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Preface

Since the late 1990s, the authors have produced an extensive portfolio of results on
differential equations and differential inclusions undergoing impulse effects. Both
initial value problems and boundary value problems have been dealt with in their
work. The primary motivation for this book is in gathering under one cover an
encyclopedic resource for many of these recent results. Having succinctly stated
the motivation of the book, there is certainly an obligation to include mentioning
some of the all important roles of modelling natural phenomena with impulse
problems.

The dynamics of evolving processes is often subjected to abrupt changes such
as shocks, harvesting, and natural disasters. Often these short-term perturbations
are treated as having acted instantaneously or in the form of “impulses.” Impulsive
differential equations such as

x' = f(t,x), t€[0,b]\ {t,....tm}, (1)

subject to impulse effects
Ax(ti) = x(t) — x(t;) = L(x(t;)), k=1,...,m, (2)
with f @ ([0,b] \ {t,...,tm}) X R" — R" and I} an impulse operator, have
been developed in modelling impulsive problems in physics, population dynam-

ics, biotechnology, pharmacokinetics, industrial robotics, and so forth; in the case
when the right-hand side of (1) has discontinuities, differential inclusions such as

x'(t) € F(t,x(t)), te€[0,b]\ {t1,... tm}, (3)

subject to the impulse conditions (2), where F : ([0,b] \ {t1,...,tn}) X R"* — 2R"
have played an important role in modelling phenomena, especially in scenarios
involving automatic control systems. In addition, when these processes involve
hereditary phenomena such as biological and social macrosystems, some of the
modelling is done via impulsive functional differential equations such as

x' = f(t,x), t€[0,b]\{t1,....tm}, (4)
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subject to (2), and an initial value
x(S) = ¢(S)7 se [_r) O]) te [O) b]) (5)

where x,(0) = x(t+0), t € [0,b],and —r < 0 < 0,and f : ([0,b] \ {t1,...,tm}) X
D — R", and D is a space of functions from [—r,0] into R” which are continu-
ous except for a finite number of points. When the dynamics is multivalued, the
hereditary phenomena are modelled via impulsive functional differential inclu-
sions such as

xX'(t) € F(t,x;), te[0,b]\ {ti,....tm}, (6)

subject to the impulses (2) and the initial condition (5).

An outline of the book as it is devoted to articles published by the authors
evolves in a somewhat natural way around addressing issues relating to initial value
problems and boundary value problems for both impulsive differential equations
and differential inclusions, as well as for both impulsive functional differential
equations and functional differential inclusions. Chapter 1 contains fundamen-
tal results from multivalued analysis and differential inclusions. In addition, this
chapter contains a number of fixed point theorems on which most of the book’s
existence results depend. Included among these fixed point theorems are those rec-
ognized their names: Avery-Henderson, Bohnenblust-Karlin, Covitz and Nadler,
Krasnosel’skii, Leggett-Williams, Leray-Schauder, Martelli, and Schaefer. Chapter
1 also contains background material on semigroups that is necessary for the book’s
presentation of impulsive semilinear functional differential equations.

Chapter 2 is devoted to impulsive ordinary differential equations and scalar
differential inclusions, given, respectively, by

y —Ay=By+f(ty), y €F(ty), (7)

each subject to (2), and each satisfies an initial condition y(0) = y,, where A is an
infinitesimal generator of a family of semigroups, B is a bounded linear operator
from a Banach space E back to itself, and F : [0,b] X E — 2E. Chapter 3 deals
with functional differential equations and functional differential inclusions, with
each undergoing impulse effects. Also, neutral functional differential equations
and neutral functional differential inclusions are addressed in which the deriva-
tive of the state variable undergoes a delay. Chapter 4 is directed toward impulsive
semilinear ordinary differential inclusions and functional differential inclusions
satisfying nonlocal boundary conditions such as g(y) = >;_; c;y(t;), with each
¢i>0and 0 <t < --- <t, <b.Such problems are used to describe the diffusion
phenomena of a small amount of gas in a transport tube.

Chapter 5 is focused on positive solutions and multiple positive solutions for
impulsive ordinary differential equations and functional differential equations,
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including initial value problems as well as boundary value problems for second-
order problems such as

y”:f(tryt)> te [O:b]\{t1>~~->tm}: (8)

subject to impulses

Ay(tk) = Ik(y(tk))) Ay,(tk) = ]k(y(tk))) k= L...,m, (9)

and initial conditions
y(t) = ¢(t), te[-r0], y'(0) = n. (10)

Chapter 6 is primarily concerned with boundary value problems for periodic im-
pulsive differential inclusions. Upper- and lower-solution methods are developed
for first-order systems and then for second-order systems of functional differen-
tial inclusions, y"'(¢t) € F(t, y;). For Chapter 7, impulsive differential inclusions
satisfying periodic boundary conditions are studied. The problems of interest are
termed as being nonresonant, because the linear operators involved are invertible
in the absence of impulses. The chapter deals with first-order and higher-order
nonresonance impulsive inclusions.

Chapter 8 extends the theory of some of the previous chapters to functional
differential equations and functional differential inclusions under impulses for
which the impulse effects vary with time; that is, y(t) = L(y(1)), t = w(y(1)),
k = 1,...,m. Chapter 9, as well, extends several results of previous chapters on
semilinear problems now to semilinear functional differential equations and func-
tional differential inclusions for operators that are nondensely defined on a Banach
space.

Chapter 10 ventures into results for second-order impulsive hyperbolic differ-
ential inclusions,

% € F(t,x,u(t,x)) ae. (t,x) € ([0,a] \ {t1,...,tm}) X [0,b],
Au(te,x) = Ik (u(ty,x)), k=1,...,m,

u(t,0) = y(t), tel0,al\{t,....tm} u(0,x) = ¢(x), x € [0,b].
(11)

Such models arise especially for problems in biological or medical domains.

The next to last chapter, Chapter 11, addresses some questions for impulsive
dynamic equations on time scales. The methods constitute adjustments from those
for impulsive ordinary differential equations to dynamic equations on time scales,
but these results are the first such results in the direction of impulsive problems on
time scales. The final chapter, Chapter 12, is a brief chapter dealing with periodic
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boundary value problems for first-order perturbed impulsive systems,

x € F(t,x(t)) + G(t,x(t)), t€[0,b]\ {tr,...,tm}

x(£7) = x(6) + L(x())s = L,...,m, x(0) = x(b), (12)
where both F,G: ([0,b] \ {t,...,tm}) X R — 2K,

We express our appreciation and thanks to R. I. Avery, A. Boucherif, B. C.
Dhage, E. Gatsori, L. Gorniewicz, J. R. Graef, J. J. Nieto, A. Ouahab, and Y. G. Sfi-
cas for their collaboration in research and to E. Gatsori and A. Ouahab for their
careful typing of some parts of this manuscript. We are especially grateful to the
Editors-in-Chief of the Contemporary Mathematics and Applications book series,
R. P. Agarwal and D. O’Regan, for their encouragement of us during the prepara-
tion of this volume for inclusion in the series.

M. Benchohra
J. Henderson
S. Ntouyas



Preliminaries

1.1. Definitions and results for multivalued analysis

In this section, we introduce notations, definitions, and preliminary facts from
multivalued analysis, which are used throughout this book.
Let (X, d) be a metric space and let Y be a subset of X. We denote
() PX)={YCX:Y + 0k
(i) Pp(X) = {Y € P(X) : Y has the property “p”}, where p could be cl =
closed, b = bounded, cp = compact, cv = convex, and so forth.
Thus
(i) Pa(X)={Y € P(X) : Y closed},
(ii) Pp(X) =1{Y € P£(X) : Y bounded},
)
)

S

Q

(iii «w(X) ={Y € P(X) : Y convex},
(iv) Pp(X) = 1Y € £(X) : Y compact},
(V) PevepX) = Pev(X) N Pep(X), and so forth.
In what follows, by E we will denote a Banach space over the field of real
numbers R and by ] a closed interval in R. We let

C(J,E) = {y:] — E | y is continuous}. (1.1)

We consider the Tchebyshev norm

I+ llo: CU,E) — [0, ), (1.2)
defined by
Iyl = max{| ()], t €T}, (13)
where | - | stands for the norm in E. Then (C(J, E), || - II) is a Banach space.

Let N : E — E be a linear map. N is called bounded provided there exists r > 0
such that

[IN(x)| <rlx|, foreveryx € E. (1.4)

The following result is classical.
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Proposition 1.1. A linear map N : E — E is continuous if and only if N is bounded.
We let
B(E) = {N: E — E | N is linear bounded}, (1.5)
and for N € B(E), we define
INllpg) =inf{r >0 | Vx € E [N(x)| < rlx|}. (1.6)

Then (B(E), || - llpg)) is a Banach space.
We also have

INllsE) = sup {[N(o) | | x| = 1}. (1.7)

A function y : ] — Eis called measurable provided that for every open U C E,
the set

y H(U)={te] |yt e U} (1.8)

is Lebesgue measurable.

We will say that a measurable function y : ] — E is Bochner integrable (for de-
tails, see [230]) provided that the function | y| : J] — [0, o) is a Lebesgue integrable
function.

We let

L'(J,E) = {y :] — E | yis Bochner integrable}. (1.9)

Let us add that two functions y;, y, : ] — E such that the set {y,(¢) # y2(t) | t € J}
has Lebesgue measure equal to zero are considered as equal.
Then we are able to define

b
Iyl = JO ly(t)|dt, for] = [0,b]. (1.10)
It is well known that

(L'LE), Il - ll) (1.11)

is a Banach space.

Let (X, |l - II) be a Banach space. A multivalued map G : X — £ (X) has
convex (closed) values if G(x) is convex (closed) for all x € X. We say that G is
bounded on bounded sets if G(B) is bounded in X for each bounded set B of X, that
is, sup,cgtsupillyll : y € G(x)}} < oo. The map G is called upper semicontinuous
(u.s.c.)on X if for each xy € X, the set G(xp) is a nonempty, closed subset of X, and
if for each open set N of X containing G(xy), there exists an open neighborhood
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M of xo such that G(M) < N. Also, G is said to be completely continuous if G(B)
is relatively compact for every bounded subset B = X. If the multivalued map G
is completely continuous with nonempty compact values, then G is u.s.c. if and
only if G has a closed graph (i.e., X, — X%, ¥u» — V% ¥n € G(x,) imply that
Y% € G(xy)). Finally, we say that G has a fixed point if there exists x € X such that
x € G(x).

A multivalued map G : ] — Pq(X) is said to be measurable if for each x € E,
the function Y : ] — X defined by

Y (t) = dist (x, G(t)) = inf {[lx — z|| : z € G(t)} (1.12)
is Lebesgue measurable.

Theorem 1.2 (Kuratowki, Ryll, and Nardzewski). Let E be a separable Banach space
and let F : ] — Py(E) be a measurable map, then there exists a measurable map
f ] — Esuch that f(t) € F(t), forevery t € J.

Let 4 be a subset of ] X B. 4 is £ ® B measurable if A belongs to the o-
algebra generated by all sets of the form N X D, where N is Lebesgue measurable
in J and D is Borel measurable in B. A subset + of L!(J, E) is decomposable if for
allu,v € A and N C ] measurable, the function uyy +vy;—y € 4, where y stands
for the characteristic function.

Let X be a nonempty closed subset of E and G : X — & (E) a multivalued
operator with nonempty closed values. G is lower semicontinuous (Is.c.) if the set
{x € X : G(x) N B + &} is open for any open set B in E.

Definition 1.3. Let Y be a separable metric space and let N : Y — P (L'(J,E)) be a
multivalued operator. Say that N has property (BC) if

(1) N is lower semicontinuous (L.s.c.);

(2) N has nonempty closed and decomposable values.

Let F: ] X E — £(E) be a multivalued map with nonempty compact values.
Assign to F the multivalued operator

F :C(,E) — P(L'(J,E)) (1.13)
by letting
F(y)={ve L'(J,E):v(t) € E(t,y(t)) forae.t € J}. (1.14)
The operator ¥ is called the Niemytzki operator associated to F.

Definition 1.4. Let F : ] X E — P (E) be a multivalued function with nonempty
compact values. Say that F is of lower semicontinuous type (Ls.c. type) if its asso-
ciated Niemytzki operator F is lower semicontinuous and has nonempty closed
and decomposable values.
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Next, we state a selection theorem due to Bressan and Colombo.

Theorem 1.5 (see [105]). Let Y be separable metric space and let N : Y — P (L'(],
E)) be a multivalued operator which has property (BC). Then N has a continuous
selection, that is, there exists a continuous function (single-valued) f : Y — L'(J,E)
such that f(x) € N(x) foreveryx € Y.

For more details on multivalued maps, we refer to the books of Deimling
[125], Gérniewicz [156], Hu and Papageorgiou [170], and Tolstonogov [225].

1.2. Fixed point theorems

Fixed point theorems play a major role in our existence results. Therefore we state
a number of fixed point theorems. We start with Schaefer’s fixed point theorem.

Theorem 1.6 (Schaefer’s fixed point theorem) (see also [220, page 29]). Let X be a
Banach space and let N : X — X be a completely continuous map. If the set

® = {x € X : Ax = Nx for some A > 1} (1.15)

is bounded, then N has a fixed point.

The second fixed point theorem concerns multivalued condensing mappings.
The upper semicontinuous map G is said to be condensing if for any B8 € £,(X)
with u(8B) # 0, we have u(G(B)) < u(B), where y denotes the Kuratowski mea-
sure of noncompactness [32]. We remark that a compact map is the easiest exam-
ple of a condensing map.

Theorem 1.7 (Martelli’s fixed point theorem [196]). Let X be a Banach space and
let G: X = Pep,v(X) be an upper semicontinuous and condensing map. If the set

M:={y e X: Ly € G(y) forsomeA > 1} (1.16)
is bounded, then G has a fixed point.

Next, we state a well-known result often referred to as the nonlinear alterna-
tive. By U and 0U, we denote the closure of U and the boundary of U, respectively.

Theorem 1.8 (nonlinear alternative [157]). Let X be a Banach space with C C X
closed and convex. Assume U is a relatively open subset of Cwith0 € Uand G: U —
C is a compact map. Then either,

(i) G has a fixed point in U; or

(ii) thereis a pointu € oU and A € (0,1) with u = AG(u).

Theorem 1.9 (Bohnenblust and Karlin [98]) (see also [231, page 452]). Let X be
a Banach space and K € Py .(X) and suppose that the operator G : K — Py v(X)
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is upper semicontinuous and the set G(K) is relatively compact in X. Then G has a
fixed point in K.

Before stating our next fixed point theorem, we need some preliminaries.
Let (X, d) be a metric space induced from the normed space (X, |- |). Consider
Hyj: P(X) X P(X) — Ry U {0}, given by

Hy(A, B) = max{supd(a,i)’),sup d(eA),b)}, (1.17)
acA beB

where d(A, b) = inf,c 4 d(a,b), d(a, B) = infreg d(a,b). Then (P (X),Hy) isa
metric space and (Pq(X), Hy) is a generalized (complete) metric space (see [177]).

Definition 1.10. A multivalued operator G : X — Pq(X) is called
(a) y-Lipschitz if there exists y > 0 such that

Hi(G(x),G(y)) < yd(x,y), foreachx,ye X; (1.18)

(b) a contraction if it is y-Lipschitz with y < 1.
The next fixed point theorem is the well-known Covitz and Nadler’s fixed
point theorem for multivalued contractions [123] (see also Deimling [125, Theo-

rem 11.1]).

Theorem 1.11 (Covitz and Nadler [123]). Let (X, d) be a complete metric space. If
G: X — Pa(X) is a contraction, then fix G + O.

The next theorems concern the existence of multiple positive solutions.
Definition 1.12. Let (B, || - ||) be a real Banach space. A nonempty, closed, convex
set  C B is said to be a cone provided the following are satisfied:

(a) if ye Pand A = 0, thenly € P;
(b) fye P and -y € $ ,then y = 0.
Every cone  C B induces a partial ordering, <, on B defined by
x<y iffty-xeP. (1.19)
Definition 1.13. Given a cone & in a real Banach space 8, a functional y : # — R
is said to be increasing on &, provided that y(x) < y(y), for all x,y € » with

x<y.

Given a nonnegative continuous functional y on a cone J of a real Banach
space 8B, (i.e., y : # — [0, o) continuous), we define, for each d > 0, the convex
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set
Py, d) = {x € P | y(x) <d}. (1.20)

Theorem 1.14 (Leggett-Williams fixed point theorem [187]). Let E be a Banach
space, C C E a cone of E, and R > 0 a constant. Let Cg = {y € C : ||yll < R}.
Suppose that a concave nonnegative continuous functional y exists on the cone C
with y(y) < |lyll for y € Cg, and let N : Cr — Cr be a completely continuous
operator. Assume there are numbers p, L and K with 0 < p < L < K < R such that
(Al) {y e C(y,L,K) : y(y) >L} # D and y(N(y))>L forall ye C(y,L,K);
(A2) [IN(p)Il < pforally € Cy;
(A3) w(N(y)) > Lforally € C(y,L,R) with IN(y)|l > K, where C(y,L,K) =
{yeC:y(y)=Land |yl <K}. B
Then N has at least three fixed points yi, y2, y3 in Cr. Furthermore,

yneCy, yeiyeCly,LR) :y(y) >L},

f - (1.21)
y3 € Cr — {C(y,L,R) U C,}.

Theorem 1.15 (Krasnosel’skii twin fixed point theorem [163]). Let E be a Banach
space, C C E a cone of E, and R > 0 a constant. Let Cr = {y € C: ||yll < R} and let
N : Cr — C be a completely continuous operator, where 0 < r < R. If

(A1) IN)I < lIyll forall y € 0C;;

(A2) INW)II > llyll for all y € 0Ck. B
Then N has at least two fixed points yi, y», in Cr. Furthermore,

yill<r, r<|lnll<R (1.22)

Theorem 1.16 (Avery-Henderson fixed point theorem [26]). Let P be a cone in a
real Banach space B. Let o and y be increasing, nonnegative, continuous functionals
on P, and let 0 be a nonnegative continuous functional on P with 6(0) = 0 such
that for some ¢ > 0 and M > 0,

p(x) < 0(x) < alx), llxll = My(x), (1.23)

forallx € P (y, ¢). Suppose there exist a completely continuous operator A : P(y,c) —
P and 0 < a < b < ¢ such that

O(Ax) = AB(x), for0 <A <1, x€dP(6,b), (1.24)

and
(1) y(Ax) >, forallx € 0P (y,c);
(ii) 6(Ax) < b, forallx € 0P (6, b);
(iii) P(a,a) # D, and a(Ax) > a, for all x € 0P (a, a).
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Then A has at least two fixed points x; and x, belonging to P (y, c) such that

a<a(x), with6(x;)<b,
, (1.25)
b<0(xp), withy(x)<c

1.3. Semigroups

In this section, we present some concepts and results concerning semigroups. This
section will be fundamental to our development of semilinear problems.

1.3.1. Cy-semigroups

Let E be a Banach space and let B(E) be the Banach space of bounded linear oper-
ators.

Definition 1.17. A semigroup of class (Cy) is a one-parameter family {T(¢t) | ¢t =
0} C B(E) satistying the following conditions:
(i) T(t)oT(s)=T(t+s),fort,s >0,

(ii) T(0) = I, (the identity operator in E),
(iii) the map t — T(t)(x) is strongly continuous, for each x € E, that is,

ltin()l T(t)x =x, VxekLE. (1.26)

A semigroup of bounded linear operators T'(t) is uniformly continuous if

{15%||T(t) Il =0. (1.27)

We note that if a semigroup T'(t) is class (Cp), then we have the growth con-
dition

IT(0)||pz) <M - exp(Bt), for0 <t < co, with some constants M > 0 and 3.
(1.28)

If, in particular, M = 1 and 8 = 0, that is, || T(¢)l|lgE) < 1, for t = 0, then the
semigroup T'(¢) is called a contraction semigroup (Cy).

Definition 1.18. Let T(t) be a semigroup of class (Cy) defined on E. The infinitesi-
mal generator A of T(t) is the linear operator defined by

%, for x € D(A), (1.29)

A(x) = lim
h—0

where D(A) = {x € E | limy_o(T(h)(x) — x)/h exists in E}.



8 Preliminaries

Proposition 1.19. The infinitesimal generator A is a closed linear and densely defined
operator in E. If x € D(A), then T(t)(x) is a C'-map and

9100 = AT = TOAE@)  on [0, ), (130)

Theorem 1.20 (Pazy [210]). Let A be a densely defined linear operator with domain
and range in a Banach space E. Then A is the infinitesimal generator of uniquely
determined semigroup T (t) of class (Cy) satisfying

|lT(t)||B(E) < Mexp(wt), t=0, (1.31)

where M > 0 and w € R if and only if Al — A)~! € B(E) and ||[(M — A)™"|| <
M/A—w),n=1,2,..., forallA € R.

We say that a family {C(t) | t € R} of operators in B(E) is a strongly continu-
ous cosine family if
(i) C(0) =1,
(i) C(t+s)+C(t—s)=2C(t)C(s), forall s,t € R,
(iii) the map t — C(t)(x) is strongly continuous, for each x € E.
The strongly continuous sine family {S(¢) | t € R}, associated to the given
strongly continuous cosine family {C(¢) | t € R}, is defined by

S()(x) = J(: Cls)(x)ds, x€E teR. (1.32)

The infinitesimal generator A : E — E of a cosine family {C(¢) | t € R} is defined
by

2

Alx) = @C(t)(x)ltzo- (1.33)
For more details on strongly continuous cosine and sine families, we refer the
reader to the books of Goldstein [155], Heikkild and Lakshmikantham [163], Fat-
torini [145], and to the papers of Travis and Webb [226, 227].

1.3.2. Integrated semigroups

Definition 1.21 (see [21]). Let E be a Banach space. An integrated semigroup is a
family of operators (S(f))=o of bounded linear operators S(t) on E with the fol-
lowing properties:
(i) $(0) = 0;
(ii) t — S(t) is strongly continuous;
(iii) S(s)S(t) = [;(S(t+r) — S(r))dr, forall t,s > 0.

Definition 1.22 (see [175]). An operator A is called a generator of an integrated
semigroup if there exists w € R such that (w, o) C p(A)(p(A) is the resolvent
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set of A), and there exists a strongly continuous exponentially bounded family
(S(#))t=0 of bounded operators such that S(0) = 0 and R(A,A) := (M — A)™! =
Ay e MS(t)dt exists for all A with A > w.

Proposition 1.23 (see [21]). Let A be the generator of an integrated semigroup
(8(t))¢=0. Then, forallx € E and t = 0,

Lt S(s)xds € D(A),  S()x=A Lt S(s)xds + tx. (1.34)

Definition 1.24 (see [175]). (i) An integrated semigroup (S(t));o is called locally
Lipschitz continuous if for all T > 0, there exists a constant L such that

|S(t) = S(s)| <Llt-s|, tsel0,1]. (1.35)

(ii) An integrated semigroup (S(#))so is called non degenerate if S(¢)x = 0 for
all t = 0 implies that x = 0.

Definition 1.25. Say that the linear operator A satisfies the Hille-Yosida condition
if there exist M = 0 and w € R such that (w, ) C p(A) and

sup{(A—w)"|AI—A)"| :neN, A >0} <M. (1.36)

Theorem 1.26 (see [175]). The following assertions are equivalent:
(i) A is the generator of a nondegenerate, locally Lipschitz continuous inte-
grated semigroup;
(ii) A satisfies the Hille-Yosida condition.

If A is the generator of an integrated semigroup (S())=o which is locally Lip-
schitz, then from [21], S(-)x is continuously differentiable if and only if x € D(A)
and (§'(t))s=0 is a Cp semigroup on D(A).

1.4. Some additional lemmas and notions

We include here, for easy references, some auxiliary results, which are crucial in
what follows.

Definition 1.27. The multivalued map F : ] X E — P(E) is said to be L!-
Carathéodory if
(i) t ~ F(t,u) is measurable for each u € E;
(ii) u — F(t,u) is upper semicontinuous on E for almost all ¢ € J;
(iii) for each p > 0, there exists ¢, € L'(J,R;) such that

[|F(t, ”)||g>(15) =sup{|vl:veF(t,u)} <g¢,(t), Vlul <pandforae.te]
(1.37)
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Lemma 1.28 (see [186]). Let X be a Banach space. Let F : ] X X — Pep(X) be an
L'-Carathéodory multivalued map with

Sry) = {g € L'(J,X) : g(t) € F(t, (1)), forae t €]} #+ O, (1.38)
and let T be a linear continuous mapping from L'(J, X) to C(J, X), then the operator
ToSp:C(J,X) — Pep,e(CU, X)), y— (ToSp)(y):=T(Sr;) (1.39)

is a closed graph operator in C(J,X) x C(J, X).

Lemma 1.29 (see [148]). Assume that
(1.29.1) F : ] X E — P(E) is a nonempty, compact-valued, multivalued map
such that
(a) (t,u) — F(t,u) is £ ® B measurable,
(b) u — F(t,u) is lower semicontinuous for a.e. t € J;
(1.29.2) foreachr >0, there exists a function h, € L'(J,R") such that

||F(t’ u)||<7’

:=sup {lvl:v e F(t,u)} <h(t) foraet€]J;andforu € Ewith||lull <r.
(1.40)

Then F is of Ls.c. type.

Lemma 1.30 (see [163, Lemma 1.5.3]). If p € L'(J,R) and y : Ry — (0,+00) is
increasing with
* du
o v(u)

o0, (1.41)
then the integral equation

z(t) = zo + L p)w(z(s))ds, te€], (1.42)

has for each zy € R a unique solution z. If u € C(], E) satisfies the integral inequality

t
)] <2+ | pOw(lu@)ds te, (1.43)

then |u| < z.



Impulsive ordinary differential

2.1. Introduction

For well over a century, differential equations have been used in modeling the dy-
namics of changing processes. A great deal of the modeling development has been
accompanied by a rich theory for differential equations.

The dynamics of many evolving processes are subject to abrupt changes, such
as shocks, harvesting and natural disasters. These phenomena involve short-term
perturbations from continuous and smooth dynamics, whose duration is negli-
gible in comparison with the duration of an entire evolution. In models involv-
ing such perturbations, it is natural to assume these perturbations act instanta-
neously or in the form of “impulses.” As a consequence, impulsive differential
equations have been developed in modeling impulsive problems in physics, pop-
ulation dyamics, ecology, biological systems, biotechnology, industrial robotics,
pharmcokinetics, optimal control, and so forth. Again, associated with this de-
velopment, a theory of impulsive differential equations has been given extensive
attention. Works recognized as landmark contributions include 29, 30, 180, 217],
with [30] devoted especially to impulsive periodic systems of differential equa-
tions.

Some processes, especially in areas of population dynamics, ecology, and phar-
macokinetics, involve hereditary issues. The theory and applications addressing
such problems have heavily involved functional differential equations as well as
impulsive functional differential equations. The literature devoted to this study is
also extensive, with [6, 12-14, 25, 27, 28, 38, 42, 46, 49, 52, 53, 55, 57, 70, 71, 75,
85, 89-91, 94, 95, 117, 130-132, 134, 136, 147, 152, 159, 167, 176, 181, 183, 189,
191, 194, 195, 212, 214, 216, 228] providing a good view of the panorama of work
that has been done.

Much attention has also been devoted to modeling natural phenomena with
differential equations, both ordinary and functional, for which the part govern-
ing the derivative(s) is not known as a single-valued function; for example, a dy-
namic process governing the derivative x'(t) of a state x(t) may be known only
within a set S(t,x(t)) C R, and given by x'(t) € S(t,x(t)). A common example
of this is observed in a so-called differential inequality such as x'(¢) < f(t,x(¢)),
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where say f : R — R, which can also be expressed as the differential inclusion,
x'(t) € (—oo, f(t,x(1))), or x'(t) € S(t,x(t)) = {v e R| v = f(t,x(¢))}. Differen-
tial inclusions arise in models for control systems, mechanical systems, econom-
ics systems, game theory, and biological systems to name a few. For a thumbnail
sketch of the literature on differential inclusions, we suggest [22, 96, 97, 104, 106—
111,118,121, 146, 179, 198, 211, 213, 215, 221].

It is natural from both a physical standpoint as well as a theoretical view to
give considerable attention to a synthesis involving problems for impulsive differ-
ential inclusions. It is these theoretical considerations that have become a rapidly
developing field with several prominent works written by Benchohra et al. [36, 39—
41, 43-45, 47, 48, 50, 51, 54, 56, 59-64, 58, 65-68, 73, 80, 82, 87, 89, 92, 93], Erbe
and Krawcewicz [140], and Frigon and O’Regan [153].

This chapter is devoted to solutions of impulsive ordinary differential equa-
tions and to solutions of impulsive differential inclusions. Both first- and second-
order problems are treated. This chapter also includes a substantial section on
damped differential inclusions.

2.2, Impulsive ordinary differential equations

Throughout, let J] = [0,b],let 0 < t; < -+ - < t, < tys1 = b, and let E be a real
separable Banach space with norm | - | (at times E = R”, but this will be indicated
when so restricted). In this section, we will be concerned with the existence of
mild solutions for first- and second-order impulsive semilinear damped differen-
tial equations in a Banach space. Existence of solutions will arise from applications
of some of the fixed point theorems featured in Chapter 1. First, we consider first-
order impulsive semilinear differential equations of the form

Y (t)—Ay(t) = By(t) + f(t,y), aete]:=[0b], t+t, k=1,...,m,
Ayli—y = Ik(}/(tk_)), k=1,...,m,
)’(0) :)/0)
(2.1)

where f : ] X E — E is a given function, A is the infinitesimal generator of a family
of semigroups {T'(¢) : t = 0}, Bisa bounded linear operator from E into E, y, € E,
Iy € C(E,E) (k=1,...,m),and Ayl,—y, = y(tf) — y(tr), y(tF) = limp—o- y(tx +h)
and y(t; ) = limy_o+ y(tx — h) represent the right and left limits of y(¢) at t = #,
respectively, k = 1,...,m.

Later, we study second-order impulsive semilinear evolution differential equa-
tions of the form

y'(t)—Ay(t) =By (t) + f(t,y), aete],t+t k=1,...,m, (2.2)
Ayliey = L(y(t)), k=1,...,m, (2.3)

Ay =g = I(y(t)), k=1,...,m, (2.4)

y(0) =yo,  y'(0) =y, (2.5)



Impulsive ordinary differential equations 13

where f, Iy, B, and yj are as in problem (2.1), A is the infinitesimal generator of a
familly of cosine operators {C(t) : t = 0}, I € C(E,E), and y1 € E.

The study of the dynamical buckling of the hinged extensible beam, which is
either stretched or compressed by axial force in a Hilbert space, can be modeled by

the hyperbolic equation
Pu  d'u ’u ou
ﬁ*@‘( ﬁJ ) re(5)=0 @

where a, 8, L > 0, u(t,x) is the deflection of the point x of the beam at the time ¢,
g is a nondecreasing numerical function, and L is the length of the beam.

Equation (E;) has its analogue in R” and can be included in a general mathe-
matical model:

u"+A2u+M(HA1/2u||;)Au +gu') =0, (Ey)

where A is a linear operator in a Hilbert space H, and M and g are real functions.
Equation (E;) was studied by Patcheu [209], and (E;) by Matos and Pereira [197].
These equations are special cases of (2.2), (2.5).

In the following, we introduce first some notations. Let J = [0,t,], J; =

(ti ol Jm = (tns b, Uk = (o tenn Lk = 1L,2,...,m), ] = J\ {t1, 5.5t}
(to = 0, tyy1 = b), PC(J,E) = {y : ] — E : y(t) is continuous everywhere except
for some # at which y(#; ) and y(#), k = 1,...,mexist and y(¢t;) = y(t)}, and
PC'(J,E) = {y : ] — E : y(t) is continuously differentiable everywhere except
for some f; at which y'(t;) and y'(tf), k = 1,...,m, existand y'(t;) = ¥ (t)}.
Evidently, PC(J, E) is a Banach space with norm

Iyllec = sup {|y(t)] : t € J}. (2.6)
It is also clear that PC'(J, E) is a Banach space with norm
yllpct = max {|[yllec, 1y Ipc}- (2.7)
Let us start by defining what we mean by a mild solution of problem (2.1).

