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We consider a stochastic partial differential equation (SPDE) driven by a Lévy white noise, with Lipschitz multiplicative term . We
prove that, under some conditions, this equation has a unique random field solution. These conditions are verified by the stochastic
heat and wave equations. We introduce the basic elements of Malliavin calculus with respect to the compensated Poisson random
measure associated with the Lévy white noise. If o is affine, we prove that the solution is Malliavin differentiable and its Malliavin

derivative satisfies a stochastic integral equation.

1. Introduction

In this article, we consider the stochastic partial differential
equation (SPDE):

Fut,x)=cwt,x)Ltx), tel0,T], xeR, 1

with some deterministic initial conditions, where & is a
second-order differential operator on [0, T]xR, L denotes the
formal derivative of the Lévy white noise L (defined below),
and the function 0 : R — R is Lipschitz continuous.

A process u = {u(t,x); t € [0,T], x € R} is called
a (mild) solution of (1) if u is predictable and satisfies the
following integral equation:

u (t, x)

=w(t, x)

(2)
+J JRG(t—s,x—y)a(u(s,y))L(dS’d)’))

0
where w is the solution of the deterministic equation Zu =
0 with the same initial conditions as (1) and G is the Green
function of the operator Z.

The study of SPDEs with Gaussian noise is a well-
developed area of stochastic analysis, and the behaviour of

random field solutions of such equations is well understood.
We refer the reader to [1] for the original lecture notes which
led to the development of this area and to [2, 3] for some
recent advances. In particular, the probability laws of these
solutions can be analyzed using techniques from Malliavin
calculus, as described in [4, 5].

On the other hand, there is a large literature dedicated
to the study of stochastic differential equations (SDE) with
Lévy noise, the monograph [6] containing a comprehensive
account on this topic. One can develop also a Malliavin
calculus for Lévy processes with finite variance, using an
analogue of the Wiener chaos representation with respect
to underlying Poisson random measure of the Lévy process.
This method was developed in [7] with the same purpose of
analyzing the probability law of the solution of an SDE driven
by a finite variance Lévy noise. More recently, Malliavin
calculus for Lévy processes with finite variance has been used
in financial mathematics, the monograph [8] being a very
readable introduction to this topic.

There are two approaches to SPDE:s in the literature. One
is the random field approach which originates in John Walsh’s
lecture notes [1]. When using this approach, the solution is
viewed as a real-valued process which is indexed by time
and space. The other approach is the infinite-dimensional
approach, due to Da Prato and Zabczyk [9], according to
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which the solution is a process indexed by time only, which
takes values in an infinite-dimensional Hilbert space. It is not
always possible to compare the solutions obtained using the
two approaches (see [10] for several results in this direction).
SPDEs with Lévy noise were studied in the monograph
[11], using the infinite-dimensional approach. In the present
article, we use the random field approach for examining an
SPDE driven by the finite variance Lévy noise introduced in
[12], with the goal of studying the Malliavin differentiability
of the solution. As mentioned above, this study can be useful
for analyzing the probability law of the solution. We postpone
this problem for future work.

We begin by recalling from [12] the construction of the
Lévy white noise L driving (1). We consider a Poisson random
measure (PRM) N on the spaceU = [0, T]xR xR, of intensity
u(dt, dx, dz) = dtdxv(dz) defined on a complete probability
space (Q, #, P), where v is a Lévy measure on R, = R\ {0};
that is, v satisfies

j (1A121*) v (dz) < co. (3)
R,
In addition, we assume that v satisfies the following condition:
V= J 2%y (dz) < 0. (4)
Ry

We denote by N the compensated PRM defined by
N(A) = N(A) - u(A) for any A € % with u(A) < oo, where
% is the class of Borel sets in U. We denote by %, the o-field
generated by N([0,s] x Bx I) forall s € [0,t],B € %,(R),
and I € %, (R,). We denote by B, (R) the class of bounded
Borel sets in R and by 9, (R,) the class of Borel sets in R,
which are bounded away from 0.

A Lévy white noise with intensity measure v is a collection
L ={L,B); t € [0,T], B € %B,(R)} of zero-mean square-
integrable random variables defined by

L,(B)= Lt L jRO 2N (ds,dx, dz). 5)

These variables have the following properties:

(i) Ly(B) = 0 a.s. for all B € B, (R).

