢2, 𝑢3 = the vertical displacement of the three
axles;
𝑦𝑠1, 𝑦𝑠2, 𝑦𝑠3 = the relative displacement between the
chassis and the three axles;
𝑦𝑡1, 𝑦𝑡2, 𝑦𝑡3 = the relative displacement between the
girder element and the three axles;
ℎ1, ℎ2, ℎ3 = the height from the centre of girder
element to centre of mass𝑚1,𝑚2,𝑚3, respectively;𝑇𝑡1, 𝑇𝑡2, 𝑇𝑡3 = the friction forces between tire and
bridge surface at the three axles.
𝑚1, 𝑚2, 𝑚3 = the mass of the 1st, 2nd, 3rd axle,
respectively;
𝑤1,𝑤2,𝑤3 = the displacement of girder element at 1st,
2nd, and 3rd axle, respectively;
𝑘𝑠1, 𝑘𝑠2, 𝑘𝑠3, 𝑑𝑠1, 𝑑𝑠2, 𝑑𝑠3 = the stiffness and the
damping of the three axles;
𝑘𝑡1, 𝑘𝑡2, 𝑘𝑡3, 𝑑𝑡1, 𝑑𝑡2, 𝑑𝑡3 = the stiffness and the
damping of the three tires;
𝜑 = the rotation angle of the chassis.

Inertial forces, damping forces, elastic forces, stimulating
forces, and braking forces affecting the system are described
in Figure 2.Moreover, the following assumptions are adopted:

(i) The mass of the entire vehicle and goods, excluding
the mass of the axles, is transferred to the centre of
masses of the system. It is equivalent to the mass 𝑚
and the rotational inertia 𝐽.

(ii) The mass of the 1st axle is 𝑚1, which is regarded as
a mass point at the centre of the corresponding axle.
This is the same case for the masses of 2nd and 3rd
axle which are𝑚2 and𝑚3.

(iii) The chassis is hypothesised to be absolutely hard and
undistorted when moving.

(iv) Thematerials of a girder are in the linear elastic stage.
The bridge surface is flat and has the homogeneous
friction coefficient over the entire bridge surface.

(v) Braking forces of the axles of vehicle are assumed
to occur simultaneously. The direction of the forces
between bridge surface and tires is assumed to be in
the opposite direction of themovement of a vehicle as
shown in Figure 2.

According to this assumption, the friction forces between
bridge surface and tires are 𝑇𝑡1, 𝑇𝑡2, and 𝑇𝑡3, make the vehicle
decelerate gradually, and cause inertia forces: −𝑚1 ⋅ ̈𝑠, −𝑚2 ⋅ ̈𝑠,
and −𝑚3 ⋅ ̈𝑠.

The most dangerous case is when a brake is suddenly
applied. In this case, the forces 𝑇𝑡1, 𝑇𝑡2, and 𝑇𝑡3 are assumed
to be directly proportional to loaded weight of vehicle:

𝑇𝑡1 + 𝑇𝑡2 + 𝑇𝑡3 = (𝑚 + 𝑚1 + 𝑚2 + 𝑚3) ⋅ 𝑔 ⋅ 𝜏, (2)
where 𝜏 is the coefficient of friction between bridge surface
and tires; 𝑔 is the acceleration of gravity.

3. Bending Vibration of Girder Elements due
to Braking Applied to a Three-Axle Vehicle

Base on the calculation model and assumptions in section
above, the system ofmasses𝑚,𝑚1,𝑚2, and𝑚3, inertia forces,
damping forces, elastic forces, stimulating force, and braking
forces are taken into account. In this case, braking forces
are converted to friction forces 𝑇𝑡1, 𝑇𝑡2, and 𝑇𝑡3 as shown in
Figure 2.

