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Three methods of temporal data upscaling, which may collectively be called the generalized k-nearest neighbor (GKNN) method,
are considered. The accuracy of the GKNN simulation of month by month yield is considered (where the term yield denotes the
dependent variable). The notion of an eventually well-distributed time series is introduced and on the basis of this assumption some
properties of the average annual yield and its variance for a GKNN simulation are computed. The total yield over a planning period
is determined and a general framework for considering the GKNN algorithm based on the notion of stochastically dependent time
series is described and it is shown that for a sufficiently large training set the GKNN simulation has the same statistical properties
as the training data. An example of the application of the methodology is given in the problem of simulating yield of a rainwater

tank given monthly climatic data.

1. Introduction

The k-nearest neighbor method has its origins in the work of
Mack [1], Yakowitz and Karlsson [2], and others, e.g., [3, 4].
In this work an estimate for Y; given an independently and
identically distributed (i.i.d.) sequence (X I Yj) of random
vectors with X, € R? and Y. € R (where R denotes the set
of real numbers) on the basis of {(X »Y;): j <i}is obtained
by taking the average of Y; over the set {Y; : j € J}, where
J is the set of indices of vectors X i which form the k nearest
neighbors of X, in which k > 1.

In later work by Lall and Sharma [5] and Rajagapolan and
Lall [6] a related method, also called the k-nearest neighbor
method, was used for simulating hydrological stochastic time
series (X;,Y;). In this method the next value in the simulated
time series is chosen randomly according to a probability
distribution over the set J of indices j of the k nearest
neighbors X ; of X; in {X; : j < i}.

More recent work in the area has been carried out by Biau
etal. [7], Lee and Ourda [8], and Zhang [9].

In the present paper we derive some general results about
the k-nearest neighbor algorithm and related methods which
we group together as a general class of methods which we call
the generalized k-nearest neighbor method (GKNN method).

We do not make the assumption that the time series are i.i.d.
[1], null-recurrent Markov [10], or Harris recurrent Markov
chains [11]. We introduce the natural notion of a time series
being eventually well distributed from which, if satisfied,
some properties of the GKNN algorithm can be deduced.
The generalized k nearest neighbor (GKNN) algorithm is
described in Section 2. Section 3 investigates the problem of
predicting the month by month yield (where we use the term
“yield” to denote the value of the dependent variable Y;) while
Section 4 considers the computation of the average annual
yield. Section 5 computes the variance of the average annual
yield while Section 6 considers the behavior of the total
yield. Section 7 describes a general framework for viewing
the GKNN algorithm and conditions under which this frame-
work is applicable in practice. The eighth section of this paper
presents the particular example of the problem of simulating
rainwater tank yield. The paper concludes in Section 9.

2. The Generalized k Nearest
Neighbor (GKNN) Method

In the GKNN method we are given a time series {v, € V: t =
1,..., T} of predictor vectors which may be obtained from,
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for example, a stochastic simulation of climatic data. Here
V denotes the space of predictor vectors. We are also given
training data {(w;, u;) € V x [0,00) :i=1,...,N}

We want to assign yields y, for t = 1, ..., T in a mean-
ingful way. We are given a metric 4 : V xV — [0,00).
We are also given a probability distribution {p;,..., py} on
{1,..., N}. In the GKNN method the yield time series y, for t
=1,..., T is computed as follows.

Foreacht =1,...,T,

(1) Compute the metric values u(v,,w;) fori = 1,...,N
and sort from lowest to highest. Let 77, be the resulting
permutation of {1,..., N}.

(2) Randomly choose i € {1,...,N} according to the
distribution {p;, ..., px}. Denote it by i_selected.

(3) Return y, = u

7, (iselected) *

3. Prediction of the Month by
Month Yield by GKNN Simulation

We want to determine by either theoretical calculation or
computational experiment how well the GKNN method
predicts yields, or at least to find some sense in which it can
be said that the GKNN method is predicting yields accurately.
Suppose that we have a training set {(w;,u;) : i = 1,..., N}.
Let {v, : t = 1,...,T} be a given climatic time series and
{z, : t = 1,...,T} associated (unknown) yields. The GkKNN
method is a stochastic method for generating a yield time
series. Suppose that we run it R times resulting in a yield time
series {yt(r) :t=1,...,T}for runr, wherer € {1,...,R}.