(ii) L,(B;),...,L,(By) are independent for any t > 0 and
for any disjoint sets By, ..., B, € B,(R).

(iii) For any 0 < s < t and for any B € %,(R), L,(B) -
L,(B) is independent of &, and has characteristic
function

N
E (eiu(L:(B)—LS(B)))

= exp {(t —s)|B] J (eiuz -1- iuz) v(dz)} , (6)

R,

u€R.
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We denote by & tL the o-field generated by L(s) forall s € [0, t].

For any h € L2([0, T] x R), we define the stochastic integral
of h with respect to L:

L(h) - LT JR h(t, %) L (dt, dx)
= J-T jR JR h(t, x)zN (dt,dx, dz). v

0

Using the same method as in Itd’s classical theory, this
integral can be extended to random integrands, that is, to the
class of predictable processes X = {X(t,x); t € [0,T], x €
R}, such that E jOT _[R |X(t, x)|*dx dt < co. The integral has
the following isometry property:

2

E LT JR X (t,x) L(dt,dx)

. (8)
- VEJ jR X (&, ) dox dt.

0

Recall that a process X = {X(t,x); t > 0, x € R} is
predictable if it is measurable with respect to the predictable
o-field on O x R, x R, that is, the o-field generated by
elementary processes of the form

X (w) L, X) =Y (CU) 1(a,b] (t) 1A (X) >

)
we, te[0,T], xR,

where0 < a < b,Y isabounded and & Ia‘ -measurable random
variable, and A € 3B, (R).

This article is organized as follows. In Section 2, we
introduce the basic elements of Malliavin calculus with
respect to the compensated Poisson random measure N. In
Section 3, we prove that, under a certain hypothesis, (1) has
a unique solution. This hypothesis is verified in the case of
the wave and heat equations. In Section 4, we examine the
Malliavin differentiability of the solution, in the case when
the function o is affine. Finally, in the Appendix, we include
a version of Gronwall’s lemma which is needed in the sequel.

2. Malliavin Calculus on the Poisson Space

In this section, we introduce the basic ingredients of Malli-
avin calculus with respect to N, following very closely the
approach presented in Chapters 10-12 of [8]. The difference
compared to [8] is that our parameter space U has variables
(t,x,z) instead of (t,z). For the sake of brevity, we do not
include the proofs of the results presented in this section.
These proofs can be found in Chapter 6 of the doctoral thesis
[13] of the second author.

We set # = L*(U, %, u) and " = L*(U", %", u"). We
denote by % the set of all symmetric functions f € #*". We
denote by #'¢, ", " the analogous spaces of C-valued

functions.



International Journal of Stochastic Analysis

LetS, = {(uy,...,u,) € U w; = (t;,x;,2;) with ; <
< t,,}. For any measurable function f: S, — R with

— 2 4n
sy = [, o) )

< 00,

we define the n-fold iterated integral of f with respect to N by

LA L st o

N (du,),

where u; = (t;, x;,2;). Then, E[],(f)],.(g
and EIJ, () = 1 fIs
For any f € #®", we defined the multiple integral of

f with respect to N by I,(f) = n!J,(f). It follows that
E[L(f)I,(g)] =0foralln # mand

)] = 0foralln # m

EL (P =nlflfe vfex™ @
If fe %’8" with f = g + ih, we define I,(f) = I,(g) +il,,(h).

Let L%.(Q) be the set of C-valued square-integrable
random Varlables defined on (Q, #, P). By Theorem 7 of [14],
any J«T measurable random variable F € L%(Q) admits the
chaos expansion

F= Zln (fn)

n=>0

where f, € Z°" foralln > 1 and f, = E(F).
The chaos expansion plays a crucial role in developing
the Malliavin calculus with respect to N. In particular, the

Skorohod integrals with respect to N and L are defined as
follows.