Using d’Alembert’s principle and considering the equilib-
rium of each of masses𝑚,𝑚1,𝑚2, and𝑚3 on the vertical axis
and that of system on the longitudinal axis can be obtained:

𝑃 − 𝑚𝑢̈ − 𝑛∑
𝑖=1

𝐹𝑠𝑖 − 𝑚𝑔 = 0
𝐹𝑠𝑖 − 𝐹𝑡𝑖 − 𝑚𝑖 ⋅ 𝑢̈𝑖 − 𝑚𝑖𝑔 = 0
𝑛∑
𝑖=1

𝑇𝑡𝑖 + (𝑚 + 𝑛∑
𝑖=1

𝑚𝑖) ⋅ ̈𝑠 = 0
(3)

with 𝑖 is number of axles (𝑖 = 1, 2, 3).
Considering the equilibrium equation of the system with

the 𝑂 point in Figure 2 can be obtained:

(𝑃 − 𝑚 ⋅ 𝑢̈ − 𝑚 ⋅ 𝑔) ⋅ 𝑥𝑜 + 𝑚 ⋅ ̈𝑠 ⋅ (ℎ + 𝑢) − 𝐽 ⋅ 𝜑̈
− 𝑛∑
𝑖=1

(𝑚𝑖 ⋅ 𝑢̈𝑖 + 𝑚𝑖 ⋅ 𝑔) ⋅ 𝑥𝑖 + 𝑛∑
𝑖=1

𝑚𝑖 ⋅ ̈𝑠 ⋅ (ℎ𝑖 + 𝑢𝑖)

+ 𝑛∑
𝑖=1

(𝑇𝑡𝑖 ⋅ 𝑤𝑖 − 𝐹𝑡𝑖 ⋅ 𝑥𝑖) = 0,
(4)
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where

𝐹𝑠𝑖 = 𝑘𝑠𝑖𝑦𝑠𝑖 + 𝑑𝑠𝑖 ̇𝑦𝑠𝑖;
𝐹𝑡𝑖 = 𝑘𝑡𝑖𝑦𝑡𝑖 + 𝑑𝑡𝑖 ̇𝑦𝑡𝑖;
𝑢𝑖 = 𝑢 + (𝑥𝑖 − 𝑥𝑜) 𝑡𝑔𝜑 ≈ 𝑢 + (𝑥𝑖 − 𝑥𝑜) 𝜑;
𝑦𝑠𝑖 = 𝑢𝑖 − 𝑢𝑖 ≈ 𝑢 + (𝑥𝑖 − 𝑥𝑜) 𝜑 − 𝑢𝑖;
𝑦𝑡𝑖 = 𝑢𝑖 − 𝑤𝑖.

(5)

Substituting (5) into (3) and (4), the combined (2), (3),
and (4) can be obtained as a set of equations:

𝐽 ⋅ 𝜑̈ + 𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜)2 ⋅ 𝜑̇ + 𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ 𝑢̇

− 𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ 𝑢̇𝑖 + 𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜)2 ⋅ 𝜑

+ [ 𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) − 𝑚 ⋅ ̈𝑠] ⋅ 𝑢

− 𝑛∑
𝑖=1

[𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) + 𝑚𝑖 ⋅ ̈𝑠] ⋅ 𝑢𝑖 − 𝑛∑
𝑖=1

𝑇𝑡𝑖 ⋅ 𝑤𝑖

− (𝑚 ⋅ ℎ + 𝑛∑
𝑖=1

𝑚𝑖 ⋅ ℎ𝑖) ⋅ ̈𝑠 = 0,

𝑚 ⋅ 𝑢̈ + 𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ 𝜑̇ + 𝑛∑
𝑖=1

𝑑𝑠𝑖 ⋅ 𝑢̇ − 𝑛∑
𝑖=1

𝑑𝑠𝑖 ⋅ 𝑢̇𝑖
+ 𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ 𝜑 + 𝑛∑
𝑖=1

𝑘𝑠𝑖 ⋅ 𝑢 − 𝑛∑
𝑖=1

𝑘𝑠𝑖 ⋅ 𝑢𝑖 − 𝑃
+ 𝑚 ⋅ 𝑔 = 0,

𝑚𝑖 ⋅ 𝑢̈𝑖 − 𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ 𝜑̇ − 𝑑𝑠𝑖 ⋅ 𝑢̇ + (𝑑𝑠𝑖 + 𝑑𝑡𝑖) ⋅ 𝑢̇𝑖
− 𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ 𝜑 − 𝑘𝑠𝑖 ⋅ 𝑢 + (𝑘𝑠𝑖 + 𝑘𝑡𝑖) ⋅ 𝑢𝑖 − 𝑑𝑡𝑖 ⋅ 𝑤̇𝑖
− 𝑘𝑡𝑖 ⋅ 𝑤𝑖 + 𝑚𝑖 ⋅ 𝑔 = 0,

̈𝑠 = −𝑔 ⋅ 𝜏.
(6)

