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In the present paper, filamentous structure formation, associated turbulent spectrum, and density cavity formation phenomena
have been investigated for low-β plasma (β≪me/mi) applicable to the auroral region. A set of dimensionless equations governing
the dynamics of three dimensionally propagating inertial Alfvén wave (3D-IAW) and perpendicularly propagating magnetosonic
wave (PMSW) has been developed. Ponderomotive force due to 3D-IAW has been included in the dynamics of the PMSW.
Numerical simulation has been performed to study the nonlinear coupling of these two waves. From the obtained results, we
found that the field intensity localization takes place which may further lead to the additional dissipation/turbulence process for
particle heating and acceleration in space plasma. )e associated turbulent spectrum is obtained with scaling nearly k− 4.28 at
smaller scales (in the dissipation range). Relevance of the obtained results with the observations reported by various spacecrafts
such as Hawkeye and Heos 2 has been discussed. Also, density fluctuations (depletion) of ∼0.10 n0 are calculated, which are
consistent with the FAST spacecraft observation reported.

1. Introduction

Alfvén waves (AWs) were first theoretically predicted by
Hannes Alfvén in 1942 and later verified experimentally by
Bostick and Levine in [1]. )ese are the low-frequency elec-
tromagnetic waves propagating along the background mag-
netic field in space and laboratory plasmas [2, 3]. )ese waves
are nondispersive in nature but can obtain dispersive properties
due to finite frequency correction and finite electron inertia
effects [4] in low-β plasmas with β≪me/mi (whereme/mi is
the ratio of the electron mass to the ion mass and β is the ratio
of the thermal pressure to the magnetic pressure). When their
perpendicular length scales become finite and comparable to
the electron inertial length [5] or to the ion gyroradius/finite
gyroradius, these waves become dispersive in nature and are

known as dispersive Alfvén waves (DAWs). )e most vital
physical property of the DAWs is the presence of the finite
parallel electric field [6]. Inertial Alfvén waves (IAWs) are
known to play a vital role in the energization of the auroral
plasma [7, 8].

In the literature, several authors have studied the strong
density depletion in the low-β plasma. Wu et al. [9] dis-
cussed the density depletion in the corona due to the
presence of beams of energetic particles and magnetic
compression.

Many researchers [10, 11] have pointed out the role of
solitary IAWs, which are accompanied by both density dips
and humps in auroral particle heating. In the literature, it has
been suggested that these cavities are associated with the
ponderomotive nonlinearity of the inertial Alfvén wave [12].
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)e nonlinear evolution of IAWs and magnetosonic
waves (MSWs) taking nonadiabatic response of the mag-
netic field for the low-β plasmas is carried out by many
researchers. )ese cavities are known to be associated with
low-frequency electromagnetic perturbations and have
perpendicular width of the order of the electron skin depth,
i.e., c/ωpe [13–15].

Observational signatures of the presence of AWs in
auroral regions of Earth’s ionosphere are also reported in the
literature [16, 17]. Several observed phenomena in the space
plasmas are known to be associated with the nonlinear
DAWs. Many authors have studied various mechanisms of
electron acceleration and ion heating through DAWs.
Hasegawa and Chen [18] discussed the utilization of Alfvén
waves in the heating of plasma particles. Stochastic ion
heating by the decay of the DAWwas reported by Stasiewicz
et al. [19]. Besides Hasegawa and Stasiewicz, other re-
searchers also studied different mechanisms of particle ac-
celeration such as modulation instabilities [20], turbulent
dissipation [21–23], and field localization [24]. Zhao et al.
[25, 26] also studied nonlinear interaction between kinetic
Alfvén waves (KAWs) and the electrostatic and magneto-
static convective cells in plasmas. )e formation of coherent
structures in auroral plasmas is governed by the nonlinear
dispersion relation and interaction of KAW and convective
cells. )e localized structures thus obtained offer a possible
mechanism for the dissipation and offer a possible way of
energy transportation from larger scales to the smaller scales.