Definition 1. (a) Let X = {X(u); u € U} be a square-
integrable process such that X(u) is F%-measurable for any
u € U.Foreachu € U, let X(u) = Y, L,(f,(-u)) be the
chaos expansion of X(u), with f,,(-,u) € Z°". One denotes
by f,(u, ..., u,,u) the symmetrization of f, with respect to
all n+ 1 variables. One says that X is Skorohod integrable with
respect to N (and one writes X € Dom(d)) if

Y Elf (7)) = X e D7
n=0 n=0

gpon+1) < 00. (14)

In this case, one defines the Skorohod integral of X with
respect to N by

5 (X) = LT JR jR X (t,x,2) N (8¢, 0x, 02)

= ZIrHl (fn) .

n=0

(15)

(b) Let Y = {Y(t,x); t € [0,T], x € R} be a square-
integrable process such that Y (¢, x) is % =-measurable for any
t € [0,T] and x € R. One says that Y is Skorohod integrable
with respect to L (and one writes Y € Dom(é%)) if the process
{Y(t,x)z; (t,x,2) € U} is Skorohod integrable with respect
to N. In this case, one defines the Skorohod integral of Y with
respect to L by

St (v) = LT JR Y (¢, x) L (3, 6x)
- JT JR jR Y (t, x) 2N (8, 6x, 82) "

0

The following result shows that the Skorohod integral can
be viewed as an extension of the Itd integral.

Theorem 2. (a) If X = {X(u); (u) € U} is a predictable
process such that E|| X IIf] < 00, then X is Skorohod integrable
with respect to N and
T —
J J J X (t, x,z) N (6t,0x,0z)
0 JrJR,
(17)

T
:J j J X (t,x,2) N (dt, dx, dz).
0 JrJR,

(b)) IfY = {Y(t,x); t € [0,T], x € R} is a predictable
process such that E_[OT JR [Y(t, x)|*dxdt < oo, then Y is
Skorohod integrable with respect to L and

JT JR Y (t,x) L (6t,6x) = LT JR Y (t,x) L(dt,dx). (18)

0

We now introduce the definition of the Malliavin deriva-
tive.

Definition 3. Let F € L*(Q) be an 97]%—measurable random
variable with the chaos expansion F = ), ., L,(f,,) with f, €
", One says that F is Malliavin differentiable with respect
to N if
2
2.1 | fullzen < 0. (19)

n>1

In this case, one defines the Malliavin derivative of F with
respect to N by

D,F = Zn o (fGw),

n=1

uel. (20)

One denotes by D"* the space of Malliavin differentiable
random variables with respect to N.

Note that E||DF||?%, =3 e nn!llfnll?%@n < 00.

Theorem 4 (closability of Malliavin derivative). Let (F,),s; C
DY and F € L*(Q) such that F, —» Fin L2(Q) and (DF,) =1
converges in L*(Q; #). Then, F € D“* and DF, — DF in
L 7).



Typical examples of Malliavin differentiable random vari-
ables are exponentials of stochastic integrals: for any h €
L*([0,T] x R),

D (eL(h)) _ eL(h) (eh(t,x)z _ 1) . (21)

t,%,2
Moreover, the set ID;Q;2 of linear combinations of random
variables of the form " with h € L*([0,T] x R) is dense
in D2,

The following result shows that the Malliavin derivative

is a difference operator with respect to N, not a differential
operator.

Theorem 5 (chain rule). Forany F € D" and any continuous
function g : R — R such that g(F) € L*(Q) and g(F + DF) -
g(F) € L*(Q; %), g(F) € D* and

Dg(F) = g(F+DF) - g(F) inL*((:%). (22)

Similar to the Gaussian case, we have the following
results.

Theorem 6 (duality formula). If F € D"* and X € Dom(5),
then

E [F LT JR L\ X (t,%,2) N (3, 8%, 62)]
' (23)

=E [JT JR JR X (t,x,z) D, ,Fv(dz)dx dt] .

0

Theorem 7 (fundamental theorem of calculus). Let X =
{X(s,9,0); s € [0,T], y € R, { € Ry} be a process which
satisfies the following conditions:

(i) X(s,9,0) € Dl’zfor any (s, y,{) € U.
@) E [y [, Jo, 1XG 3. OPv(d2)dyds < co.

(iii) {D; ., X (s, ¥,¢); (s, ¥,¢) € U} € Dom() for any
(t,x,z) e U.