According to Ray (2003), the differential equation of
motion for the flexure vibration of damped girder due to
uniform loading 𝑝(𝑥, 𝑧, 𝑡) can be written as follows:

𝐸𝐽𝑑 ⋅ (𝜕4𝑤𝜕𝑥4 + 𝜃 ⋅ 𝜕5𝑤𝜕𝑥4 ⋅ 𝜕𝑡) + 𝜌𝐹𝑑 ⋅ 𝜕2𝑤𝜕𝑡2 + 𝛽 ⋅ 𝜕𝑤𝜕𝑡
= 𝑛∑
𝑖=1

𝑝𝑖 (𝑥, 𝑧, 𝑡) ,
(7)

where

𝑝𝑖 (𝑥, 𝑧, 𝑡) = 𝜉 (𝑥𝑖) ⋅ 𝐹𝑡𝑖 ⋅ 𝛿 (𝑥 − 𝑥𝑖) = 𝜉 (𝑥𝑖)
⋅ [−𝑚𝑖 ⋅ 𝑢̈𝑖 + 𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ 𝜑̇ + 𝑑𝑠𝑖 ⋅ 𝑢̇ − 𝑑𝑠𝑖 ⋅ 𝑢̇𝑖 + 𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ 𝜑 + 𝑘𝑠𝑖 ⋅ 𝑢 − 𝑘𝑠𝑖 ⋅ 𝑢𝑖 − 𝑚𝑖 ⋅ 𝑔] ⋅ 𝛿 (𝑥 − 𝑥𝑖) (8)

with 𝜉 (𝑥𝑖) = {{{
1, if 0 ≤ 𝑥𝑖 ≤ 𝐿
0, if 𝑥𝑖 < 0, 𝑥𝑖 > 𝐿 is the logic control signal function; (9)

𝛿 ⋅ (𝑥 − 𝑥𝑖) is the Dirac delta function;𝑥𝑖 is determined by (1);
𝑤 is deflection of the girder element;
𝐹𝑑 is the cross-sectional area of the girder;𝐽𝑑 is the second moment of area the girder;
𝐸 is Young’s modulus;
𝐸𝐽𝑑 is the flexural rigidity of girder element;
𝜌𝐹𝑑 is the mass of girder per unit length;
𝜃 and 𝛽 are the coefficient of internal friction and
external friction.

The Galerkin method and Green theory are applied to
(6), (7), and (8) which transform into matrix form, and the

differential equations of girder element can be written in a
matrix form as follows:

[𝑀𝑒] ⋅ { ̈𝑞} + [𝐶𝑒] ⋅ { ̇𝑞} + [𝐾𝑒] ⋅ {𝑞} = {𝑓𝑒} , (10)

where { ̈𝑞}, { ̇𝑞}, {𝑞}, and {𝑓𝑒} are the complex acceleration
vector, complex velocity vector, complex displacement vector,
and complex forces vector, respectively.

{ ̈𝑞} = {𝑤̈𝑒𝑧̈ } ;

{ ̇𝑞} = {𝑤̇𝑒𝑧̇ } ;
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{𝑞} = {𝑤𝑒𝑧 } ;

{𝑓𝑒} = {𝑓𝑤𝑓𝑧} ;

{𝑤𝑒} =

{{{{{{{{{{{{{{{{{{{{{{{

𝑢𝑥1𝑤𝑦1𝜑1𝑢𝑥2𝑤𝑦2𝜑2

}}}}}}}}}}}}}}}}}}}}}}}

;

{𝑧} =
{{{{{{{{{{{{{{{{{{{

𝜑
𝑢
𝑢1...
𝑢𝑛

}}}}}}}}}}}}}}}}}}}

,

(11)

where 𝑢𝑥1, 𝑤𝑦1, and 𝜑1 are the axial displacement, flexural
deflection, and rotation angle of the left end of element,
respectively; 𝑢𝑥2, 𝑤𝑦2, and 𝜑2 are the axial displacement,
flexural deflection, and rotation angle of the right end of
element, respectively; [𝑀𝑒], [𝐶𝑒], and [𝐾𝑒] are the mass
matrix, damping matrix, and stiffness matrix, respectively.