Definition 2.1. A function y € PC(J, E) is said to be a mild solution of (2.1) if y is
the solution of the impulsive integral equation

(1) = T(t)yo + L T(t — $)B(y(s))ds + JO T(t— ) (s, y(s))ds
+ > T(t—t)L(y(t)).

O<tr<t

Our first existence result makes use of Schaefer’s theorem [220].
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Theorem 2.2. Let f : ] X E — E be an L'-Carathéodory function. Assume that
(2.2.1) there exist constants cy such that |I(y)| < ¢, k = 1,...,m for each
y €EE;
(2.2.2) there exists a constant M such that || T(t)|pE) < M for each t = 0;
(2.2.3) there exist a continuous nondecreasing function y : [0,00) — (0, )
and p € L'(J,R,) such that

1Ft)| = pdwliyl), foraete]andeachy € E, (2.9)
with
jbm(s)ds < jw _du (2.10)
0 ¢ uty(u)
where
m(s) = max {M||Bllp&), Mp(s)}, C=M[|)’O| +k§:lck]; (2.11)

(2.2.4) for each bounded B < PC(],E) and t € ], the set

t t
{T(t)yo + L T(t - )B(y(s))ds + L T(t - 5)f (s, y(s))ds
(2.12)
¢ 3 Ty e 3]

O<tr<t

is relatively compact in E.
Then the impulsive initial (IVP for short) (2.1) has at least one mild solution.

Proof. Transform the problem (2.1) into a fixed point problem. Consider the op-
erator N : PC(J,E) — PC(J, E) defined by

t t
NG = T(6)yo + JO T(t — $)B(y(s))ds + L T(t )£ (s, y(s))ds
+ > T(t—t)L(y(t)).

O<tr<t

(2.13)

Clearly the fixed points of N are mild solutions to (2.1).
We will show that N is completely continuous. The proof will be given in
several steps.
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Step 1. N is continuous.
Let y, be a sequence in PC(J, E) such that y, — y. We will prove that N(y,) —
N(y). For eacht € J, we have

N(y)(5) = T(t)y0 +j T(t - $)B(yu(s))ds + jo T(t - )£ (5, ya(s))ds
+ > T(t =) Ik (yn ().

O<tr<t

(2.14)

Then
NGO = NOO < [ 1T =9 1B9) ~ B(y(5) |ds

+ L: IT(t= )| | F (s, yu(s)) — f (5 y(s)) | ds

+ 20 1T =) [ [Tk (ya () = I (y () |
0<tr<t (2.15)
< bM|IBlipe)||yn — yllpc

b
M jo | £ (5 7u()) = £ (5,9(5)) | ds

+M > [ Te(ya(te)) = Le(y(8) |-

0<te<t

Since Iy, k = 1,...,m are continuous, B is bounded and f is an L!-Carathéodory
function, we have by the Lebesgue dominated convergence theorem

||N()’n) - N()’)HPC = bMHB”B(E)H)’n - }’”PC

b
M [P - £l () lds 16
+M Y | Te(ya(t)) = Ie(y(8) | — 0,

as n — oo. Thus N is continuous.
Step 2. N maps bounded sets into bounded sets in PC(J, E).

Indeed, it is enough to show that for any g > 0, there exists a positive constant
¢suchthatforeach y € 8, = {y € PC(J,E) : llyllpc < q}, onehas [[N(y)llpc < €.
Let y € B,. By (2.2.1)-(2.2.2) and the fact that f is an L'-Carathéodory function,
we have, for each t € J,

IN(y)(®)| <M|y0|+MJ’ | B(y(s)) |d5+MJ @q(s ds+Mzck

k=l (2.17)

m
< M|yo| +MbqlBllge + M||ggll + M D e := 2.
k=1
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Step 3. N maps bounded sets into equicontinuous sets of PC(J, E).
Let 11,72 € J', 11 < T3, and let B, be a bounded set of PC(J, E) as in Step 2.

Let y € By, then for each t € J we have

IN(Y)(12) =N (1) | < [[T(72) = T(71) ]yl

# [ 175 - T -9 By lds

+ LTZ | T(t2—s)||By(s)|ds

(2.18)

+ Lﬂ |T(1, —s) — T(11 — ) | @q(s)ds

+I : | T (1 = s) | @q(s)ds

T

T Z | T(ma—te) = T(11 — &) |

T1<I<T

The right-hand side tends to zero as 7, — 7; — 0.

This proves the equicontinuity for the case where t # t;,i = 1,...,m+ 1. It
remains to examine the equicontinuity at t = t;. First we prove equicontinuity at
t =t;.Fix §; > O0such that {ty : k # i} N [t; — 01, i+ 1] = D.

For 0 < h < §;, we have that

IN(y)(t:) =N(y)(ti —h) | < [(T(t;) = T(t; = h))yo]|

+J |(T(ti —s) = T(t — h — 5))By(s)ds|

(=]

" jih | T(t — ) By()ds |

T = =9 = T(5 = 9)1gy(o) | ds

The right-hand side tends to zero as h — 0.
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Next we prove equicontinuity at ¢ = ¢;. Fix §; > 0 such that {t; : k # i} N [t; —
02, ti + 0] = @. For 0 < h < §,, we have that

IN()(ti+h) =N ()| < [(T(ti+h) = T(t))yo]

+ J:i [(T(ti+h—s)—T(t—s))By(s)ds|

ti+h
+J | T(t; — h)By(s)ds]|
ti

[T h =9 - T a9 ds

ti+h
T - W) ds

+ 2 T h=n) = Tt - ) 1y ()|

0<tp<t;

+ > | T(ti—h—t)L(y(t))].

ti<ty<ti+h

(2.20)

The right-hand side tends to zero as h — 0.

As a consequence of Steps 1 to 3 and (2.2.4) together with the Arzeld-Ascoli
theorem we can conclude that N : PC(J, E) — PC(J, E) is a completely continuous
operator.

Step 4. Now it remains to show that the set

&(N):={y € PC(J,E): y = AN(y), for some 0 < A < 1} (2.21)

is bounded. Let y € &(N). Then y = AN(y) for some 0 < A < 1. Thus, for each
te ])

y(1) = A[T(t)yo N L T(t - $)By(s)ds + JO T(t— ) f (s, y(s))ds

(2.22)
¢S TR0 |
O<tr<t
This implies by (2.2.1)—(2.2.3) that for each t € ] we have
@] =Mlyo| + L m(s)(1y&)] +y([y)[)ds+M > e (2.23)

k=1
Let us denote the right-hand side of the above inequality as v(¢). Then we have

< , Y ) 0)=M >
ly(®)] < v(t) te] v(0) [|)’0| +I;Ck:| (2.2

vty =m) (| y®)| +y(ly®)])), foraete]
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Using the increasing character of v, we get
V() <m()(v(e) +y(v(t))), foraete] (2.25)

Then for each t € ] we have

v(®) * du
L 714_'_ v = J m(s)ds < L(o) T o) v (2.26)

Consequently, there exists a constant d such that v(¢t) < d, t € J, and hence
lyllpc < d where d depends only on the functions p and y. This shows that &(N)
is bounded.

Set X := PC(J,E). As a consequence of Schaefer’s fixed point theorem
(Theorem 1.6) we deduce that N has a fixed point which is a mild solution of

(2.1). 0
Remark 2.3. We mention that the condition (2.2.1), (i.e., [Ik(y)| =< c), is not
fulfilled in some important cases, such as for the linear impulse, I (y) = ax(y(t;)).
However, the boundedness condition can be weakened by assuming, for example,
that Ix is sublinear, or in some cases by invoking Cauchy function arguments as in
[7, 8]. In many results that appear later in this book, it is sometimes assumed that

the impulses, I, are bounded. In each such case, this remark could be made.

Now we present a uniqueness result for the problem (2.1). Our considerations
are based on the Banach fixed point theorem.

Theorem 2.4. Assume that f is an L'-Carathéodory function and suppose (2.2.2)
holds. In addition assume the following conditions are satisfied.
(2.4.1) There exists a constant d such that

| f(t,y)— f(t,y)| <dly—7l|, foreacht€], Vy,y €E. (2.27)
(2.4.2) There exist constants cy such that
[k(y) = L(¥)| <ckly —7¥l, foreachk=1,...,m, Vy,y € E. (2.28)

If

Mb||Bllp) + Mbd + M Z <1, (2.29)
k=1

then the IVP (2.1) has a unique mild solution.
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Proof. Transform the problem (2.1) into a fixed point problem. Let the operator
N : PC(J,E) — PC(J,E) be defined as in Theorem 2.2. We will show that N is a
contraction. Indeed, consider y,y € PC(J, E). Then we have, for each t € J,

ING)() - NGB = jo M|B(y(s) - B(7(s)) | ds
+ | MIF(526) - Fls706) | ds

+Mi [ Le(y () = L(y(5) |
k=1

t
< MIBlls) jo | y(s) — 7(s) | ds

t m
+Md 59 = 76)|ds+ M Y ael y(s) = 7(55)|
k=1

b
< MIBlls) jo | (s) — 7(s) | ds

b m
+Md [ 1709~ 36) | ds+ M S aelly = Floe
k=1

< Mbl|Bllpw)lly — yllec + Mbdlly — yllec

+M Z celly = yllec
k=1

= <Mb||B||B(E) +Mbd + M Z Ck) Iy = yllpc.
k=1
(2.30)

Then

IN(y) = NO)|lpe < (Mb|B||B<E> +Mbd+Mch>||y—7||pc, (2.31)
k=1

showing that N is a contraction, and hence it has a unique fixed point which is a
mild solution to (2.1). O

Now we study the problem (2.2)—(2.5). We give first the definition of mild
solution of the problem (2.2)—(2.5).
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Definition 2.5. A function y € PC!(J, E) is said to be a mild solution of (2.2)—(2.5)
if y(0) = yo, ¥'(0) = y1, and y is a solution of the impulsive integral equation

(1) = (C(1) = S()B) yo + Sy, + JO C(t = $)B(y(s))ds

+ Jt S(t = ) f (s, y(s))ds (2.32)
+ > [C(t—t)Ik(y(t)) — S(t — t) Tk (y(t))].

O<tr<t

Theorem 2.6. Let f : ] X E — E be an L'-Carathéodory function. Assume (2.2.1)
and the following conditions are satisfied:
(2.6.1) there exist constants dy such that Ik(y)| < d foreach y € E, k =
1,...,m;
(2.6.2) there exists a constant My > 0 such that ||C(t)|lpE) < M, forallt € R;
(2.6.3) there exist a continuous nondecreasing function y : [0,0) — (0, 0) and
p € LY(J,Ry) such that

| f(t,y)| < pOy(lyl), forae t€]andeachy€E (2.33)

with

© dr
L R (2.34)

(2.6.4) for each bounded B < PC'(J,E) and t € ], the set
{(C(t) — S(OB) yo + SOy, + L Ct = $)B(y(s))ds + L S(t— ) f (s, y(s))ds

+ [ (t — ) e (v (8 ))+S(t—l‘k)1k()’(tk)):|:)’EB}

O<tx<t

(2.35)

is relatively compact in E.
Then the IVP (2.2)—(2.5) has at least one mild solution.

Proof. Transform the problem (2.2)—(2.5) into a fixed point problem. Consider
the operator N : PC'(J, E) — PC!(J, E) defined by

N(y)(1) = (C(t) = S(HB) yo + S()y1 + JO C(t = $)B(y(s))ds

+ f S(t— ) (s, y(s))ds (2.36)
+ > [C(t =) I(y(t)) +S(t = t) Tk (y (1)) ]-

O<tr<t
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As in the proof of Theorem 2.2 we can show that N is completely continuous. Now
we prove only that the set

&(N):= {y € PC'(J,E): y = AN(y), forsome 0 < A < 1} (2.37)

is bounded. Let y € €(N). Then for each t € ] we have

t
y(t) = A[(C(t) —S(H)B) yo + S(H)y1 + Jo C(t —s)B(y(s))ds

+ Jot S(t— s)f(s,y(s))ds} (2.38)
+A > [Clt = i) Ik (y () + St = 1) T (y ()]

Also

y' (1) = )L[(AS(t) — C(£)B) yo + C(t)y1 + By(t)

+ JtAS(t —$s)By(s)ds + Jt C(t— s)f(s,y(s))ds} (2.39)
0 0

+4 >0 [AS(t = t)Le(y () + Ct — ) L (y (1)) .

0<tr<t

This implies by (2.2.1) and (2.6.1)—(2.6.3) that for each t € ] we have

ly()] < Mi(1+blIBlipE) [ yo| + oMy |y |

t
+ My [Blse L | y(s) | ds

”‘“’L POy )ds+ My > e +di]
k=1

< M (1+b|Bllsw) | yo| +bMy |y

+j0 () (| )| + (| y(s)]))ds

(2.40)

m

+ M, Z [ck +3k],
k=1

where

m(t) = max {M ||BllpE), bM1p(t)}. (2.41)
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Let us take the right-hand side of (2.40) as w(t), then we have

w(0) = My (1+blIBllge) | yo| +bMi|y1| + My Z (cx +dy),
k=1

ly(t)] <w(t), te], (2.42)

w'(t) = m(t)(w(t) + w(w())), forae.te]
From (2.39) we have
[y ()| < Mi(IlAllgE)b + IBllaE) | yo| + My |y1| + 1 Blig@Eyw(t)

t
+ bM 1A llae) 1Bl s L | y(s) | ds o

m

+ M, L P& (| y())ds + My X [IAllp)ber + di].
k=1

If we take the right-hand side of (2.43) as z(t), we have

w(t) <z(t), te],
ly' ()] <z(t), te],
2(0) = My (IlAllse)b + 1Bllee) [ yo| + M| y1] + I BllpEw(0),
2 (t) = [IBllgeyw' (1) + bMy | Al 1Bllse) | y(8) | + Mip(y (| y(8)|)
< |IBllsyw’ (t) + bM; || Al | Bllseyw(t) + Myp(£)y (w(t)) (2.44)
< [IBllpeym(6) (w(t) + y (w(t)))
+ bMi | All s Bl w(t) + Mip(£)y (w(t))
< my(t)[w(t) +y(w(t))]
<m(H)]z(t) + w(z(D))],

where

my () = max {||Bllp) (m(¢) + bMi | Allge) | Bllgey), | Bllpeym(t) + Myp(t)}.
(2.45)

This implies for each t € J that

z(t)
L " V/(T) < J m(s)ds < . (2.46)
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This inequality implies that there exists a constant b* such that z(¢) < b* for each
t € J, and hence

[y'(t)] < z(t) < b¥,

| y(t)] < w(t) < 2(t) < b*. (2.47)

Consequently || y|l« < b*.
Set X := PC!(J, E). As a consequence of Schaefer’s theorem we deduce that N
has a fixed point which is a mild solution of (2.2)—(2.5). O

In this last part of this section we present a uniqueness result for the solutions
of the problem (2.2)—(2.5) by means of the Banach fixed point principle.

Theorem 2.7. Suppose that hypotheses (2.2.1), (2.4.1), (2.4.2), (2.6.2), and the fol-

lowing are satisfied:
(2.7.1) there exist constants ¢y such that

|Ix(y) = 1x()| <cly—7yl, foreachk=1,...,m, Vy,y € E. (2.48)
If
0= max{91,92} <1, (249)

where

6, :M1b||B||B(E)+b2M1d+M1[Ck+bfk], (2.50)
60, = 1Bl + M1b*||Allpw) | Bllpe) + bMid + M [bllAllpEyck + Sk, ’

then the IVP (2.2)—(2.5) has a unique mild solution.

Proof. Transform the problem (2.2)—(2.5) into a fixed point problem. Consider the

operator N defined in Theorem 2.6. We will show that N is a contraction. Indeed,
consider y,y € PC!(J,E). Thus, for t € J,

NG - NG | = My jo 1B(y(s)) - B(3(s)) | ds
+M1bj0 £ (5 9()) = f(5,7(s)) | ds

e S0 - 1) | 1RO ~ K (5)|
k=1

F SIS 1) | Ty () — T3 0) |
k=1
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b
< My IBllse) jo | 9(s) — F(s)| ds

b
+ ledJO [ y(s) — ¥(s) | ds

+ M, ki [ek +ck]lly = ¥llec
-1
< Mybl|Bllgw)lly — yllec + Mib*dlly — Vllpc
+ M, g [ck +ck]lly — Vllpc.
- (2.51)
Similarly we have
IN(y)'(t) = N@)'(t)| < IBllgwlly - yllec
+ [|All ) b* M || Bll g Il y — Yllec
+ M dblly — yllpc (2.52)
+ki [l AllgE)bMick + Mick].
-1
Then
||N()’) - N(?)Hpcl <0lly —7llpc- (2.53)

Then N is a contraction and hence it has a unique fixed point which is a mild
solution to (2.2)—(2.5). O

2.3. Impulsive ordinary differential inclusions

Again, let ] = [0,b] andlet 0 =ty < t; < - -+ <ty < by = b. In this section,
we will be concerned with the existence of solutions of the first-order initial value
problem for the impulsive differential inclusion:

Yy () €F(ty®), te€],t+t k=1,...,m,
y(t) =L(y(t)), k=1,...,m, (2.54)
y(0) = yo,

where F : ] X R — £ (R) is a compact convex-valued multivalued map defined
from a single-valued function, yo € R, and Iy € C(R,R) (k = 1,2,...,m), and
y(t;) and y(;) represent the left and right limits of y(t) at t = #, respectively. In
addition, let PC(J, E) be as defined in Section 2.2, with E = R and let AC(J, R) be
the space of all absolutely continuous functions y : ] — R.
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Definition 2.8. By a solution to (2.54), we mean a function y € PC(J, E) N AC((,
tei1),R), 0 < k < m, that satisfies the differential inclusion

y'(t) € E(t, y(t)), ae.on]\{tc}, k=1,...,m, (2.55)

and for each k = 1,...,m, the function y satisfies the equations y(¢{) = Ic(y(t;))
and y(0) = yo.

For local purposes, we repeat here the definition of a Carathéodory function.
Definition 2.9. A function f : ] x R — R is said to be Carathéodory if
(i) t— f(t, y) is measurable for each y € R;

(ii) y — f(t, y) is continuous for almost all t € J.

Definition 2.10. A function f : ] x R — R is said to be of type M if for each
measurable function y : ] — R, the function t — f (¢, y(t)) is measurable.

Notice that a Carathéodory map is of type M.
Let f : ] X R — R be a given function. Define

i(t,y) = £19} inf f(t,u), 7(t,y) = £i£1}5up f(t,u). (2.56)

Also, notice that for all t € J, f is lower semicontinuous (Ls.c.) (i.e., forall t € J,
{y € R: f(t,y) > a} is open for each « € R), and T is upper semicontinuous

(us.c.) (ie,forallt € J,{y e R: ?(t,y) < a} is open for each & € R).
Let f : ] X R — R. We define the multivalued map F : ] x R — £ (R) by

F(l‘,)’) = [i(t,J’)j(t’)’)] (2-57)

We say that F is of “type M” if f and f are of type M.
The following result is crucial in the proofs of our main results.

Theorem 2.11 (see [148, Proposition (VI.1), page 40]). Assume that F is of type M
and for each k > 0, there exists ¢y € L*(J,R) such that

[|F(t, || = sup {Ivl : v € F(t, y)} < ¢x(t), forlyl <k (2.58)
Then the operator ¥ : C(J,R) — £ (L*(J,R)) defined by
Fy:=1{h:] — R measurable: h(t) € F(t, y(t)) a.e. t € J} (2.59)
is well defined, w.s.c., bounded on bounded sets in C(J,R) and has convex values.

We are now in a position to state and prove our first existence result for the
impulsive IVP (2.54). The proof involves a Martelli fixed point theorem.
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Theorem 2.12. Assume that F : ] X R — Ppv(R) is of type M. Suppose that the
following hypotheses hold:
(2.12.1) there exist {ri}L, and {s;} /2, with sy < yo < 1o and

Syl < I[?ir;]lli+1(y) < I[na?](li+1(y) < T (2.60)
(2.12.2)
f(tr) <0, i(t,si) >0, fort€ [thti],i=1,...,m (2.61)

(2.12.3) there exists y : [0,00) — (0, o) continuous such that y € Li, ([0, ©))
and

[|F(t, || =sup {Ivl:v € F(t,y)} <w(lyl), Vte] (2.62)
Then the impulsive IVP (2.54) has at least one solution.

Proof. This proof will be given in several steps.
Step 1. We restrict our attention to the problem on [0, #1], that is, the initial value
problem

y'(t) € F(t, y(1)), te (0,t),

y(0) = yo. (263

Define the modified function f; : [0,#;] X R — R relative to ry and sy by

f(tro) ify>ro,
filt,y) =1 f(t,y) ifso<y=<r, (2.64)
ft,so) ify<so,

and the correponding multivalued map

[f(tr), f(tro)] if y > 1o,

Fi(t,y) = [i(t,y),f(t,y)] ifsp <y <, (2.65)

[f(t;s0), f(t,s0)] if y < so.

Consider the modified problem

)’/EFl(t)}/)) t e [O:tl)a

2(0) = . (2.66)

We transform the problem into a fixed point problem. For this, consider the
operators L : H'([0,£;],R) — L?([0,#,],R) (where H'([0,t],R) is the standard
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Sobolev space) defined by Ly = y’, j : H'([0,],R) — C([0,#],R), the com-
pletely continuous imbedding, and

F:c(o,t,],R) — L (L*([0,t:],R)) (2.67)
defined by

Fy={v:[0,t;] — R measurable : v(t) € F, (¢, y(t)) fora.e. t € [0,1;]}.
(2.68)

Clearly, L is linear, continuous, and invertible. It follows from the open map-
ping theorem that L~! is a bounded linear operator.  is by Theorem 2.11 well-
defined, bounded on bounded subsets of C([0, t],R), u.s.c. and has convex values.
Thus, the problem (2.66) is equivalent to y € L™'F jy := G y. Consequently, G
is compact, u.s.c., and has convex closed values. Therefore G is a condensing map.

Now we show that the set

M; :={y e C([0,4],R) : Ay € G,y for some A > 1} (2.69)

is bounded.
Let Ay € Gyy for some A > 1. Then y € A7'G; y, where

Gy := {g e C([0,1],R) : g(t) = yo + J;) h(s)ds:h e ?’y}. (2.70)

Let y € )L’lGly. Then there exists h € ¥ y such that, for each t € ],

t
y(1) = A lyp + A7 J h(s)ds. (2.71)
0
Thus
[y(t)] < |yo| +1Ihllz foreacht e [0,t]. (2.72)

Now since h(t) € F,(t, y(t)), it follows from the definition of F, (¢, y) and assump-
tion (2.12.3) that there exists a positive constant hg such that ||hl|;2 < hy. In fact

hozmax{|ro|, [so], sup |1//(y)|}. (2.73)
So<y=ro
We then have
Iyl < yo| +ho < +oo. (2.74)

Hence the theorem of Martelli, Theorem 1.7 applies and so G; has at least one
fixed point which is a solution on [0, #;] to problem (2.66).
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We will show that the solution y of (2.63) satisfies
so < y(t) <ry, Vte[0,t]. (2.75)
Let y be a solution to (2.66). We prove that
so < y(t), Vtel[0,h]. (2.76)

Suppose not. Then there exist 01,0, € [0,1], 01 < 03 such that y(g;) = 59 and

so > y(t), Vte (o1,0). (2.77)
This implies that
hty@®) = f(t50), 7Vl‘ € (a1,02), (.78)
Y () € [f(t:50), f(t:50)].
Then
y'(t) = f(t,s), Vte (01,0). (2.79)
This implies that
y(0) = y(t) + Lt F(s50)ds, Vi€ (01,0). (2.80)
Since f(£,50) = 0 for t € [0, 1], we get
0> y(t) = y(01) = Jt F(s50)ds =0, Vi€ (01,00), (2.81)

which is a contradiction. Thus sy < y(t) for t € [0,1;].

Similarly, we can show that y(t) < ry for t € [0,#]. This shows that the
problem (2.66) has a solution y on the interval [0, t;], which we denote by y;.
Then y; is a solution of (2.63).

Step 2. Consider now the problem

)’IEFz(f))’)a te (tlrtZ)r

y(t7) =L(n(x)), (2.82)

where

[i(t,rl),f(t,rl)] ify >r,
Fty) =11/, fLy)]  ifsi<y<n, (2.83)
f

[f(t,s1), f(,51)] ify <sp.
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Analogously, we can show that the set
M, :={y € C([t1,],R) : Ay € G,y for some A > 1} (2.84)

is bounded. Here the operator G, is defined by G, := L~'F j where L' : L*([t1, 2],
R) — HY([t1, 1], R), j : H'([t1,12],R) — C([t1, f2],R) the completely continuous
imbedding, and F : C([t;, ], R) — P(L*([t1,£2],R)) is defined by

Fy={v:[t1,t] — R measurable: v(t) € F,(t, y(t)) fora.e. t € [t;,52]}.
(2.85)

We again apply the theorem of Martelli to show that G, has a fixed point,
which we denote by y,, and so is a solution of problem (2.82) on the interval
(t1, t2].

We now show that

S1 < yz(t) <r, Vte [tl,tz]. (286)

Since y1(t;) € [s0, 0], then (2.12.1) implies that

si<hL(y(ty)) <n, le si<y(t]) =<n. (2.87)
Since T(t, r1) < 0and i(t,sl) > 0, we can show that
S =< yz(t) <T1, fort e [tl,tz], (288)

and hence y, is a solution to

y' €FE(t,y), te (t,h),

y(tF) = Li(n (). (2.89)

Step 3. We continue this process and we construct solutions yx on [tx_1, tx], with
k=3,....m+1,to

y €F(ty), te (1),

_ (2.90)
y(tE)) = Ien (k=1 (8y))»
with sg_1 < yi(t) < re—y for t € [tx_1,t]. Then
y(),  telot],
yZ(t)’ te (tl)tZ])
y(t) = , (2.91)

ym+l(t)) te (trm T]a

is a solution to (2.54). ]



30 Impulsive ordinary differential equations & inclusions

Using the same reasoning as that used in the proof of Theorem 2.12, we can
obtain the following result.

Theorem 2.13. Suppose that F : ] X R — P v (R) is of type M. Suppose the follow-
ing hypotheses hold.
(2.13.1) There are functions {r;}1%, and {s;}1%, with ri,s; € C([t;,ti+1]) and
si(t) < ri(t) fort € [ti,tis1], 1= 0,...,m. Also, sy < yo < 1o and

si () < min
i (ti1) sean T )

< max ILi(y) (2.92)

T Istta)t))

<rm(thy), i=0,...,m—1

(2.13.2)

" f(tsi(t)dt = si(wy) = si(zi),
» Zi (2.93)
. ft,r@®)dt <ri(w) —ri(z), i=0,...,m

with
zZi < Wi, Zi,Wi € [ti, ti+1]. (294)
Then the impulsive IVP (2.54) has at least one solution.

Consider now the following initial value problem for first-order impulsive
differential inclusions of the type

Y (t) € F(t,y(t)), aete], t#t, k=1,...,m,
Ay|t=tk =Ik(}’(t1;))) k=1,...,m, (295)
)’(0) = yO)

where F : ] X R” — £ (R") is a multivalued map with nonempty compact values,
yo € R", P (R") is the family of all subsets of R”, I € C(R",R") (k = 1,2,...,m),
Ayli—y = y(tF) — y(8), y(t7) and y(#]) represent the left and right limits of y(¢)
at t = i, respectively. Our existence results in this scenario will involve the Leray-
Schauder alternative as well as Schaefer’s theorem.

Definition 2.14. A function y € PC(J,R") N AC((#, tk+1), R"), 0 < k < m, is said
to be a solution of (2.95) if y satisfies the differential inclusion y'(t) € F(t, y(t))
a.e.onj — {t,...,t,} and the conditions Ay|,—, = Ik(y(t;)), and y(0) = yo.

The first result of this section concerns the a priori estimates on possible so-
lutions of the problem (2.95).
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Theorem 2.15. Suppose that the following is satisfied:

31

(2.15.1) there exist a continuous nondecreasing function y : [0,00) — (0, %)

and p € L'(J,Ry) such that

[|IF(t, M| < p(Ow(lyl), forae t € Jandeachy € R,

with
e ®  du
s ds<J — k=1,...,m+1,
tk—1 P( ) Ni-1 1//(14)
where
No = |yl N1 = sup | iz (p) | + Mi—2,

YE[=Mjy—2,Mi-3]

k-1
My = l",;ll ( J,t P(S)ds) >

k

fork=1,...,m+1,and

Z  du
r :J _—, >N, 1 1,..., 1f.
1(2) ) z=Niy, le m+ 1}

Then for each k = 1,...,m+ 1 there exists a constant My_, such that
sup {|y(t)| :t € [ti, tx 1]} < My—1,

for each solution y of the problem (2.95).

Proof. Let y be a possible solution to (2.95). Then y|jo,,) is a solution to

y'(t) € F(t,y(t)), forae. te|[0,t], y(0) = yo.
Since |y|” < |y'|, we have
Ly < py(ly1)]), foraete[0,t].
Let t* € [0, £1] such that
sup {|y(®)] :t € [0,n]} = [y(t")].
Then

ly@®|

v([yO]) < p(t), forae. te[0,t].

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

(2.102)

(2.103)

(2.104)
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From this inequality, it follows that

C el ("
L 1//(|y(s)|)ds_ . p(s)ds.

Using the change of variable formula, we get

Y gy
o) w(u)

Li([y(t)]) = J < J p(s)ds < lp(s)ds.
0 0

In view of (2.15.1), we obtain

ly(t%)] < F?(ﬂ p(s)ds).

Hence

t
ly(t*)| = sup{|y(®)]| : t € [0,0]} srfl( 0 p(s)ds) -
Now y|,., is a solution to

y'(t) € F(t,y(1)), forae. t€ [f,t],
Ayli—y, = Il()’(tl))-

Note that

() < sup  [Loa(y)] +Mo = Ny,
YE[-Mo,Mp]

Then
ly < py(ly®)]), foraete [t,t].
Let t* € [#, ] such that
sup {[y(t)] it € [t ]} = | y(t")].
Then

ly(0)]
v(ly®])

From this inequality, it follows that

< p(1).

PO
L 1//(|y(s)|)ds_ . p(s)ds.

M.

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)
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Proceeding as above, we obtain

[y(t%)]
z(\y(t*)|)=JNy w(u) J p(s)ds<J p(s)ds. (2.115)
This yields
ly(t%)| = sup | y(0)] : t € [0, 2]} < T3 (J p(s)ds) M. (2116)

We continue this process and taking into account that y|(,, 7 is a solution to the
problem

y'(t) € E(t,y(1)), forae.t € [ty T],

(2.117)
Ay|t:tm =1, (y(tm))
We obtain that there exists a constant M,, such that

T
sup{|y(t)| :t € [tm, T]} < rmh(‘[ p(s)ds) = M,,. (2.118)

tm

Consequently, for each possible solution y to (2.95), we have

Iyllpc < max {|yo|, Mi_y :k=1,...,m+1} :=b. (2.119D)

Theorem 2.16. Suppose (2.15.1) and the following hypotheses are satisfied:
(2.16.1) F:J xR" — P(R") is a nonempty compact-valued multivalued map
such that
(a) (t,y) = F(t,y)is L ® B measurable,
(b) y — E(t,y) is lower semicontinuous for a.e. t € J;
(2.16.2) foreachr >0, there exists a function h, € L'(J,R") such that

lECt )|
:=sup{lvl:v € F(t,y)} <h.(t), forae te]andforycR" with|yl<r.
(2.120)

Then the impulsive IVP (2.95) has at least one solution.