(iv) {8(D, .. X); (t,x,2) € U} € L*(Q; %).

t,x,z

Then, X € Dom(d), 6(X) € D** and D[6(X)] = X +
0(DX); that is,

o (] [, J, Xer0N@sone)

=X (t,x,2)

, (24)
N jRO Dy X (5, 7,0) N (35,89, 80)

0
in > (3 %).

As an immediate consequence of the previous theorem,
we obtain the following result.

International Journal of Stochastic Analysis

Theorem 8. LetY = {Y(s, y); s € [0,T], y € R} bea process
which satisfies the following conditions:

(i) Y(s, ) € I]]Jl’zfor alls € [0,T] and y € R.
(i) E [ [ V(s y)Pdyds < co.

(iii) {D; ., Y (s, »); s € [0,T], y € R} € Dom(8L)for any
(t,x,z) € U.

W) E fy fo fo 1y Ji Do (5 )LEs,09) Po(dz)dx dt
< 0.

Then, Y € Dom(8%), 8%(Y) € DY and the following relation
holds in L*(Qy; %):
D,,. (6" (V)

T (25)
=Yt x)z+ Jo JR JR Dy, Y (s,y)L(8s,0y).

3. Existence of Solution

In this section, we show that (1) has a unique solution.

We recall that w is the solution of the homogeneous
equation Zu = 0 with the same initial conditions as (1), and
G is the Green function of the operator & on R, x R. We
assume that, for any ¢ € [0,T], G(¢, ") € L'(R) and we denote
by #FG(t, -) its Fourier transform:

FG(t,) (E) = JR G (¢, x) dx. (26)

We suppose that the following hypotheses hold.

Hypothesis HI. w is continuous and uniformly bounded on
[0,T] x R.

Hypothesis H2. (a) J(;F IR G(t, x)dx dt < oo; (b) the function

t — FG(t,-)(&) is continuous on [0, T], for any & € R% (¢)
there exist € > 0 and a nonnegative function k,(-) such that

|FG(t+h) (&) - FG(t,) () <k (&) (27)

foranyt € [0,T] and h € [0,¢], and [, [, Ik, (5)PdE dt < co.
Since o is a Lipschitz continuous function, there exists a
constant C, > 0 such that, for any x, y € R,

lo ()= () < Cqlx -yl (28)
In particular, for any x € R,
o (%) < Dy (1 +|x1), (29)

where D, = max{C,, |0(0)|}.
The following theorem is an extension of Theorem 1.1.(a)
of [15] to an arbitrary operator Z.

Theorem 9. Equation (1) has a unique solution u = {u(t, x);
t € [0,T], x € R} which is L*(Q)-continuous and satisfies

sup  Eu(t, x)|2 < 00. (30)
(t,x)€[0,TIxR
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Proof.

Existence. We use the same argument as in the proof of
Theorem 13 of [16]. We denote by (u,),s, the sequence of
Picard iterations defined by u,(t, x) = w(t, x) and

Upt1 (t’ X)
=w(t,x)
¢ (31
+[ ] Gl-sx-poln () L@sd),
R

0

n=>0.

By induction on n, it can be proved that the following
properties hold:

(P)

(i) u, (t, x) is well defined for any (¢, x) € [0, T]xR.
(if) K,, = SUp oyero.ry Elthn(t: %)[* < 00.
(iii) (t, x) — u,(t, x)is L?(Q)-continuous on [0, T]x
R.
(iv) u,(t, x) is F,-measurable for any ¢ € [0,T] and
x € R.

Hypotheses (H1) and (H2) are needed for the proof of
property (iii). From properties (iii) and (iv), it follows that
u,, has a predictable modification, denoted also by u,,. This
modification is used in definition (31) of u,, (¢, x). Using the
isometry property (8) of the stochastic integral and (28), we
have

Eltr (30—, 60 = vE [ [ G e-sx-)

o (1, (5. )) =0 (1 (5, ) dy s

t
SVCiJ

J G (t-s,x—y) (32)
0 Jr

Euy (s 3) = 14,1 (s.7)| dy ds

<vC2 Lt H, (s) (JR G (t-sx-y) dy) ds,

where H,(t) = sup, gElu,(t, x) —u,_(t, x)|?. For any t €
[0, T], we denote

Tt = JR G (£, x) dx. (33)