We will first work out how well the GKNN predicted yield
approximates the actual yield for any given month. A measure
of the error of the predicted yield compared to the actual yield
for month t and run r is the square of the deviation, i.e. yt(r) -

z,)*. The expected error for the GKNN computation of the
yield for month ¢ is

E = lim =Y (7 -2 M

We will show that this expected error exists and is positive.
Let (y,) denote the expected value of the GKNN prediction of
the yield for month t. We will show that (y,) exists. Let y(t, r)
denote the index i_selected chosen in Step (2) of the GKNN
algorithm for month t and run r. By definition

o 1o
<yt> - Rh—r>noo§;yt
LN

= R11m EZunt(,) |{r e {1,....,R} 1y (t,7) = i}]

—oeRia
(2)

N

= Z”m(i)Rhm —|fre{l,....R} iy (t,7) =i}
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Thus (y,) exists. Now
2 2
(J’t(r) - zt) = J’t( = )+ ) - Zt)

O (e BT A )

+2(7 = () () ~ =)
Therefore
E = i 1 & (r) 2 2
e=dim 22 (7 = () + () - )
= (4)
= Var (y,) + () - Zt)2
Now the variance Var(y,) is given by
Var(y) = lim L3 (5 *~ lim 4
ar (y,) = REIOOEZ; ()’t - <J’t>) TRV R
N
Z( Uiy = (1) ) |{r e {1,....,R}: y (t,7) = i}]
i=1
S 1 )
;( - () ) R@wﬁ
Hrefl,...,R iy (t,r) =i}
S 2
= ZP: (un (O <yt>)
i=1

Thus

N

E = Yp(ugey - 00) + () -2).  (©

i=1

The expected error is the sum of two nonnegative terms.
The first term can only be zero if all the points in the
neighborhood {(w,, ), Uy ;) 1 = 1,...,N;p; > 0} have
associated yields equal to (y,) and this is seldom the case.
The greater the distribution of yields in the neighborhood the
greater the first term will be and hence, the greater E, will be.
Thus the expected error E, is positive and the error in the pre-
diction of the yield during month ¢ for any given run is likely
to be positive.

A measure of the total error of the GKNN prediction of
yield over the total simulation period for run r is

I 2
ED =Y (50 - z,) )

(8)
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We may write

N
2
E, = ZP:‘ (um(i) - <)’t>) + () - Zt)2 = Egb) * EEP)> 9)
i=1

where
(b) < 2
E~ = ZP:' (un,(i) - (J’t)) , (10)
i=1
and
Eip) = (()’t) - Zt)z- (11)
We have

® N N 2
E™" = ZP:' Un,() — ijunt(j) . (12)
i=1 j=1

Now definew: V x {1,...,k} — {1,..., N} by
7T (v, 1)
= the index of the ith closest element of {wj 1j (13)
=1,... ,N} to v with respect to the metric y,
and let, forv € V)i € {1,...,k}, (i) = m(v,i). Then
EY =E(v,), (14)

where E : V — [0, 00) is defined by

N N 2
EW) =) p (”m(z’) - ZPj”nxj)) : (15)
i=1

j=1

E : V — [0, 00) may be called the base error map. We will
show that E is bounded over the predictor vector space as
follows:

2

N
E(v) < Zp,-
i=1

N
Un, i) ~ ZPj”nxj)
j=1

N N 2 (16)
< ZP; <umax + ijumax>

S N (umax + Numax)z = N (1 + N)2 (umax)z >

where u,,, = max{y; :i=1,...,N}.

4. Prediction of the Annual Average
Yield by GKNN Simulation

Thus the GKNN method does not make accurate detailed
month by month predictions of the yield. We would like
to determine some way in which the GKNN method gives
useful information about the system behavior. We will show

that under certain assumptions the GKNN method gives
an accurate prediction of the average annual yield and the
accuracy of the prediction increases as the total time period
of the simulation increases.