)e nonlinear coupling between IAWs and MSWs,
taking ponderomotive force into account, has also been
investigated in a great deal in the literature which plays a
crucial role for the particle acceleration and plasma heating
in the space plasma. Kumar and Singh [27] examined the
nonlinear interplay between the low-frequency IAW and
magnetosonic wave for the auroral region. )ey found that
the turbulence spectrum follows the power law (∼k− 5/3) at a
larger scale (in the inertial range) using numerical simula-
tion techniques. Magnetic field turbulence and filamentary
structure of density can also be explained by the interaction
of the IAWwith various other modes of waves present in the
Earth’s auroral region such as fast magnetosonic, slow
magnetosonic, low-frequency IAW, and ion acoustic waves.
Frycz et al. [28] investigated the nonlinear interaction of the
dispersive shear Alfvén wave and ion acoustic wave in the
Earth’s magnetosphere considering two limits in their
model: low-β plasma (finite electron inertia) and high-β
plasma (electron thermal effect). )eir results suggest that
the ponderomotive force steepens the SAW leading to rapid
density and electric field fluctuations. Mottez [29] also ex-
tended his investigation about the interaction of parallel
propagating Alfven waves to explain the formation of deep
plasma cavities in the Earth auroral zone.

In the present paper, we propose to study the nonlinear
coupling between IAWs and MSWs taking the correction
effect of finite frequency (ω0 <ωci) of the pump IAW ap-
plicable to auroral plasma. )is leads to a change in the
dispersive properties of IAWs and also in the resulting lo-
calized structures, turbulence scaling, and density depletions
(cavities). From the observation of Hawkeye 1, Kintner [30]

showed that the average turbulence scaling near the auroral
region varies as 4.02± 0.59 at the smaller scales. A similar
observation is recorded by Heos 2 spacecraft, as reported by
D’Angelo et al. [31] for the polar cusp region. Gurnett et al.
[32] also reported similar scaling from the observation of
Dynamics Explorer 1. Small-scale Alfvénic structures are
also observed in aurora and are considered to be associated
with stochastic heating of the plasma particles in the auroral
region [19, 33].

Although the localization of the IAW and density cav-
itations have been discussed in the literature, nonlinear
interaction of the 3D-IAW including correction effect of
finite frequency (ω0 <ωci) of the pump IAW with the
perpendicularly propagating magnetosonic wave (PMSW)
has not been studied in detail.)emain aim of this work is to
study the nonlinear coupling of finite-frequency IAW (when
the frequency of the IAW is not much less than the ion
gyrofrequency (ω0 <ωci)) with the PMSW to study the
formation of localized structures, turbulence, and density
cavitations for the auroral region. It should be pointed out
here that recently, observation of the magnetosonic wave has
been reported by THEMIS [34] in the Earth’s magneto-
sphere. For this purpose, the coupled system of 3D-IAW and
PMSW, in the presence of ponderomotive nonlinearity, has
been developed using a two-fluid approach. Furthermore,
numerical simulation has been pointed out to study the
nonlinear stage of modulation instability. )e content of the
paper is organized as follows: dynamics of the 3D-IAW and
PMSW has been presented in Sections 2 and 3, respectively.
Numerical simulation and results are presented in Sections 4
and 5, respectively. Results are discussed in Section 5, and
finally, Section 6 comprises the conclusion.

2. Dynamics of the Inertial Alfvén Wave

)e nonlinear governing equation of the finite-frequency
(ω0 <ωci) IAW is assumed to be propagating in the x − y −

z plane, i.e., k
→

� kxx + ky y + kzz having background
magnetic field B0 along the z-direction, i.e., B

→
0 � B0z, and

the dynamical equation for the 3D-IAW can be obtained as
follows:
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Here, n ≈ ne ≈ ni and λe � c/ωpe is the electron inertial
length. Equation (1) gives the dispersion relation as follows:
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Here, λi � c/ωpi is an ion inertial length.)e term λi
2k0z

2

in equation (2) appears due to the finite frequency correction
(ω0/ωci).