Taking the supremum over x € R in the previous inequality,
we obtain that

H,,, (t) < vC> Jt H,(s)] (t —s)ds, (34)
0

for any t € [0,T] and n > 0. By applying Lemma A.1 (the
Appendix) with C, = 0 and p = 2, we infer that

Z sup H,, "' < co. (35)
n>0t€[0,T]

This shows that the sequence (u,,),5, converges in L*(Q) to a
random variable u(t, x), uniformly in [0, T] x R; that is,

2
sup  E|u, (t,x) —u(t,x)|” — 0. (36)
(tx)€[0,TIxXR

To see that u is a solution of (1), we take the limit in L*(Q) as
n — oo in (31). In particular, this argument shows that

K=sup sup Elu,(t, x)|2 < 00. (37)

n21 (t,x)€[0,T]xR
Uniqueness. Let H(t) = sup, g Elu(t, x) - (¢, x)|?, where u
and ' are two solutions of (1). A similar argument as above
shows that

H(t) < vC? J-tH(s) Tt -s)ds, (38)
0

for any ¢ € [0,T]. By Gronwall’s lemma, H(t) = 0 for all t €
[0, T]. O

Example 10 (wave equation). If Lu = ou/d’t — du/ox’ for
t € [0,T] and x € R, then G(¢, x) = (1/2)1},,<;;- Hypothesis
(H2) holds since

sin (¢ ]&])
€]
Example 11 (heat equation). If Zu = du/ot - (1/2)(0u/0x?)

fort € [0,T] and x € R, then G(t, x) = (2mt)"/? exp(—lxlz/
2t). Hypothesis (H2) holds since

FG(t,) () = (39)

2
FG(t,-) (&) = exp (—@) . (40)

4. Malliavin Differentiability of the Solution

In this section, we show that the solution of (1) is Malliavin
differentiable and its Malliavin derivative satisfies a certain
integral equation. For this, we assume that the function o is
affine.

Our first result shows that the sequence of Picard iter-
ations is Malliavin differentiable with respect to N and the
corresponding sequence of Malliavin derivatives is uniformly
bounded in L*(Q; Z).

Lemma 12. Assume that o is an arbitrary Lipschitz function.
Let (u,,),5, be the sequence of Picard iterations defined by (31).
Then, u,,(t, x) € I]]Jl’zfor any (t,x) € [0, T] xR andn > 0, and

A:=sup sup

E|Du, (t,2)[5 < 0o (a)
n=0 (t,x)€[0,T]xR

Proof.

Step 1. We prove that the following property holds for any n >
0:

u, (t,x) € D" for any (t,x) € [0,T] xR,
(Q

A= sup  E|Du, (60} < oo.
(t,x)€[0,T]xR



For this, we use an induction argument on ». Property (Q) is
clear for n = 0. We assume that it holds for n and we prove
that it holds for n + 1.

By the definition of u,,,, and the fact that the It integral
coincides with the Skorohod integral if the integrand is
predictable, it follows that, for any (¢, x) € [0,T] x R,

Upi1 (t’ X)

=w(t,x) (42)

t
+ J J G(t-s,x-y)o(u,(s y))L(3s8y).
0 Jr

We fix (t,x) € [0,T] x R. We apply the fundamental
theorem of calculus for the Skorohod integral with respect to
L (Theorem 8) to the process:

Y(s,9)=G(t—sx-y)o(u,(s5)) Ljog ()
(43)
se[0,T], yeR.
We need to check that Y satisfies the hypotheses of this
theorem. To check that Y satisfies (i), we apply the chain rule

(Theorem 5) to F = u,(s, y) and g = o. Note that, for any
(s,) € [0, T] xR,

Elo (u, (s, y))|2 <2D? (1 +Elu, (s, y)|2) <2D}(1+K,) )

< 00,

E JOT JR JRO |o (14, (5, 7) + Dy o1ty (:9)) = 0 (1, (5, 9))|

2 45
Dr,{,zun (S’ y)| ( )

T

-v(dz)dfdrscf,ﬂj J J
0 JrJr,

-v(dz)dEdr < CiAn < 00,

by the induction hypothesis. We conclude that Y (s, y) € D"
and

Dr,E,zY(S’y) = G(t -5X _y)
’ [U (un (S’ }’) +Dr,€,zun (S’y)) - U(un (S’ y))] (46)
. 1[0,[’] (S) .
We note that Y satisfies hypothesis (ii) since, by (44),
T 2
E J J Y (s, y)|" dy ds
0o Jr
(47)

t
0 JR

<2D’ (1 +KH)J J G*(t-s,x—y)dyds
< 0.