[𝑀𝑒] = [𝑀𝑤𝑤 𝑀𝑤𝑧𝑀𝑧𝑤 𝑀𝑧𝑧] ;

[𝐶𝑒] = [𝐶𝑤𝑤 𝐶𝑤𝑧𝐶𝑧𝑤 𝐶𝑧𝑧] ;

[𝐾𝑒] = [𝐾𝑤𝑤 𝐾𝑤𝑧𝐾𝑧𝑤 𝐾𝑧𝑧] ,

(12)

where [𝑀𝑤𝑤], [𝐶𝑤𝑤], and [𝐾𝑤𝑤] are mass, damping, and
stiffness matrices of the girder elements, respectively. They
can be found in Zienkiewicz (2000).

[𝑀𝑤𝑧] =
[[[[[
[

0 0 𝑚1𝑃11 ⋅ ⋅ ⋅ 𝑚𝑖𝑃1𝑖 ⋅ ⋅ ⋅ 𝑚𝑛𝑃1𝑛0 0 𝑚1𝑃21 ⋅ ⋅ ⋅ 𝑚𝑖𝑃2𝑖 ⋅ ⋅ ⋅ 𝑚𝑛𝑃2𝑛0 0 𝑚1𝑃31 ⋅ ⋅ ⋅ 𝑚𝑖𝑃3𝑖 ⋅ ⋅ ⋅ 𝑚𝑛𝑃3𝑛0 0 𝑚1𝑃41 ⋅ ⋅ ⋅ 𝑚𝑖𝑃4𝑖 ⋅ ⋅ ⋅ 𝑚𝑛𝑃4𝑛

]]]]]
]
;

{𝑓𝑤} = −
{{{{{{{{{{{

𝑔 (𝑚1𝑃11 + ⋅ ⋅ ⋅ + 𝑚𝑖𝑃1𝑖 + ⋅ ⋅ ⋅ + 𝑚𝑛𝑃1𝑛)𝑔 (𝑚1𝑃21 + ⋅ ⋅ ⋅ + 𝑚𝑖𝑃2𝑖 + ⋅ ⋅ ⋅ + 𝑚𝑛𝑃2𝑛)𝑔 (𝑚1𝑃31 + ⋅ ⋅ ⋅ + 𝑚𝑖𝑃3𝑖 + ⋅ ⋅ ⋅ + 𝑚𝑛𝑃3𝑛)𝑔 (𝑚1𝑃41 + ⋅ ⋅ ⋅ + 𝑚𝑖𝑃4𝑖 + ⋅ ⋅ ⋅ + 𝑚𝑛𝑃4𝑛)

}}}}}}}}}}}
,

[𝐶𝑤𝑧] = −

[[[[[[[[[[[[[[
[

𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑃1𝑖 𝑛∑
𝑖=1

𝑑𝑠𝑖𝑃1𝑖 −𝑑𝑠1𝑃11 ⋅ ⋅ ⋅ −𝑑𝑠𝑖𝑃1𝑖 ⋅ ⋅ ⋅ −𝑑𝑠𝑛𝑃1𝑛
𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑃2𝑖 𝑛∑
𝑖=1

𝑑𝑠𝑖𝑃2𝑖 −𝑑𝑠1𝑃21 ⋅ ⋅ ⋅ −𝑑𝑠𝑖𝑃2𝑖 ⋅ ⋅ ⋅ −𝑑𝑠𝑛𝑃2𝑛
𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑃3𝑖 𝑛∑
𝑖=1

𝑑𝑠𝑖𝑃3𝑖 −𝑑𝑠1𝑃31 ⋅ ⋅ ⋅ −𝑑𝑠𝑖𝑃3𝑖 ⋅ ⋅ ⋅ −𝑑𝑠𝑛𝑃3𝑛
𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑃4𝑖 𝑛∑
𝑖=1

𝑑𝑠𝑖𝑃4𝑖 −𝑑𝑠1𝑃41 ⋅ ⋅ ⋅ −𝑑𝑠𝑖𝑃4𝑖 ⋅ ⋅ ⋅ −𝑑𝑠𝑛𝑃4𝑛

]]]]]]]]]]]]]]
]

,

[𝐾𝑤𝑧] = −

[[[[[[[[[[[[[[
[

𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑃1𝑖 𝑛∑
𝑖=1

𝑘𝑠𝑖𝑃1𝑖 −𝑘𝑠1𝑃11 ⋅ ⋅ ⋅ −𝑘𝑠𝑖𝑃1𝑖 ⋅ ⋅ ⋅ −𝑘𝑠𝑛𝑃1𝑛
𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑃2𝑖 𝑛∑
𝑖=1