We seek the solution of equation (1) for vector potential
Az as follows:
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Az � Az(x, y, z, t)e
i k0xx+k0yy+k0zz− ω0t( 

. (3) Using equation (3) in equation (1), the following
equation has been obtained for the case when zzAz≪ k0zAz,
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Here, α � ω0
2/ω2

ci, τ � VA
2k2

0z/ω2
ci, k0x, k0y (k0z) is the

component of the wave vector perpendicular (parallel) to
B0z, and ω0 is the frequency of the 3D-IAW.

3. Dynamics of the Magnetosonic Wave

Let us assume that the low-frequency magnetosonic wave is
propagating perpendicularly with respect to the background
magnetic field along the x− axis, i.e., k

→
� kxx. )e dy-

namical equation for the PMSW can be obtained by the
standard approach using the basic plasma equations men-
tioned in the following:

(i) )e equation of motion:
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(ii) )e continuity equation:
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(iii) Faraday’s law:
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Here, the index j� e or i accounts for the electrons and
ions, respectively, qi � − qe � e is the charge, j � en0(vi − ve) is
the current density, vj is the velocity, n0 is the background
number density, mj and Tj are the masses and temperature

of jth species, and F
→

j � − [mj( υ→j.∇
→

) υ→j − qj/c( υ→j × B
→

0)]

is the ponderomotive force due to 3D-IAW. Putting the
values of v

→
j in the wave equation and taking the y com-

ponent of that, one can have
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Here, ions are assumed to be cold and ω≪ωci. )e
electron continuity equation yields

z

zt

ne

n0
  � −

z

zx

cEy

B0
 . (9)

Components of ponderomotive force are given as
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Substituting equations (9), (11), and (12) into equation
(8), one obtains
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Here, k0⊥
2 � k0x

2 + k0y
2, β � C2

s /V
2
A, ε � k0⊥

2λe
2, and

vA � (B2
0/4πn0mi)

1/2.
Equation (13) represents the dynamical equation of the

PMSW, and its right-hand side represents the ponder-
omotive force due to 3D-IAW.

After normalization of equations (4) and (13), these can
be written in the dimensionless form as
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4. Numerical Simulation

Numerical simulation has been performed using the pseudo-
spectral method for equations (13) and (14). )e wave
numbers of perturbation are taken as αx � αy � αz � 0.2
which is normalized by x− 1

n , y− 1
n , and z− 1

n , respectively.
Simulation has been carried out with (64)3 grid points, and a
periodic spatial domain of (2π/αx) × (2π/αy) × (2π/αz)

with the initial conditions of simulation is as follows:

Az(x, y, z, 0) � Az0 1 + 0.1 cos αxx( (  1 + 0.1 cos αyy  

· 1 + 0.1 cos αzz( ( ,

(17)
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2
. (18)

Here, |Az0| � 1 is the amplitude of the homogenous pump
3D-IAW. An algorithm for the nonlinear Schrödinger (NLS)
equation has been studied and tested against its invariant in
order to carry out the simulation of equations (13) and (14).

)e accuracy was determined by consistency of the
number N � k|Azk|2 in the case of cubic NLS equation.
During computation, the conserved quantity was preserved
to the order of 10− 5. After testing algorithm of cubic NLS, it
has been modified for solving dimensionless equations (13)
and (14), which is used to study nonlinear coupling of 3D-
IAW with PMSW and the resulting formation of localized
structures, turbulent scaling, and density cavities.