To check that Y satisfies hypothesis (iii), i.e., the process
{D,¢,Y(s,y); s € [0,T], y € R} is Skorohod integrable
with respect to L for any (r,&,z) € U, it suffices to show
that this process is Itd integrable with respect to L. Note that
D, ¢ u,(s,y) = 0if r > sand it is F -measurable if r < s.
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Hence, the process {D,,Y(s,y); s € [0,T], y € R}is
predictable. By (46) and (28),

T
E Jo JR (48)

< Ctszj J G (t-s,x-y) 'D,’g’zun (s,y)|2 dyds,

D,;,Y (s,y)|2 dyds

réz
t
0 Jr
and, hence,

NRRCH

V) didr<C, Lt JRGZ (t=sx-7) (49)

-E||Du, (s, y)| dy ds

2
D,:.Y (s, y)| dy dS)

t
SCiAnJ J G’ (t-s,x—y)dyds < co.
0o Jr

This proves that E JOT IR |D, g, Y (s, ¥)|*dy ds < co for almost
all (r,&,z) € [0,T] x R x R,. By Theorem 2 (b), {D,¢,Y (s,
y); s €[0,T], y € R}is Skorohod integrable with respect to
Land

T
J, ] Drect (s 2L (85.89)

0

T
- || Py ) L(@s ).

0

Finally, Y satisfies hypothesis (iv) since, by (50) and the
isometry properties (8) and (49), we have

el L

~v(dz)dédr

SISNR

-y (dz)dédr

- ,[oT JR JRO <E J-oT J-R J-RO |DY’E’ZY (s y))z ol ds)

-y (dz) dédr < oo.

T 2
Jo [ J ey o @sen)
R JR,

0

2

['[L] Py s ntasay

0 R,

(51)

By Theorem 8, we infer that Y € Dom(8h), 81(Y) € D2,
and

D, (8" () =Y (r.8)z
t (52)
+ J JR D,¢.Y (s, y) L(3s,8y).

0
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Since u,,,, (t, x) = w(t, x) +6L(Y), this means that U, (t,x) €
D2 Using (50) and (46), we can rewrite relation (52) as
follows:

Dr,E,zunH (t’ X) =G (t -X - E) o (un (T) E)) z

+J;JRG(t—s,x—y) -

' [0 (un (5> y) + Dr,{,zun (5’ }/)) Y (un (S’ y))]
- L(ds,dy).
It remains to prove that

A sup  E[[Duyy (60)[ <00, (54

(t,x)€[0,T]xR

n+l =

Using (53), the isometry property (8), relation (44), and the
fact that o is Lipschitz, we see that

2
E Dr,f,zun-f-l (t> x)l < 2Z2G2 (t -7, X — f)

o, ) 2 [ [ G (t-sx-3)

0 JR

’ 'U (un (S, y) + Dr,E,zun (5’ }/))

— 0 (u, (s, y))|2 dyds < 4z°D: (1 (55)

+K,)G (t-r,x-§&)
t

+2vC§EJ J‘ G (t—s,x-y)
0 Jr

. 'an,zun (s, y)|2 dy ds.

We perform integration with respect to drd§v(dz) on [0, T x
R x R,. We denote

t
v, = J J G’ (s, y) dy ds. (56)
0 Jr
We obtain

E|Du,,, (t, %)%, < 4vD:(1+K,),

t
+2vC(27J J G (t-s,x—-y)
0o Jr (57)
E|Du (s ) dyds < 4007 (1 +K,) >
+2vC2A,,.

Relation (54) follows taking the supremum over (¢t,x) €
[0,T] x R.