𝑘𝑠𝑖𝑃2𝑖 −𝑘𝑠1𝑃21 ⋅ ⋅ ⋅ −𝑘𝑠𝑖𝑃2𝑖 ⋅ ⋅ ⋅ −𝑘𝑠𝑛𝑃2𝑛
𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑃3𝑖 𝑛∑
𝑖=1

𝑘𝑠𝑖𝑃3𝑖 −𝑘𝑠1𝑃31 ⋅ ⋅ ⋅ −𝑘𝑠𝑖𝑃3𝑖 ⋅ ⋅ ⋅ −𝑘𝑠𝑛𝑃3𝑛
𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑃4𝑖 𝑛∑
𝑖=1

𝑘𝑠𝑖𝑃4𝑖 −𝑘𝑠1𝑃41 ⋅ ⋅ ⋅ −𝑘𝑠𝑖𝑃4𝑖 ⋅ ⋅ ⋅ −𝑘𝑠𝑛𝑃4𝑛

]]]]]]]]]]]]]]
]

,
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[𝑀𝑧𝑧] =

[[[[[[[[[[[[[[
[

𝐽 0 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0
0 𝑚 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0
0 0 𝑚1 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
0 0 0 ⋅ ⋅ ⋅ 𝑚𝑖 ⋅ ⋅ ⋅ 0
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
0 0 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 𝑚𝑛

]]]]]]]]]]]]]]
]

,

{𝑓𝑧} = −

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

(𝑚ℎ + 𝑛∑
𝑖=1

𝑚𝑖ℎ𝑖) ⋅ ̈𝑠
𝑃 − 𝑚𝑔
−𝑚1𝑔⋅ ⋅ ⋅
−𝑚𝑖𝑔⋅ ⋅ ⋅
−𝑚𝑛𝑔

}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

,

[𝐶𝑧𝑧] =

[[[[[[[[[[[[[[[[[
[

𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜)2 𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) −𝑑𝑠1 (𝑥1 − 𝑥𝑜) ⋅ ⋅ ⋅ −𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ ⋅ ⋅ −𝑑𝑠𝑛 (𝑥𝑛 − 𝑥𝑜)
𝑛∑
𝑖=1

𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑛∑
𝑖=1

𝑑𝑠𝑖 −𝑑𝑠1 ⋅ ⋅ ⋅ −𝑑𝑠𝑖 ⋅ ⋅ ⋅ −𝑑𝑠𝑛
−𝑑𝑠1 (𝑥1 − 𝑥𝑜) −𝑑𝑠1 𝑑𝑠1 + 𝑑𝑡1 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
−𝑑𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) −𝑑𝑠𝑖 0 ⋅ ⋅ ⋅ 𝑑𝑠𝑖 + 𝑑𝑡𝑖 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
−𝑑𝑠𝑛 (𝑥𝑛 − 𝑥𝑜) −𝑑𝑠𝑛 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 𝑑𝑠𝑛 + 𝑑𝑡𝑛

]]]]]]]]]]]]]]]]]
]

,

[𝐾𝑧𝑧] =

[[[[[[[[[[[[[[[[[
[

𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜)2 𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) −𝑘𝑠1 (𝑥1 − 𝑥𝑜) ⋅ ⋅ ⋅ −𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) ⋅ ⋅ ⋅ −𝑘𝑠𝑛 (𝑥𝑛 − 𝑥𝑜)
𝑛∑
𝑖=1

𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) 𝑛∑
𝑖=1

𝑘𝑠𝑖 −𝑘𝑠1 ⋅ ⋅ ⋅ −𝑘𝑠𝑖 ⋅ ⋅ ⋅ −𝑘𝑠𝑛
−𝑘𝑠1 (𝑥1 − 𝑥𝑜) −𝑘𝑠1 𝑘𝑠1 + 𝑘𝑡1 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
−𝑘𝑠𝑖 (𝑥𝑖 − 𝑥𝑜) −𝑘𝑠𝑖 0 ⋅ ⋅ ⋅ 𝑘𝑠𝑖 + 𝑘𝑡𝑖 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
−𝑘𝑠𝑛 (𝑥𝑛 − 𝑥𝑜) −𝑘𝑠𝑛 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 𝑘𝑠𝑛 + 𝑘𝑡𝑛