)e values of ξ1 and ξ2 can be evaluated from the low-β
plasma parameters applicable to aurora. For the application
purpose in low-β plasma, the typical parameters for the
auroral altitude of 1700 km [11] are as follows:
B0 ≈ 0.3G,n0 ≈ 5 × 103cm− 3, and Te ≈ 1.16 × 104K. Using
these parameters, one can find VA ≈ 9.25 × 108cm/s,λe ≈

7.52 × 103cm,ωci ≈ 2.87 × 103sec− 1, ρs ≈ 481.80 cm, and
cs � 1.38 × 106cm/s. For k0⊥λe ≈ 0.30 andω0/ωci ≈ 0.30, one
can calculate k0x ≈ 1.19 × 10− 5cm− 1,k0y ≈ 1.19 × 10−

5cm− 1,k0z ≈ 6.38 × 10− 7cm− 1, and ω0 ≈ 0.574 × 103sec− 1.
)e normalizing parameter values are
xn ≈ 7.52 × 103cm,yn ≈ 7.52 × 103cm,zn ≈ 9.66 × 107cm,

tn ≈ 0.11 sec , nn ≈ 0.16 × 103cm− 3, and(Az)n ≈ 5.36×

103G − cm.

5. Results and Discussion

In Section 4, numerical simulation has been carried out for
dimensionless equations (13) and (14) to study the formation
of localized structures, turbulent scaling, and density cavi-
tation phenomenon, applicable to the auroral region. In
simulation, time history of nonlinear evolution is studied
from state t� 0 to the state when the system reaches to the
quasi-steady state. For the chosen parameters, the time
required to set up the ponderomotive nonlinearity r0/
cs∼ 0.2 sec. In order to study the effect of ponderomotive
nonlinearity, simulation is carried out from t� 0 to the time
t� 29 (∼3.22 sec), which is larger than the time required to
set up the ponderomotive nonlinearity and to reach the
system in the quasi-steady state. Results shown in
Figures 1–3 are obtained at different time scales after the
system achieves the quasi-steady state. Equation (12) rep-
resents the dynamical equation of the PMSW, and its right-
hand side represents the ponderomotive force due to 3D-
IAW, and in equation (15), the time-dependent density
depends on magnitude of ponderomotive force as well as the
interaction between 3D-IAW and PMSW. Figures 1(a)–1(c)
show themagnetic field intensity profile of the IAW in theX-
Y plane at time t� 18, 24, and 29, respectively, showing a
nonlinear evolution of the coherent structure, while Figure 1(d)
presents the evolution of Fourier transformation |Akz|2 of the
IAW with Kx − Ky at time t� 22. One can observe from
Figures 1(a)–1(d) that the magnetic field intensity gets localized
and becomes more complex with time. )e PMSW in the
presence of the nonlinearity (ponderomotive force, which
changes with time) starts getting localized and hence affects the
dynamics of the 3D-IAW which leads to the localization of the
3D-IAWs through equations (13) and (14).

Next, the power spectral index has been illustrated in
Figure 2. It reveals the variation of |Azk|2 against k at time
t� 29. It is evident from the wavenumber spectrum that, for
kλe < 1, the spectral index follows nearly Kolmogorov
( ∼ k− 5/3) scaling (a typical inertial range scaling). A spectral
break appears at kλe ≈ 1, and for kλe > 1, the spectral index
follows nearly ( ∼ k− 4.28). From the steepening of the
spectrum, it is clear that the nonlinear interaction of the 3D-
IAW and PMSW might be helpful for the energy transfer
from a small wavenumber to large wavenumber.)ese kinds
of power spectra have also been reported (observation of
Hoes 2, Hawkeye 1, and Dynamics Explorer 1 spacecrafts) in
the auroral and other magnetosphere regions by D’Angelo
et al. [31], Kintner [30], and Gurnett et al. [32].

Figures 3(a)–3(c) represent the 3D evolution of the
resulting density structures in the x-y plane. From Figure 3,
one can observe that three-dimensional (3D) density dips are
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formed which changes with time.)e formation of the coherent
structure and turbulence in density profile can be explainedwith
the help of equations (13) and (16). Equation (13) represents the
dynamical equation of the PMSW, and its right-hand side
represents the ponderomotive force due to 3D-IAW where the
intensity of the IAW is X-Y dependent. At the same time,
equation (15) represents that the density profile of the PMSW
also depends on amplitude of the pump 3D-IAW. Although the
PMSW is propagating along theX-direction, the ponderomotive
force due to 3D-IAW and the interaction between the 3D-IAW
and PMSW alter the density of the PMSW in X-, Y-, and Z-
directions. Since the interaction of the IAW and PMSW is
chaotic at later times, not only the location of density dips
changes but also the depth of these dips changes with time
(marked as x, y, and z in Figure 3). )e nonlinear interaction
between IAW and PMSW varies in space with time, and hence,
the magnitude of ponderomotive force associated with them
also changes in space with time accordingly. Eventually the
density profile is affected by the ponderomotive force and