Step 2. We prove that sup,.; A, < 0o. By (57), we have

E[Dutyy (8, 3)[5, < 49D} (1+K,) %,

t (58)
+ 2VC§ J V, ()] (t —s)ds,
0

where V, (t) = sup, g EllDu,(t, x)ll?% and J(t) is given by (33).
This shows that

V1 () < 4vD2vp (1 + K)

t (59)
+ 2vC(27 J V, (s)J (t—s)ds,
0

where K is given by (37). By Lemma 15 of [16],
Supnzlsupte[O,T]Vn(t) < 0. O

We are now ready to state the main result of the present
article.

Theorem 13. Assume that o is an affine function; that is,
o(x) = ax + b for some a,b € R. If u is the solution of (1),
then, foranyt € [0,T] and x € R,

u(t,x) € D' (60)

and the following relation holds in L2 ) (and hence,
almost surely, for u-almost all (r,&,z) € U):

D ult,x)=G({t-r,x—8ocu(ré))z

réz

t
+J j G(t-sx-y)

0 JR (61)
Jo(u(s9)+ Drgeuls y) -0 (uls )]
-L(ds,dy).

Proof.
Step 1. For any t € [0,T] and n > 0, let
M,, (t) = supE |Du,, (t, x) — Du,_, (¢, x)”;/ . (62)

x€R

Note that, by Lemma 12, u,,(t, x) € D' for any (t,x) € [0, T]x
R andn > 0.

Fix (1, &, z) € U. We write relation (53) for D, ¢ sty (£ %)
and D, ,u,(t, x). We take the difference between these two
equations. We obtain

Dr,E,zun-H (t>x)_D u, (t,x) =G(t—r,x—E)

&z
~h@uv£»—awwwnanz+jj'ca_&x
0 JR

~ ) [0 (1 (5.7) + Dyt (5,)) =0 (1, (s.7))] (63

- [0 (un—l (S’ y) + Dr,f,zun—l (S’y)) —0 Uy ( y))]}
- L(ds,dy).

At this point, we use the assumption that ¢ is the affine
function o(x) = ax+b. (An explanation of why this argument



does not work in the general case is given in Remark 14.) In
this case, relation (63) has the following simplified expression:

D, g Uy (%) = Dyg ot (6, %) = aG (= 1, x = §)

réz

! [un (7", E) — Uy (7", E)] z
+aJtJ G(t-sx-y)

0 JR

(64)

: [Dr,f,zun (S’ )’) - Dr,{,zun—l (S’ y)] L (dS, dy) .

Using It6’s isometry and the inequality (a + b)? < 2(a* + b?),
we obtain

2
E|D, g 1, (t,%) = D, u, (t5)| <2a°2°G (¢

t
—r,x—E)bfl+2a2vEJ J G (t—s,x—-y) (65)
0 Jr
2
: .Dr,E,zun (S’ )’) - Dr,{,zun—l (S> y)| dy ds,
where bj = Sup(s,y)e[O,T]x[RElun(s’ y) =, (s, y)|2. Note that
both sides of the previous inequality are zero if r > t. Taking

the integral with respect to drd&v(dz) on [0, T] x R x R, we
obtain

E||Du,,, (t,x) - Du, (t, x)||;[ < 2a2vvtbj

t
+2a*vE J

J G (t-s,x-y) (66)
0 Jr

-E||Du,, (s, y) = Du,,_, (s, y)||5 dy ds,

where v, is given by (56). Recalling the definition of M, (¢),
we infer that

M,,, (t) <C, +2a’v Jt M, (s)] (t-s)ds,  (67)
0

where C, = 2a’vv,b’ and the function J is given by (33). By
relation (35), we know that )., b, < 0o, which means that

. C,ll/ * < 0. By Lemma A.1 (the Appendix), we conclude
that

ZsupMn ' < oo. (68)

n>1 t<T

Hence, the sequence {Du,,(t, x)},5, converges in L2 %) to
a variable U(¢, x), uniformly in (¢, x) € [0,T] x R; that is,

sup E ||Dun (t,x) - U (t, x)||;[ — 0. (69)
(t,x)€[0,TIxR
Step 2. We fix (t,x) € [0,T] x R. By (36), u,(t,x) — u(t, x)
in L2(Q). By Step 1, {Du,(t, x)},5, converges in L*(Q; ). We
apply Theorem 4 to the variables F, = u,,(t, x) and F = u(t, x).
We infer that u(t,x) € D"? and Du,(t,x) — Du(t,x) in
LH(Q; ). Combining this with (69), we obtain