Proof. Hypotheses (2.16.1) and (2.16.2) imply by Lemma 1.29 that F is of lower
semicontinuous type. Then from Theorem 1.5 there exists a continuous function
f:PC(J,R") — L'(J,R") such that f(y) € F(y) for all y € PC(J,R").

Consider the following problem:

(') = fyt), tel,t+ti,k=1,..,m

Aylicy = L(y(t)), k=1,...,m, (2.121)
y(0) =
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Remark 2.17. If y € PC(J,R") is a solution of the problem (2.121), then y is a
solution to the problem (2.95).

Transform the problem (2.121) into a fixed point problem. Consider the op-
erator N : PC(J,R") — PC(J,R") defined by

N =yt | fOOds+ S RO, @122)
O<tr<t

We will show that N is a compact operator.
Step 1. N is continuous.
Let {y,} be a sequence such that y, — y in PC(J,IR"). Then

INOWD) = NGO = [[1F0n(s) = £ s
+ 20 el (t)) = Ly () |

O<tx<t

b
< [ 17w = rr) s
+ > | L(ya(te)) = K(y(t)) |

O<tr<t

(2.123)

Since the functions f and I, k = 1,...,m are continuous, then

IN(yn) = NO)lpe < [1f () = FODIp + i | Ic(yn(8) — Ly () | — 0,
o (2.124)

asn — oo,
Step 2. N maps bounded sets into bounded sets in PC(J, R").

It is enough to show that there exists a positive constant € such that for each
y € By = {y € PC,R") : llyllec < q} we have [IN(y)llpc < €.

Indeed, since Iy (k = 1,...,m) are continuous and from (2.16.2), we have

NGO = I+ [ 1) lds+ S 1))

O<tp<t

< yol +llrgll + 2 [T (y(5)) | :=¢.
k=1

(2.125)

Step 3. N maps bounded sets into equicontinuous sets of PC(J, R").
Letry,r, €)', and let B; = {y € PC(J,R") : [lyllpc < q} be a bounded set of
PC(J,R"). Then

IN(y)(rz)—N(y)(n)lSLth(s)dH > k(y(E)) | (2.126)

0<ty<ry—r,
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As r, — 11, the right-hand side of the above inequality tends to zero. This proves
the equicontinuity for the case where t # t;,i = 1,..., m. It remains to examine the
equicontinuity at t = t;. The proof is similar to that given in Theorem 2.2. Then
N(B,) is equicontinuous.

Set

U=1{yePC(,R": llylsc<b+1}, (2.127)

where b is the constant of Theorem 2.15. As a consequence of Steps 1 to 3, to-
gether with the Arzeld-Ascoli theorem, we can conclude that N : U — PC(J,R") is
compact.

From the choice of U thereisno y € oU such that y = ANy forany A € (0, 1).
As a consequence of the nonlinear alternative of the Leray-Schauder type [157] we
deduce that N has a fixed point y € U which is a solution of the problem (2.121)
and hence a solution to the problem (2.95). O

We present now a result for the problem (2.95) in the spirit of Schaefer’s the-
orem.

Theorem 2.18. Suppose that hypotheses (2.2.1), (2.16.1), (2.16.2), and the following
are satisfied:
(2.18.1) there exist a continuous nondecreasing function v : [0,00) — (0, o)
and p € L'(J,R,) such that

I[F(t, Il < p(Ow(lyl) (2.128)

fora.e.t € ] and each y € R" with

b ® du -
L p(s)ds < L W’ c= |yl +k§1ck. (2.129)

Then the impulsive IVP (2.95) has at least one solution.
Proof. In Theorem 2.16, for the problem (2.121), we proved that the operator N

is completely continuous. In order to apply Schaefer’s theorem it remains to show
that the set

E&(N):={y e PC(],R") : Ay = N(y), for some A > 1} (2.130)

is bounded. Let y € §(N). Then Ay = N(y) for some A > 1. Thus

J(t) = A lyp + A7 L FO)ds A S LK) (2.131)

O<tr<t
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This implies that for each t € ] we have

O] = [0l + | pOv(y©Dds+ Y L0 (5)]
© (2.132)

< [yl + [ pOw(y©Dds+ Y a
0 k=1

Let v(t) represent the right-hand side of the above inequality. Then
v(0) = |yl + D a V() =p®y(ly®)]), foraete]  (2.133)
k=1

Since y is nondecreasing, we have

V() = pHy(v(t)), foraetel (2.134)
It follows that
LV(s) d
Io v (v(s)) ds < JO p(s)ds. (2.135)
We then have
v(®) du t b 0 du
4[1/(0) l//(u) < J;) P(S)ds < J;) P(S)ds < JV(O) W(u) (2136)

This inequality implies that there exists a constant d depending only on the func-
tions p and y such that

|y(t)| <d, foreachte]. (2.137)
Hence
lyllpc:=sup{|y(t)]| :0<t<T} <d. (2.138)

This shows that &(N) is bounded. As a consequence of Schaefer’s theorem (see
[220]) we deduce that N has a fixed point y which is a solution to problem (2.121).
Then, from Remark 2.17, y is a solution to the problem (2.95). [l

Remark 2.19. We can easily show that the above reasoning with appropriate hy-
potheses can be applied to obtain existence results for the following second-order
impulsive differential inclusion:
y'(t) € F(t,y(t)), aete],t+h, k=1,...,m,
Ayliey = L(y(t)), k=1,...,m,
AY ey = Ty (), k=1,....m,
y(0) =y,  y'(0) =y,

(2.139)
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where F, Iy (k = 1,...,m), y, are as in the problem (2.95) and I € C(R",R")
(k=1,...,m), y1 € R" The details are left to the reader.

In the next discussion, we extend the above results to the semilinear case. That
is, in a fashion similar to the development of the theory for semilinear equations,
we deal first with the existence of mild solutions for the impulsive semilinear evo-
lution inclusion:

y'(t)—Ay(t) € F(t,y(t)), te], t+t, k=1,...,m,
y(6) =L(y(t), k=1,...,m, (2.140)
y(0) = a,

where F : J XE — P (E) is a closed, bounded and convex-valued multivalued map,
a € E, A is the infinitesimal generator of a strongly continuous semigroup T'(t),
t >0,y € C(E,E) (k = 1,2,...,m), and y(t; ) and y(#{) represent the left and
right limits of y(t) at t = t, respectively.

Again, let us start by defining what we mean by a solution of problem (2.140).

Definition 2.20. A function y € PC(J,E) n AC((tk, tks1),E), 0 < k < m, is said
to be a mild solution of (2.140) if there exists a function v € L'(J, E) such that
v(t) € F(t, y(t)) a.e. on Ji, and

t
T(t)a+ j T(t - $)v(s)ds, ift € o,
0

y(t) = (2.141)

T(t—ti) I (y(t;)) + J; T(t —s)v(s)ds, ift € Ji.

For the multivalued map F and for each y € C(Ji, E) we define S}D,y by
Sk, = {v € L'(J E) : v(t) € F(t, (1)), fora.e. t € Ji}. (2.142)

We are now in a position to state and prove our existence result for the IVP (2.140).

Theorem 2.21. Assume that (2.2.2) holds. In addition suppose the following hypothe-
ses hold.
(221.1) F:JXE — Ppepev(E) isan L'-Carathéodory multivalued map.
(2.21.2) There exist a continuous nondecreasing function y : [0, 00) — (0, o)
with [y (du/y(u)) = c and p € L'(J,Ry) such that

[E(t, )] == sup {Iv] : v € F(t, )} < p&)y (Iy]) (2.143)

fora.e.t € ] and forall y € E.
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(2.21.3) For each bounded set B = C(Jx, E) and for each t € Ji, the set

{T(t —t) I (y(8)) + Ltk T(t—=s)v(s)ds:v e S},B} (2.144)

is relatively compact in E, where S5 = U{S};)y ty €Byandk =
0,...,m.
Then problem (2.140) has at least one mild solution y € PC(], E).

Remark 2.22. (i) If dimE < oo, then for each y € C(Ji, E), S};)y + @ (see Lasota
and Opial [186]).
(ii) If dimE = o and y € C(Ji, E), the set S};’y is nonempty if and only if the
function Y : ] — R defined by
Y(#) :=inf {|v| : v € F(t, »)} (2.145)
belongs to L!(J,R) (see Hu and Papageorgiou [170]).

Proof of Theorem 2.21. The proof is given in several steps.
Step 1. Consider the problem (2.140) on Jp := [0, 1],

y —Ay e F(t,y), ae.t€],

0) = a (2.146)

We transform this problem into a fixed point problem. A solution to (2.146) is a
fixed point of the operator G : C(Jo, E) — P (C(Jo, E)) defined by

t
Gly) = {h € CUo,E) : h(t) = T(t)a+J T(t - s)v(s)ds : v € s;,y}. (2.147)
0
We will show that G satisfies the assumptions of Theorem 1.7.

Claim 1. G(y) isEonvex for each y € C(Jo, E).
Indeed, if /1, h belong to G(y), then there exist v € S}l:"y andv € S}E,}, such that

t
h(t) = T(t)a+j T(t— )v(s)ds, t€ Jo,
y (2.148)
W) = T(H)a +J T(t— 7(s)ds, t€ Jo.
0
Let 0 < I < 1. Then for each t € ] we have

[Ih+ (1 - DR](t) = T(H)a + f T(t — s)[Iv(s) + (1 — )o(s) ] ds. (2.149)
0

Since Sk, is convex (because F has convex values), then
F,y

Ih+(1-Dhe G(y). (2.150)
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Claim 2. G sends bounded sets into bounded sets in C(Jy, E).
Let B, := {y € Co(Jo, E) : Iyl := sup{|y(t)| : t € Jo} < r} beabounded set
in Cy(Jo, E) and y € B,. Then for each h € G(y) there exists v € S};,y such that

t
h(t) = T(t)a+J T(t— )v(s)ds, t€ Jo. (2.151)
0
Thus for each t € ], we get

[h(t)| SM'“HML |v(s)|ds (2.152)

< Mlal + M|¢,|| .-

Claim 3. G sends bounded sets in C(Jy, E) into equicontinuous sets.
Let ug,uy € Jo, uy < ta, B, := {y € C(Jo,E) : lyllw < r} be a bounded set in
Co(Jo,E) as in Claim 2 and y € B,. For each h € G(y) we have

|h(u2) = h(w) | < [T(u2)a—T(u)al
+ J'OM2 [T(up —s) — T(uy —s)|v(s)ds

+ Luz T(uy — s)v(s)ds
< |T(uz)a— T(u1)a|
+ J:Z [T(uy —s) — T(uy —s)]v(s)ds

(2.153)

uy
+MJ [v(s)|ds.
uy
As a consequence of Claims 2, 3, and (2.21.3), together with the Arzela-Ascoli
theorem, we can conclude that G : C(Jy, E) — £ (C(Jo, E)) is a compact multival-
ued map, and therefore, a condensing map.
Claim 4. G has a closed graph.

Let y, — v, hy € G(yn), and h,, — hy. We will prove that hy. € G(y4).
hy € G(y,) means that there exists v, € Sg,, such that

h(t) = T(t)a+ JOZ T(t - va(s)ds, £ € Jo. (2.154)
We must prove that there exists vy € S,l:,),* such that

ha(t) = T(Da+ Jot T(t - Svals)ds, t€Jo. (2.155)
Consider the linear continuous operator I : L' (Jo, E) — C(Jo, E) defined by

(Tv)(f) = Lt T(t - s)v(s)ds. (2.156)
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We have
[(hy — T(t)a) = (hs — T(t)a)||, — 0, asn — co. (2.157)

From Lemma 1.28, it follows that I o S}, is a closed graph operator.
Also from the definition of I’ we have that

ha(t) = T(t)a € T (S, ). (2.158)

Since y, — y, it follows from Lemma 1.28 that
t
ha(t) = T(t)a+J T(t = s)va(s)ds, ¢ € Jo, (2.159)
0

for some vy € S}:)y*.
Claim 5. Now we show that the set

M :={y € C(Jo,E) : Ay € G(y) for some A > 1} (2.160)

is bounded.
Let y € M. Then 1y € G(y) for some A > 1. Thus there exists v € S, such
that

t
y(t) = A I T(Ha+ 217! J T(t—s)v(s)ds, te€]p. (2.161)
0
Thus for each t € J, we have

|ﬂmSMw+MLW®Ms

! (2.162)
< Mlal M | po)w(|y()])ds.
As a consequence of Lemma 1.30, we obtain
¥lleo < [|20]| s> (2.163)
where z; is the unique solution on Jj of the integral equation
t
z(t) — Mla| = MJ p(s)y(z(s))ds. (2.164)
0

This shows that M is bounded. Hence Theorem 1.7 applies and G has a fixed point
which is a mild solution to problem (2.146). Denote this solution by yy.
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Step 2. Consider now the following problem on J; := [}, t,]:

y —Aye€F(t,y), aete],

y(t) = L(y()). (2.165)

A solution to (2.165) is a fixed point of the operator G : PC(J1, E) — £ (C(J1,E))
defined by

Gy) = {h € PC (1L E) : h(t) = T(t - )1 (y(£))
(2.166)

t
+ J T(t—s)v(s)ds:v € S},y}.
t

As in Step 1, we can easily show that G has convex values, is condensing and upper
semicontinuous. It suffices to show that the set

M :={y € PC(J1,E) : Ay € G(y) for some A > 1} (2.167)

is bounded.
Let y € M. Then Ay € G(y) for some A > 1. Thus there exists v € S, such
that

t
y(&) = ATt -t)L(y(t)) +)rlj T(t —s)v(s)ds, te]. (2.168)
ty
Thus for each t € J; we have

(0] = Msup [1ote) | 4 [ [v1s)|ds

t (2.169)
< Msup [1(3o(0) | + M | p(1y9)])ds
t<)y 1
As a consequence of Lemma 1.30, we obtain
Iyl < ||21]| s> (2.170)
where z; is the unique solution on J; of the integral equation
t
2() = Msup |1 (yo(0) | = ML Py (2(s))ds. (2.171)
t€)y 1

This shows that M is bounded. Hence Theorem 1.7 applies and G has a fixed point
which is a mild solution to problem (2.165). Denote this solution by y.
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Step 3. Continue this process and construct solutions yx € PC(Jx, E), k = 2,...,m,
to

y'(t) — Ay(t) € F(t, (1)), ae.t€

_ (2.172)
y(8) = L(y(t)).
Then
'yo(t) ift e [0, tl],
y1(£) ift e (t,t],
y() =1 (2.173)
Ym-1(t) ift € (tu_1,tm],
[ Ym(2) ift € (tm,b]
is a mild solution of (2.140). O

We investigate now the existence of mild solutions for the impulsive semilin-
ear evolution inclusion of the form

Y () — A y(t) e F(ty(), te], t# b k=1,...,m,
y(6) =L(y(t), k=1,...,m, (2.174)
y(0) = a,

where F : ] X E — P(E) is a closed, bounded and convex-valued multivalued
map, a € E, A(t), t € J a linear closed operator from a dense subspace D(A(t))
of E into E, E a real “ordered” Banach space with the norm | - |, Iy € C(E,E)
(k=1,2,...,m),and y(#; ) and y(]) represent the left and right limits of y(¢) at
t = t, respectively.

The notions of lower-mild and upper-mild solutions for differential equations
in ordered Banach spaces can be found in the book of Heikkild and Lakshmikan-
tham [163].

In our results we do not assume any type of monotonicity condition on I,
k = 1,...,m, which is usually the situation in the literature; see, for instance, [176,
190].

So again, we explain what we mean by a mild solution of problem (2.174).

Definition 2.23. A function y € PC(J, E) is said to be a mild solution of (2.174)
(see [210]) if there exists a function v € L!(J, E) such that v(t) € F(t, y(f)) a.e. on
Jk, and

T(t,0)a + Jt T(t,s)v(s)ds, t € Jo,
(1) = ’ (2.175)

(6 6) I (67)) + Lk T s)v(s)ds, t€ i
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For the development, we need the notions of lower-mild and upper-mild so-
lutions for the problem (2.174).

Definition 2.24. A function y € PC(J, E) is said to be a lower-mild solution of
(2.174) if there exists a function v; € L!(J, E) such that v(¢) € F(t, y(¢)) a.e. on
Jk» and a

T(t,0)a + f T(t, 5w (s)ds, te o,
y(1) < ’ t (2.176)
Tt ) (y(5)) + L T(t,s)vi(s)ds, t € Ji.

Similarly a function y € PC(J, E) is said to be an upper-mild solution of (2.174)
if there exists a function v, € L'(J, E) such that v,(t) € F(t,7(t)) a.e. on J;, and

T(t,0)a+ Jt T(t,s)v,(s)ds, t € Jo,
OE ’ (2.177)

T(tt)L(¥(t)) + th T(t,s)v2(s)ds, t € Ji.

For the multivalued map F and for each y € C(J, E) we define S;:,), by
Sk, = {v € L'k E) : v(t) € F(t, y(1)), fora.e. t € Ji}. (2.178)

We are now in a position to state and prove our first existence result for prob-
lem (2.174).

Theorem 2.25. Assume that F : ] X E — Py cpov(E) and (2.21.1) holds. In addition
suppose the following hypotheses hold.
(2.25.1) A(t), t €], is continuous such that

Aty = lim W y e D(A®), (2.179)
where T(t,s) € B(E) for each (t,s) € y := {(t,5);0 <s <t < b},
satisfying

(i) T(t,t) = I (I is the identity operator in E),
(i) T(t,s)T(s,r) =T(t,r)for0<r<s<t<b,
(iii) the mapping (t,s) — T(t,s)y is strongly continuous in y for each
y €E,
(iv) |T(t,s)| = M for (t,s) € .

(2.25.2) There exist y, y, respectively, lower-mild and upper-mild solutions for
(2.174) such that y < 7.

(2.25.3) y(t) = mingyeoy00 k(y) < maxpye)yeo ke(y) < y(E), k =
1,...,m.
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(2.25.4) T(t,s) is order-preserving for all (t,s) € y.
(2.25.5) For each bounded set B = C(Jx, E) and for each t € Ji, the set

{ Ltk T(t,s)v(s)ds: v € S%,B} (2.180)

is relatively compact in E, where Sp.5 = U{S}:,y ty €Byandk =
0,...,m.
Then problem (2.174) has at least one mild solution y € PC(J, E) with

y(t) = y(t) <y(t), Vte] (2.181)

Remark 2.26. If T(t,s), (t,s) € y, is completely continuous, then (2.25.5) is auto-
matically satisfied.

Proof. The proof is given in several steps.
Step 1. Consider the problem (2.174) on Jo := [0, 1],

Y () — A y(t) € F(t, y(1)), ae.t <)o,

4(0) = a. (2.182)

We transform this problem into a fixed point problem. Let 7 : C(Jo, E) — C(Jo, E)
be the truncation operator defined by

y(6) ify < y(1),
(Ty)() = ¥(t) ify(t) <y < y(1), (2.183)
y(t) ify(t) < y.

Consider the modified problem

Y (£) = Ay € F(t,()(1),  aeteo, (2.184)
y(0) = a.

Set
Co(Jo,E) := {y € C(Jo, E) : y(0) = a}. (2183

A solution to (2.184) is a fixed point of the operator G : Cy(Jo, E) — P (Co(Jo, E))
defined by

G(y):= {h € Co(Jo,E) : h(t) = T(t,0)a + J: T(t,s)v(s)ds:v € ﬂ,w},
(2.186)
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where

E};,Ty ={ve S,];,Ty 1v(t) = vi(t) a.e.on Ay, v(t) < v2(t) a.e. on Ay},
Skry = {v € L'(Jo, E) : v(t) € F(t,(1y)(1)) forae. t € Jo},
Ay ={te]:y@) <yt) < y(1)}, Ay=1{te J:y) < ¥(t) < y(H)}.
(2.187)

Remark 2.27. For each y € C(J, E), the set §}E,T}, is nonempty. Indeed, by (2.21.1),
there exists v € S};)y. Set

W =vixa, + Vaxa, + vXa,» (2.188)
where
As={te]: y(t) < y(t) < y(6)}. (2.189)
Then by decomposability w € g},r),.

We will show that G satisfies the assumptions of Theorem 1.7.
Claim 1. G(y) is convex for each y € Cy(Jo, E).

This is obvious since g};)w is convex (because F has convex values).
Claim 2. G sends bounded sets into relatively compact sets in Cy(Jo, E).

This is a consequence of the boundedness of T(t,s), (£,s) € y, and the L!-Car-
athédory character of F. As a consequence of Claim 2, together with the Arzela-
Ascoli theorem, we can conclude that G : Cy(Jo, E) — P(Cy(Jo, E)) is a compact
multivalued map, and therefore a condensing map.

Claim 3. G has a closed graph.
Let vy — ¥x, by € G(y,), and hy, — hy. We will prove that s € G(yx).
h, € G(y,) means that there exists v, € SNF,m such that

h(t) = T(t,0)a + Jot T(t,5)va()ds, € . (2.190)
We must prove that there exists vy € g};)ry* such that
ha(t) = T(t,0)a + JOI T(t,5)v.()ds, £ € Jo. (2.191)
Consider the linear continuous operator I : L' (Jo, E) — C(Jo, E) defined by
(Tv)(t) = Lt T(t,s)v(s)ds. (2.192)

We have

[|(hy — T(t,0)a) — (hs — T(t,0)a)||., — 0, asn — co. (2.193)
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From Lemma 1.28, it follows that I o §11c is a closed graph operator.
Also from the definition of I' we have that

ha(t) = T(t,00a € T(S},,,). (2.194)

Since y, — y«, it follows from Lemma 1.28 that
t
hae() = T(t, O)a+J T(t,5)ve (s)ds, ¢ € Jo, (2.195)
0

for some v, € 511;,1),*.
Claim 4. Now we show that the set

M:={y € Co(Jo,E) : Ay € G(y) for some A > 1} (2.196)
is bounded.

Let y € M. Then Ay € G(y) for some A > 1. Thus there exists v € g};’w such
that

y(t) =A1T(t,0)a+ 17! Lt T(t,s)v(s)ds, t € Jo. (2.197)
Thus
y(0)] sM|a|+MJO Iv(s)|ds, ¢ € Jo. (2.198)

From the definition of 7 there exists ¢ € L'(J,R*) such that

[|[F(t, (zy)(1)]| = sup {Iv| : v € F(t,(ry)(t))} < ¢(t), foreachy e C(J,E).
(2.199)

Thus we obtain
Iyl < Mlal + Mllgllz. (2.200)
This shows that M is bounded. Hence Theorem 1.7 applies and G has a fixed
point which is a mild solution to problem (2.174).
Claim 5. We will show that the solution y of (2.182) satisfies
y(6) < y(t) <y(t), Vi€ (2.201)

Let y be a solution to (2.182). We prove that

y(#) < y(t), Vte]. (2.202)
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Suppose not. Then there exist e;, e; € Jy, e; < e; such that Z(el) = y(e1) and
(@) > y(t), Vte (e1,e2). (2.203)

In view of the definition of 7, one has
t
y(t) € T(t,e1)y(er) +J T(t,s)E (s, y(s))ds, a.e.on (er,e2). (2.204)

Thus there exists v(t) € F(t, Z(t)) a.e.on (e, er), with v(t) = v1(t) a.e. on (e, e3),
such that

y(t) =T(te1)y(er) + Lt T(t,s)v(s)ds, t€ (er,er). (2.205)

Since y is a lower-mild solution to (2.174), then

y(t) = T(ter)y(er) < J: T(t,s)vi(s)ds, t€ (er,e2). (2.206)
Since y(e;) = Z(el) and v(t) = v, (1), it follows that
y(t) < y(t), Vte (e1,e2), (2.207)
which is a contradiction since y(t) < Z(t) for all t € (e, e;). Consequently
(&) = y(t), Vieo. (2.208)
Analogously, we can prove that
y(t) <y(t), Vte. (2.209)

This shows that the problem (2.182) has a mild solution in the interval [y, ¥].
Since 7(y) = y forall y € [y, 7], then y is a mild solution to (2.174). Denote this
solution by yy. B
Step 2. Consider now the following problem on J; := [}, t,]:

Y (t) — A y(t) € F(t, y(1)), ae.te€],

y(#) = Li(p(t))s (2.210)
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and the modified problem
y'(t) € F(¢, (zy)(¢)), 7a.e.t€]1, (2211)
y(t) = Li(yo(t))).
Since yo(t7) € [y(t1), y(t1)], then (2.25.3) implies that
y() = Li(yo(t)) = ¥(t); (2.212)
that is,
y(t) = y(t)) = y(t). (2.213)

Using the same reasoning as that used for problem (2.182), we can conclude the
existence of at least one mild solution y to (2.211).
We now show that this solution satisfies

y(t) < y(t) <y(t), Vte]. (2.214)

We first show that
y(t) < y(t), on]. (2.215)
Assume this is false. Then since y(t7) > y(#]), there exist es,es € J; with

e3 < ey such that y(es) = 2(63) and y(t) < Z(t) on (e, e4).
Consequently,

y(t) — T(es,t)y(es) = L T(t,s)v(s)ds, t € (es,es), (2.216)

where v(t) € F(t, Z(t)) a.e. on J; with v(t) > v(t) a.e. on (e3, e4).
Since y is a lower-mild solution to (2.174), then

t
y(t) - T(€3,t)2(63) < J vi(s)ds, t € (es,eq). (2.217)

es

It follows that
y(t) < y(t), on (es,eq), (2.218)

which is a contradiction. Similarly we can show that y(t) < ¥(¢) on J;. Hence y is
a solution of (2.174) on J;. Denote this by y.
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Step 3. Continue this process and construct solutions yx € C(Jx,E), k = 2,...,m,
to

Y (t) — A y(t) € F(t, (ty)(t)), ae t € Jk,

y(t) = L(y(t)), (2.219)

with Z(t) < yk(t) < y(t), t € Jx := [t tis1]. Then

(yo(t),  telon],

(1), t e (ti,ta],

y(t) =1: (2.220)
ymfl(t)) te (tmfl)tm]’

ym(t),  t e (twb],

is a mild solution of (2.174). O

Using the same reasoning as that used in the proof of Theorem 2.25, we can
obtain the following result.

Theorem 2.28. Assume that F : ] X E — Pppev(E), and in addition to (2.21.1),
(2.25.1), and (2.25.5), suppose that the following hypotheses hold.
(2.28.1) There exist functions {rk}ﬁj(’)” and {sk}ﬁjg’ with 1y, sk € C(i, E),
50(0) < a < 19(0), and s (t) < ri(t) fort € Jy, k = 0,...,m, and

5k+1(t1:r+1) = min = I(y) < max I (y)
[Sk(zk+1))rk(tk+])] [Sk(tk+1)!rk(tk+1)] (2 221)

<ren(ti,), k=0,...,m—1

(2.28.2) There exist vi g, vax € L'k, E), with vix(t) € E(t,sk(t)), vax(t) €
FE(t,7(t)) a.e. on Ji such that for eachk = 0,...,m,

t
J T(t,s)vik(s)ds = si(t) — s (zk),
. “ (2.222)
J T(t,s)vak(s)ds = re(t) — re(zx), witht,zx € Ji.

Then the problem (2.174) has at least one mild solution.

2.4. Ordinary damped differential inclusions

Again, we let ] = [0,b],and 0 =ty < t; < - - - <ty < tyy1 = b are fixed points of
impulse. In this section, we will be concerned with the existence of mild solutions
for first- and second-order impulsive semilinear damped differential inclusions in
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a real Banach space. First, we consider first-order impulsive semilinear differential
inclusions of the form
y'(t) —Ay(t) e By+F(t,y(t)), aete], t#t, k=1,...,m,
Ayliey = L(y(t)), k=1,...,m, (2.223)
)’(0) = )’0,
where F : ] X E — P (E) is a multivalued map (5 (E) is the family of all nonempty
subsets of E), A is the infinitesimal generator of a semigroup T(¢), t = 0, B is
a bounded linear operator from E into E, yy € E, Iy € C(E,E) (k = 1,...,m),
Ayliey, = y(t)) — y(te), y(t) = limy o+ y(tx + h) and y(t; ) = limy,.+ y(tx — h),
and E is a real separable Banach space with norm | - |.
Later, we study second-order impulsive semilinear evolution inclusions of the
form
y'(t)— Ay € By (1) + F(t,y(t)), aete€], t+t, k=1,....,m,
Ayliey = L(y(t)), k=1,...,m,
Ay’|t:tk = Tk(y(ti)), k=1,...,m,
)’(0) =)o )”(0) =)

(2.224)

where F, I, B, and y, are as in problem (2.223), A is the infinitesimal generator of
a family of cosine operators {C(t) : t > 0}, I € C(E,E), and y; € E.

We study the existence of solutions for problem (2.223) when the right-hand
side has convex values. We assume that F : ] X E — P(E) is a compact and convex
valued multivalued map.

Let PC(J, E) be as given in Section 2.2, and let us start by defining what we
mean by a mild solution of problem (2.223).

Definition 2.29. A function y € PC(J, E) is said to be a mild solution of (2.223) if
there exists a function v € L!(J, E) such that v(¢) € F(t, y(t)) a.e. on ] and
t t
(1) = T(Hyo +J T(t - s)B(y(s))ds+J T(t  5)v(s)ds
0 0
+ > T(t—t) L(y(t)).

0<tr<t

(2.225)

Theorem 2.30. Assume that hypotheses (2.2.1), (2.21.1) hold. In addition we suppose
that the following conditions are satisfied.
(2.30.1) A:D(A) C E — E is the infinitesimal generator of a strongly continu-
ous semigroup T(t), t = 0, which is compact for t > 0, and there exists
a constant M such that || T(t)||g)y < M for each t = 0.
(2.30.2) There exist a continuous nondecreasing function y : [0, 00) — (0, o)
and p € L'(J,Ry) such that

[|E(t, »)|| < p(Hw(lyl), forae t €] andeachy € E, (2.226)
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with
J " n(s)ds < J R (2.227)
0 c utyu) ’
where
m(t) = max {M||Bllp@), Mp(t)}, c= M[|yo| +> ck}. (2.228)
k=1

Then the IVP (2.223) has at least one mild solution.

Proof. Transform the problem (2.223) into a fixed point problem. Consider the
multivalued operator N : PC(J, E) — P (PC(J, E)) defined by

N(y) = {h € PC(J,E) : h(t) = T(t)yo + L T(t —s)B(y(s))ds
t (2.229)
[ - agdss STl 0RO, g €S -

O<tr<t

We will show that N satisfies the assumptions of Theorem 1.9. The proof will
be given in several steps. Let

K:={y € PC(J,E) : llyllpc < a(t), t €]}, (2.230)

where

a(t) =I! ( J(: m(s)ds),

. du
I(z) = J et

(2.231)

It is clear that K is a closed bounded convex set. Let k* = sup{|lyllpc : y € K}.
Step 1. N(K) C K.

Indeed, let y € K and fix t € J. We must show that N(y) € K. There exists
g € Sp(y) such that, for each t € J,

¢ t
h(t) = T(£)yo + L T(t - $)B(y(s))ds + L T(t = s)g(s)ds
+ > Tt = t)Ik(y(t)).

O<tr<t

(2.232)



52 Impulsive ordinary differential equations & inclusions

Thus
[BO] < MIyol +M 3 et | m&(y6)] + (] y(5))ds
k=1
<Myl + ngl e + L m(s)(a(s) +y(a(s)))ds (2233)
= M|y +M§: ck+Jta'(s)ds
k=1 0
= a(t)
since
a(s) du s
L m = JO m(‘[)d‘[‘. (2.234)

Thus, N(y) € K.So,N: K — K.
Step 2. N(K) is relatively compact.