]]]]]]]]]]]]]]]]]
]

,

[𝑀𝑧𝑤] = 0;

[𝐶𝑧𝑤] =

[[[[[[[[[[[[[[
[

0 0 0 0
0 0 0 0

−𝑑𝑡1𝑃11 −𝑑𝑡1𝑃21 −𝑑𝑡1𝑃31 −𝑑𝑡1𝑃41⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
−𝑑𝑡𝑖𝑃1𝑖 −𝑑𝑡𝑖𝑃2𝑖 −𝑑𝑡𝑖𝑃3𝑖 −𝑑𝑡𝑖𝑃4𝑖⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
−𝑑𝑡𝑛𝑃1𝑛 −𝑑𝑡𝑛𝑃2𝑛 −𝑑𝑡𝑛𝑃3𝑛 −𝑑𝑡𝑛𝑃4𝑛

]]]]]]]]]]]]]]
]

,
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[𝐾𝑧𝑤] = −

[[[[[[[[[[[[[[[[
[

𝑛∑
𝑖=1

𝑇𝑡𝑖 ⋅ 𝑃1𝑖 𝑛∑
𝑖=1

𝑇𝑡𝑖 ⋅ 𝑃2𝑖 𝑛∑
𝑖=1

𝑇𝑡𝑖 ⋅ 𝑃3𝑖 𝑛∑
𝑖=1

𝑇𝑡𝑖 ⋅ 𝑃4𝑖
0 0 0 0

𝑑𝑡1 ⋅ 𝑃̇11 + 𝑘𝑡1 ⋅ 𝑃11 𝑑𝑡1 ⋅ 𝑃̇21 + 𝑘𝑡1 ⋅ 𝑃21 𝑑𝑡1 ⋅ 𝑃̇31 + 𝑘𝑡1 ⋅ 𝑃31 𝑑𝑡1 ⋅ 𝑃̇41 + 𝑘𝑡1 ⋅ 𝑃41⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
𝑑𝑡𝑖 ⋅ 𝑃̇1𝑖 + 𝑘𝑡𝑖 ⋅ 𝑃1𝑖 𝑑𝑡𝑖 ⋅ 𝑃̇2𝑖 + 𝑘𝑡𝑖 ⋅ 𝑃2𝑖 𝑑𝑡𝑖 ⋅ 𝑃̇3𝑖 + 𝑘𝑡𝑖 ⋅ 𝑃3𝑖 𝑑𝑡𝑖 ⋅ 𝑃̇4𝑖 + 𝑘𝑡𝑖 ⋅ 𝑃4𝑖⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
𝑑𝑡𝑛 ⋅ 𝑃̇1𝑛 + 𝑘𝑡𝑛 ⋅ 𝑃1𝑛 𝑑𝑡𝑛 ⋅ 𝑃̇2𝑛 + 𝑘𝑡𝑛 ⋅ 𝑃2𝑛 𝑑𝑡𝑛 ⋅ 𝑃̇3𝑛 + 𝑘𝑡𝑛 ⋅ 𝑃3𝑛 𝑑𝑡𝑛 ⋅ 𝑃4𝑛 + 𝑘𝑡𝑛 ⋅ 𝑃4𝑛

]]]]]]]]]]]]]]]]
]

(13)

in which

𝑃1𝑖 = 𝜉 (𝑥𝑖)𝐿 ⋅ 𝜏 ⋅ (𝐿 − 𝑥𝑖) ,
𝑃2𝑖 = 𝜉 (𝑥𝑖)𝐿3 ⋅ (𝐿3 − 3𝐿 ⋅ 𝑥2𝑖 + 2𝑥3𝑖 ) ,
𝑃3𝑖 = 𝜉 (𝑥𝑖)𝐿2 ⋅ (𝐿2 ⋅ 𝑥𝑖 − 2𝐿 ⋅ 𝑥2𝑖 + 𝑥3𝑖 ) ,
𝑃4𝑖 = 𝜉 (𝑥𝑖)𝐿 ⋅ 𝜏 ⋅ 𝑥𝑖,
𝑃5𝑖 = 𝜉 (𝑥𝑖)𝐿3 ⋅ 𝑥2𝑖 (3𝐿 − 2𝑥𝑖) ,
𝑃6𝑖 = 𝜉 (𝑥𝑖)𝐿2 ⋅ 𝑥2𝑖 (𝑥𝑖 − 𝐿) ;

(14)

𝑥𝑖 is computed by (1).