2
sup E ||Du,, (t,x) — Du(t, x)H% — 0. (70)
(£,x)€[0,TIxR

Relation (61) follows by taking the limit in L*(Q; %) as n —
00 in (53). ]
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Remark 14. Unfortunately, we were not able to extend The-
orem 13 to an arbitrary Lipschitz function o. To see where
the difficulty comes from, recall that we need to prove that
{Du,(t,x)},5, converges in L*(Q; %), and the difference
D, ¢ty (£, x)=D, ¢ ,u,(t, x) is given by (63). For an arbitrary
Lipschitz function o, by relation (28), we have

'G (un (S’ y) + Dr,f,zun (S’ y))
-0 (unfl (S’ )/) + Dr,E,zunfl (S’ y))'
< Co |(un (S, y) + Dr,{,zun (5’ y))
(71)
- (un—l (S’ ;V) + Dr,{,zunfl (S’ )’))|
< Ca {lun (5’ y) Uy (S’y)|
+ |Dr,f,zun (S’ y) - Dr,{,zunfl (5’ y)|} .

Using (63), the isometry property (8), the inequality (a +
b)2 < 2(a* + b*), and the previous inequality, we have

E|D, gty (8,%) = Dy, (1,2)| < 22°C2G7 (¢
2
—r,X - E) E |un (1", E) - un—l (1", E)'

t
+4VC§J JRG2(t—s,x—y)
’ (72)

CElu, (5,) =ty (5, y)|" dyds
t

+4vCij J G (t-s,x-y)
0 Jr

-E |Dr,§,zun (S> y) - Dr,E,zun—l (S’ }/)' dyds.

The problem is that the second term on the right-hand side of
the inequality above does not depend on (r, €, z) and hence its
integral with respect to drd&v(dz) on [0, T] x R X R, is equal
to co.

Appendix

A Variant of Gronwall’s Lemma

The following result is a variant of Lemma 15 of [16], which
is used in the proof of Theorem 13.

Lemma A.l. Let (f,),s be a sequence of nonnegative func-
tions defined on [0,T] such that M = sup,c(opfo(t) < 0
and, foranyt € [0,T] andn > 0,

nﬂmsq+Ln@mnna, (A1)

T
where g is a nonnegative function on [0,T] with fo gt)dt <
o0 and (C,),s is a sequence of nonnegative constants. Then,
there exists a sequence (a,,),~, of nonnegative constants which
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satisfy 3,50 :l/p < 00 for any p > 1, such that, for any t €
[0,T] andn >0,

f()<C,+ ch a,_; + Coa,M. (A2)
In particular, if y ., Cil/p < 00 for some p > 1, then
Z sup f, (t)l/p < 0. (A3)

n>1t€[0,T]

Proof. Let G(T) = IOT gt)dt, (X;);>, be a sequence of i.i.d.
random variables on [0, T] with density function g(t)/G(T),
and S, = Y, X;. Following exactly the same argument as in
the proof of Lemma 15 of [16], we have

fu®)<C,+C,,G(T)P(S; <t)+

+C,G(T)"'P(S, , <t) (A.4)
+CoG(T)"E [l{sngt}fo (t- Sn)] :
Relation (A.2) follows with a, = G(T)"P(S, < T) forn > 1.

The fact that ¥, a'/? < oo for all p > 1 was shown in the
proof of Lemma 17 of [16].
To prove the last statement, we let a, = 1 and M, =

max(M, 1). Then, f,(t) < M, Z;’OCa . and, hence,
sup,rf ()7 <M1/PZ o Cl/‘D I/P . We conclude that

k=0t<T

Zsupfk 0)'P < Ml/pzcl/pz lp
=0 (A.5)

1/p 1/p 1/p
<M E (O E a't =C< oo.
= 1 k
j=0 g k>0
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