Since K is bounded and N(K) C K, it is clear that N(K) is bounded. N(K) is
equicontinuous. Indeed, let 7;, 7, € J', 71 < 13, and € > 0 with 0 < € < 77 < 75. Let
y € Kand h € N(y). Then there exists g € Sg(,) such that for each t € ] we have

|h(z2) = h(71) | = [T(72) y0 — T(11) o |
[T =9 = T = gy | By

T1—€
[T =9 = T = 9l | By(o) s

T

# [ 1T = 9l | By ds

Ti—€ (2.235)
+L IT(z2 —s) = T(t1 = 5)||p( 1 g(s) | ds

TR =) = T =l 1266 ds

T

+ JTZ 1T (22 = $)|pe) | () | ds + Mex (72 — 71)

I

b 3 allTm - 1) = T(0 - ) e

0<tx<T]

The right-hand side tends to zero as 7, — 7, — 0, and for € sufficiently small, since
T(t) is a strongly continuous operator and the compactness of T(¢), for t > 0,
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implies the continuity in the uniform operator topology. This proves the equicon-
tinuity for the case where ¢ # t;,i = 1,...,m. It remains to examine the equiconti-
nuity at t = t;. The proof is similar to that given in Theorem 2.2. As a consequence
of the Arzeld-Ascoli theorem it suffices to show that the multivalued N maps K
into a precompact set in E. Let 0 < t < b be fixed and let € be a real number
satisfying 0 < € < t. For y € K, we define

t—€

he(t) = T(t)yo + T(€) , T(t—s—€)(By(s))ds

t—€

T(€) T(t—s—e€)g(s)ds (2.236)
0

+T(€) > T(t-ti—e)k(y(t)),

0<tx<t—e€

where g € Sp(y). Since T(t) is a compact operator, the set He(t) = {he(t) : he €
N(y)} is precompact in E for every €, 0 < € < t. Moreover, for every h € N(y), we
have

[he(®) = ho)] < 1Bllsk” | I1T( = 9)llue ds
+ LE T (t = $)||pcgy [ als) | ds (2.237)

+ > allT(t = t)lpe

t—e<tr<t

Therefore there are precompact sets arbitrarily close to the set {h(t) : h € N(y)}.
Hence the set {h(t) : h € N(y)} is precompact in E.
Step 3. N has a closed graph.

Let y, — Y&, hy € N(yn), and h, — hy. We will prove that hy, € N(yx).

h, € N(y,) means that there exists g, € Sg(y,) such that, for each t € J,

ho() = T(E)yo + jt T(t = $)Byn(s)ds + Jot T(t = $)gn(s)ds

(2.238)
+ > T(t=t) L (ya(te)).
O<tr<t
We must prove that there exists gy € Sg,,, such that, for each t € J,
t t
ha () = T()y0 +j T(t - s)By*(s)ds+J T(t - $)gs (s)ds
° ’ (2.239)

+ > T(t—t) (s ().

O<ti<t
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Clearly since It, k = 1,...,m, and B are continuous, we have that

H (h,, =Ty — Z T(t—ti) I (yu(ty)) J T(t - s)Byn(s)ds)

O<tr<t
- <h*—T(t)yo— ST - )y () (2240)
0<te<t

— 0 asn — oo,

_ J "T(t— 5By, (s)ds)
0

oY)

Consider the linear continuous operator

r:LY(J,E) — C(J,E),

! (2.241)
g—TI(@W) = L T(t — s)g(s)ds.

From Lemma 1.28, it follows that I e S is a closed graph operator. Moreover,
we have that

() - Ty — S Tt - ) L(ya(ty)) jT(t—s)Byn(smser(sFyn)

O<tr<t

(2.242)

Since y, — y«, it follows from Lemma 1.28 that

he(t) = Ty — S T(t - t)L(ye (£)) jT(t—swy*(s)ds
O<tr<t (2.243)

- f T(t = $)gu (s)ds
0

for some gx € Sk(y,).
As a consequence of Theorem 1.9, we deduce that N has a fixed point which
is a mild solution of (2.223). O

We present now a result for the problem (2.223) by using Covitz and Nadler’s

fixed point theorem.

Theorem 2.31. Suppose that the following hypotheses hold.
(2.31.1) F:] X E — Py (E); (t,-) — F(t, y) is measurable for each y € E.
(2.31.2) There exists constants . such that

[ (y) = Lk(¥)| <cily=7yl, foreachk=1,...,m, Vy,y €E. (2.244)
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(2.31.3) There exists a function | € L'(J,R") such that

Hy(F(t,y),F(t,7) <l(t)ly —y|, foraete], Vy,y€E,
(2.245)
d(0,F(t,0)) <I(t), foraete]

If

2 m
SHM D o<, (2.246)
T k=1

where T € RY, then the IVP (2.223) has at least one mild solution.

Remark 2.32. For each y € PC(J, E), the set Sg(,) is nonempty since by (2.31.1) F
has a measurable selection (see [119, Theorem IIL.6]).

Proof of Theorem 2.31. Transform the problem (2.223) into a fixed point prob-
lem. Let the multivalued operator N : PC(J,E) — £ (PC(J,E)) be defined as in
Theorem 2.30. We will show that N satisfies the assumptions of Theorem 1.11.
The proof will be given in two steps.
Step 1. N(y) € Py(PC(J,E)) for each y € PC(J, E).

Indeed, let (yn)n=0 € N(y) such that y, — ¥ in PC(J, E). Then y € PC(J, E)
and there exists g, € Sg(,) such that, for each t € J,

t t
ya(t) = T(t)yo +J T(t—s)By(s)ds + Jo T(t — s)gu(s)ds
+ > T(t—t)k(y(t)).

0<te<t

(2.247)

Using the fact that F has compact values and from (2.31.3), we may pass to a
subsequence if necessary to get that g, converges to g in L'(J, E) and hence g €
Se(y)- Then, for each t € J,

alt) — F(b) = T(£)yo + jo T(t = $)By(s)ds
t (2.248)
+ | T- g+ 3T - Iy ().

0<tr<t

Soy € N(y).
Step 2. There exists y < 1 such that

Hi(N(y),N(¥)) < ylly — ¥llpc, foreach y,3 € PC(J, E). (2.249)
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Let y,¥ € PC(J,E) and h € N(y). Then there exists g(t) € F(t, y(t)) such that,
foreacht €],

h() = T(8)yo + JO T(t - $)By(s)ds + L T(t = 5)g(s)ds

b YT R, 220
0Steet
From (2.31.3) it follows that
Ha(F(t, y(1), F(t,7(1))) < (t) | y(t) = F(1)|. (2.251)
Hence there is w € F(t, 3(t)) such that
lgt) —w| <1t y() =F(1)], te]. (2.252)
Consider U : ] — P(E) given by
U)={wekE: |gt)—w| <1t)|yt) - F(t)|}. (2.253)

Since the multivalued operator V(t) = U(t) N F(t,¥(t)) is measurable (see [119,
Proposition I11.4]), there exists a function g(t), which is a measurable selection for
V.So,g(t) € F(t,y(t)) and

lg(t) —g(t)| <1(t)|y(t) —y(t)|, foreachte]. (2.254)

Let us define, for each t € J,

t t
Rt = T(6)yo + L T(t - $)By(s)ds + L T(t = $)g(s)ds

(2.255)
+ > Tt-t) k(%))
O<tx<t
We define on PC(J, E) an equivalent norm to || - [lpc by
Iylli =sup{e ™ |y(t)|}, VyePC(,E), (2.256)
te]

where L(t) = [y M(s)ds, T € R, and M(t) = max{M| B px), MI(t)}.
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Then
_ t e t e
\h() = ()| < L V() y(s) = F(s) | ds + L M) | y(s) = F(s) | ds
+M Y | y(s) = y(s)|
k=1

t
< ZJ M\(s)e’TL(S)eTL“) | y(s) — 3(s) | ds
0

(2.257)
+MZC' TS | y(s5) — F(s) |
<zj (€LY dslly = Flh+ M S ey 71,
k=1
2 (t) < ’ — TL(t)
< Zlly = ylhe +M > clly = pllie™®.
k=1
Then
_ 2 m
Ih =Rl < (T MY c,:)ny—m (2.258)
k=1

By an analogous relation, obtained by interchanging the roles of y and , it follows
that

Hy(N(y),N(y)) < <%+MZC,;>||y—y||1. (2.259)

k=1

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y, which is
a mild solution to (2.223). O

Now we study the problem (2.224) when the right-hand side has convex val-
ues. We give first the definition of mild solution of the problem (2.224).

Definition 2.33. A function y € PC'(J, E) is said to be a mild solution of (2.224)
if there exists v € L'(J,R") such that v(¢) € F(t, y(£)) a.e. on ], y(0) = y, ' (0) =
¥1, and

(1) = (C(1) - S(E)B) yo + S(D)y, + JO C(t - 5)By(s)ds + L S(t — $)v(s)ds

+ Z (t — ty) Iy )/( ))+S(t_tk)jk(y(tlz))]-

O<tr<t

(2.260)
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Theorem 2.34. Assume (2.2.1), (2.21.1), and the following conditions are satisfied:

(2.34.1) there exist constants dy such that ITk(y)I < di foreachy € E, k =
1,...,m;

(2.34.2) A:D(A) C E — E is the infinitesimal generator of a strongly continu-
ous cosine family {C(t) : t € J} which is compact for t > 0, and there
exists a constant My > 0 such that ||C(t)||pE) < M forallt € R;

(2.34.3) there exist a continuous nondecreasing function y : [0,00) — (0, )
and p € LY(J,R;) such that

[|E(t, »)|| < p(Ow(lyl), forae t€]andeachy € E (2.261)
with
b ® dr
Jo m(s)ds < L e (2.262)
where
¢ = M; (1 + b”B”B(E)) |yo| + bM] |y1 | + M, kgl [Ck + bdk], (2263)

m(t) = max (M, ||Bll, bM; p(t)).

Then the IVP (2.224) has at least one mild solution.

Proof. Transform the problem (2.224) into a fixed point problem. Consider the
multivalued operator N : PC!(J, E) — £ (PC'(J, E)) defined by

N(y) = {h € PC(J,E) : h(t) = (C(t) — S(DB) yo + Sy
N Jt C(t — 5)By(s)ds + f S(t — $)v(s)ds
0 0

+ > [C(t—t) Ik (y(t))

0<tr<t

+8(t—t) Ik (y (1)), v e SF(y)}-
(2.264)

As in Theorem 2.30, we will show that N satisfies the assumptions of Theorem 1.9.
Let

={y e PC(J,E) : lyllpc < b(t), t €T}, (2.265)
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where

b(t) =1 ( Jot r?l(s)ds), 1(z) = LZ ; +d1;‘(u). (2.266)

It is clear that K is a closed bounded convex set.
Step 1. N(K;) C K.

Indeed, let y € K; and fix t € J. We must show that N(y) C K. Leth € N(y).
Thus there exists v € Sg(y) such that, for each t € J,

h(t) = (C(1) — S(B) yo + S(E)y1 + L C(t - $)By(s)ds + L S(t — $)v(s)ds

+ > [C(t = t) I (y(t)) +S(t — ) Ik (y(5:)) 1.

0<tg<t

(2.267)

This implies that for each t € ] we have

t
|h(t)| < My (14 BlIBllse) | yo| +bM |y | + M, L | By(s) | ds

m

+ JO Mibp(s)y (| y(s) [)ds+ My S [ex + bdy]
k=1

t
< My (1+blBlis) | yo| +bMi | y1| + MiIBllsce) jo | y(s) | ds

m

+M1bL P& () )ds+ M S (e + bdy]
k=1

< Mi(1+blIBllge) | yo| +bMi|y:| + Jo m(s)(b(s) +y(b(s)))ds

m

+M; > [ex + bdk]
k=1

t
= M1(1 +b||B||B(E)) |y0| +bM1 |)/1| +M1 Z [Ck +bdk] +J0 b,(S)dS
k=1

=b(t)
(2.268)

since

O gy s
L ke JO (r)dr. (2.260)

Thus, N(y) € K;.So, N : K; — K.
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As in Theorem 2.30, we can show that N(Kj) is relatively compact and hence
by Theorem 1.9 the operator N has at least one fixed point which is a mild solution

to problem (2.224). O

Theorem 2.35. Suppose that hypotheses (2.31.1)—(2.31.3) and (2.34.2) hold. In ad-
dition, suppose there exist constants d; such that

| Ik(y) - Ik | <dily—yl, foreachk=1,...,m, (2.270)

and for all y,y € E. If
2 m
I1Blls) + ~ + M > e +bdy] < 1, (2.271)
k=1

then the IVP (2.224) has at least one mild solution.

Proof. Transform the problem (2.224) into a fixed point problem. Consider the
multivalued map N : PC!(J, E) — £ (PC'(J, E)) where N is defined as in Theorem
2.34. As in the proof of Theorem 2.31, we can show that N has closed values. Here
we repeat the proof that N is a contraction; that is, there exists y < 1 such that

Hy(N(y),N(3)) < yly = Fllpct, foreach y,7 € PC'(J, E). (2.272)

Let y,7 € PC'(J,E) and h € N(y). Then there exists g(t) € F(t, y(t)) such that,
foreacht €],

h(t) = (C() = S()B) yo + S(E)y1 + JO C(t = 5)By(s)ds + L S(t — $)g(s)ds

+ > [C(t = t) Ik (y(8)) +S(t = t) Ik (y(5) 1.

e (2.273)
From (2.31.3) it follows that
Hy(F(t,y(1), F(t, (1)) < I(H) | y(t) = 7(1) . (2.274)
Hence there is w € F(t,7(t)) such that
lg() —w| <1t)|y(t) =F(1)|, te] (2.275)

Consider U : ] — P(E), given by

Ut)={weE:|gt)—w| <1t)| y(t) - F(1)]}. (2.276)
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Since the multivalued operator V(t) = U(t) n F(¢,y(t)) is measurable (see [119,
Proposition I11.4]), there exists a function g(t), which is a measurable selection for
V.So,g(t) € F(t,y(t)) and

lgt) —g@®)| <I(t)| y(t) = ¥(t)|, foreachte]. (2.277)

Let us define, for each t € J,

h(t) = (C(t) = S(B) yo + Sy + JO C(t = $)By(s)ds + JO S(t — $)g(s)ds

+ Z (t — tr) Iy )/( ))+S(t_tk)jk(y(tlz))]'

0<tr<t

(2.278)
We define on PC!(J, E) an equivalent norm by

Iyl = supe ™ @ | y(1)|, Vy e PC'(J,E), (2.279)
te]

where L(t) = [; M(s)ds, 7 € R*, and M(t) = max{bM, || Bl s || Bl scg)> M bl(t)}.
Then we have

_ t t
\h(t) - h(t)| < L My | By(s) — By(s) |ds+ JO Mib]g(s) — g(s) | ds

+ M, i [I(y(t) = L(F () |

k=1

sMb S [Ty () T (5)) |
k=1

< jo MilIBlls | y(s) — 7(s) | ds + j Mibl(s) | y(s) — 7(s) | ds

m

+ M, ZC;”y(tk) tk | +M1b2dk|y tk (tk)|
k=1 k=1

t N N
< ZJ M(s)e™tWe=mH0 | y(s) — 3(s) | ds
0

m
+M16TL Z Ck+bdk ||)/ y||2
k=1

2 dwn. - 10N (e 1+ bd Iy -7
< —elly = Flo+ Mie™ 3 [+ bdi]lly = 7l
k=1
(2.280)
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Similarly we have

m

7 i 2 7 ’ —
[K () -h (@) < (IIBIIB(E) - +M; > [, + bdk]> Iy — ¥l (2.281)
k=1

By an analogous relation, obtained by interchanging the roles of y and , it follows
that

m

Hy(N(»),N() = <||B|B(E) + % M D [+ bd;]) ly = yla  (2282)
k=1

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y, which is
a mild solution to (2.224). O

2.5. Notes and remarks

Chapter 2 is devoted to the existence of solutions of ordinary differential inclu-
sions and mild solutions for first- and second-order impulsive semilinear evolu-
tion equations and inclusions. In recent years a mixture of classical fixed points
theorems, semigroup theory, evolution families, and cosine families has been em-
ployed to study these problems. Section 2.2 is based on the work of Benchohra
et al. [87]. Section 2.3 uses the method of upper- and lower-solutions combined
with a fixed point theorem for condensing maps to investigate some of these prob-
lems; see Benchohra and Ntouyas [47, 67, 80, 86]. The techniques in this sec-
tion have been adapted from [140] where the nonimpulsive case was discussed.
In Section 2.4, some results of Section 2.2 are extended to first- and second-order
semilinear damped differential inclusions, and are based on the results that were
obtained by Benchohra et al. [69]. The second part of Section 2.4 relies on a Covitz
and Nadler fixed point theorem for contraction multivalued operators.



Impulsive functional differential

3.1. Introduction

While the previous chapter was devoted to ordinary differential equations and in-
clusions involving impulses, our attention in this chapter is turned to functional
differential equations and inclusions each undergoing impulse effects. These equa-
tions and inclusions have played an important role in areas involving hereditary
phenomena for which a delay argument arises in the modelling equation or in-
clusion. There are also a number of applications in which the delayed argument
occurs in the derivative of the state variable, which are sometimes modelled by
neutral differential equations or neutral differential inclusions.

This chapter presents a theory for the existence of solutions of impulsive func-
tional differential equations and inclusions, including scenarios of neutral equa-
tions, as well as semilinear models. The methods used throughout the chapter
range over applications of the Leray-Schauder nonlinear alternative, Schaefer’s
fixed point theorem, a Martelli fixed point theorem for multivalued condensing
maps, and a Covitz-Nadler fixed point theorem for multivalued maps.

3.2. Impulsive functional differential equations

In this section, we will establish existence theory for first- and second-order im-
pulsive functional differential equations. The section will be divided into parts. In
the first part, by a nonlinear alternative of Leray-Schauder type, we will present an
existence result for the first-order initial value problem

y(@)=f(ty), aete]:=[0T,t+t k=1,...,m, (3.1)
A}’|t:tk = Ik(y(t]:)), k= 1,...,m, (32)
y(t) = ¢(t), tel[-r0] (3.3)

where f : ] X D — Eis a given function, D = {y : [-r,0] — E | y is continuous
everywhere except for a finite number of points s at which y(s) and the right limit
y(st) existand y(s™) = w(8)}, ¢ € D, (0 <7 < 0),0 =1 <t < -+ <ty <
tm1 =T, Iy € C(E,E) (k =1,2,...,m), and E a real separable Banach space with
norm | - |. Also, throughout, J' =]\ {t1,...,tn}.
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For any continuous function y defined on the interval [—7, T] \ {t1,...,tm}
and any t € ], we denote by y; the element of D defined by

y(0) = y(t+0), 0el[-r0] (3.4)

Here y,(-) represents the history of the state from time t — r up to the present time
t. For y € D, the norm of y is defined by

lyllp =sup{|w(®)]|, 8 € [-r,0]}. (3.5)

Later, we study the existence of solutions of second-order impulsive differen-
tial equations of the form

y'(@t)=f(ty), te]:=[0TLt+t k=1,...,m, (3.6)
Ayleey, = I(y(t)), k=1,....,m, (3.7)

Ay le—y, =Tk(y(t;)), k=1,...,m, (3.8)

y(t) =¢(t), te[-r0],  y(0)=n, (3.9)

where f, I, and ¢ are as in problem (3.1)—(3.3), Iy € C(E,E) (k = 1,2,...,m),
and n € E.

In order to define the solutions of the above problems, we will consider the
spaces PC([—r,T],E) = {y : [-r,T] — E : y(t) is continuous everywhere except
for some t# at which y(#;) and y(#), k = 1,...,m, exist and y(t; ) = y(#x)} and
PC'([0, T],E) = {y : [0, T] — E : y(t) is continuously differentiable everywhere
except for some f at which y'(#;) and y' (), k = 1,...,m, exist and y'(t;) =

¥y (t)}
Let

Z =PC([-r,T],E) nPC' ([0, T, E). (3.10)

Obviously, for any t € [0, T] and y € Z, we have y; € D, and PC([-r, T],E) and
Z are Banach spaces with the norms

Iyl =sup{[y(®)] : t € [-r, T]},

, (3.11)
lyllz = Nyl + 1yl

where
ly' |l =sup{|y'(t)] : t € [0, T]}. (3.12)

Let us start by defining what we mean by a solution of problem (3.1)—(3.3).
In the following, we set for convenience

Q =PC([-r,T),E). (3.13)
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Definition 3.1. A function y € Q N AC((tk, tk+1),E), k = 1,...,m, is said to be a
solution of (3.1)—(3.3) if y satisfies the equation y'(¢) = f(t, y;) a.e. on ]’ and the
conditions Ay|i—y, = I(y(t ), k= 1,...,m, y(t) = ¢(t),t € [-1,0].

The first result of this section concerns a priori estimates on possible solutions
of problem (3.1)—(3.3).

Theorem 3.2. Suppose the following are satisfied.
(3.2.1) f:] XD — Eisan L' Carathéodory function.
(3.2.2) There exists a continuous nondecreasing function y : [0, ) — (0, )
and p € L'(J,Ry) such that

| f(t,w)| < p()y(llullp) forae t€]andeachu e D (3.14)

with

i o
p(s)ds < JNH %, k=1,....,m+1, (3.15)

tr-1

where Ny = ||$llp, and fork = 2,...,m+ 1,

Nyi=  sup | I (p) | + M2,
yE[-Mi_2,M 2]
ooy (3.16)
M, = F,:_11< t p(s)ds)
k-2
with
z
n@y:f Au o New e (L. m 1), (3.17)
Niy W(u)
Then if y € Q is a solution of (3.1)—(3.3),
sup {|y(O)| it € (-1 tk]} < Mgy, k=1,...,m+1. (3.18)
Consequently, for each possible solution y to (3.1)—(3.3),
Iyl < max {ll¢llp, Mk—1:k=1,...,m+1} := b*. (3.19)

Proof. Suppose there exists a solution y to (3.1)—(3.3). Then yl_, ) is a solution
to

Y (t) = f(t,y), forae te (0,t),

y(t) = ¢(t), te[-r0]. (3.20)
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Then, for each t € [0, 1],

t
y(t) = ¢(0) = 4[0 f(S,}/s)d& (3.21)

By (3.2.2), we get

t
ly®)] < ligllp +JOP(S)1//(||ys||@)ds, te[0,4]. (3.22)
We consider the function y defined by
pu(t) =sup{|y(s)|:-r<s<t}, 0<t<t. (3.23)

Let t* € [—r,t] be such that u(t) = [y(t*)]. If t* € [0,,], then by the previous
inequality we have, for t € [0, 1],

u(t) = I1gllo + jo PV (u(s))ds. (3.24)

If t* € [-r,0], then u(t) = ||¢llp and the previous inequality holds.
Let us take the right-hand side of the above inequality as v(t). Then we have

c=v(0) = lIgllp, wult) <v(t), te[0,t],

/ (3.25)
V() = p(y (u(®), te0n].
Using the nondecreasing character of y, we get
vi(t) < py(v(D), telot] (3.26)
This implies, for each t € [0, #,], that
v(t) du t
< ds. 3.27
L(m Y = Jo Plds (3-27)

In view of (3.2.2), we obtain

[v(t*)] <T;! ( Lt p(s)ds) == M. (3.28)
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Since for every t € [0,t1], | y¢llp < p(t), we have

sup | y(t)| < M. (3.29)

te[0,t]

Now y|[,.,] 1s a solution to

y' ()= f(t,y:), forae.te (f,t),

(3.30)
y(t1) = Li(y(t)) + y(t).
Note that
ly(&)| = sup  [L(r)]+ sup |y(t)]
re[—Moy,+My] te[0,t]
(3.31)
< sup |Il(?')| + My := Nj.
?’E[—M(),+M0]
Then, for each t € [t;, 1],
t
y(t)—y(tf) = L (s, y5)ds. (3.32)
By (3.2.2), we get
t
ly(H)] <Ny + L 2w llyllp)ds  te[tnnl. (3.33)
We consider the function y; defined by
pi(t) =sup{|y(s)| :hh<s<t}), H<t=<h. (3.34)

Let t* € [t;,t,] be such that y(t) = [y(t*)|. By the previous inequality, we have,
fort e [tl, l’z],

W) < Ny + L )y (1 (5)) ds. (3.35)

Let us take the right-hand side of the above inequality as v, (¢). Then we have

c=v(0) =Ny, w(t) <wn(t), telh,hl]

3.36
vi(t) = p(Oy (i (1)), telt,h] (3.36)

Using the nondecreasing character of y, we get

vi() < p(y(ni(t), te[t,t] (3.37)
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This implies, for each t € [#, t,], that

vt gy t
< ds. 3.38
JVI(O) I//(M) = t p(S) s ( )

In view of (3.2.2), we obtain

[vi(t*)] <T7! ( J: p(s)ds) = M. (3.39)

Since for every t € [t1, t2], [l ytllo < pi(t), we have

sup | y(t)] <M. (3.40)

telt,ta]

We continue this process taking into account that y|, ] is a solution to the
problem

Y (@)= f(t,y), foraete (tn,T),

(3.41)
)’(t:n) = Im(y(tm)) + )’(tm)-
We obtain that there exists a constant M,,, such that
T
sup | y(D)] < T4 ( J p(s)ds> = M. (3.42)
te(ty,T) tm

But y was an arbitrary solution. Consequently, for each possible solution y to
(1)=(3), we have

lyll < max{ll¢llp, Mik—y :k=1,...,m+ 1} := b*. (3.43)
O

Now we are in position to state and prove our main result.

Theorem 3.3. Let (3.2.1), (3.2.2), and the following hold.
(3.3.1) For each bounded B < Q and t € ], the set

{(p(o) + Jotf(s,ys)ds+ > Ly(ty)):ye B} (3.44)

O<tp<t

is relatively compact in E.
Then the IVP (3.1)—(3.3) has at least one solution.
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Proof. Transform the problem into a fixed point problem. Consider the map N :
Q — Q defined by
¢(t)> te [—T,O],
N(y)(t) = ! B
»®) ¢(0)+Lf(s,ys)ds+ > L(y(t)), telo,T].

O<tr<t

(3.45)

Clearly the fixed points of N are solutions to (3.1)—(3.3).

In order to apply the nonlinear alternative of Leray-Schauder type, we first
show that N is completely continuous. The proof will be given in several steps.
Step 1. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant € such that,
foreach y € By = {y € Q: |lyll <q},onehas [N(y)| <¢.

Let y € By, then, for each t € [0, T'], we have

N(G)(@) = ¢(0)+Lf(s,yg)ds+ S L(y(5)). (3.46)

O<tx<t

By (3.2.1), we have, for each t € J,

INOIOT =gl + [ 1f sy lds+ S 1)

O<tr<t

t . (3.47)
<1l¢llo +j ogds+ S sup {1 L) | : Iyl < g}
0 k=1

Thus
T m
IND)I < lIgllp + L @q(s)ds + Z sup{|I(») | : iyl < g} :=¢. (3.48)
k=1

Step 2. N maps bounded sets into equicontinuous sets of Q.
Letr,rp €]',r1 <r,andlet B; = {y € Q: |yl < q} beabounded set of (.
Let y € B;. Then

INGIE) =NOIm) | = [ gu9dst 5 RGN G49)

0<ty<ry—rn

As r, — 11, the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case where t # t;, i = 1,...,m. It remains
to examine the equicontinuity at t+ = t;. The proof is similar to that given in
Theorem 2.2.

The equicontinuity for the cases r; <7, <0andr; <0 < r, is obvious.

Step 3. N : Q — Q) is continuous.

Let {y,} be a sequence such that y, — y in Q. Then there is an integer g such

that [|y,|l < qforalln € Nand |ly|l < g, so y, € B;and y € B,.
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We have then, by the dominated convergence theorem,

INGR) - NGl = sup [ [ 1565 3m) — f(5.3) 1
te] 0

(3.50)
+ 3 [hOn() - L)) || —o
O<ti<t
Thus N is continuous. Set
U={yeQ:lyll<b*+1}, (3.51)

where b* is defined in the proof of Theorem 3.2.

As a consequence of Steps 2, 3, and (3.3.3) together with the Ascoli-Arzeld
theorem, we can conclude that the map N : U — Q is compact.

By the choice of U thereisno y € oU such that y = ANy forany A € (0, 1). As
a consequence of Theorem 1.8, we deduce that N has a fixed point y € U which is
a solution of (3.1)—(3.3). O

In this part we present a result for problem (3.6)—(3.9) in the spirit of Schae-
fer’s fixed point theorem. We begin by giving the definition of the solution of this
problem.

Definition 3.4. A function y € QN ACH((t, tes1 ), E), k = 0,...,m, is said to be
a solution of (3.6)—(3.9) if y satisfies the equation y”'(t) = f(t, y;) a.e. on ]’ and
the conditions Ayl;—y, = I(y(t;)) and Ay'l,—y, = L(y(t)), k = 1,...,m and
y'(0) = 7.

Theorem 3.5. Assume (3.2.1) and the following conditions are satisfied.
(3.5.1) There exist constants cx such that |I(y)| < cx, k = 1,2,...,m, for each
y € E.
(3.5.2) There exist constants dy such that I.Tk(y)l <dwk=1,2,...,m, for each
y € E.
(3.5.3) |f(t,w)l < p(H)w(llullp) for almost all t € ] and all u € D, where
p € LY(J,Ry) and v : Ry — (0, 00) is continuous and increasing with

dr

y(1)’

and wherec = ||¢llp + Tlyl + Dt [k + (T — ti)di].
(3.5.4) For each bounded B = Q and for each t € ], the set

(3.52)

oY)
c

LT(T — 9)p(s)ds < J

{00 con+ = p(syds+ S RO + (- 0)iir(6) v € 8]

O<tr<t

(3.53)

is relatively compact in E.
Then the IVP (3.6)—(3.9) has at least one solution.
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Proof. Transform the problem into a fixed point problem. Consider the operator
G: Q — Q defined by

(1) ift € [-r,0],
G(y)(t) — ¢(0)+tﬂ+J0(t—S)f(S,ys)dS (354)
+ > I(y(5) + (¢t = )T (y(5))] if e € [0,T).
O<tx<t

Step 1. G maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant € such that,
foreach y € By = {y € Q: |yl < q}, one has |G(y)ll < €.

Let y € By, then, for each t € J, we have

GO)(E) = $(0) + Ly, +J (t = ) f (s, ys)ds

(3.55)
+ Z [Tk (y () + (t — ) I (y (1)) 1.
O<tr<t
By (3.2.1), we have, for each t € ],
G| = 19llo+ 3] + | (=91 F(5.) |ds
+ Z | (y () |+ | (e = t) | [ Tk (w(5)) |
O<tr<t
t
< llgllp+t]yo| + L(t — $)@q(s)ds (3.56)
+ > [sup {[L(ly) | : Iyl < q}
k=1
+ (T = t) sup { [ I (Iy) | = Iyl < g} ].
Then, for each h € G(B,), we have
T
Il < lIgllp + T 30| + L (T — $)gy(s)ds
+ Lsup {[ Iy < Uiyl < g} (3.57)

k

Il
—_

+ (T —te)sup {| L(IyD) | Iyl < q}] :=
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Step 2. G maps bounded sets into equicontinuous sets of Q.

Let 7,73 € J', 11 < 13, and let B; = {y € Q : [[y|| < g} be a bounded set of
Q. Let y € B;. Then

160)(®) = G| = (2= 7)ol + [ gu(o)ds

+ JOTZ (12 = T1) @q(s)ds + J:Z | 71 — 5| @q(s)ds
+ 2 k()|

0<tk<Tr—T|

+ 2 ln—ul k()|
0<tk<Tr—T|

+ > (m—1) [ L(y()) .
0<tr<12

(3.58)

As 7, — 11, the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case where t # #, i = 1,...,m. It remains
to examine the equicontinuity at t+ = t;. The proof is similar to that given in
Theorem 2.2.