Given a permutation 77 : {1,...,N} — {1,...,N} let
V. ={v e V:m, = n}. Let Il denote the set of all permutations
of {1,..., N}. Suppose that the simulation is carried out over
myears, so T = 12m. The average annual yield for run r is

" 112m )
YT — T
m;)’t

=$Z Y v evute{l,... 12m}}.

mell

7)

Therefore the average of the average annual yield over R runs
is given by

Iggm _ 1
PR
R
Z%ZZ{)’t(r)ivtEV,te{l,...,IZm}}
r=1"""mell
R
=%;Z{%2y§’ GV,tE{l,...,IZm}} (18)
n =
1
L
m
N
' Z Z {zpiun(i) v, €V te {1,...,12m}} ,
mell i=1

as R — 00. Therefore the expected value of the predicted
average annual yield is given by

Y)

1 ol (19)
=~ DAY pittay |1t € 11,0 12m} v, € V)

nell  i=1

If X is a topological space and x = {x, : t = 1,2,...} isa time
series in X then we will say that x is eventually well distributed
if

1
lim — |{t € {1,...T}: x, € U}|

exists for all Borel sets U C X.

(Borel (X) = {Borel sets in X} denotes the sigma algebra
generated by the set of open sets in X [12].) This is a natural
property for a time series to have. If x is eventually well
distributed define its distribution to be the mapping v
Borel(X) — [0, 1] defined by



y(U) = T@w% Heefl,...T}:x, €U} ()

It is straightforward to show that v is finitely additive and
»X) = 1.

If the climatic time series {v, : t = 1,2,...} is eventually
well distributed with distribution » then the average annual
yield converges to a limit as the number of years m in the
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5. Variance of the Average Annual Yield
Predicted by GKNN Simulation

We will now compute the variance of the average annual yield
and show that it tends to zero as the number of years m1 in the
simulation increases. We have

R

Var (V) = lim %Z (Y - vy’

simulation increases given by 2 .
= hm ZY 2 _ z
Tim (V) =12 9 (V, (ZP: ) o)
relt We may compute
L$yme 151 2
ﬁT:ZIY 2? ;TZ{ VtEVn,tG{l,...,IZm}}>
LR
:E;<m2<g > an’te{l,...,IZm}}>
< Y S v eV, se {1,...,12m}}>>
. (24)

771 m,€ll

7'r1 77, €11

1 &
Z Z{EZJQ”J’S(”“’fEV”I’VSev”z’t’se{l"“’IZM}}
r=1
L$ 0.0
Z Z{Ezytrysf ;vtEan,vsEVnz,t,se{1,...,12m},59&t}
r=1

R
1§ 02,
+WZ Z{E;% .vteVn,te{l,...,IZm}}.

mell

Now for s, t € {1,...,

R

LANNONCIN.

EZyt Vs = ﬁZ{”nl(o”ng(j)i
r=1

12mhs# t,v, €V ,v, €V,
y(t,r)=1i,y(sr)

=j;i,j€{1,...,N},re{1,...,R}}=%

N
. z Up (i) Uy () |{r e{l,...,R}:y(t,r) =i,y (s,1)

ij=1
(25)
-l -

< 1
Z unl(i)uﬂz(j)i Hl’ € {1, .. R} 1y (t, r)

ij=1
=if|[{re{l,....R iy (t,r) =i,y (s,r) = j}|_1 I{r
e{l,..,Ry 1y (t,r) =i,y (s,r) = j}

N
— Z PiPjn (iyUn,(j)>

ij=1

as R — oo (assuming that the index selection at Step (3) of
the GKNN algorithm at time ¢ is independent of its selection
at time s). Therefore

R@mRZY<r)z 2 Z <1]Z1plp] U, (i) m)

nl L1, €11

: H(s, t)e{l,...,12m}*: v, € Vi Vs € Vo5 # tH (26)
mzZ Ol e ... 12mp v e V).
mell

Also we compute

1
(V) = o ( > sz Uni)

mell i=1

2
Mtel,...,12m}:v, €V, -
t bid )
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N
' Z ZPin”ma)”nz(j)

my,my €1 4, j=1

"{(s,t) € {1,...,12m}2 TV € an,vs € VnzH.
(27)