4. Application of the FEM in Analysis
Vibration of Hoa-Xuan Bridge

Hoa-Xuan bridge is a continuous concrete girder bridge with
spans of 7 × 42m, shown in Figure 1. The cross section of
the concrete girder bridge and position of truck is shown
in Figure 3. The three-axle vehicle used in the numerical
simulation and the field test is ASIA dumper truck as shown
in Figure 4. Applying the algorithm of the FEM [15], the
vibration differential equation for the system is shown as
follows:

[𝑀] ⋅ {𝑄̈} + [𝐶] ⋅ {𝑄̇} + [𝐾] ⋅ {𝑄} = {𝐹} , (15)

where [𝑀], [𝐶], and [𝐾] are mass matrix, damper matrix,
and stiffness matrix of the system; {𝑄̈}, {𝑄̇}, {𝑄}, and {𝐹} are
acceleration vector, the velocity vector, the deflection vector,
and the force vector of the system.

Equation (15) is computed by the Runge-Kutta-Merson
method. The numerical values of the parameters were used
in the computer simulation and the field test as follows.

The parameters of concrete girder are as follows: 𝐸 =
3230769230 (kg/m2); 𝐽𝑑 = 0.6879 (m4); 𝐹𝑑 = 1.3776 (m2); 𝜌𝐹𝑑
= 3800 (kg/m); 𝜃 = 0.027; 𝛽 = 0.01; 𝜏 = 0.25; 𝑔 = 9.81 (m/s2).

The three-axle vehicle parameters are as follows: 𝑚 =
14060 (kg);𝑚1 = 60 (kg);𝑚2 = 110 (kg);𝑚3 = 110 (kg); 𝑃 = 0;𝑏1 = 3.25 (m); 𝑏2 = 1.10 (m); 𝑏3 = 2.4 (m); ℎ = 1.26 (m); ℎ1 = ℎ2
= ℎ3 = 0.6 (m); 𝑘1𝑠 = 1200000 (N/m); 𝑘1𝑡 = 1600000 (N/m);𝑘2𝑠 = 𝑘3𝑠 = 2600000 (N/m); 𝑘2𝑡 = 𝑘3𝑡 = 3200000 (N/m); 𝑑1𝑠 =
7344 (N⋅s/m); 𝑑1𝑡 = 3670 (N⋅s/m); 𝑑2𝑠 = 𝑑3𝑠 = 4000 (N⋅s/m);𝑑2𝑡 = 𝑑3𝑡 = 8000 (N⋅s/m).

The FEM results are compared with those of correspond-
ing experimental investigation forHoa-Xuan bridge response
with ASIA vehicle loading.The girder deflections of the Hoa-
Xuan bridge caused by ASIA vehicle moving on the first span
and which used sudden braking at the velocity of 30 km/h
were investigated. The FEM results and experimental results
are shown in Figures 5–8.

The results of the maximum dynamic deflections and the
dynamicmagnification factor of theHoa-Xuan bridge caused
by ASIA vehicle, running at 30 km/h and with a brake being
applied on the first span, are shown in Table 1. The deflection
due to Dead Load only is the blue curved line on the graph as
shown in Figures 5(a)–8(a) for the FEM result.

The notations in Table 1 are described as follows:

(1 + IM) = 𝑈𝐷𝑈𝑆 , (16)

where IM is dynamic impact factor, also known as the
dynamic load allowance in the AASHTO [16] code with the
IM = 0.33; 𝑈𝑆 is the maximum static deflection of girder; 𝑈𝐷
is the maximum dynamic deflection of girder with braking
force; Δ𝑈𝐷 is the difference of 𝑈𝐷 between from FEM result
and experiment result; Δ(1 + IM) is the difference of (1 + IM)
between from FEM result and experiment result.