The equicontinuity for the cases 71 < 7, < 0 and 7; < 0 < 7, is obvious.

Step 3. G: Q — Q is continuous.

Let {y,} be a sequence such that y, — y in Q. Then there is an integer q such
that [|y,|l < qforalln € Nand |ly|l < g, so y, € B;and y € B,.

We have then by the dominated convergence theorem

IG(yn) — G|
= Szlelg) |:Jt(ts)|f(s)yns) *f(S,)/S) |d$
+ 3 [ (a () = Ie(y(8)) | (3.59)

+UmHE0anEUUDHﬂH0

Thus G is continuous.

As a consequence of Steps 1, 2, 3, and (3.5.3) together with the Ascoli-Arzeld
theorem, we can conclude that G : Q — Q is completely continuous.
Step 4. Now it remains to show that the set

&(G):={yeQ:y=AG(y) forsome0 <A< 1} (3.60)

is bounded.
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Let y € €(G). Then y = AG(y) for some 0 < A < 1. Thus, for each t € ],

)’(t) = /\(/)(0) +At}/0 +AJ0t(t— s)f(s,ys)ds
A > [(y() + (¢ = ) L (y(5) 1.

O<tr<t

(3.61)

This implies that, for each t € ], we have
Ly < lgllo + Tyl +J (T =$)p)y[[ysllp)ds + Z ok + (T — te) di].
k=1
(3.62)
We consider the function y defined by
p(t) =sup{|y(s)|:-r<s<t}, 0<t<T (3.63)

Let t* € [—r,t] be such that u(t) = [y(t*)|. If t* € [0, T], by the previous in-
equality, we have, for t € [0, T],

u(t) < ||¢||@+T|n|+j(T—s>p<s>w (s 3. fa+ (T = w)ei). (364

If t* € [-r,0], then u(t) = ||¢llp and the previous inequality holds.
Let us take the right-hand side of the above inequality as v(t), then we have

c=v(0)=llgllo+ Tlyl + > [ex + (T — te)d], wu®) <v(t), tel0,T],
k=1

V()= (T-tp®w(u(), telo,T].

(3.65)
Using the nondecreasing character of y, we get
V() < (T-t)p@®)y(v(t), tel0,T]. (3.66)
This implies, for each t € J, that
V() *  du
T - ds < I . 3.67
L(o w(u) ~ J (T = 9)pls)ds o) ¥(u) (3.67)

This inequality implies that there exists a constant b = b(T, p, y) such that v(t) <
b,t € ], and hence u(t) < b, t € J. Since for every t € [0, T], ly:llo < p(t), we
have

Iyl :=sup {|y(t)| : —r <t < T} < b, (3.68)
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where b depends only on T and on the functions p and y. This shows that £(G) is
bounded.

Set X := Q. As a consequence of Theorem 1.6, we deduce that G has a fixed
point which is a solution of (3.6)—(3.9). O

3.3. Impulsive neutral differential equations

This section is concerned with the existence of solutions for initial value problems
for first- and second-order neutral functional differential equations with impulsive
effects. In the first part, we consider the first-order initial value problem (IVP for
short)

%[y(t) -gtoy)=ft,y), aete[0, Tl t+t k=1,..,m,
A}’|t:tk = Ik(y(tlz))’ k = 1,...,m, (369)
y(t) = ¢(t), tel[-r0]

where f, Ik, ¢ are in problem (3.1)—(3.3) and g : ] X D — E is a given function.
In the second part, we consider the second-order IVP

%[y'(t) —gty)] = f(ty), aete[0,T, t+t, k=1,..,m,

Ayliey = L(y(t)), k=1,...,m, (3.70)
A}/,|t:tk = Tk(y(t)), k = 1,...,m,
y(t) =¢(t), tel[-r0], y'(0)=n,

where f, Iy, and ¢ are as in problem (3.1)—(3.3), I, 1 are as in problem (3.6)—(3.9)
and g as in (3.69).
Let us start by defining what we mean by a solution of problem (3.69).

Definition 3.6. A function y € Q N AC((tk, txs1),E), k = 1,...,m, is said to be a
solution of (3.69) if y satisfies the equation (d/dt)[y(t)—g(t, y:)] = f(t, y:) a.e.on
J,t # ti, k = 1,...,m, and the conditions Ay|;—y, = I(y(t)), t = ti, k = 1,...,m,
and y(t) = ¢(t) on [—r,0].

We are now in a position to state and prove our existence result for problem
(3.69).

Theorem 3.7. Assume (3.2.1), (3.5.1), and the following conditions are satisfied.
(3.7.1) (i) The function g is completely continuous.
(ii) For any bounded set B in C([—r,T],E), the set {t — g(t,y:) : y €
B} is equicontinuous in ).
(iii) There exist constants 0 < ¢ < 1 and ¢5 = 0 such that

lg(t,u)| <cfllull+cf, te], ueD. (3.71)
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(3.7.2) There exist a continuous nondecreasing function y : [0,0) — (0, o),
and p € L'([0, T],Ry) such that

| f(t,u)| < pOy(llullp) forae t e [0,T], and eachu € D,

1 r © dr (3.72)
T JO pls)ds < L W’

where

c= *|:(1+CT)||¢||+2C;+ZCI<:|. (3.73)

I-q k=1

Then the IVP (3.69) has at least one solution.

Proof. Consider the operator N : Q — Q defined by

P(1), te [-r,0],
N(y)(t) _ $(0) _tg(O) ([)(0)) +g(t))’t) (3.74)
+[ flarddst S G6), teioT
O<tr<t

We will show that N satisfies the assumptions of Schaefer’s fixed point theorem.
Using (3.7.1), it suffices to show that the operator N; : Q — Q) defined by

¢(t), te [—T,O],
Ni(y)(t) = ¢(0)+Lf(5,ys)ds+ >, Ik(y(t)), telo,T],

O<trp<t

(3.75)

is completely continuous. As in Theorem 3.3, we can prove that N; is a completely
continuous operator. We omit the details. Here we repeat only the proof that the
set

E(N):={y€Q:y=AN(y) forsome0 <A< 1} (3.76)

is bounded. Let y € &(N). Then y = AN(y) for some 0 < A < 1. Thus, for each
te],

y(t)=A[</>(0)—g(0,</>(0))+g(t>yt)+ﬂf(s,ys)d5+ > Ik(}’(tk)):|-

O<tr<t

(3.77)
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This implies by our assumptions that, for each t € J, we have
501 = 9L+ 19l + 265+l [, POVl + X e
(3.78)
We consider the function y defined by
p(t)=sup{|y@s)|:-r<s<t}, 0<t<T (3.79)

Let t* € [—r,t] be such that u(t) = [y(t*)]. If t* € [0, T], by the previous
inequality, we have, for t € [0, T'],
t
W0 = 1610+ gllo + 265 +ctllnllo + [, I (lylo)ds
+ 20 H(y(5)] (3.80)

O<tr<t

< gl +cFIlp +265 +f (o) + | pOW @ ds+ Y e
k=1

Thus

u(t) < {(1+C1)|¢||1)+262 JP(S)V/ p(s))ds + Z }, te].

) (3.81)

If t* € [—r,0], then u(t) = ||¢llp and the previous inequality holds.
Let us take the right-hand side of the above inequality as v(t). Then we have

c=v(0) =

l—lc* {(1+cf)|¢|l°@ +2¢5 + ch}, u(t) =v(t), tej,

1 k=1

V(1) = l_lc*p(t)w(u(t)), tel.
1
(3.82)

Using the nondecreasing character of y, we get

V(D) < - _lcikp(t)u/(v(t)), el (3.83)

This implies, for each t € ], that

Y0 dy du
Jv(()) 1//(14) = Cl J P( s)ds < J' w(u) (3.84)
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This inequali‘iy implies that there exists a constant b such that v(t) < b,t€],and
hence u(t) < b, t € J. Since for every t € [0, T, |l y:llo < p(t), we have

lyll < b =max{l¢llo,b}, (3.85)

where b" depends only on T and on the functions p and . Thus &(N)) is bounded.
Set X := Q. As a consequence of Schaefer’s fixed point theorem (Theorem
1.6), we deduce that N has a fixed point which is a solution of (3.69). O

In this next part we study problem (3.70). We give first the definition of solu-
tion of problem (3.70).

Definition 3.8. A function y € QN ACY ((t, ter1 ), E), k = 0,...,m, is said to be
a solution of (3.70) if y satisfies the equation (d/dt)[y’(t) — g(t, y)] = f(t, y:)
ae.onj,t # t, k = 1,...,m, and the conditions Ayl;—y, = L(y(t;)), t = tk,
k=1,....m Ayl = I(y(t), k = 1,...,m, y(t) = ¢(t), on [-r,0] and
y'(0) =

Theorem 3.9. Assume (3.2.1), (3.7.1), (3.5.1), and (3.5.2) hold. In addition assume
the following conditions are satisfied.

(3.9.1) There exists a continuous nondecreasing function y : [0,0) — (0, o)
and p € L'([0, T],R,.) such that

[ f(tu)| < py(llullp) forae t € [0,T] and eachu € D, (3.86)

where p € L'(J,Ry) and

J'TM(s)ds < r s (3.87)

0 ¢ os+y(s) ’
where

E=l¢llo + [Inl +cfligllo +2c5]T Z o+ (T — t) di] (3.88)

and M(t) = max{l,c, p(t)}.
(3.9.2) For each bounded B < Q and t € ], the set

fo) +os [ [ fluydduds+ S () + (- Ty ()] : yeB]
- (3.89)

is relatively compact in E.
Then the IVP (3.70) has at least one solution.
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Proof. Transform the problem into a fixed point problem. Consider the operator
N, : Q — Q defined by

'</>(t) ift € [-r,0],
t
$(O)+ [1 - g(0,9(0) 11+ | (s )ds

_ t s

Na(y)(t) +I J (s yo)duds (3.90)
0Jo

+ 3 [y () + (¢ = 8)Ti] ift € [0,T].
O<tr<t
As in Theorem 3.3, we can show that N, is completely continuous.
Now we prove only that the set
E(N,) :={y € Q:y=ANy(y) forsome0 <A< 1} (3.91)

is bounded.
Let y € &(N,). Then y = AN,(y) for some 0 < A < 1. Thus

t tors
Y(6) = X$(0) + Al = g(0,6(O) 42 | gsopdds+2 [ | fluyu)duds

+A D () + (= ) Te(y(8)) ]

0<tr<t
(3.92)
This implies that, for each ¢ € [0, T], we have
t
)] = ||¢||@+[|n|+cfn¢n@+2c;]T+cfj Iyl pds
t s m
o], Jy Pyl duds s 3 e+ (- t)a]

k= (3.93)

< 16llo + (Il +ci gl +2c§‘]T+J M)yl p s

+JOM(S)J0w(||yu||$)duds gck+ — te)dk].

We consider the function y defined by

p(t) =sup{|y@s)|:-r<s<t}, 0<t<T (3.94)
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Let t* € [—r,t] be such that u(t) = [y(t*)]. If t* € [0, T], by the previous

inequality, we have, for t € [0, T],

() < gl + [In] +cr|\¢||@+2c;]T+f M()u(s)ds
. (3.95)
J M(S)J v (p(u))duds + Z [cx + (T — tg)dx].

If t* € [-r,0], then u(t) = [|¢llp and the previous inequality holds.
Let us take the right-hand side of the above inequality as v(t). Then we have
m
E=v(0) = lIgllo + [Inl +cfligllp +2c5]T Z [ck + (T — t)di],
u(t) =v(@), tel,

t t
v (t) = M(t)u(t) + M(¢) Jo v (u(s))ds < M(¢) [v(t) + 4[0 w(v(s))ds], te].

(3.96)
Put
t
u(t) = (1) +J w(v(s)ds, te. (3.97)
0
Then
u(0) =v(0) =¢, v(t) <u(t), te],
3.98
W () = v (1) +y (D) < MOW® +y )], tel 00
This implies, for each t € ], that
u(t) ® du
L(o ity u) < J M(s)ds < L(o) Wty (3.99)

This inequality implies that there exists a constant by such that u(t) < by,
t € J, and hence u(t) < by, t € J. Since for every t € [0, T], lIyllp < u(t), we
have

Iyl <b” = max {l|$llp, by}, (3.100)

where b” depends only on T and on the functions p and y. This shows that &(N;)
is bounded.
Hence, by Theorem 1.6, we have the result. ]
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3.4. Impulsive functional differential inclusions

In this section, we will present existence results for impulsive functional differen-
tial inclusions. These results constitute, in some sense, extensions of Section 3.2 to
differential inclusions. Initially, we will consider first-order impulsive functional
differential inclusions,

y'(t) € F(t,y), aete]:=[0T], t#t, k=1,....,m,
Ayl = L(y(5)), k=1,...,m, (3.101)
)’(t) = ¢(t): te [—T, 0]

with D as in problem (3.1)—(3.3), F : ] X D — &P (E) is a multivalued map, ¢ € D,
and P (E) is the family of all subsets of E.

Later we study second-order initial value problems for impulsive functional
differential inclusions,

y'(t)eF(ty), te]=[0,T], t#t k=1,...,m,
Ayli—y = L(y(t)), k=1,....,m,
Ay’|t:tk:jk(}’(t1;))a k=1,...,m,
y(t)=¢(t), te[-r0],  y(0)=n,

(3.102)

where F, Ii, and ¢ are as in problem (3.101), I € C(E,E) and n € E.

In our consideration of problem (3.101), a fixed point theorem for condens-
ing maps is used to investigate the existence of solutions for first-order impulsive
functional differential inclusions. So, let us start by defining what we mean by a
solution of problem (3.101).

Definition 3.10. A function y € Q N AC((#, tx+1), E) is said to be a solution of
(3.101) if y satisfies the differential inclusion y’(t) € F(t, y;) a.e. on J’, the condi-
tions Ayli—y, = I(y(t; ), k =1,...,m,and y(t) = ¢(t), t € [-1,0].

Theorem 3.11. Assume that (3.5.1) holds. Moreover assume the following are satis-
fied.
(3.11.1) F: ] X D — Pocpov(E); (t,u) — F(t,u) is measurable with respect to
t, for each u € D, w.s.c. with respect to u, for each t € J, and for each
fixed u € D, the set

Sk =1{g € L'(J,E) : g(t) € F(t,u) fora.e. t € J} (3.103)

is nonempty.
(3.11.2) [[F(t,u)ll := supflv|] : v € F(t,u)} < p(H)w(llullp) for almost all
t €Jandallu € D, where p € L'(J,Ry) and v : Ry — (0,) is
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continuous and increasing with

T © dr
L p(s)ds < J V@’ (3.104)

wherec = |I¢llp + Do ck-
(3.11.3) For each bounded B = Q and t € ], the set

{gb(O) + L g(s)ds + Z L(y(t)):g <€ SF,B} (3.105)

0<tr<t

is relatively compact in E where Spp = U{Sp,, : y € B}.
Then the IVP (3.101) has at least one solution on [—r, T].

Proof. Consider the multivalued map N : Q — £(Q), defined by

¢(1), te[-r,0]
N(y):=1heQ:h(t) = ¢(0)+J0g(s)ds C Ga0s
+ > ky(g)), tel0,T]
0<tx<t

where g € Sg,,. We will show that N is a completely continuous multivalued map,
u.s.c. with convex closed values. The proof will be given in several steps.
Step 1. N(y) is convex, for each y € Q.

Indeed, if h;, h; belong to N(y), then there exist g1, € Sp,, such that, for
each t € J, we have

I = 9(0)+ | a©ds+ 3 Lx(5),

0<tr<t

hz<t>=¢(0>+jogz<s>ds+ S L((5)).

O<tr<t

(3.107)

Let 0 < < 1. Then, for each t € J, we have

(Ihy + (1 = Dhy) (1) = ¢(0) + JO [Ugi(s)+ (1 = Dga(s)]ds + z L(y ().
O<tx<t
(3.108)

Since Sk, is convex (because F has convex values), then

Ihy +(1 - Dh, € N(y). (3.109)



82 Impulsive FDEs & inclusions

Step 2. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant € such that,
foreachh € N(y),y € By = {y € Q: |yl <q},onehas [|hll < €.Ifh € N(y),
then there exists g € Sg,,, such that, for each ¢ € J, we have

h(t) = $(0) +J g@ds+ S Liy(5)). (3.110)
O<tr<t
By (3.11.2), we have, for each t € J,

KO < 19llo+ [ 1g@ds+ 3 ()]

O<tr<t

< 9llo+ sup yO)( | p1as) + S sup [y <yl = q)
0 k=1

y€[0,q]
(3.111)
Then, for each h € N(B,), we have
¢ m
Al < I¢llp + sup Ill(y)sup (J p(s)ds) Z sup { | Ik (Iyl) | : Iyl < g} := &
y€[09] 0 k=1
(3.112)

Step 3. N maps bounded sets into equicontinuous sets of Q).
Let7, 72 € ], 11 < 13, and let B; = {y € Q : [ly|l < g} be a bounded set of
Q. For each y € B, and h € N(y), there exists g € S, such that

h(t)=¢(o>+jg(s)ds+ S Liy(5)), tel (3.113)
O<tr<t
Thus
(o) ~hw)| < [ lg@ldst S Ly (3.114)
i 0<tx<Tr—T1

As 7, — 11, the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case where t # t;, i = 1,...,m. It remains
to examine the equicontinuity at t+ = f;. The proof is similar to that given in
Theorem 2.2. The equicontinuity for the cases 1) < 7, < 0Oand 73 < 0 < 1,
are obvious.

As a consequence of Steps 2, 3, (3.11.4) together with the Ascoli-Arzeld the-
orem we can conclude that N : Q — £ (Q) is a compact multivalued map, and
therefore, a condensing map.

Step 4. N has a closed graph.
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Let yy — Y&, hy € N(yn), and h,, — hy. We will prove that by € N(yx).
h, € N(y,) means that there exists g, € Sg,, such that

hn(t):¢(0)+JOgn(s)ds+ S L(ya(ty)), tel. (3.115)

0<te<t

We must prove that there exists g4 € Sg,,, such that

t
he() = 90+ | g:0ds+ 3 Llult)), te (3.116)
0 O<tr<t
Clearly since Iy, k = 1,..., m, are continuous, we have

H(hn—cp«»— > 1k<yn<tk)))_(h*—¢<o>— 2 fk”*“k”)Hﬁo’
0<t<t Ostist
(3.117)

asn — oo,
Consider the linear continuous operator

I: LI(J)E) - C(])E):

t 3.118
g —T(g)(t) = jog(sms. G119

From Lemma 1.28, it follows that I o Sf is a closed graph operator. Moreover, we
have

(h,,(t) —¢(0) - > Ik(yn(t,;))> €T(Sk,y,). (3.119)
O<tp<t
Since y, — s, it follows from Lemma 1.28 that
(h*(t) - (P(O) - Z Ik(}’* (tk))) = J;) g*(S)dS (3.120)

O<tr<t

for some gx € Sg, .
Step 5. The set

M:={ye Q:ly € N(y) for some A > 1} (3.121)

is bounded.
Let y € M. Then Ay € N(y) for some A > 1. Thus there exists g € Sg,, such
that

y(t) = 171¢(0) + 17! th(s)dsﬂrl > L)), tel (3.122)
0

O<tr<t
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This implies by our assumptions that, for each t € J, we have

1y < 16l + jo pOvllyllp)ds + S e (3.123)
k=1

We consider the function g defined by
u(t) =sup{|y@s)| :—r<s<t}, 0<t<T (3.124)

Let t* € [—r,t] be such that u(t) = [y(t*)|. If t* € [0, T], by the previous in-
equality, we have, for t € [0, T],

u(t) < lgllo + Jo p(s)w(u(s))ds + Z Ck. (3.125)
k=1

If t* € [-r,0], then u(t) = [[¢llp and the previous inequality holds. Let us take
the right-hand side of the above inequality as v(t), then we have

c=v(0) = ligllo + 2, c p(t) =v(t), te],

#llo ,; ook (3.126)
vi(t) = py (u®), te.

Using the nondecreasing character of y, we get

V() < py(v(p), teT. (3.127)

This implies, for each t € J, that

JV( v(u) —J p(s) 5<J wiz)' (3.128)

This inequality implies that there exists a constant b such that v(t) < b, t € ], and
hence u(t) < b, t € J. Since for every t € [0, T, |l y:llo < p(t), we have

lyll =sup{|y(t)| : —r <t <T} <b, (3.129)

where b depends only T and on the functions p and y. This shows that M is
bounded.

Set X := Q). As a consequence of Theorem 1.7, we deduce that N has a fixed
point which is a solution of (3.101). O

For the next part, we study the case where F is not necessarily convex-valued.
Our approach here is based on Schaefer’s fixed point theorem combined with a
selection theorem due to Bressan and Colombo [105] for lower semicontinuous
multivalued operators.



Impulsive functional differential inclusions 85

Theorem 3.12. Suppose that (3.3.1), (3.5.1), (3.11.2), and the following conditions
are satisfied.
(3.12.1) F: [0,T] X D — P(E) is a nonempty, compact-valued, multivalued
map such that
(a) (t,u) — F(t,u) is £ ® B measurable;
(b) u — F(t,u) is lower semicontinuous for a.e. t € [0, T].
(3.12.2) For each p >0, there exists a function h, € L*([0, T],R*) such that for
ue D with lullp < p,

[|F(t,u)|| = sup {|v| : v € F(t,u)} < h,(t) forae t e [0,T]. (3.130)
Then the impulsive initial value problem (3.101) has at least one solution.

Proof. Assumptions (3.12.1) and (3.12.2) imply that F is of lower semicontinu-
ous type. Then, from Theorem 1.5, there exists a continuous function f : Q —
L'([0, T],R") such that f(y) € F(y) forall y € Q.

Consider the problem

yt)=f(y), tel0, T, t+t k=1,..,m,
Ayliey = L(y(t)), k=1,...,m, (3.131)
y(t) = (/)(t)) te [—T,O].
It is obvious that if y € Q is a solution of problem (3.131), then y is a solution to
problem (3.101).

Transform problem (3.131) into a fixed point problem. Consider the operator
N : Q — Q defined by

é(t) ift € [-r,0],
N(y)(@) := ¢(0)+J0f(ys)d5+ > L(y(tp)) iftelo,T].

0<tr<t

(3.132)

As in Theorem 3.3, we can show that N is completely continuous, and the set
EN):={yeQ:y=AN(y) forsome0 <A< 1} (3.133)

is bounded. Set X := Q. As a consequence of Schaefer’s fixed point theorem, we
deduce that N has a fixed point y which is a solution to problem (3.131) and hence
a solution to problem (3.101). O

Now by using a fixed point theorem for contraction multivalued operators
given by Covitz and Nadler [123] we present a result for problem (3.101).

Theorem 3.13. Assume the following are satisfied.
(3.13.1) F: [0,T] X D — Pepev(E) has the property that F(-,u) : [0,T] —
Pep(E) is measurable, for each u € D.



86 Impulsive FDEs & inclusions

(3.13.2) Hy(F(t,u),F(t,w)) < I(t)lu—7llp, foreacht € [0, T] and u,si € D,
wherel € L' ([0, T],R); and

d(0,F(t,0)) <I(t) foraete] (3.134)

(3.13.3) [Ik(y) — L) < ckly — Y|, foreach y,y € E, k = 1,...,m, where ¢,
are nonnegative constants.

If
T
max{J l(s)ds+ck:k:1,...,m}<1, (3.135)
0
then the IVP (3.101) has at least one solution on [—r, T].

Proof. Transform problem (3.101) into a fixed point problem. Consider first prob-
lem (3.101) on the interval [—r, t;], that is, the problem
y'(t) € F(t,y), aete(0,n),

y(t) = ¢(t), te[-r0]. (3.136)

It is clear that the solutions of problem (3.136) are fixed points of the multivalued
operator N : PC([-r,t1]) — P (PC[-r,1,]) defined by

o(t) ifte [—r,O],}

$(0) + J’tg(s)ds ift € [0,4,],
’ (3.137)

N(y) := <|h ePC([-rt]):h(t) = {

where
g€ Sk, =1{g e L'([0,11],E) : g(t) € F(t, ) forae.t € [0,1]}.  (3.138)

We will show that N satisfies the assumptions of Theorem 1.11. The proof will
be given in two steps.
Step 1. N(y) € Pq(PC([-r,t1])), for each y € PC([-r,1]).
Indeed, let (y4)n=0 € N(y) such that y, — ¥ in PC([-r,t1]). Then y €
PC([-r,t1]) and, for each t € [0, 1],
t
Ja(t) € $(0) +J E(s, ys)ds. (3.139)
0
Using the fact that F has compact values and from (3.13.2), we may pass to a

subsequence if necessary to get that g, converges to g in L'(J, E), and hence g €
Se(y)- Then, for each t € J,

t
Jlt) — F(0) € $(0) + | Flsp)ds (3.140)

Soy € N(y).
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Step 2. There exists y < 1 such that H(N(y),N(¥)) < ylly — ¥ll{r4], for each
.y € PC([=r,11]).

Let y,7 € PC([-r,11]) and h; € N(y). Then there exists g (¢) € F(t, y;) such
that, for each t € [0, 1],

hi(t) = ¢(0) + Ltgl(s)ds. (3.141)
From (3.13.2), it follows that
H(F(t ), F(3,)) <10y = 7| p- (3.142)
Hence there is w € F(t,y,) such that
g1 —w| <Oy =T llp> tE0,1]. (3.143)
Consider U : [0,1;] — P (E), given by
Ut)={weE: |gt)—w| =IOy —7,llp} (3.144)
Since the multivalued operator V(t) = U(t) N F(t,y,) is measurable (see [119,
Proposition 111.4]), there exists a function g»(¢), which is a measurable selection
for V. So, &(t) € F(t,y,) and
lgi(t) —@)| <lt)lly —yllp, foreachte [0,4]. (3.145)

Let us define, for each t € [0, 1],

I (t) = $(0) + L & (s)ds. (3.146)

Then we have
It — ()| < jo l61(5) — ga(s) | ds = jo 1)|1y1s = yasl L pds

[0 s, o)

—-r<60<0

=J l(s)( sup |y1(s+9)fy2(s+0)|)ds
0 —r<6<0

, (3.147)
= J l(s)( sup | y1(2) —yz(z)|>d5
0

S—r<z<s

< J(: l(s)( sup | yi(z) - yz(z)<)ds

—r<z<t

< (JOT l(s)ds>||y1 = yalli )
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Then

T
=Bl = (], 26938l = yell (3.149)

By the analogous relation, obtained by interchanging the roles of y; and y, it
follows that

T
HaN ()N G)) = (| 169d5) 1 = 22l (3.149)

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y;, which is
a solution to (3.136).
Now let y, := y|[1,,1,] be a solution to the problem

y'(t) € F(t,y), ae.te (t,t),

3.150
Ayl = Ly (H). (3130

Then y, is a fixed point of the multivalued operator N : PC([#,t,]) — P (PC([t,
t,])) defined by

N(y) = {h € PC ([t1,1a]) : h(t) = Jog(s)ds+ll (y(t)), t € ([tl,tz])},
(3.151)

where
g€ Sk, =1{ge L' ([ti,],E) : g(t) € F(t, ) forae. t € [t1,12]}.  (3.152)

We will show that N satisfies the assumptions of Theorem 1.11. Clearly, N(y) €
Pa(PC([t1,12])), for each y € PC([t, t;]). It remains to show

H(N(y),N) <ylly = ¥llinr,)» foreach y,y € PC([t1,t2]) (wherey < 1).
(3.153)

To that end, let y,¥ € PC([t1,,]) and h; € N(y). Then there exists g;(f) €
F(t, y;) such that, for each t € [}, 1,],

M = | s+ n(y(n). (3.154)
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From (3.13.2), it follows that
H(F(t,y:), F(t7,) <10y = 7l o- (3.155)
Hence there is a w € F(t,7y,) such that
lgi(t) =w| <I®Dly: =7 llp, te[tita]. (3.156)
Consider U : [t;,1,] — P (E), given by
U)={wekE: |a)-w| <I®lly: -7} (3.157)

Since the multivalued operator V(t) = U(t) N F(t,y,) is measurable (see [119,
Proposition II1.4]), there exists g»(¢), which is a measurable selection for V. So,
(1) € F(t,y,) and

g () —o@®)| <I®)|ly: —7,||p foreacht e [t,1]. (3.158)

Let us define, for each t € [t1, 1],

ho(f) = L & ()ds + 1, (7(1). (3.159)

Then we have

|hi(£) — ha(8)] < Jo lg1(s) — @) |ds+ |Li(y(t)) — L (F(h))|
< JO 19)[|y1s = yasll pds + er | y(t1) = 7 (1) |

sjo 19)( sup 171(6) ~ 320 )ds + i (1) = 3(0)|

-r<6<0

T
< (L l(s)ds+61)||y*Wm,tz]-
(3.160)

By an analogous relation, obtained by interchanging the roles of y and ¥, it
follows that

T
HNOLNG) = (| 19ds+a)ly=Flie. (G

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y,, which is
solution to (3.150).
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We continue this process taking into account that y,, := ylf, 77 is a solution
to the problem

y'(t) € F(t,y), aet€ (tw,T],

. (3.162)
Ay|t:tm = Im()’(tm))-
The solution y of problem (3.101) is then defined by
n(t) ifte|-rt],
yz(t) ift e (tl,tz],
y(t) =1. (3.163)
ym(t) ift € (tm, T].
O

In this last part of Section 3.4, we establish existence results for problem
(3.102).

Definition 3.14. A function y € QN AC((tg, tes1 ), E), k = 1,...,m, is said to be a
solution of (3.102) if y satisfies the differential inclusion y"'(t) € F(t, y;) a.e.on]’
and the conditions Ayl;—y, = Ik(y(t)), AY li=t, = L(y(t)), k = 1,...,m.

Theorem 3.15. Let (3.5.1), (3.5.2), and (3.11.1) hold. Suppose also the following are
satisfied.
(3.15.1) [[F(t,u)ll := supilv| : v € F(t,u)} < p(H)w(llullp) for almost all
t € Jandallu € D, where p € L'(J,Ry) and v : Ry — (0, ) is
continuous and increasing with

T © dr
L (T - $)p(s)ds < j it (3.164)

wherec = ||¢pllp + Tlnl + > [ex + (T — ti)dk].
(3.15.2) For each bounded B = Q) and for each t € ], the set

0

{gb(O) +tn+ Jt(t —s5)g(s)ds
(3.165)
- [1k<y<tk>>+(t—tk>fk(y<tk>>]:gesp,B}

O<ti<t

is relatively compact in E, where Spp = U{Sf,, : y € B}.
Then the impulsive initial value problem (3.102) has at least one solution on
[—T, T]
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Proof. Transform the problem into a fixed point problem. Consider the multival-
ued map G: Q — P(Q) defined by

¢(t)’ te [—T, O])
¢(0) +tn + Jl)(t —s5)g(s)ds
+ > [(y(%)) ’

0<t<t

+H(t -tk (y(t))], te[0,T],
(3.166)

G(y)={heQ:h(t) =

where g € Sp,,.
We will show that G satisfies the assumptions of Theorem 1.7. As in Theorem
3.11, we can show that G is completely continuous. We will show now that the set

M:={y e Q:1ly e G(y) for some A > 1} (3.167)

is bounded.
Let y € M. Then Ay € G(y) for some A > 1. Thus there exists g € Sg,, such
that

y(t) =A"1p(0) + A7ty + 17! Lt(t — 5)g(s)ds
+A70 Y [L(y () + (t— ) T(y ()], tel

0<tr<t

(3.168)

This implies that, for each ¢ € J, we have
t m
ly® | < ligllp + Tyl + JO(T = 9Py (l[ysllp)ds + Z ck+ (T = te)d].
) (3.169)
We consider the function g defined by
pu(t) =sup{|y@s)| :—r<s<t}, 0<t<T (3.170)

Let t* € [—r,t] be such that u(t) = [y(t*)]. If t* € [0, T], by the previous in-
equality, we have for t € [0, T,

k
u(t) < $llp + Tyl +j (T = $)p(s)y (u(s))ds + Z G+ (T — 1) de].
. (3.171)

If t* € [—r,0], then u(t) = lI$llp and the previous inequality holds.
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Let us take the right-hand side of the above inequality as v(t). Then, we have

c=v(0) = ll¢llp + Tlyl + Z ek + (T = te)de], wu() <v(), te]l0,T],
k=1

Vi) = (T -tpy(u), telo,T],
Vi) = (T - py(u®), te]

(3.172)
Using the nondecreasing character of y, we get
vi(t) < (T -0p)y(v(t), tel[0,T] (3.173)
This implies, for each t € J, that
v dy JT ®  du
— < T - ds < J . 3.174
L(o) v(u) ~ Jo (T = 5)p(s)ds wo) w(u) ( )

This inequality implies that there exists a constant b such that v(t) < b, t € ], and
hence u(t) < b, t € J. Since for every t € [0, T, lly:llo < p(t), we have

lylla < b, (3.175)

where b depends only on T and on the functions p and y. This shows that M is
bounded.