It follows that
1

Var (Y) = —
m

S (OB - G e e L, 12m) v, € V|

mell

1
WZVar(yt)l{te{1,...,12m}:vt eV} (28)

mell

1 N N 2
2 > P (”n(i) - lef””(f>>
=

mell i=1

-|{te{1,...,12n1}11’t Evn}l‘

Therefore

Var (Y) < %, (29)

where

2
N N
C=12) Y p (“n(i) - Z%’“n(;)) , (30)
nell i=1 =1
and so the variance of the predicted annual average annual
yield as computed by the GKNN method tends to zero as the
total number of years m in the simulation increases. If the
time series {v, : t = 1,2,...} is eventually well distributed
with distribution v then

mli_r)n()() (mVar (Y))

(31)

N N 2
=27 (Vo) 21’1- (Mnm - lefu”U)) :
i= j=

mell

6. Prediction of the Total Yield by
GKNN Simulation

Thus the computation of average annual yield using GKNN
seems to be well behaved. However it is perhaps of greater
interest to consider the total yield at any month starting from
the beginning of the simulation period. The total yield Y;,,
over a simulation period of m years is given by

Yior =mY, (32)

where Y is the average annual yield. Therefore the variance of
the total yield is given by

Var (Y,,,) = m*Var (Y)

N N 2
= Z Zpi (un(i) - Z;pjun(j)> (33)
=

mell i=1

e e {1, 12m) v, € VL

If the time series {v, t = 1,2,...} is eventually well
distributed with distribution v then Var(Y,,) = mf(m),
where

2
N N
fm)y=m" < Z ZPi (”n(z’) - lefu”U))
i

mell i=1

eefr,...12m} v, € vn}|> (34)

N N 2
— Z v (Vn) sz (urr(i) - ijuﬂ(j)> ’

el i=1 =1

as m — 00. This limit will be positive for practical appli-
cations. Thus, in this case, the variance of Y, becomes
unbounded as m — co.

7. A General Framework for GKNN

Let{v, : t = 1,2,...} C V be a time series which may be a
realization of some stochastic process and let Z be a topolog-
ical space. A stochastic process y = {y, 1t = 1,2,...} ¢ Zwill
be said to be stochastically dependent on {v, : t = 1,2,...} if
there exists a continuous kernel K : V x Borel(Z) — [0, 1]
such that

Pr(y, €)=K (v,I), Vt=1,2,... (35)

The condition that K is a continuous kernel means that for
all v € V the mapping taking I' € Borel(Z) to K(v,T) is a
probability measure and for all I' € Borel(Z) the mapping
taking v € V to K(v,I') is continuous. Equation (35) means
that if {ytr) :t=1,2,...}forr = 1,2,... are a collection of
runs (replicates) of the stochastic process {y, : t = 1,2,...}
then

. 1 r
lim 2 {re{1,...,R};yt()eI‘H:K(vt,I‘). (36)

R—00

Consider the GKNN process defined by training data
{(w,u;) :i=1,..., N} c V[0, 00).In this case the space Z is
the space [0, co). We will show that the process {y,, ¥,,...} is



stochastically dependent on the time series {v, : t = 1,2,...}.
In fact we have

Pr(y, €l) = Aim %Hr e{l,...,R:y" e F}'
N

hm lzé\”n,(i) (r) Hr € {1, e ,R} . )/t(r) = unt(,-)H

R—>ooRi:1

N 1 (37)
- Zauﬂt(") (r) Rh—r>noo§ HT" € {1"‘ . ’R} : yt(r) = Lim(,')}'

i=1

N
=2 P, (D,
i=1

where fora € Z, 8, : Borel(Z) — [0, 00) denotes the Dirac
measure concentrated on a defined by

{1 ifael
0, () = (38)

0 otherwise.