As can be seen from Table 1, the FEM results agree well
when compared with the experimental results.The difference
of dynamic deflection of girder between the FEM results
and the experimental results varies from 0.6% to 6.3%.
Meanwhile, the difference of dynamic deflection of girder
between the FEM results and the experimental results of (1 +
IM) deflection varies from 3.1% to 5.9%. Based on the FEM
and experimental results, the maximum dynamic impact
factor of deflection is appreciable. The errors between the
FEM and experimental results are significant, and they can
be caused by the following reasons:
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Figure 3: Cross section of the concrete girder bridge with loading position of the truck.
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Figure 4: The ASIA dumper truck: (a) picture of vehicle; (b) vehicle dimensional parameters.

(1) When the vehicle braked, the braking forces did not
happen simultaneously at all wheels.

(2) The chassis stiffness for the FEM is assumed abso-
lutely rigid, while the actual stiffness of chassis is
comparative.

(3) The input parameters of the three-axle vehicle and the
bridge for the FEM analysis are not measured exactly
as desired.

In the experimental results, the (1 + IM) increases with
an increase in velocity at sudden braking which is shown
from Figures 9–13. Therefore, the (1 + IM) decreases with
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(a) (b)

Figure 5: Time history of quarter-span deflection caused by the braking of the vehicle at quarter 1st span position: (a) the FEM result; (b)
experimental result.

(a) (b)

Figure 6: Time history of midspan deflection caused by the braking at quarter 1st span position: (a) the FEM result; (b) experimental result.

(a) (b)

Figure 7: Time history of quarter-span deflection caused by the braking at mid-1st span position: (a) the FEM result; (b) experimental result.

(a) (b)

Figure 8: Time history of midspan deflection caused by the braking at mid-1st span position: (a) the FEM result; (b) experimental result.
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Table 1: The results of the deflections of the Hoa-Xuan Bridge caused by a ASIA vehicle.

Positions of deflections Braking
positions

The FEM results The experimental results
The difference

between from FEM
and experiment𝑈𝐷

(mm)
𝑈𝑆

(mm) (1 + IM) 𝑈𝐷
(mm)

𝑈𝑆
(mm) (1 + IM) Δ𝑈𝐷

(%)
Δ(1 + IM)

(%)
1/4 of 1st span 1/4 of 1st span 1.678 1.277 1.314 1.614 1.301 1.241 4.0 5.9
1/2 1st span 1/4 of 1st span 2.182 1.682 1.297 2.170 1.750 1.240 0.6 4.3
1/4 of 1st span 1/2 1st span 1.708 1.277 1.338 1.640 1.263 1.298 4.1 3.1
1/2 1st span 1/2 1st span 2.278 1.700 1.340 2.142 1.657 1.293 6.3 3.6
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Figure 9: (1 + IM) versus velocity at sudden braking of L/8 position.
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Figure 10: (1 + IM) versus velocity at sudden braking of L/4 position.
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Figure 11: (1 + IM) versus velocity at sudden braking of 3L/8 posi-
tion.
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Figure 12: (1 + IM) versus velocity at sudden braking of L/2 position.
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Figure 13: (1 + IM) versus velocity at sudden braking of all positions.

increasing the distance from the bearing location of first span.
The variation of (1 + IM) with braking positions is shown
from Figures 14–18. In this study, the magnitude of velocity
varies from 10 km/h to 40 km/h. Due to local traffic law, the
speed of the truck cannot surpass 40 km/h.
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Figure 14: (1 + IM) versus braking position, 𝑉 = 10 km/h.
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Figure 15: (1 + IM) versus braking position, 𝑉 = 20 km/h.
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Figure 16: (1 + IM) versus braking position, 𝑉 = 30 km/h.

5. Conclusions

This study introduces the results of research on dynamic
interaction model between a three-axle vehicle and a contin-
uous concrete girder bridge considering braking effects. The
FEM has been applied to vibration analysis of the Hoa-Xuan
bridge.TheFEMresults were verified by the experiments.The
FEM results agree well with the experimental outcomes. The
main contribution of this study is to validate the FEM results
with the experimental results of continuous girder bridges.
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Figure 17: (1 + IM) versus braking position, 𝑉 = 40 km/h.
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Figure 18: (1 + IM) versus braking position, 𝑉 = 10 ÷ 40 km/h.

As observed from the experimental outcomes, the (1 + IM)
increases with an increase in velocity at sudden braking and
the (1 + IM) decreases with increasing the distance from
the bearing location of span. Thus, the findings from this
study can be practically used as additional references for
current bridge codes by bridge engineers and researchers
when dealing with related matters.
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