creates the density cavity of different depth at different position
with time. )e magnetic field is trapped in the regions of low
density due to the ponderomotive nonlinearity. Small-scale
length density cavities have been observed in the auroral zone by
Viking and Freja spacecrafts [35, 36]. For the auroral region, we
observed the density fluctuations of ∼0.12n0, consistent with the
FAST observation reported by Chaston et al. [14, 15]. )us, in
the present paper, efforts have been made to understand the
phenomena of turbulence, localization, and density cavitations
due to the nonlinear interplay of the finite-frequency IAW
(ω0 <ωci) with the PMSW.)efinite frequency correction effect
is expected to change the dispersive property of the 3D-IAW
and resulting ponderomotive force by the IAW.

6. Conclusion

To summarize, our primary aim of the present study is to
understand the physical mechanism behind the processes
of localization and density cavitations during the

t=24

2

4

0

-2

-4
20

15 10
5 0

-5
-10 -15

-20
X

-20 -15 -10 -5
0 5 10 15 20

Y

n 
(x

,y
)

X=2.77
Y=-10.69
Z=-0.987

(b)

2
3
4

-2
-1

-3
-4
20 15 10 5 0 -5 -10 -15 -20X -20 -15 -10 -5 0

5 10 15 20

Y

n 
(x

,y
)

X=3.44
Y=-12.27
Z=-2.98

0
1

t=29

(c)

Figure 3: (a) 3D evolution of the density profile at time t� 18. (b) 3D evolution of the density profile at time t� 24. (c) 3D evolution of the
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nonlinear interaction of the finite-frequency IAW (ω0
<ωci) with the PMSW. Numerical simulation of equations
(13) and (14), governing the dynamics of the 3D-IAW and
PMSW, has been carried out, applicable to the auroral
region. )e background density of the PMSW gets altered
due to the ponderomotive nonlinearity of the pump 3D-
IAW, which results in the density cavitations and field
localization. )e field associated with the 3D-IAW gets
trapped in the density cavities and breaks into a localized
coherent structure. )e result reveals that these localized
structures and density cavity become progressively more
complex and grow towards larger to smaller length
scales.)e depth of the density cavity and formation of
the localized structure depend on the magnitude of the
ponderomotive force and the nature of the interacting
waves. From the obtained results, we have found that the
depth of density cavities is of the order of ∼0.10 n0, and
these density-depleted regions are of the transverse
scale size of the order of electron inertial length. )ese
kinds of small-scale-sized density cavities have been
observed in the auroral region and are consistent with the
FAST satellite observation reported by Chaston et al.
[14, 15].

Since the nature of the interacting waves discussed in the
present paper is different at various locations, the magnitude of
ponderomotive force associated with them is also different. )is
is the main reason that the depth of the density cavity in each
location is not the same. )erefore, it becomes clear that the
depth of the density cavities changes with the magnitude of the
ponderomotive force and the nature of thewaves associatedwith
them. On the basis of obtained results, we can conclude that the
nonlinear interaction of the 3D-IAW and PMSW is responsible
for the localized coherent structure and density cavitations.

Data Availability

)emain aim of this work is to study the nonlinear coupling
of the finite-frequency IAW (when the frequency of the IAW
is not much less than the ion gyrofrequency) with the PMSW
to study the formation of localized structures, turbulence,
and density cavitation for the auroral region. It should be
pointed out here that recently, the observation of the
magnetosonic wave has been reported by THEMIS [34] in
the Earth’s magnetosphere.
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