It follows that the GKNN process is stochastically dependent
on{v, : t =1,2,...} with kernel K defined by

N
KD =) po, , (@. (39)
i=1

Now suppose that {v, : t = 1,2,...} ¢ V is a time series and
{y, : t = 1,2,...} ¢ [0,00) is a stochastic process which is
stochastically dependent on {v, : t = 1,2,...} with kernel
K where K is defined by a continuous functional kernel ¢ :
V x [0,00) — [0, 00), i.e.,

Kmm=L¢wa&. (40)

Let {z, : t = 1,2,...} be a realization (replicate) of {y, : t =
1,2,...} and let K be the kernel associated with the GKNN
process with training set Wy = {(v;,2z;) : i = 1,...,N} and
probabilities

1
— fori=1,...,k
pi={kN o N (41)

0 otherwise,

for which kyy — coas N — cobutky/N — 0as N —
00. An example of a sequence ky, satisfying this is kyy = VN.
Ky is given by

k
1 N
Ky(I) = k Z‘Szn 10 (@)
Ni=1
(42)
1
= k_ {l € {1, ’kN} :va(i) € F)H .
N
Therefore for an interval (a, b)
Ky (v, (a,b))
(43)

= i Hz e{l... kyt iz, € (a,b)H.
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Now let y : V x [0,00] — [0, 1] be defined by

3
ywd = | oo (44)
Let {p,} be defined by p, = w(v,, 2,) fort = 1,2,.... Then {p,}
is a uniformly distributed sequence of random numbers and

z, = (y(v,,.)) " (p,). Thus

Ky (@) = -

e{L.kyt: (v ("m(z’)"))_l (Pro) € (@ b)H

1y .
" ky fie{t kb= (v ) (pro) (45)

€ (ab)}|= é i e {L. ks oy

€(ywma),y b))} — ymb) -y (va)
=K (ab),

as N — 00, assuming that M(an(i)’ v) is small for all i = 1,
..., ky for N large enough (this will follow, if {v,} is eventually
well distributed with positive distribution, given that {p, (;}
is a uniformly distributed sequence).

Thus the GKNN kernel equals the kernel of the dependent
process in the sense defined above as long as the training set
for the GKNN process is large enough.

8. Example of Temporal Upscaling of
(Rainwater) Tank Data

We would like to estimate the month by month yield of a
rainwater tank (RWT) given monthly climatic data. This is
not straightforward because a monthly time step is too coarse
for the RWT simulation model. To obtain reasonably accurate
results a daily time step must be used for the RWT simulation
13, 14].

The monthly climatic data arises from the water supply
headworks (WSH) model [15] and is usually stochastically
generated with a very large time span (e.g., 1,000,000 years).
The problem of temporal scaling up would not arise if the
climatic data for the WSH model had a daily time step (and
also if the RWT simulation algorithm could be executed
sufficiently fast).

Temporal downscaling has been used extensively in
studying the short term effects of long-term climate models
such as models of climate change [16-19]. However in the
present paper we are considering the problem of upscaling
relatively short records of daily data to generate long term
records of monthly data.

Three methods of temporal upscaling are the nearest
neighbor (NN) method of Coombes et al. [20], Kuczeras
bootstrap method [21] and the k-nearest neighbor (kNN)
method [5, 6, 16].

In each of these methods the RWT month by month
yield associated with a WSH climatic time series is estimated
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using a comparatively short (e.g., 140 years) historical record
of daily climatic data. In each case the RWT simulation
model or, more generally, the Allotment Water Balance model
described in [20] is run on this daily historical record for
various RWT parameter settings. In order to do this it
is necessary to have a demand model which is either a
simulation or, as is unlikely, a historical record. The demand
simulation will take into account the climatic variables, in
particular, the temperature.

The upscaling methods can be described in terms of
the following general format. Each of the upscaling meth-
ods aggregates the daily RWT yields and climatic variables
obtained from running the RWT simulation on the historical
record into monthly time steps. They then generate a list
{rjz :j=1,...,N} of records of the form

rf = (month_label?, climatic_variable_1%, ...,
(46)
climatic_variable_nf, RWT_yieldf) )

where N is the number of months in the historical record.
The month label is a number in {1,..., 12} determined from
the month corresponding to the record. For the method
described in [20], n = 3 and

climatic_variable_1 = average_temperature,
climatic_variable_2 = number_of_rainfall_days,

climatic_variable_3 = rainfall_depth.