Set X := Q. As a consequence of Theorem 1.7, we deduce that G has a fixed
point y which is a solution of problem (3.102). O

Theorem 3.16. Assume hypotheses (3.5.1), (3.5.2), (3.12.1), (3.12.2), and (3.15.1)
are satisfied. Then the IVP (3.102) has at least one solution.

Proof. First, (3.12.1) and (3.12.2) imply that F is of lower semicontinuous type.
Then from Theorem 1.5 there exists a continuous function f : Q — L'([0, T],
R™") such that f(y) € F(y) forall y € Q.

Consider the problem

y'(@t)=f(y), te€l0, T, t#t, k=1,...,m, (3.176)
Ay't:tk = Ik(y(t];))) k= L...,m, (3177)
AY Ly = Ik(y(87)), k=1,...,m, (3.178)

y(t) = (), te[-r0] y'(0) = 7. (3.179)
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Transform problem (3.177)—(3.179) into a fixed point problem. Consider the
operator N : Q — Q defined by

(1 ift € [-r,0],
$(0) + tn+ L(t — 9 f(ys)ds

+ > [L(y(t) + (t— )T (y(t))] ift € [0, T].
O<tr<t (3.180)

N(y)(t) :=

As in Theorem 3.5, we can show that N is completely continuous and that the set
E(N):={y€Q:y=AN(y) forsome0 <A< 1} (3.181)

is bounded.

Set X := Q. As a consequence of Schaefer’s fixed point theorem, we deduce
that N has a fixed point y which is a solution to problem (3.176)—(3.179) and
hence a solution to problem (3.102). O

Theorem 3.17. Assume that (3.13.1)—(3.13.3) and the following condition hold.
(3.17.1) Ik(y) = L(¥)| < dily —yl, foreach y, 7 € E, k = 1,...,m, where d;,
are nonnegative constants.

If

m

T m
7] H9dst Yot Y (T - n)d <1, (3.182)
0 k=1 k=1

then the IVP (3.102) has at least one solution on [—r, T].

Proof. Transform problem (3.102) into a fixed point problem. Consider the oper-
ator N : Q — £ (Q) defined by

(¢(1), te[-r0] ]

¢(0)+tn+J (t —s)g(s)ds
N(y):={he Q:h(t) =1 ’ -
+ > [(y(%))

0<tr<t

+Ht—t) L (y(t)], te],

(3.183)

where g € Sg,,.
We can easily show that N(y) € Pq(Q), for each y € Q.
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There remains to show that N is a contraction multivalued operator. Indeed,
let y,7 € Q,and h; € N(y). Then there exists g1(t) € F(t, y;) such that, for t € J,

hl(t)=¢(0)+t’7+J0t(t_5)gl(5)d5+ D Ik(y(te)) + (t = t) Ik (y(t)) ]

O<tp<t
(3.184)
From (3.13.2), it follows that
H(F(t,y0), F(t,7,)) < 10)[y: = 7illp- (3.185)
Hence there is w € F(t,y,) such that
@) —wl <1y =Tl tET (3.186)
Consider U : ] — £ (E), given by
Uity ={weE:|at)—w| <I®)|ly: =7 llp} (3.187)

Since the multivalued operator V(t) = U(t) N F(t,y,) is measurable (see [119,
Proposition II1.4]), there exists g»(¢), a measurable selection for V. So, g,(t) €
F(t,y,) and

lgi(t) —@)| <Ut)lly—yllp, foreachte]. (3.188)

Let us define, for each t € J,

) = 90) + 1+ | (= 9gds+ S [(y()) + (1= ()]
0<tr<t
(3.189)

Then, we have

() =m0 = [ (=90 - ds+ 3 ILly() ~ L)

O<tr<t

+ 2 (T-0)[L(y() - L) |

T m
s(TL 1)ds) Iy =31+ Y aelly =7l + ST =Wy -5,
k=1 =
(3.190)

Then

T m
[|h1 = ha|g < [TJO I(s)ds + Z c+ (T -t dk)}lly—yll. (3.191)
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Again, by an analogous relation, obtained by interchanging the roles of y and 7, it
follows that

H(N:i(y), Ni(p)) = [ J I(s)ds + Z o+ (T =t dk)}lly—ﬂl. (3.192)

So, N is a contraction, and thus, by Theorem 1.11, N has a fixed point y, which is
a solution to (3.102). O

3.5. Impulsive neutral functional DIs

In this section, we are concerned with the existence of solutions for first- and
second-order initial value problems for neutral functional differential inclusions
with impulsive effects,

%[}/(t) -gt,y) €F(t,y), te]:=[0T), t#+t, k=1,....m
Ayli—y = L(y(t;)), k=1,...,m, (3.193)
}’(t) = ¢(t)> te [—T’,O],

where F, I, ¢ are as in problem (3.101) and g : ] X & — E and

%[y'(t) —g(t,y)|€F(t,yr), t€]:=[0,T), t#t, k=1,....,m, (3.194)
Ayl = L(y(t)), k=1,...,m, (3.195)

Ay'li=n = Ik(y (), k=1,...,m, (3.196)

y(t) = ¢(1), te[-r0] y'(0) =1, (3.197)

where F, I, ¢ are as in problem (3.101), g as in problem (3.193), and I, 7 as in
(3.102).

Definition 3.18. A function y € Q N AC((t, tk+1),E), k = 0,...,m, is said to be a
solution of (3.193) if y(t) — g(t, y;) is absolutely continuous on J" and (3.193) are
satisfied.

Theorem 3.19. Assume that (3.2.1), (3.5.1), (3.7.1), and the following conditions
hold.
(3.19.1) IF(t,u)ll = sup{lvl : v € F(t,u)} < p()y(llullp) for almost all
t € Jandallu € D, where p € LY(J,Ry) and v : Ry — (0, 00) is
continuous and increasing with

Lw %, (3.198)

wherec = (1/(1 = DL+ c)Idllp + 265 + >0, ek}
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(3.19.2) For each bounded B € Q and t € ], the set

{gb(O) +J v(s)ds+ > L(y(ty)):ve SF,B} (3.199)

0 O<tp<t

is relatively compact in E, where Spp = U{Sf,, : y € B}
Then the IVP (3.193) has at least one solution on [—r, T].

Proof. Consider the operator N : Q — £ (Q) defined by

¢(t)3 I e [—T’,O],
N = {hea:nw {0 - 80.¢0) +g(t )
+ 0v(s)ds-i— > L(y(tp)), telo,T],

0<tr<t

(3.200)

where v € Sg,,.
We will show that N satisfies the assumptions of Theorem 1.7. Using (3.7.1),
it suffices to show that the operator N; : Q — £ (Q) defined by

o(1), te[-r,0],
Ni(y)=1he Q:h(t) = ¢(0)+Jo vis)ds . (3.201)
+ > L(y(t)), telo,T],
O<tr<t

where v € Sg,y, is u.s.c. and condensing with bounded, closed, and convex values.
The proof will be given in several steps.
Step 1. Ni(y) is convex, for each y € Q.
This is obvious since Sp,, is convex (because F has convex values).
Step 2. N; maps bounded sets into relatively compact sets in Q.

This is a consequence of the L' -Carathéodory character of F. As a consequence
of Steps 1 and 2 and (3.19.2) together with the Arzela-Ascoli theorem, we can
conclude that N : Q — £(Q) is a completely continuous multivalued map and
therefore a condensing map.

Step 3. N has a closed graph.
Let yy — y«, hy € N(yn), and h,, — hy. We will prove that hy € N(yx).
hy, € N(y,) means that there exists v,, € Sg,,, such that, for each t € J,

t
h (1) =¢(0)—g(0,¢(0))+g(t,ym)+J va()ds+ > Ie(ya(ty)).  (3.202)

0 O<tr<t
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We must prove that there exists v4 € Sg,,, such that, for each t € J,

hy(t) = $(0) — g(0,6(0)) + g (t, y«t) +J0 ve(9)ds+ > I(y«(tr)). (3.203)

O<tr<t

Since the functions g(t,-), t € J, I, k = 1,...,m, are continuous, we have

H(hn—ﬁb(O)Jrg(Oaﬁb(O))— (tyme) = O Ie(yalty) )

O<tr<t

(3.204)
- (h* — ¢(0) +g(0,4(0) — gt yse) = D Lelys(t) )) — 0,
O<tr<t Q
asn — oo,
Consider the linear continuous operator
I: Ll(])E) - C(])E)a
(3.205)

t
v—T()(t) = J v(s)ds.
0

By Lemma 1.28, it follows that I' o Sg is a closed graph operator.
Moreover, we have

(hn(t) - ¢(O) +g(0’ ¢(0)) _g(trynt) - Z Ik(yn(tk))) S r(SF,y,,)- (3-206)

O<tp<t

Since y, — ., it follows from Lemma 1.28 that

<h*(t) - ¢(0) +g(0, ¢(0)) _g(t:)/*t) - z Ik(y*(tk))> = L: Vi (s)ds

O<tr<t
(3.207)
for some gx € Sg, .
Step 4. Now it remains to show that the set
M:={y € Q:1ly e N(y)forsomel > 1} (3.208)
is bounded.
Let y € M. Then y € AN(y) for some 0 < A < 1. Thus, for each t € J,
y(t) = A719(0) = A" (0,¢(0)) +17"g(t, 1)
(3.209)

e Iv(s)ds+A1 S L(y(5)).

O<tr<t
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This implies by our assumptions that, for each t € J, we have

YO < l¢llo +clligllo +2¢f + Iyl + L POy (1ydllp)ds + >

k=1
(3.210)
We consider the function y defined by
p(t)y =sup{|y@s)|:-r<s<t}, 0=<t<T (3.211)

Let t* € [—r,t] be such that u(t) = [y(t*)]. If t* € [0, T], by the previous
inequality, we have, for t € [0, T],
t
u(0) = I8l + < 16l + 265 + <[yl + | pwlyalp)ds
+ 2 ()] (3.212)

0<tr<t

< Iglo + < I19llo + 265 + Tl + | pOW(u©)ds+ . ci
k=1

Thus

u(t) < {(1+cf)|l¢|l;o+2c;‘+fo p(s)tp(y(s))ds-i—ch}. (3.213)
k=1

1—cf

If t* € [—r,0], then u(t) = l|$llp and the previous inequality holds.
Let us take the right-hand side of the above inequality as v(¢). Then, we have

c=v(0) = {(1 +cf)lgllp +2¢5 + > ck}, u(t) <v(t), tej,

L-a k=1
, 1
vie) = TPy @), te]
1
(3.214)
Using the nondecreasing character of y, we get
, 1
V() < - C*p(t)yx(v(t)), te]. (3.215)
1

This implies, for each t € ], that

vit) gy, 1 T *  du
< d J ) 3.216
L(o) y(u) = 1—cf Jo ps)ds < wo) v(u) ( )
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This inequality implies that there exists a constant b such that v(t) < b, t € ],
and hence u(t) < b, t € J. Since for every t € [0, T], l|y:llp < u(t), we have

ylla < b = max {lI¢ll0, b}, (3.217)

where b’ depends only T and on the functions p and y. This shows that M is
bounded.

Set X := Q. As a consequence of Theorem 1.7, we deduce that N has a fixed
point which is a solution of (3.193). O

Theorem 3.20. Assume that hypotheses (3.5.1), (3.7.1), (3.12.1), (3.12.2), and
(3.19.1) hold. Then problem (3.193) has at least one solution.

Proof. (3.12.1) and (3.12.2) imply by Lemma 1.29 that F is of lower semicontin-
uous type. Then from Theorem 1.5, there exists a continuous function f : Q —
L'([0, T],E) such that f(y) € F(y) forall y € Q. Consider the problem

DIy gty = F0, e, 1400 k=1L,

A}’|t=tk = Ik(y(t;)))

k=1, (3.218)
y(t) = (1), te[-r,0]

o,

Transform the problem into a fixed point problem. Consider the operator N :
Q — Q defined by

$(t) ift e [-r,0],
N1()/)(t) = ¢(0) _g(0’¢(0)) +g(t)yt) + JO f(ys)ds
+ > ky(5) ift € [0,T].
O<tr<t
(3.219)

We will show that N is a completely continuous multivalued operator. Using
(3.7.1), it suffices to show that the operator ﬁl : Q) — Q defined by

é(1) ift € [-r,0],

¢(0)+Ltf(ys)d5+ > Lly(y)) ifte(o,T],

0<tr<t

Ny () := (3.220)
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is completely continuous. This was proved in Theorem 3.12. Also, as in Theorem
3.19, we can prove that the set

e(N) = {yeQ:y=2ANi(y) forsome 0 <A< 1} (3.221)

is bounded.

Set X := Q. As a consequence of Schaefer’s fixed point theorem, we deduce
that N has a fixed point y which is a solution to problem (3.218) and hence a
solution to problem (3.193). O

Theorem 3.21. Assume (3.13.1)—(3.13.3) and the following condition holds.
(3.21.1) |g(t,u) — g(t,w)| < pllu — ullp, for each u,ui € D, where p is a
nonmnegative constant.

If

T m
J I(s)ds+p+ > ck<l, (3.222)
0 k=1

then the IVP (3.193) has at least one solution on [—r, T].
Proof. Transform problem (3.193) into a fixed point problem. It is clear that the

solutions of problem (3.193) are fixed points of the multivalued operator N : Q) —
P (Q) defined by

$() ift e [-r,0],
N(y):=1heQ:h(t) = $(0) —g(0,6(0)) +g(t, 1) ’
+J v(s)ds + Z L(y(t)) ifte],
0 <<t
0 (3.223)

where v € S,

We will show that N satisfies the assumptions of Theorem 1.11.

The proof will be given in two steps.
Step 1. N(y) € Pq(Q), for each y € Q.

Indeed, let (y,)n=0 € N(y) such that y, — ¥ in Q. Then ¥ € Q and, for each
te],

ya(t) € $(0) — g(0,4(0)) +g(t, yr) + L F(s, ys)ds + Z I(y(t)). (3.224)

0<tr<t

Using the fact that F has compact values and from (3.13.2), we may pass
to a subsequence if necessary to get that g, converges to g in L'(J, E) and hence
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g € Sk()- Then, for each t € ],

ya(t) — 5(t) € $(0) — g(0,¢(0)) +g(t, y:) + JO F(s,y)ds+ > L(y(te)).
O<trp<t
(3.225)

Soy € N(y).
Step 2. H(N(y),N(¥)) < ylly = ¥llqa, for each y,7 € Q (where y < 1).

Let y,y € O, and h; € N(y). Then there exists v;(t) € F(t, y;) such that, for
eacht e,

Iy () =¢(0)—g(0,¢(0))+g(t,yt)+J’ n(©ds+ S Liy(g)).  (3.226)

0 0<tr<t

From (3.13.2), it follows that
H(F(t,y:),F(t,7,) <1y =¥, |lp» tET (3.227)
Hence there is w € F(t,y,) such that
|vi(t) = w| <1y =7 llp tET (3.228)
Consider U : ] — £ (E), given by
U)={weE: |v)-w| <I®)|ly-7llp} (3.229)

Since the multivalued operator V(t) = U(t) N F(t,y,) is measurable (see [119,
Proposition 1I1.4]), there exists v,(t), which is a measurable selection for V. So,
v2(t) € F(t,y,) and

[vi(t) =w(t)| <I®)lly —Vllp, foreachte]. (3.230)

Let us define, for each t € J,

Io(t) = ¢(0)—g(0,¢(0))+g(t,7t)+J neds+ S L)), (3231)

0 O<tr<t
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Then we have

|hi(£) — ha(8)] < L |vi(s) —vals) |ds+ [g(t, ye) —g(6,7,) |
+ >0 k() = K () |

O<tr<t
‘ - - m (3.232)
< L 1) lys = 7 llpds + pllye = 7llp + 2. cklly = ¥l
k=1
T m
< <J I(s)ds+p + ch)lly—yll.
0 k=1
Then
T m
Iy = hol| < (L Is)ds+ p+ ch>||y—7|. (3.233)
k=1

By an analogous relation, obtained by interchanging the roles of y and , it follows
that

T m
H(N(y),N(3)) < (JO I$)ds+p+ S ck> Iy -7l (3.234)
k=1

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y, which is
a solution to (3.193). O

In this last part, we present results concerning problem (3.194)—(3.197).

Definition 3.22. A function y € QN ACY((t, tes1 ), E), k = 0,...,m, is said to be a
solution of (3.194)—(3.197) if y and y’(t) — g(¢, y;) are absolutely continuous on
J’ and (3.194) to (3.197) are satisfied.

Theorem 3.23. Assume (3.2.1), (3.5.1), (3.5.2), (3.7.1) (with ¢ = 0 in (iii)), and
the following conditions hold.

(3.23.1) [[F(t,u)ll = p(H)w(llullp) for almost all t € J and all u € D, where

p € LY(,Ry) andy : Ry — (0, ) is continuous and increasing with

T ® ds
L M(s)ds < L e (3.235)

wheret = |[¢pllo + [Inll + cfll¢llo +2c51T + 231 ek + (T — te)dk],
and M(t) = max{1,c}, p(£)}.
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(3.23.2) For each bounded B € Q and t € ], the set

{gb(O) +1t7+ Joz JZ v(u)du ds
(3.236)
.S [Ik(y(t,:»+<t—tkﬁk<y<t,:))1:vesp,B}

O<tr<t

is relatively compact in E, where Spp = U{Sr,, : y € B}.
Then the IVP (3.194)—(3.197) has at least one solution on [—r, T].

Proof. Transform the problem into a fixed point problem. Consider the operator
N*:Q — Q defined by

((/)(t)’ te [—7’, 0]1\
$(0) + [ — g(0,4(0)) ]¢

~

N*(y) = dh e 0 h(t)] +J0g(s,ys)ds+ L Lu v(u)du ds ,
+ > [k(y(g)

O<ti<t

+(t = ) I (y () ] te],

(3.237)

where v € Sg,. As in Theorem 3.11, we can prove that N* is a bounded-, closed-,
and convex-valued multivalued map and is u.s.c. and that the set

E(N*):={yeQ:y e AN*(y) forsome0 <A< 1} (3.238)

is bounded. We omit the details.
Set X := Q. As a consequence of Theorem 1.7, we deduce that N* has a fixed
point y which is a solution to problem (3.194)—(3.197). O

Theorem 3.24. Assumethat (3.5.1), (3.5.2), [(3.7.1)(1), (iii)], (3.12.1), (3.12.2), and
(3.23.1) are satisfied. Then the IVP (3.194)—(3.197) has a least one solution.

Proof. Conditions (3.12.1) and (3.12.2) imply by Lemma 1.29 that F is of lower
semicontinuous type. Then from Theorem 1.5, there exists a continuous function
f:Q = L'([0, T],E) such that f(y) € F(y) for all y € Q. Consider the problem

%[y’(t) —g(ty)] = fyn), tel0,T), t# b, k=1,...,m,
Ay|t=tk = Ik()’(tl;)): k= L...,m, (3_239)
A)/,|t:tk :jk(y(t];)): k=1,...,m,
y(t) =¢(t), te[-r0], »(0)=n
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Transform problem (3.239) into a fixed point problem. Consider the operator N :
Q — Q defined by

[6(1) ift € [-r,0],

$(0) + [ — (0,(0)) ]t + Ltg(s, ys)ds

+Lt(t =) f(ys)ds

+ > [I(p(t)) + (¢ — te)Ii] ift € [0, T].

O<tr<t

No(y)(t) := (3.240)

As in Theorem 3.7, we can show that N is completely continuous.
Now we prove only that the set

E(Ny) :={y € Q:y=2ANy(y) forsome0 <A< 1} (3.241)

is bounded.
Let y € €(N3). Then y = AN, (y) for some 0 < A < 1. Thus

y(t) = 1¢(0) + A5 — g(0,¢(0)) | ¢

+Aﬂg(s,ys)ds+aﬂ(t—s)f(ys)ds .
+1 > [Le(y(t)) + (£ — ) Ii].

0<tx<t
This implies that, for each ¢ € [0, T], we have
0] = 19llo + Tl + ¢ I610-+265) + [ < e

t m (3.243)
+L(T—s)p(s)w(||ys||@)ds z ck + (T — tr)dr].

We consider the function g defined by
u(t) :=sup{|y(s)| :—-r<s<t}, 0<t<T (3.244)

Let t* € [—r,t] be such that u(t) = |y(t*)]. If t* € ], by inequality (3.243), we
have, for t € [0, T],

u(®) = Il + T(Inl + ctllgllo +2¢5) + f M(9)u(s)ds
. (3.245)
J M)y (u(s))ds + Z [cx + (T — tg)dx].
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If t* € [—r,0], then u(t) = |l¢llp and inequality (3.245) holds. Let us take the
right-hand side of inequality (3.245) as v(t). Then, we have

v(0) = lIgllo + T(Iyl +cflipllp +2¢5) + > (ck + (T = s)di),
k=1

(3.246)
V(1) = M(Ou(t) + M)y (u(t)), tel[0,T].
Using the nondecreasing character of y, we get
V() < M) [pt) +y(v(@)], tel[0,T]. (3.247)
This inequality implies, for each t € [0, T], that
w(t) o
L«» T+ 1//(7) J Mis)ds L(O) T +d1;(r)' (3.248)

This inequality implies that there exists a constant b such that v(t) < b, t € [0, T],
and hence u(t) < b, t € [0, T]. Since for every t € [0, T], [l y¢llp < u(t), we have

Iyl < max {ll¢llp,b}, (3.249)

where b depends only on T and on the functions p and y. This shows that &(N;)
is bounded.

Set X := Q. As a consequence of Schaefer’s theorem, we deduce that N, has
a fixed point y which is a solution to problem (3.239). Then y is a solution to
problem (3.194)—(3.197). O

Theorem 3.25. Assume (3.13.1)—(3.13.3), (3.17.1), and (3.21.1) hold. If

TI (s)ds+ pT+ S (cx+ (T = t)dh) < 1, (3.250)
k=1

then the IVP (3.194)—(3.197) has at least one solution on [—r, T].

Proof. We transform problem (3.194)—(3.197) into a fixed point problem. Con-
sider the operator N : Q — Q defined by

((t), t e [-r,0],)
$(0)+[n—g(0,$(0)) ]t
+J g(s,ys)ds+I Jsv(,u)dyds ,
+ 2 [Ie(y(t) +(t=t) Ik (y(8) ], te],

O<tp<t

>

N(y)={heQ:h(t)

(3.251)
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where v € Sp,. It is clear that the fixed points of N are solutions to problem
(3.194)—(3.197). As in Theorem 3.21, we can easily prove that N has closed values.
We prove now that H(N(y),N(¥)) < ylly — ¥l for each y,y € Q (where
y < 1).
Let y,y € Qand h; € N(y). Then there exists v, (t) € F(t, y;) such that, for
eacht e ],

() = $(0) — [ — g(0,$(0)) ] + Lg(s,ys)ds + L L v1 () ds

- (3.252)
+0<tZk<t [k (y(8) = (£ = ) T (y () -
From (3.13.2), it follows that
H(F(t,y:),F(t,7,) <I|ly: =¥, |lp» tET (3.253)
Hence there is w € F(t,7,) such that
|vi(t) = w| <IO||ye = Vllp tET (3.254)
Consider U : ] — £ (E), given by
Uit)={weE: |vi(t) —w| =IOy — 7,15} (3.255)

Since the multivalued operator V(t) = U(t) n F(t,,) is measurable (see [119,
Proposition I11.4]), there exists v,(t) a measurable selection for V. So, v,(t) €
F(t,y,) and

[vi(t) = w(t)]| <I(t)lly —¥llp, foreachte]. (3.256)

Let us define, for each t € J,

halt) = 60) ~ 1~ g(0.90) I+ [ gls7)ds+ || [ vtududs
b S ) - (- WG]

O<ti<t

(3.257)
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Then we have

() - ha(0)] = L 1g(57:) —g(5,7.) |ds+j0 jo v () = va(e) | dua dis

+ > L(y(5) - LG (t)) |

O<trp<t

+ > (T—t) | Le(y(t)) —Te(3(t) |

O<tr<t

t t
<p [ o= Tllods+ T [ 191y~ 7llods

+ZCk||)/ yll+z — ti)delly — 7l

[ I l(s)ds+p+z cr+ ( —tk)dk):||)/ vl

k=1
(3.258)

Then

| — h2||Q_[ J l(s)ds+p+z ck + ( —tk)dk)}lly—yll. (3.259)

k=1

By an analogous relation, obtained by interchanging the roles of y and , it follows
that

H(N(y),N(®)) < [Jl(s)ds+p Z a+ (T -t dk)}lly—yll. (3.260)

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y, which is
a solution to (3.194)—(3.197). O

3.6. Impulsive semilinear functional DIs

This section is concerned with the existence of mild solutions for first-order im-
pulsive semilinear functional differential inclusions of the form

y(t)—Ay eF(t,y), te]=[0,bl,t+t k=1,....m
y(t) =L(y(t)), k=1,...,m, (3.261)
y(t) = ¢(t), te[-r0],

where A is the infinitesimal generator of a strongly continuous semigroup of boun-
ded linear operators T(t) in E, F : ] X D — P(E) is a bounded-, closed-, and
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convex-valued multivalued map, ¢ € D, (0 < r < 0),0 = < 4 < -+ <
tm < tmy1 = b, I € C(E,E) (k = 1,2,...,m), are bounded functions, Ayl;—, =
y() — y(t), y(t;), and y(#f) represent the left and right limits of y(t) at t = #,
respectively, and E a real separable Banach space with norm | - [.

Definition 3.26. A function y € Q is said to be a mild solution of (3.261) if there
exists a function v € L(J, E) such that v(t) € F(t, y()) a.e. on ] and

B(1), te[-r0],
y(t) = T()¢(0) + J;) T(t — s)v(s)ds, te[0,n], (3.262)
T(t—te)I(y(t)) + Jt T(t—s)v(s)ds, t€, k=1,...,m.

We are now in a position to state and prove our existence result for the IVP
(3.261).

Theorem 3.27. Suppose (3.11.1) holds and in addition assume that the following
conditions are satisfied.
(3.27.1) A is the infinitesimal generator of a linear bounded semigroup T(t),
t = 0, which is compact for t > 0, and there exists M > 1 such that
IT(0)lla) =< M.
(3.27.2) There exists a continuous nondecreasing function y : [0, 00) — (0, c0)
and p € L'(J,R,) such that

[|F(t,w)|| :=sup {Iv|:v € F(t,u)} < p(OHy(llullp) (3.263)

fora.e. t € J and each u € D with

tr )
J p(s)ds<J v, me, (3.264)

th—1 L\ W(T)’
where Ny = M| ¢llp, and fork =2,...,m+1,

Nio1 = sup  M|L(y)],
YE[-My—2,Mi—2]

te (3.265)
Mis = T, (M p(s)ds),
te—2
with
Fl(z)=Jz ﬂ, ZZlel,ZG{l,...,m-i-l}. (3.266)
Ni—y W(T)

Then problem (3.261) has at least one mild solution y € Q.
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Proof. The proof is given in several steps.
Step 1. Consider problem (3.261) on [—r, 1],

y —Ay €F(t,y), te€)o=[0,n],

y(®) = ¢(t), te[-r,0] (3.267)

We will show that the possible mild solutions of (3.267) are a priori bounded, that
is, there exists a constant b, such that, if y € Q is a mild solution of (3.267), then

sup {|y()| :t € [-r,0] U (0,£1]} < bo. (3.268)

So assume that there exists a mild solution y to (3.267). Then, for each ¢t € [0,#],

(1) - T(H$(0) € L T(t = $)F(s, y5)ds. (3.269)

By (3.27.2), we get

t
(6] < Mlglo +Mj0 Py (lysllp)ds, e [0,8]. (3.270)
We consider the function g defined by
po(t) =sup{|y(s)| 1 —r<s=<t}, 0<t<t. (3.271)

Let t* € [—r,t] be such that yo(t) = [y(t*)|. If t* € [0,1], by the previous
inequality, we have, for t € [0,#],

po(t) = Mll¢llo + ML Py (uo(s))ds. (3.272)

If t* € [—r,0], then po(t) = ll¢llp and the previous inequality holds since M > 1.
Let us take the right-hand side of the above inequality as vo(¢). Then we have

v(0) = Mli¢llp = No,  o(t) < wo(t), te[0,t],

) 3.273
vo(t) = Mp(@)y (uo(1)), € [0,11]. 327
Using the nondecreasing character of y, we get

vo(t) < Mp(t)w(vo(t)), te [0,t]. (3.274)

This implies, for each t € [0, ], that

vo(t) dr 2}
J' W =< M,[() p(S)dS (3.275)

No
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In view of (3.27.2), we obtain
t
lvo(£%)| < r;l(M p(s)ds) — Mo, (3.276)
0

Since for every t € [0, 1], |yl < po(t), we have

sup | ()| < max (ll¢llp, Mo) = bo. (3.277)

te[-r,h]

We transform this problem into a fixed point problem. A mild solution to (3.267)
is a fixed point of the operator G : PC([-r, ], E) — P (PC([-r,t;],E)) defined
by

(1) ift € [-r,0]

G(y)i= 1h e PC([ - 0], E) : h(r) =  TD$(0) ,

+ Jt T(t—s)v(s)ds ifte [0,5],
0 (3.278)

where v € S};)y. We will show that G satisfies the assumptions of Theorem 1.11.

Claim 1. G(y) isEonvex, for each y € PC([-r, 1], E).
Indeed, if i, h belong to G(y), then there exist v € S};’y andv e S,l;,y such that

h(t) = T(H$(0) + JtT(t— Gv(s)ds, tE o,
y (3.279)
A(E) = T(H)$(0) + L T(t - $)3(s)ds, € Jo.

Let 0 <[ < 1. Then, for each t € [0, t;], we have
[Ih+ (1= Dh](t) = T(t)$(0) + Lt T(t—s)[v(s) + (1 = DV(s)]ds. (3.280)
Since Sllc,}, is convex (because F has convex values), then
Ih+(1-Dh e G(y). (3.281)
Claim 2. G sends bounded sets into bounded sets in PC([—r, t;], E).
Let By := {y € PC([-r,61],E) : Iyl = supsc(_,.,,) 1¥(t)| < q} be a bounded

set in PC([~r,#,],E) and y € Bg. Then, for each h € G(y), there exists v € S}lg"y
such that

h(t) = T(t)¢(0) + Lt T(t—s)v(s)ds, te€]. (3.282)
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Thus, for each t € [—r, ], we get

k()| < Mllgllo +MJ0 v(s) | ds < MIillo + Mllpgl,.. (3.283)

Claim 3. G sends bounded sets in PC([—7, ], E) into equicontinuous sets.

Let ri,1; € [-r,t1], 11 < 13, and let B, := {y € PC([~-r,t1,E) : Iyl < q}
be a bounded set in PC([~r,1],E) as in Claim 2 and y € B,. For each h € G(y),
there exists v € Sy, such that

h(t) = T(t)¢(0) + Lt T(t—s)v(s)ds, t€ . (3.284)

Hence
|h(r2) - h(r1)|
< [T(r)$(0) = T(r)$(0)| + ‘ L [T(rs —5) — T(r — 5)]v(s)ds

+ A T(r; — s)v(s)ds

"

< [T (r2)$(0) = T(r1)¢(0) |

#1709 - 700 - 9 vty

0

< | T(r2)$(0) = T (r1)¢(0) |
1= 9) - T - 9lgro)ds

-i—M‘[2 [v(s)|ds

+MJ "0, (s)ds.
1 (3.285)

The right-hand side of the above inequality tends to zero, as r; — r, since T'(t)
is a strongly continuous operator, and the compactness of T(¢) for t > 0 implies
the continuity in the uniform operator topology. The equicontinuity for the cases
r <ry, <0andr < 0 < r, follows from the uniform continuity of ¢ on the
interval [—7,0]. As a consequence of Claims 1 to 3, together with the Arzela-Ascoli
theorem, it suffices to show that multivalued G maps B, into a precompact set in
E.Let0 < t < bbe fixed and let € be a real number satisfying 0 < € < t. For y € By,
we define

t—€

he(t) = T(t)p(0) + T'(€) . T(t—s—€)v(s)ds, (3.286)

where v € S};)y. Then we have, since T(t) is a compact operator, the set Hc(t) =
{he(t) = he € G(y)} is a precompact in E for every €, 0 < € < t. Moreover, for
every h € G(y), we have

|h(t) — he(t)| < LE | T(t = 5)| pg(s)ds. (3.287)
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Therefore there are precompact sets arbitrarily close to the set H(t) = {he(t) : h €
G(y)}. Hence theset H = {he(t) : h € G(y)} is precompact in E. We can conclude
that G: PC([-r,t1],E) — P (PC([-r,t1], E)) is completely continuous. Set

U={yePC([-rtl,E):llylla <bo+1}. (3.288)
As a consequence of Claims 2 and 3 together with the Arzela-Ascoli theorem, we
can conclude that G: U — P (PC([~r,t ], E)) is a compact multivalued map.
Claim 4. G has a closed graph.

Let y, — ¥, hy € G(yn), and h,, — hy. We will prove that h,. € G(y4).
hy € G(y,) means that there exists v, € Sg,, such that

hu(t) = T(t)$(0) + Jot T(t—s)va(s)ds, te[—rt]. (3.289)

We must prove that there exists vy € Sll:,),* such that

h.(t) = T(£)¢(0) + Jot T(t—s)vi(s)ds, t€[—-rt]. (3.290)

Consider the linear continuous operator I : L'([0,#],E) — C([0,t],E) defined
by

(Tv)(t) = L: T(t - $)v(s)ds. (3.291)
We have
[(hy — T(1)$(0)) = (hs — T()$(0))|| — 0 asn — oo. (3.292)

By Lemma 1.28, it follows that T o S} is a closed graph operator.
Also from the definition of T, we have

ha(t) = T(£)$(0) € T(Sg,, ). (3.293)

Since y, — y«, it follows from Lemma 1.28 that
t
ha () = T(£)$(0) +J T(t = svu(s)ds, L€ (3.294)
0

for some vy € S}:)y*.
By the choice of U, there isno y € dU such that y € AG(y) for any A € (0, 1).
As a consequence of Theorem 1.8, we deduce that G has a fixed point y, € U
which is a mild solution of (3.267).
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Step 2. Consider now the following problem on J; := [}, ]

y —Ay eF(t,y), te,

B (3.295)
y(t) = L(y(t7)).
Let y be a (possible) mild solution to (3.295). Then, for each t € [, 1],
y() = T(t—t) L (y(t; J T(t — s)F(s, ys)ds (3.296)
By (3.27.2), we get
lyt)| <M up [T (yo(t7)) | +MJ POy (lysllp)ds,  te [t bl
te|—-r,h
(3.297)
We consider the function y; defined by
pi(t) =sup{|y(s)| :hh<s<t}), h<t=<h. (3.298)
Let t* € [t;,t] be such that y; (t) = | y(t*)]. Then we have, for t € [t}, 1],
t
W) <N, +ML () (1 (5))ds. (3.299)

Let us take the right-hand side of the above inequality as v, (¢). Then we have

vi(t1) =Ni, () =wni(t), telt,t],

, (3.300)
vi(t) = Mp(t)y (i (1), te [t,b]
Using the nondecreasing character of v, we get
vi(t) < Mp(Hy(ni(p), te[n,t] (3.301)
This implies, for each t € [#;,t,], that
vi(t) dr
JNI o = MJ p(s)ds. (3.302)

In view of (3.27.2), we obtain

[vi(t*)] <T3' (M J: p(s)ds) = M. (3.303)
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Since for every t € [t1, 1], [l y:llp < ui(t), we have

sup | y(t)] = M. (3.304)

telti,b]

A mild solution to (3.3)-(3.6) is a fixed point of the operator G : C(J;,E) —
P(C(J1,E)) defined by

T(t—t)L(y(t))
G(y):=1h e PC(J1,E) : h(t) = . t TG — sw(e)ds:ve s [ (3.305)
f ' 4

Set
U= {yePC([ti,],E) : lIyll <M +1}. (3.306)

As in Step 1, we can show that G : U — £(Q) is a compact multivalued map and

u.s.c. By the choice of U, thereisno y € dU such that y € AG(y) forany A € (0,1).
As a consequence of Theorem 1.8, we deduce that G has a fixed point y; € U

which is a mild solution of (3.295).

Step 3. Continue this process and construct solutions yx € PC(Jx, E), k = 2,...,m,

to

Yy (t)— Ay € F(t,y), ae.t€ ]

_ (3.307)
y(te) = Ik(y(t)).
Then
(yo(),  te[-rnl,
n(t),  te(t,tl],
y(t) =1 (3.308)
yﬂ’I*l(t)) te (tmflatm])
\)’m(t): t € (tm1 b]:
is a mild solution of (3.261). 0

In the second part, a selection theorem due to Bressan and Colombo for lower
semicontinuous multivalued operators with nonempty closed decomposable val-
ues combined with Schaefer’s fixed point theorem is used to investigate the exis-
tence of mild solution for first-order impulsive semilinear functional differential
inclusions with nonconvex-valued right-hand side.

Theorem 3.28. Suppose that (3.5.1), (3.12.1), (3.12.2), and (3.27.1) are satisfied. In
addition we assume that the following condition holds.
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(3.28.1) There exists a continuous nondecreasing function y : [0, c0) — (0, %)
and p € L'([0,b],R,) such that

[|F(t,w)|| < p(Oyw(llullp) forae t € [0,b] and each u € D, (3.309)

with
b © dr u
ML p(s)ds < J vy T Mll$ll o +k§ck. (3.310)

Then the impulsive initial value problem (3.261) has at least one solution.

Proof. First, (3.12.1) and (3.12.2) imply by Lemma 1.29 that F is of lower semi-
continuous type. Then from Theorem 1.5, there exists a continuous function f :
Q — LY([0,b],E) such that f(y) € F(y) forall y € Q. Consider the problem

Yy () —Ay(t)= f(y), te[0,b],t+t, k=1,...,m,
Ayliey = I(y(t)), k=1,...,m, (3.311)
y(t) = ¢(t), te[-r0]

Clearly, if y € Q is a solution of the problem (3.311), then y is a solution to
problem (3.261).

Transform problem (3.311) into a fixed point problem. Consider the operator
N : Q — Q defined by

#(t) ift e [~r,0],
Ny = | TO8O) + | Tt =9 ()ds (3312)
+ > T(t—t)L(y(t))  ift e [0,b].
O<tr<t

We will show that N is completely continuous. We show first that N is continuous.
Let {y,} be a sequence such that y, — y in Q. Then

IN(ya(t)) = N(y(1)) |

< MLt |f(yn,s) _f(ys) |dS+M Z |Ik()/n(tk)) _Ik(y(tk—)”

0<tr<t

b
<M1 Ond = FO0 s+ M S hln(8) = L((5)].

0<tx<t

(3.313)
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Since the functions f and I, k = 1,...,m, are continuous, then
INCya) = NI = M| f () = fF Dl

FMS R (nli0) ~ L)) | — 0
k=1

(3.314)

asn — oo,
As in Theorem 3.27, we can prove that N : Q — Q is completely continuous.
Now it remains to show that the set

EN):={yeQ:y=AN(y)forsome0<A<1} (3.315)
is bounded.

Let y € &(N). Then y = AN(y) for some 0 < A < 1. Thus, for each t € [0, b],

y(t) = A[T(t)gb(O) + JO T(t—s)f(y)ds+ > T(t— tk)Ik(y(tk))]. (3.316)
O<trp<t
This implies that, for each ¢ € [0, b], we have
[y(t)] < Mli$llp +ML P& (||ysllp)ds + M > cr. (3.317)

k=1
We consider the function y defined by
p(t) =sup{|y(s)|:-r<s<t}, 0<t<b. (3.318)
Let t* € [—r,t] be such that u(t) = |y(¢*)|. If t* € ], then by inequality (3.317)

we have, for t € [0, b],

u(t) < Mlillo +ML POV ) ds+ M . (3.319)
k=1

If t* € [-r,0], then u(t) = [|¢llp and inequality (3.319) holds. Let us take the
right-hand side of inequality (3.319) as v(¢). Then we have

c=v(0) = Mll¢llo +Mk§ck, u(t) < v(t), telo,bl], (3320)
V(t) = Mp(t)y(u(t)), te<[0,b].

Using the nondecreasing character of v, we get

V() < Mp(t)y(v(t)), t € [0,b]. (3.321)
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This implies, for each t € [0, b], that

o) © g
L(O o = MI p(s)ds<J(O)W. (3.322)

(3.28.1) implies that there exists a constant K such that v(t) < K, t € [0, b], and
hence u(t) < K, t € [0, b]. Since for every t € [0,b], | y¢llp < p(t), we have

Iyl < max {ll¢llp,K} := K, (3.323)

where K’ depends only on b, M and on the functions p and y. This shows that
&(N) is bounded.

Set X:=Q. As a consequence of Schaefer’s fixed point theorem (Theorem 1.6),
we deduce that N has a fixed point y which is a mild solution to problem (3.311).
Then y is a mild solution to problem (3.261). O

For second-order impulsive functional differential inclusions, we have the fol-
lowing theorem, which we state without proof, since it follows the same steps as
the previous theorem.

Theorem 3.29. Assume (3.5.1), (3.5.2), (3.12.1), (3.12.2), and the following condi-
tions hold.
(3.29.1) C(t), t > 0 is compact, and there exists a constant My > 1 such that
IC(H)llpE) < M, forallt € R.
(3.29.2) There exist a continuous nondecreasing function v : [0, 00) — (0, 00)
and p € L'([0,b],R,) such that

[|IF(t,w)|| < p(Oyw(llullp) forae t €] andeachu e D (3.324)
with
b © dr
bM, JO p(s)ds<J el
m (3.325)
c=Mll¢llp +bM Iyl + Z Mick + M (b — te)di].
Then the IVP
y'(t) —Ay(t) €F(t,y:), aete]=[0b],t+t, k=1,...,m,
Ayli—y =1 ), k=1,...,m,
V= = Ie(y(t)) (3.326)

Ay,|t:tk :Tk()/(tk_)), k=1,...,m,
}’(t) = ¢(t)> le [—T,O], }’,(0) = ’7)

has at least one mild solution.
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3.7. Notes and remarks

The techniques in this chapter have been adapted from [138, 162, 164, 202], where
the nonimpulsive case was discussed. The arguments of Section 3.2 are depen-
dent upon the nonlinear alternative of Leray-Schauder. Theorems 3.2, 3.3, 3.5
are taken from Benchohra et al. [46] and Benchohra and Ntouyas [85]. The re-
sults of Section 3.3 are adapted from Benchohra et al. [49] and extend those of
Section 3.2. Section 3.4 is taken from Benchohra and Ntouyas [82] and Benchohra
etal. [53, 54, 60, 66], with the major tools based on Martelli’s fixed point theorem
for multivalued condensing maps, Schaefer’s fixed point theorem combined with
a selection theorem due to Bressan and Colombo, and the Covitz-Nadler fixed
point theorem for contraction multivalued maps. The material of Section 3.5 is
based on the results given by Benchohra et al. [56, 57], and this section extends
some results given in Section 3.4. The results of last section of Chapter 3 are taken
from Benchohra et al. [64].



Impulsive differential inclusions with
local conditi

4.1. Introduction

In this chapter, we will prove existence results for impulsive semilinear ordinary
and functional differential inclusions, with nonlocal conditions. Often, nonlocal
conditions are motivated by physical problems. For the importance of nonlocal
conditions in different fields we refer to [112]. As indicated in [112, 113, 126]
and the references therein, the nonlocal condition y(0) + g(y) = yo can be more
descriptive in physics with better effect than the classical initial condition y(0) =
¥o. For example, in [126], the author used

P
g(y) = D ay(t), (4.1)
k=1
where ¢;, i = 1,...,p are given constants and 0 < t; < t, < --- < f, < b, to
describe the diffusion phenomenon of a small amount of gas in a transparent tube.
In this case, (4.1) allows the additional measurements at ¢;,i = 1,..., p.

Nonlocal Cauchy problems for ordinary differential equations have been in-
vestigated by several authors, (see, e.g., [103, 113, 114, 202-204, 206, 207]). Non-
local Cauchy problems, in the case where F is a multivalued map, were studied
by Benchohra and Ntouyas [77-79], and Boucherif [103]. Akga et al. [14] initi-
ated the study of a class of first-order semilinear functional differential equations
for which the nonlocal conditions and the impulse effects are combined. Again,
in this chapter, we will invoke some of our fixed point theorems in establishing
solutions for these nonlocal impulsive differential inclusions.

4.2. Nonlocal impulsive semilinear differential inclusions

In this section, we begin the study of nonlocal impulsive initial value problems by
proving existence results for the problem

Y () e Ay(t)+F(t,y(t)), te]:=[0,b],t+t, k=1,2,....,m, (4.2)
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Ayli—y = L(y(t)), k=1,...,m, (4.3)
m+1

y(0)+ > ay(nx) = yo, (4.4)
f=1

where A is the infinitesimal generator of a strongly continuous semigroup, T(t),
t=20,F:]xE — P(E)is a multivalued map, yy € E, P(E) is the family of
all subsets of E, 0 < 1) < ) <ip < th <3 < »++ <ty < N1 < b,k # 0,
k = 1,2,...,m + 1, are real numbers, Iy € C(E,E) (k = 1,...,m), Ayli—y, =
y() — y(8), y(tf) = limp—o+ y(tx + h) and y(t;) = limp,—o- y(tx — h), and Eis a
real separable Banach space with norm | - |. We are concerned with the existence
of solutions for problem (4.2)—(4.4) when F : ] X E — £ (E) is a compact and
convex-valued multivalued map.

We recall that PC(J,E) = {y : ] — E such that y(t) is continuous everywhere
except for some f; at which y(¢;) and y(]) exist, and y(t;) = y(t), k = 1,2,...,
m}. Evidently, PC(J, E) is a Banach space with norm

Iyllec = sup {[y(t)| : t € J}. (4.5)

Let us define what we mean by a mild solution of problem (4.2)—(4.4).

Definition 4.1. A function y € PC(J,E) N AC((tx, tk+1), E) is said to be a mild
solution of (4.2)—(4.4) if y(0) + Z,TLI ay(i) = Yo, Ayli—y = I(y(t)), k =
1,...,m, and there exists a function f € L'(]J,E) such that f(¢) € F(t, y(t)) a.e.
ont € J,and y'(t) = Ay(t) + f(1).

Lemma 4.2. Assume
(4.2.1) there exists a bounded operator B : E — E such that

B

m+1 -1
(I+ z CkT(l’[k)) . (4.6)

k=1
If y is a solution of (4.2)—(4.4), then it is given by

m+1

Mk t
y(t) = T()Byy — > ckT(t)BJ T (nx — s)f(s)ds+J T(t —s)f(s)ds
k=1 0 0

m+1

—T)B > aT (e — tee1) I (y(t,)) (4.7)
k=1

+ 2 T(t=t)(y(t)), f €Sk

O<tr<t
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Proof. Let y be a solution of problem (4.2)-(4.4). Then there exists f € S, such
that y'(t) = Ay(t) + f(t). We put w(s) = T(t — s)y(s). Then

wi(s)=-T(t—-s)y(s)+ Tt —s)y(s)
=—AT(t—s)y(s)+ T(t—s)y'(s)

4.8
=T(t=s)[y'(s) — Ay(s)] (48)
=T(t—s)f(s).
Let t < t;. Integrating the above equation, we have
t t
I W (s)ds = J T(t = ) f(s)ds,
0 0
w(t) — w(0) = JO T(t = ) f(s)ds, (4.9)

t
(1) = T()y(0) + L T(t = ) f(s)ds.
Consider t; < t,k = 1,...,m. By integrating (4.8) for k = 1,2,...,m, we have

I "W ($)ds + fz W(s)ds+ -+ Jt W (s)ds = Jt T(t—9)f()ds  (4.10)
0 t t 0

or

w(ty) —w0)+w(ty) —w(tf) +- - - +w(tf) —w(t) = Jo T(t—s)f(s)ds,

(4.11)
and consequently
W) = wO) + S [w(tp) —wir)] + L T(t - $) f(s)ds,
O<tp<t t (4.12)
y(O) =w(0)+ > T(t-t)I(y(t)) + JO T(t — s) f(s)ds,
O<trp<t

where w(0) = T(£)y(0) = T(t)[yo — 51 cky ()]

It remains to find y(#). For that reason we use (4.8) and integrate it from 0
toneuk=1,...,m+1.

Fork =1,

m n m
J W (s)ds = J T(t = 5) f(s)ds — J y(s)ds < wln) — w(0)
0 0 0
m m
- JO S(t— ) f(s)ds — JO Y(s)ds = T(t—n)y(m)  (413)

m m
— T(D)(0) + L T(t - s) f(s)ds — L y(s)ds.
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Fork=2,...,m+1,

Mk Mk Nk t
'[ w'(s)ds = J T(t—s)f(s)ds — J y(s)ds = J w'(s)ds
0 0 0 0

+ Jtz w(s)ds+ -+ J'”k w'(s)ds

t -1

- J"’f T(t - s)f(s)ds — J’ka(s)ds o W) (4.14)
0 0

—w(0) +w(ty) —w() +- - +wlp) —w(t_ )
_ J"k T(t - ) f(s)ds,
0

and thus

T(t—0)y(ty) = T(0)y(0) + T(t - 12) y(t;)
T =t)y() + -+ T =)y () = T =)y (1) (415

_ L’” T(t - 5)f(s)ds.

Hence

Tt = m)y(m) = Ty + 3 T(e= )50 + [ 1= 70)ds,

0<[J<}1k

(4.16)

Mk
YOK) = TRy + 3 T =)L) + [ Tl =9)f(6)ds.

0<l’j<rlk

(4.17)

The nonlocal condition, with the help of (4.17), becomes

y(0)+ > c |:T(’7k))’(0)+ > Tn—t)); (y(t]?))+ﬂk T(l’lk—S)f(S)ds} =90,
k=1

0<tj<nk
m+1
»(0) (I+ > CkT(nk))

k=1

m+l k-1 m+1 i
o= X6 X Tk 6y (6)) = X | Tl —9) fs)ds.
k=2 u=1 k=1 0
(4.18)
Hence
m+1 k-1 m+1 1k
y(0) =Byo—B > cx >, Tk — tu)L(y(t;)) =B > ck L T (5 — s) f(s)ds.

k=2 p=1 k=1

(4.19)
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Equation (4.12), with the help of (4.19), becomes

m+1 - m+1
y(t) =T(t) [Byo—B Z Z (k—t,)1, -B Z ij T(nk—s f(s)ds}
k=2 u=1
S Tl )Ly J T(t— ) f(s)ds,
O<tr<t
(4.20)
which completes the proof. ]

Now we are able to state and prove our main theorem.

Theorem 4.3. Assume (3.11.1), (3.27.1), (4.2.1), and the following conditions are
satisfied:
(4.3.1) there exist constants Oy such that

[Ik(x)| <6, k=1,...,m, Vx €E; (4.21)

(4.3.2) there exist a continuous nondecreasing function y : Ry — (0,0), a
function p € LY(J,Ry.), and a constant M > 0 such that

IFt 9| == sup {Ivl:v € F(t, )} < p(t)y (1y]) (4.22)

foralmostallt € ] and all y € E, and

M
— - - >1,  (4.23)
a+M?2||Bllpe 2120 ek |[wM) [ p(t)dt + M [ p(s)y(M)ds
where
m+1
a=MIBlise]|yo| + M|IBlis Z [ck | Ok + M Z Oks (4.24)

(4.3.3) the set {yy — Z;":ll cy(k), y € PC(JLE), llyllpc < r, r >0} is rela-
tively compact.
Then the IVP (4.2)—(4.4) has at least one mild solution on J.
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Proof. We transform problem (4.2)—(4.4) into a fixed point problem. Consider the
multivalued map N : PC(J, E) — £ (PC(J,E)) defined by

m+1

N(y):= {h € PC(J,E) : h(t) = T(¢)Byy — Z caT(t)B J:k T (nx — s)g(s)ds
k=1

m+1

+ L T(t —s)g(s)ds — T()B > ek T (i — te—1) k1 (v (1))
k=1

+ > T(t—t)L(y(ty))ds: g € SF,y}.

O<tr<t

(4.25)

It is clear that the fixed points of N are mild solutions to (4.2)-(4.3).

We will show that N has a fixed point. The proof will be given in several steps.
We first will show that N is a completely continuous multivalued map, upper semi-
continuous (u.s.c.), with convex closed values.
Step 1. N(y) is convex, for each y € PC(J, E).

Indeed, if hy, h; belong to N(y), then there exist g1, € Sp,, such that, for
each t € J, we have

m+1

h(t) = T(OByo — S cuT(1)B j:k T (e — 5)gi(s)ds
k=1

m+1

+ Jo T(t— s)gi(s)ds — T(t)B Z T (e — te=1) I (v (8_1)) (4.26)
k=1

+ > T(t-t)k(y(tp)), i=1,2.
O<tr<t

Let 0 < k < 1. Then, for each t € J, we have

(khy + (1 = k)hy) (t)

m+1

Nk
= T(t)Byy — Z cT(t)B L T(nx — s) [kg1(s) + (1 — k)ga(s) |ds
k=1
m+1
—T)B D> T (nk — tk-1) -1 (y(te_y)) (4.27)
k=1

+ L T(t - 5)[ki(s) + (1 — K)ga(s)]ds

+ > T(t—t)L(y(5)).

0<tr<t

Since S, is convex (because F has convex values), then

khy + (1 —k)h, € N(p). (4.28)
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Step 2. N is bounded on bounded sets of PC(J, E).
Indeed, it is enough to show that for any r > 0, there exists a positive constant
¢ such that, for each h € N(y), y € B, = {y € PC(J,E) : llyllpc < r}, one has

IN()I == {llhllpc : h € N(y)} < €. By (3.27.1), (4.3.2), and (4.3.3), we have, for
each t € J, that

m+1

Hk
|h(t)| < MIIBlis | yo| + M IBllse) >, |kl L p@y([y)|)dt
k=1

t m+1 m
+ML P&y (| y(s)|)ds+M?|IBllpr) D, k| +M D 6
o ! (4.29)
m+1
< M||Bllg&) | yo| + M*|IBllpx) Z Lk |w(llyllec) i plin
k=1
m+1 m
+ My (Ilyllec) I pll + M2 Bl z lck |6k + M z 0.
k=1 k=1
Then, for each h € N(B,), we have
m+1
Ihllec < MIIBlisw | yo| + M2IBlisw D, ek lliplly(r)
. (4.30)
m+1 m
+Mllplloy(r) + M?IBllge) D ck| O+ M D> O :=e.
k=1 k=1

Step 3. N sends bounded sets into equicontinuous sets of PC(J, E).

Let 1,70 € J\ {t1,...,tm}, T1 < T2, and B, be a bounded set in PC(J, E). Then
we have

|h(r2) = h(n1)| < [[T(72)B = T(71)Blyo]

m+1

MBI 3, el [ 1T () = T0) a2 ds
k=1

[T =9 = T = 9l 159 ds

# [T = 9l L0 ds

7

m+1
+[|T(72) = T(10)|lpr) I1Bllseey D | ex | M6k
k=1
+ > T —t) - T(n - tie) [ ) Ok + > Mb.
0<ty<m TI<Uk<T2

(4.31)
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As 1, — 71, the right-hand side of the above inequality tends to zero, since T (¢) is
a strongly continuous operator, and the compactness of T(t) for t > 0 implies the

continuity in the uniform operator topology.

This proves the equicontinuity for the case where t # ;, i = 1,...,m. It re-
mains to examine the equicontinuity at ¢ = ¢;.

First we prove equicontinuity at t = t;. Fix §; > 0 such that {# : k # i} N [t; —
81, t; + 61] =

For 0 < h < 8§, we have

|h(ti+h) — k() |
< |[T(ti+h) —T(t;)|Byo|

m+1
+M?||Bllpx) |ck| J T(t;+h) — T(t:)]g(s)|ds
i ti+h
+J’ [[T(ti+h—s)—T(t—s)]g(s)|ds+ M|g(s)|ds (4.32)
0 "
m+1 k—1
1T+ k) = T () |l 1BllsooM D le| S 6
k=2 =1

+ 2 T h=6) =T - )Ly () [+ Y Mée.

0<tx<t; ti<ty<ti+h

The right-hand side tends to zero as h — 0.

Next we prove the equicontinuity at ¢ = ¢;. Fix §; > 0 such that {t; : k #
itN[ti=01,t;i+6:] =0

For 0 < h < &1, we have

|h(t)) = h(ti=h)| < [[T(t:) = T(t = h)|Byo]

+ M?||Bllpx) Z [ ek | J —T(t;—h)]g(s)|ds

ti—h
+L I[T(t —s) = T(t; = h - 5)]g(s) | ds
m+1 k—1

+{|T(t:) = T(t = 1) | IBllsoM > [ x| D 61
k=2 A=1

+ li [T (ti —t) = T(ti = h = 1) [ (T (y () |
k=1

+M p(s)u/(r)ds+ > Mb.

ti—h<t<t;

(4.33)

The right-hand side tends to zero as h — 0.
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As a consequence of Steps 1 to 3 and (4.3.3), together with the Arzeld-Ascoli
theorem, it suffices to show that N maps B, into a precompact set in E.

LetY = {h € N(y) : y € B, y(0) + Z,'c":ll cy(k) = yo}. We show that N
maps Y into relatively compact sets N(Y') of Y. For this reason we will prove that
Y(t) = {h(t) :h e Y}, t €] is precompact in PC(J, E).

From assumption (4.3.3), we have that Y (0) is relatively compact.

Let 0 < t < b be fixed and let € be a real number satistying 0 < € < t. For
y € B, we define

m+1

he(t) = T()Byo — > ok T(t)B ﬂk T (nx — 5)g(s)ds
k=1

+ o T(t—€—s)g(s)ds
’ (4.34)

m+l k-1

~TMB D c > Ty — ) Di(y(ty))

k=2 A=1

+ > T(t—t)L(y(t)).

O<tp<t

Since T(t) is a compact operator for ¢ > 0, the set Y.(t) = {he(t) : he € N(y)} is
relatively compact in PC(J, E), for every ¢, 0 < € < t. Moreover, for every h € N(y),
we have

|h(t) = he(t)] < ML_S P($)y(r)ds. (4.35)

Therefore there are precompact sets arbitrarily close to the set Y(¢). Hence the set
Y (t) is precompact.
Step 4. N has a closed graph.

Let y, — y*, hy, € N(yn), and h, — h*. We will prove that h* € N(y*).
h. € N(y,) means that there exists g, € Sg,,, such that

m+1

ha(t) = T(DByo — S & T(1)B j:k (i — ) gu(s)ds

k=1

+ Jt T(t —s)gu(s)ds
’ (4.36)

m+1

—T()B > T (nk — tke1) k-1 (ya(ti_y))
k=1

+ > T(t—t) Lk (yalty))ds.

O<tr<t



128 Nonlocal impulsive differential inclusions

We must prove that there exists g* € Sg ,+ such that

m+1

h*(t) = T(¢#)Byy — Z ckT(t)BJ (nk — s)g™ (s)ds

m+1

J T(t - $)g*(s)ds — T(OB S T (e — tis)Ter (v* (£ 1))

k=1

+ > T(t—t)L(y* (), te]

O<tr<t

Consider the operator

I: Ll(I’E) - C(])E))
m+1

g — T(g)(t) = J T(t - $)g(s)ds — Z ckT(t)BJ T(ne - 5)g(s)ds.

We can see that the operator I' is linear and continuous. Indeed, one has
Tl < Mliglw,

where M is given by

m+1

M =M+M|Blisx D el
Clearly, we have

H(hn—m)Byo— S (1)L (n())

O<tr<t
m+1

+T(HOB D> T (e — tie1) et (yu(t_y)))
k=1

—(W* = T(®Byo— > T(t—t)Ik(y*(t))
O<ti<t
m+1

+T(HOB D T (e — tie) et (¥ (8_1)))
k=1

—_— 0)
PC

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

as n — oo. From Lemma 1.28, it follows that I o Sg is a closed graph operator.

Moreover, we have

ha(t) = T()Byo — > T(t — ti) Ik (yu(t;))

O<tp<t
m+1

+T(H)B D T (i — tier) ket (v (t_1)) € T(Sk,y,)-
k=1

(4.42)
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Since y, — y*, it follows from Lemma 1.28 that

h*(t) = T()Byo — >, T(t—t)L(y* (1))
O<tr<t
m+1
=T(B > T — tier) 1 (¥ (1)) (4.43)
k=1

- f T(t - 5)g* (s)ds -
0

m+1

Z cT(t)B Jﬂk T(nx —s)g*(s)ds
k=1 0

for some g* € S )+

Therefore N is a completely continuous multivalued map, u.s.c., with convex
closed values.
Step 5. A priori bounds on solutions.