For Kuczeras bootstrap method and the kNN method
as currently implemented n = 1 and climatic_variable_1 =
rainfall_depth.

Now for all three upscaling methods we are given a

sequence clH, cZH,... of monthly records coming from the
WSH model where

ciH = (month_labelf{, climatic_variable_lf{, e
(47)
climatic_variable_nf{) .

For each i we want to select a RWT yield to associate with
¢/’ The NN method does this by finding the record in {rjf2 :

j=1,...,N, mon‘[h_labelj2 = month_labellﬁ } which is closest

to ¢/’ as measured by the metric (a variant of the Manhattan
metric) given by

d
R C R H
BNN (rj o) = dw, (rj )P (¢ )P" (48)
p=2
whered = n+1is the record length (e.g. 2) and w,, ..., w, are

weights which were chosen to be 1in [20]. The NN method is
deterministic.

The kNN method is a stochastic method in which the
following steps are carried out.

(1) Evaluate the distance from each record rX to ciH
using the following metric (a variant of the Euclidean
metric):
2 1/2
a [((),-(),)
P p
(et = [ 3| S} e

p=1 Sp

where sp is the standard deviation of {(rf) p ] =
1,...,N}L
(2) Sort the metric values
R
Jk
(4) Assign a probability to each of the k selected values
proportional to 1/t fort = 1,...,k

(3) Choose the top (closest) k values rRl,...,

(5) Randomly select an index ¢ according to the assigned
probabilities and return the RWT_yieldﬁ as the RWT

yield corresponding to ¢

The bootstrap method is a stochastic method in which a
scatter plot of {(rainfallf,RWT_yieldf) :j=1...,N}is
created. The domain of the plot is divided up into bands of
50 samples per band. Then, given a WSH climatic record
¢/! the corresponding RWT vyield is obtained by finding the
band containing rainfall’, randomly choosing a sample in
that band and then returning its RWT yield value.

The bootstrap method of Kuczera can be modified by
taking the set of samples associated with any given rainfall
value to be the set of samples whose rainfall values are the
50 closest values to the given rainfall value rather than using
predefined bands of 50 rainfall values. It can be argued that
the modified bootstrap method is superior to the bootstrap
method because the closest values are the most appropriate
values to use and, for example, if the given rainfall value falls
near the boundary of one of the predefined bands then the
predicted yield using the bootstrap method will be biased
towards the values near the centre of the band.

The modified bootstrap method, the Coombes method,
and the kNN method are all examples of the GKNN method.
For the modified bootstrap method the predictor vectors
have one component, the rainfall. For the Coombes method
the predictor vectors have three components, the average
temperature, the number of rainfall days, and the rainfall
depth. For the kNN method the predictor vectors have two
components, the month label (an integer in {1,...,12}) and
the rainfall depth. The training data is obtained by running
the RWT simulation model using a daily time step over
a relatively short period of time (e.g., 100 years) and then
upscaling to a monthly time step by aggregation. The GKNN
metric y : V xV — [0, 00) may be the modified Manhattan
metric of the Coombes method or the modified Euclidean
metric of the KNN method.

For the bootstrap method the probability distribution on
the set of nearest neighbors is given by

1 .
— fori=1,...50
Pi:{50 (50)

0 otherwise.



For the kNN method the distribution is given by

1
| fori=1,...k
pi=v i (51)
0 otherwise,
where
k1
v=y-=. (52)

9. Conclusion

A generalization of three methods of temporal data upscaling,
which we have called the generalized k-nearest neighbor
(GKNN) method, has been considered. The accuracy of
the GKNN simulation of month by month yield has been
considered. The notion of an eventually well distributed time
series is introduced and on the basis of this assumption some
properties of the average annual yield and its variance for a
GKNN simulation are computed. The behavior of the total
yield over a planning period has been described. A general
framework for considering the GKNN algorithm based on
the notion of stochastically dependent time series has been
described and it is shown that for a sufficiently large training
set the GKNN simulation has the same statistical properties
as the training data. An example of the application of the
methodology has been given in the problem of simulating the
yield of a rainwater tank given monthly climatic data.
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