Let y be such that y € AN(y), for some A € (0,1). Then

m+1

Nk
Y1) = AT(H)Byo —1 S acT()B L T(ne — 5)g(s)ds
k=1
m+1
— AT(t)B Z CkT(I’]k — 1) Iy (yn(tl;l)) (4.44)

k=1

+AL T(t - 9)g()ds+17" S T(t— t)L(y(t)), teT

O<tr<t

This implies by (4.3.1), (4.3.2), and (4.3.3) that, for each t € ], we have

m+1

Hik
| ()| < MIIBllg | yo| + M*|IBlls) z lex [ w(Ilyllec) L p()dt
k=1
t m+1 m
3 [ pOw(y0))ds + M2 1Bl . Lo |6+ M S 6
’ k=1 k=1 (4.45)
m+1 m
<a+MIBllge >, |ely(llylec) L p(t)dt
k=1
b
M [ pOu(lyli)ds.
Consequently,
lyllpc

<1

a+M2||Bllpe S e v (lyllec) [ p(o)de+ M [ p(s)y (Ilyllec)ds ‘( ' |
4.46

Then by (4.3.3), there exists K such that || y[lpc # K. Set

U ={y € PC(J,E) : llyllpc <K +1}. (4.47)
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The operator N is continuous and completely continuous. From the choice of U,
there is no y € dU such that y = AN(y), for some A € (0,1). As a consequence of
the nonlinear alternative of Leray-Schauder type (Theorem 1.8), we deduce that
N has a fixed point y in U which is a solution of (4.2)—(4.4). O

Theorem 4.4. Assume that hypotheses (3.27.1), (4.3.1), and (4.3.2) are satisfied. In
addition we suppose that the following conditions hold:
(44.1) F : ] X E — Pepo(E) has the property that F(-,y) : ] — Pp(E) is
measurable, for each y € E;
(4.4.2) there exists | € L'(J,R*) such that Hy(F(t, y), F(t, 7)) < I(t)|ly — I,
for almost each t € ] and y,y € E, and

d(0,F(t,0)) < €(t), foralmosteacht € J; (4.48)
(4.4.3) there exists constant dy such that
|I(y2) = Ik(n) | <di|y2 =l Yy €E (4.49)

(4.4.4) assume that

m+1 m+1 m
M<M||B|B<E) > ek |L(nk) +L(b) + MIIBllpe) >, |ck|dk-1+ > dk) <l

k=1 k=1 k=1
(4.50)
where L(t) = fot £(s)ds.
Then the IVP (4.2)—(4.4) has at least one mild solution on J.
Proof. Set
m+1
Q = {y € PC(J,E) : y(0) + z ay(ne) = yo} (4.51)
k=1

Transform problem (4.2)—(4.4) into a fixed point problem. Consider the multival-
ued operator N : Qy — £ (Qy) defined in Theorem 4.3; that is,

m+1

Nk
N(y) := {h € Qy:h(t) = T(t)Byo— > T (t)B JO T (nx — s)g(s)ds
k=1

m+1

- T(t)B Z CkT(l’]k — tk—l)Ik—l()’(tk_,l)) (4.52)
k=1

t
+ Jo T(t—s)g(s)ds:g e SF’)/}.

We will show that N satisfies the assumptions of Theorem 1.11. The proof will be
given in two steps.
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Step 1. N(y) € Pq(Qy), for each y € Q.
Indeed, let (y4)n=0 € N(y) such that y, — ¥ in Q. Then y € Qq and there
exists g, € Sg,, such that, for every t € J,

m+1

ya(t) = T(t)Byo — . ckT(t)BJ T (nx — s)gn(s)ds
k=1
m+1

j T(t - $)ga(s)ds — T()B . & T (i — tit) it (y(t,))  (4:53)

k=1
+ > T(t—t)L(y(t)).

O<tr<t

Using the fact that F has compact values and from (4.4.2), we may pass to a sub-
sequence if necessary to get that g, converges to g in L!(J, E), and hence g € Se,y-
Then, for each t € ],

m+1

ya(t) — (t) = T(t)Byo — Z ckT(t)BJ (1x — 5)g(s)ds

+J T(t = $)g(s)ds
0

N (4.54)
—T(®B Y aT(nk — te-1) k1 (y(6_y))

k=1
+ 2 T—t)Ik(y()), tel

O<tr<t

So, ¥y € N(»).
Step 2. Hy(N(y1),N(»2)) < ylly1 — »2llpc, for each y1, y, € PC(J, E) (where y <
1).

Let y1,y, € PC(J,E) and h; € N(y;). Then there exists g;(¢t) € F(t, yi(t))
such that

m+1
hu(t) = T(t)Byo - chT(t)Bj T(ni — s)g1(s)ds
k=1
m+1
J T(t - $)gi(s)ds — T()B >, T (i — ti 1)l (1 (1)) (459
k=1

+ > T -t hk(n (), te

O<tr<t

From (4.4.2) it follows that

Hy(F(t, y1(0),E(t, y2(1))) < 1(t) |1 (1) — ;a(8) |, teE] (4.56)
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Hence there is w € F(t, y»(t)) such that
@) =w| <1 [n() - (O], te]. (4.57)
Consider U : | — P (E), given by
Ut) ={weE: g -w| <l yi(t) - »(0)] }. (4.58)

Since the multivalued operator V(t) = U(t) N F(t, y»(t)) is measurable (see [119,
Proposition I11.4]), there exists g>(¢) a measurable selection for V. So, g:(t) €
F(t, >(t)) and

lgi(t) — ()| <I(t)|y:1(t) — ya(t)|, foreachte]. (4.59)

Let us define, for each t € J,

m+1

i
ho(t) = T(NByo — S & T(H)B L T(ne - 5)go(s)ds
k=1
m+1

+ jo T(t—$)ga(s)ds — T()B > axT(me — ti 1) k1 (a(ty )  (460)
k=1

+ > T(t—t)L(n(t)).

O<tp<t

Then we have

m+1

Hk
()~ )| < | S «T(HB jo (i — 5) [g1(s) — go(s)]ds
k=1

+ J T(t - 5)[gi(s) — go(s)]ds
0

- T(t)BmZ T (ke — k1) (-1 (02 (t_1)) = Ieer (1 (821))
k=1
. T(r—rk><1k(y2(tk)>—zkm(tm)‘

0<tr<t

m+1

1k
< 3 Ll MBIl - il [ e0)ds
k=1
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m+1
+M?|Bllse) D, ek ldi-1]y2(ty) — yi(ty) |
k=1
+ M|y — )/2||ch f(S)dHMdeU’z te) = ()|

k=1
m+1

< > ek | L(n) M*IBllswlly1 = y2llpe

m+1

M*(IBlls@) . | ekl di-1lly2 — yillpe
k=1

+L(b)M|y1 = yallpc + M > dilly2 = pillpe-

k=1
(4.61)
Then
m+1
[ = hollpe < M<M||B||B(E) Z |k | L(ni) + L(b)
k= (4.62)

m+1

+ M| Bl Z |k | di- 1+de>1|)’1 y2llpe-

By the analogous relation, obtained by interchanging the roles of y; and y, it
follows that

m+1
HAN ()N () = (MBI Y. Lo L) + 10
k=1
m+1
+M|BllsE) > |ek|dk- 1+de>||y1 y2llpe-
k=1

(4.63)

From (4.4.4), we have

m+1 m+1

y:=M<M||B||B > ek | L(nk) + L(b) + M| Bllg() z |k | di— 1+de> <1
k=1

(4.64)

Then N is a contraction and thus, by Theorem 1.11, it has a fixed point y, which
is a mild solution to (4.2)—(4.4). O

By the help of the nonlinear alternative of Leray-Schauder type, combined
with the selection theorem of Bressan and Colombo for lower semicontinuous
maps with decomposable values, we will present a second existence result for prob-
lem (4.2)—(4.4), with a nonconvex-valued right-hand side.
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Theorem 4.5. Suppose, in addition to hypotheses (3.27.1), (4.3.1)—(4.3.3), the fol-
lowing also hold:
(4.5.1) F:]JXE — P(E) is a nonempty compact-valued multivalued map such
that
(a) (t,y) = F(t,y) is L ® B measurable,
(b) y — E(t, ) is lower semicontinuous for a.e. t € J;
(4.5.2) for eachr > 0, there exists a function h, € L'(J, R") such that

[[F(t, y)|| :=sup {Iv| : v € F(t, )} < h,(t), foraete], y € Ewith|yl <r.
(4.65)

Then the initial value problem (4.2)—(4.4) has at least one solution on J.

Proof. Conditions (4.5.1) and (4.5.2) imply that F is of lower semicontinuous
type. Then from Theorem 1.5 there exists a continuous function f : PC(J,E) —
LY(J,E) such that f(y) € F(y) forall y € PC(J, E).

We consider the problem

V() = Ay + fOND, €], t4 b k=12,.,m,
Ayli=t, = I(y(t)), k=1,...,m,

m+1

y(0)+ > cky(ne) = yo
k=1

(4.66)

We remark that if y € PC(J, E) is a solution of problem (4.66), then y is a solution
to problem (4.2)—(4.4).

Transform problem (4.66) into a fixed point problem by considering the op-
erator N, : PC(J, E) — PC(J, E) defined by

m+1

Hk
Ni(y) == T()Byo — 5. ceT(DB jo T( — ) f(3)(s)ds
k=1

+] T a7
0

m+1

—T(B > Tk — tee1) Ier (y(ty))
k=1

(4.67)
+ > T(t—t)L(y(t)).
0<tr<t

We will show that N is a completely continuous operator.
First we prove that N is continuous.
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Let {y,} be a sequence such that y, — y in C(J, E). Then

m+1 P
INi(ya) () = Ni(»)(@®) | <= M?> > |ck|IBllae J: | f(yn)(s) = f(y)(s)|ds
k=1

oM [ £ ~ F)0 ] ds

m+1
+ MBI > lex | [ Te-1(yn () =T (y(51))]

k=1

+M Y | Ik(ya(t) = L(y()) |
O<tr<t
(4.68)
Since the function f is continuous, then

IIN1(yn) = Ni(P)|[pc — 0 asn — oo. (4.69)

The proof that N is completely continuous is similar to that given in Theorem
4.3. Finally we establish a priori bounds on the solutions. Let y € &(N;). Then
y = AN;(y), for some 0 <A < 1 and

m+1

Nk
y(t) = AT(t)Byy — A Z caT(t)B J;) T(nx —s) f(y)(s)ds
k=1

+AJ T(t—s)f(y)(s)ds
0
m+1

—AT(t)B Z T (e — i) Ik (y(8y)
k=1

+A D T(t—t)k(y(t)), tel

O<tp<t

(4.70)

This implies by (3.27.1), (4.3.2), and (4.3.3) that, for each t € ], we have

m+1 7k
0] = a181ace (1ol +363 1] ptwlyw) )
k=1

m+1 m

t
# 3 [ py(1y(0) s+ MPIBlsce S |l 6+ M S 6
k=1 k=1

m+1 k
< M||B||B(E)<|yo| +M > ey (llyllec) J: P(l‘)dt>

k=1

(4.71)

m+1 m

b
+MJ0 P&y (llylec)ds + M2 IBllge) > |ck| O+ M D> bk

k=1 k=1

We continue as in Theorem 4.3. O
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4.3. Existence results for impulsive functional semilinear differential
inclusions with nonlocal conditions

In this section, we will be concerned with the existence of mild solutions for the
first-order impulsive functional semilinear differential inclusions with nonlocal
conditions in a Banach space of the form

y'(t)—Ay(t) € F(t,y:), aete]:=[0,b], t+t, k=12,...,m,
Aylimg = I(y(t)), k=1,...,m, (4.72)
(@) + (g (pise s y,))(0) = (1), t € [-r,0],

where F : ] X D — P (E) is a bounded-, closed-, convex-valued multivalued map,
D ={y:[-r,0] = E | y is continuous everywhere except for a finite number of
points f at which y(f) and y(#") existand y (") = y(§)}, ¢ € D (0 < r < ),
(P (E) is the family of all nonempty subsets of E), #; < --- <1, < b, p € N,
g:DP =D, (DP =D XD X--- XD, p-times), A is the infinitesimal generator
of a family of semigroup {T(t) : t = 0},0 < t; < - -+ <ty < tyyy1 = b, Iy € C(E, E)
(k=1,...,m), Ayli=y, = y(t) — y(t1), (&) = limp_o+ y(tx + h), and y(t;) =
limy_o- y(tx — h), and E is a real separable Banach space with norm | - |.

Recall that QO = PC([~r, b], E) and that the spaces PC([~r, b], E) and PC' ([0,
b], E) are defined in Section 3.2.

Definition 4.6. A function y € Q N AC((, tk+1), E) is said to be a mild solution
of (4.72) if there exists a function v € L!(J, E) such that v(¢) € F(¢, y(t)) a.e. on |
and

(&) = T@O[6(0) = (Vs> y,)) ()] + jo T(t - s)v(s)ds
3 T (),

O<tr<t

(4.73)

and y(t) + (§(¥yi>-- > ¥y, ))(t) = (), t € [-1,0].
Theorem 4.7. Assume that (3.2.1), (3.11.1), [(3.7.1)(i), (i1)], (3.27.1), and the fol-

lowing conditions hold:
(4.7.1) g is completely continuous and there exists a constant Q such that

lg(uis...,up) ()| =Q, for (u,...,up) € DP, te[-r,0]; (4.74)

(4.7.2) there exists a continuous nondecreasing function y : [0,00) — (0, o)
and p € L'(J,R,) such that

[|F(t,w)|| < p()y(llullp), fora.e t €] andeachu € D, (4.75)
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with

* dr
Jl W = 00, (476)

Then the IVP (4.72) has at least one mild solution.

Proof. Transform problem (4.72) into a fixed point problem. Consider the multi-
valued operator N : QO — £ (Q) defined by

¢(t)_(g()’m>~~~>}’np))(t): te [-7",0],
T(t)[q?(o) = (@>e- 5 9m,))(0)]
N(y)=1heQ:h(1) = + L T(t — s)v(s)ds )
+ Z T(t—tk)Ik(y(t];))r te],
O<tr<t (4.77)

where v € S

We will show that N satisfies the assumptions of Theorem 1.7. The proof will
be given in several steps.
Step 1. N(y) is convex, for each y € Q.

Indeed, if hy, h; belong to N(y), then there exist vi, v, € Sp(y) such that, for
each t € J, we have

hi(t) = T()[$(0) = ((Yyis--->¥n,)) (0)] + L T(t — s)vi(s)ds

+ > T(-t)h(y(5)), i=1,2. (4.78)
O<ti<t
Let 0 < d < 1. Then, for each t € J, we have
(dhy + (1 = d)hy) (t) = T(£)[¢(0) = (g (¥yy5---»¥,)) (0)]
" Lt T(t-9)[dn(s) + (1 -dwa©)lds (470
+ > Tt =) k(y(t))-
O<ti<t
Since Sg(y) is convex (because F has convex values), then
dh+ (1 —d)h, € N(y). (4.80)

Step 2. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant € such that,
foreach y € 8; = {y € Q : llyll < g}, one has [N(p)Il := suptllhll : h €
N(y)} <¢.
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Let y € 8; and h € N(y). Then there exists v € Sp(,) such that, for each
t € J, we have

h(t) = T(O[0) = (§ (s~ - 7,)) (O] + jo T(t - s)v(s)ds

(4.81)
+ > T(t—t)L(y(t)).
O<tr<t
We have, for each t € J,
b m
\h(H)| = M[ligllp + Q] +ML 0a()ds+ M S o
= (4.82)

< M[lI¢llp + Q] + Mgyl + M > ci
k=1

where ¢, is defined in the definition of a Carathéodory function. Then, for each
h € N(8,), we obtain

INOD)I| < M[lI¢llp + Q) + M|yl + M Dk :=e. (4.83)
k=1

Step 3. N maps bounded sets into equicontinuous sets of Q).

Letti, 70 € J\ {t1,...,tm}, T1 < T2, and & > O such that {t1,...,t,} N [t—38,t+
0] = @, and let B, be a bounded set of () as in Step 2. Let y € B, and h € N(y).
Then there exists v € Sg,, such that, for each ¢ € ], we have

|h(12) —h(m1) | < [[T(12) — T(11)]¢(0) |
+ [ [T(r2) = T(2)1g(yyis-- 5 y,) (0) ]

T1—€
# ]I =9 = T(0 = 9l 9a9ds

T =) - T =l ods (480
t [ T = 9leaeds+ S Ma

T 0<t<1—T)
+ Z [|T(r; — &) — T(7; — tk)”B(E)Ck'

0<t<t

As 1y — 11, and for € sufficiently small, the right-hand side of the above inequality
tends to zero, since T(¢) is a strongly continuous operator, and the compactness of
T(t), for t > 0, implies the continuity in the uniform operator topology.

This proves the equicontinuity for the case where ¢t # #;, i = 1,...,m. It re-
mains to examine the equicontinuity at ¢ = ¢;.
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Set
() = TO[$0) = g(yni- -y, O]+ X T(t = 1)k (y(t)),
O<tr<t
. (4.85)
ha(t) = | Tt - 9v(s)ds.
0
First we prove equicontinuity at ¢ = ;. Fix §; > 0 such that {tx : k # i} N [ —
01, ti+61] = @,

() = T(6)[$(0) =g (yyse sy, ) O]+ >0 T (= t1) I (y (1))

0<tr<t;

1 (4.86)
= T(t)[$(0) = g (yyr- > 2, ) O] + 3T Tt = 1) I (y (1))

k=1

For 0 < h < &y, we have

[ (ti—h) —ha(t) | < [(T(ti —h) = T(t:)) [$(0) = g(yy>-- > ¥, ) (0)] |

i—1

+ > |[T(ti—h—t) = T(t — t) 11 (y () |.

k=1
(4.87)
The right-hand side tends to zero as h — 0.
Moreover,
ti—h
[t =) <o) | < | I[T(6=h=5) = T(6 - 9)]v(s) | ds

) (4.88)
+ M¢,(s)ds,
ti—h

which tends to zero as h — 0.
Define

ho(t) = h(t), te[o0,t],

~oo ), tE (thtin], (4.89)
mm_{ﬂﬂ%t:g

Next we prove equicontinuity at t = t;. Fix 8, > 0 such that {f : k # i} N [f; —
02, ti +62] = &. Then

B(6) = T(E[00) = g0nrevro0) O] + || 700 = (s

i

Z ti— ) Ik (y(8))-

(4.90)
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For 0 < h < §,, we have

|t +h) = h(8) | < [(T(t+h) = T(6))[60) = g (s> 5 3, ) O] |

+ Lt I[T(6+h—s) = T(t — ) ]v(s) | ds

ti+h
+ Mo, (s)ds (4.91)

i

+Z| (ti+h—t) =Tt — ) I(y(5)) |-

The right-hand side tends to zero as h — 0.

The equicontinuity for the cases 71 < 7, < 0 and 77 < 0 < 7, follows from
the uniform continuity of ¢ on the interval [—r,0] and the complete continuity
of g. As a consequence of Steps 1 to 3 and (4.7.1), together with the Arzeld-Ascoli
theorem, it suffices to show that N maps B, into a precompact set in E.

Let 0 < t < b be fixed and let € be a real number satistying 0 < € < t. For
y € B, we define

t—€

he(t) = TO[$0) = € (yps--5y,)) O]+ T(€) | - T(t =5 = €)vi(s)ds
+T(€) > T(t-t—-e)k(y(t)),

O<tx<t—e

(4.92)

where v; € Sp(y). Since T'(t) is a compact operator, the set He(t) = {hc(t) : he €
N(y)} is precompact in E, for every €, 0 < € < t. Moreover, for every h € N(y),
we have

|h(t)—h6(t)|sLE||T(t—s)||B(E)<pq(s)ds+ ST = 1)l e

t—e<ti<t

(4.93)

Therefore there are precompact sets arbitrarily close to the set H(t) = {he(t) : h €
N(y)}. Hence the set H(t) = {h(t) : h € N(By)} is precompact in E. Hence the
operator N : QO — £ (Q) is completely continuous, and therefore a condensing
operator.
Step 4. N has a closed graph.

Let y, — y4, hy € N(yn), and h, — h,. We will prove that hy, € N(yy).
h. € N(y.) means that there exists v, € Sg(,,) such that, for each t € J,

ha(t) = T(£)[(0) — (g(()’n)m’---’(J’n)q,,))(o)] + Jot T(t = s)vu(s)ds
+ > T(t—t) L (yaltp)).

O<tr<t

(4.94)
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We have to prove that there exists v« € Sg(y,) such that, for each t € J,

hi () = T(O[$(0) = (g((y4) - --> (4),,)) (0)] + L T(t — s)vs(s)ds

+ > T(t— ) I (e (£)-

O<tp<t

(4.95)

Clearly, since I, k = 1,...,m, are continuous and g is completely continuous, we
obtain that

H(hn—m)w(m—(g((yn),,l,...( SO S Tr—tk)Ikm(tk)))

O<tr<t

- (h* —TO[$0) = (¢((e)ys--s (72), ) (O)]

-y T(t—tk)zkw*(t,z)))“w, asn—

0<tx<t

(4.96)
Consider the linear continuous operator

r:LY(J,E) — C(J,E),

t (4.97)
g—T(@W) = L T(t — s)v(s)ds.

From Lemma 1.28, it follows that I o Sf is a closed graph operator. Moreover, we
have

ha(£) = T(O)[$(0) = (g((yn) yo---> (¥n),)) (0)]
- Z (t—ti) Ik (yn(te)) € F(SF(),”)).

0<tr<t

(4.98)

Since y, — s, it follows, from Lemma 1.28, that

hae(8) = T(O[$(0) = (g((ys) o5 (i), O] = X0 Tt = ti) Ik (v ()

O<tr<t

- jt T(t — $)vs (s)ds
’ (4.99)

for some vy € Sp(y,).
Step 5. Now it remains to show that the set

M:={y € Q:1ly e N(y)forsome > 1} (4.100)
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is bounded. Let y € M. Then Ay € N(y), for some A > 1. Thus, for each t € ],

y() =171 [T(t)[ﬁb(O) — &y ) O)] + L T(t - s)v(s)ds

(4.101)
¢S T w0 ))|
0<tx<t
for some v € Sg(,). This implies that, for each ¢ € J, we have
t m
ly(0)| < M[lIg]l o + Q] + L Mpy(llysllp)ds + M S . (4.102)
k=1
We consider the function g defined by
p(t) =sup{|y(s)|:-r<s<t}, 0<t<b (4.103)

Let t* € [—r,t] be such that u(t) = |y(t*)|. If t* € ], by the previous in-
equality, we have, for t € J,

¢ m
u(t) < M[llollo + Q] -l-MJ0 Py (u(s))ds+M Z k. (4.104)
k=1

Ift* € [-r,0], then u(t) < [|¢llp + Q and the previous inequality holds.
Let us denote the right-hand side of the above inequality as ¥(¢). Then, we
have

u(t) =v(t), tej,

e 4.105
v(0) = M[lIgllo + QI+ M > ek, V() = Mp(Hy(u(t), te]. (4.105)
k=1
Using the increasing character of y, we get
V() < Mp()yy(¥(t)), aete] (4.106)
Then, for each t € J, we have
ZORPM b
<M 0. 4.1
L(O) y(u) = Jo pls)ds < (4.107)

Assumption (4.7.2) shows that there exists a constant K such that v(t) < K, t € ],
and hence u(t) < KZ, t € J. Since, for every t € ], ||yl < u(t), we have

Iyl <K' = max {ll¢llp + Q, K}, (4.108)
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where K’ depends on b, ¢, Q, and on the functions p and y. This shows that M
is bounded. As a consequence of Theorem 1.7, we deduce that N has a fixed point
which is a mild solution of (4.72). 0

Theorem 4.8. Suppose that hypotheses (3.13.1)—(3.13.3) and the following condition
are satisfied:
(4.8.1) there exist constants ¢ such that

4
|g(ut,...,up)(0) = g(@r,..., 1) (0) | = D | uk(0) — uk(0) |, (4.109)
k=1
for each (uy,...,us), (ty,...,4,) in DP.
If
P m b
M(l* DY ck> <1, IF- J I(s)ds, (4.110)
k=1 k=1 0

then the IVP (4.72) has at least one mild solution.
Proof. Set

Qo ={y € Q:yt) =¢(t) = (g(yy>-->y9,)) (1), YVt E [-1,0]}.  (4.111)

Transform problem (4.72) into a fixed point problem. Let the multivalued opera-
tor N : Qp — P (Qo) be defined as in the proof of Theorem 4.7. We will show that
N satisfies the assumptions of Theorem 1.11. The proof will be given in two steps.
Step 1. N(y) € Pa(Qy), foreach y € Q.

Indeed, let (y4)n=0 € N(y) be such that y, — ¥ in Q. Then y € Q and there
exists v, € Sg(y) such that, for each t € J,

yu(t) = TO[P0) = (g(Wyrs--->4,)) (0)] + L T(t — s)va(s)ds
+ > T(t—t)(y(t)).

0<tr<t

(4.112)

Using the fact that F has compact values and from (3.13.2) we may pass to a sub-
sequence if necessary to get that v, converges to v in L'(J, E) and hence v € Sg(,).
Then, foreach t € ],

ya(t) — y(t) = T()[$(0) = (g(¥yy>---» yy,)) (O] + L T(t - s)v(s)ds
+ > T(t—t)L(y(t)).

0<tr<t

(4.113)

So, ¥y € N(»).
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Step 2. There exists y < 1 such that
Hy(N(y),N®)) <ylly —=7ll, foreachy,y e Q. (4.114)

Let y,7 € Qand h € N(y). Then there exists v(t) € F(t, y;) such that, for each
te],

h(t) = TO[$(0) = (§(yyr- > y,)) ()] + jo T(t - $)v(s)ds

(4.115)
+ > Tt =) Ik(y(8)).
O<ty<t
From (3.13.2), it follows that
Hy(F(t, y1), F(t,7,)) = 1Olly: = 74l p- (4.116)
Hence there is w € F(t,y,) such that
vty —w| <IW)||ye =T llp tET (4.117)
Consider U : ] — P (E), given by
Ut) ={weE: [v(t) —w| <I®)|ly: - 7|5} (4.118)

Since the multivalued operator V(t) = U(t) N F(t,y,) is measurable (see [119,
Proposition I11.4]), there exists a function t — v(¢), which is a measurable selection
for V. So, ¥(t) € F(t,y,) and

[v(t) =v()| <1(B)||y: —¥,||p» foreachte]. (4.119)

Let us define, for each t € J,

B(E) = T(O[$(0) = (7.7, )] + | T(t = 97()ds
+ > T(t-t)L(F(t)).

O<tr<t

(4.120)
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Then we have

[h(8) = ()| < MI(g(Wnis--->y4,))(0) = g(Fyn- 7, ) (0)]
+th [v(s) —v(s) |ds
0
+ > T =t) [ Ly () - L(3(5)) |

O<tr<t

P
<MY el (yy = 7,00
k=1

t m
M [ 1)y Fllpds+ M Y. cilly - 71
k=1

P b m
MY &y -7l +ML 1)y = plds+M > celly =yl
k=1 k=1

p m
< MZEk—i-Ml* +MZ ck}lly—yll.
k=1 k=1
(4.121)

Consequently,
|k — hll <M[ch+l*+2ck}||y—yll. (4.122)
k=1 k=1
By an analogous relation, obtained by interchanging the roles of y and , it follows
that
P m
Hy(N(y),N(¥)) sM[ZEk+l*+ch}||y—7|. (4.123)
k=1 k=1

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y, which is
a mild solution to (4.72). |

4.4. Notes and remarks

The results of Section 4.2 are adapted from Benchohra et al. [40], while the results
of Section 4.3 come from Benchohra et al. [87]. The techniques in this chapter
have been adapted from [112] where the nonimpulsive case was discussed.






Positive solutions for impulsive

5.1. Introduction

Positive solutions and multiple positive solutions of differential equations have re-
ceived a tremendous amount of attention. Studies have involved initial value prob-
lems, as well as boundary value problems, for both ordinary and functional differ-
ential equations. In some cases, impulse effects have also been present. The meth-
ods that have been used include multiple applications of the Guo-Krasnosel’skii
fixed point theorem [158], the Leggett-Williams multiple fixed point theorem
[187], and extensions such as the Avery-Henderson double fixed point theorem
[26]. Many such multiple-solution works can be found in the papers [6, 8-10, 19,
52,94, 95,137, 159, 194].

This chapter is devoted to positive solutions and multiple positive solutions
of impulsive differential equations.

5.2. Positive solutions for impulsive functional differential equations

Throughout this section, let ] = [0,b], and the points 0 =ty < t; < - -+ < t, <
tmi1 = b are fixed. This section is concerned with the existence of three non-
negative solutions for initial value problems for first- and second-order functional
differential equations with impulsive effects. In Section 5.2.1, we consider the first-
order IVP

y(t)=f(t,y), te]=[0,b],t#t, k=1,....m,
A)’|z:tk = Ik(y(tk_)), k= 1,...,m, (51)
y(t) = ¢(t), te[-r0],

where f : ] XD — Risagiven function, D = {y : [-r,0] — R, | y is continuous
everywhere except for a finite number of points s at which y(s) and the right limit
y(sH) existand y(s7) = y(9)}, p € D,0<r <o, I : R - Ry (k=1,2,...,m),
Ayli—y = y(£0) =yt ),and ' =T\ {t1,..., tm}.
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In Section 5.2.2, we study the second-order impulsive functional differential
equations of the form
y' ()= f(t,y), t€]=[0bl,t+t k=1,...,m,
Ayle=y = Ik(y(t)), k=1,....m,
AY i, = Ie(y()), k=1,...,m,
y() =¢(t), te[-r0],  y(0)=n,

(5.2)

where f, I, and ¢ are as in problem (5.1), Ir € C(R,R,), and nekR.

5.2.1. First-order impulsive FDEs

In what follows we will assume that f is an L!-Carathéodory function. We seek a
solution of (5.1) via the Leggett-Williams fixed theorem, which employs the con-
cept of concave continuous functionals.

By a concave nonnegative continuous functional y on a space C we mean a
continuous mapping y : C — [0, co) with

y(Ax+ (1 =-1)y) = Ay(x)+ (1 -Vy(y), Vx,yeC Ae]lo1] (5.3)

Let us start by defining what we mean by a solution of problem (5.1). We recall
here that QO = PC([-r, b],R).

Definition 5.1. A function y € Q N AC((#, tk+1),R) is said to be a solution of
(5.1) if y satisfies the equation y’(t) = f(¢, y;) a.e. onJ’, the conditions Ay|,—, =
L(y(t)), k=1,...,m,and y(t) = ¢(t), t € [-r,0].

Theorem 5.2. Assume that the following assumptions are satisfied:
(5.2.1) there exist constants ci such that

k()| <k, k=1,...,m, foreach y € R; (5.4)
(5.2.2) there exist a function p € L'(J,Ry), p >0, and 0 < M < 1 such that

| f(t,u)| <Mp(t) forae. t€]andeachu € D,

n b 5.5
||¢||;D+ch+MJ p(t)dt < p; (55
k=1 0

(5.2.3) thereexist L > p, M < M, < 1, and an interval [c,d] C (0, ) such that

min (¢(0) + MZNIk (7 (1)) + Jot fs, ys>ds>

(5.6)
m b
> M, <¢(0) + > L(y(t) + JO f(s,ys)ds> > L;

k=1
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(5.2.4) there exist R > L and M, with M, < M, < 1 such that
m b
lpllo+ > e+ M, L p(Hdt < R. (5.7)
k=1

Then problem (5.1) has three nonnegative solutions yi, y», y3 with

[yl < ps y(t)>L fort e [0,b],

l|y3]| >p with tmin y3(t) < L. (5.8)
€led]

Proof. Transform problem (5.1) into a fixed point problem. Consider the operator
N : Q — Q defined by

o(1) ift € [-r,0],
NOIO=190+ 3 k@) + [ flopdas itreiop.

O<tr<t

We will show that N is a completely continuous operator.
Step 1. N is continuous.
Let {y,} be a sequence such that y, — y in Q. Then

IN(ya(t)) = N(y(®)) |

<[ 176 = fydldst 3RO -EOEN]

b
< |, o) = s lds+ S 1ROn()) = L(r(5)].

0<tr<t

Since f is an L!-Carathéodory function and Iy, k = 1,...,m, are continuous,
then

IIN(yu) = N
< _ B (5.11)
<f Coyme) = F Gyl + 2 1 Te(pn(8) = I(y(5)) | —0
k=1

Step 2. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that, for any q > 0, there exists a positive constant
¢ such that, foreach y € B; = {y € Q: ||yl < g}, we have [N(y)|l < €.

By (5.2.1) we have, for each t € ],

INGIOL = 1gllo+ [[ 1 £ lds+ S ()]

0<tr<t

(5.12)

m
< lgllip +lhgllp + > e :=¢.
k=1
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Then
INO) < e. (5.13)

Step 3. N maps bounded sets into equicontinuous sets of Q).
Let 71,7, € [0, b], 71 < 72, and let B, be a bounded set of Q. Let y € B,. Then

IN(y)(12) =N(y) (1) | < LTZ hy()ds+ > (5.14)

0<tk<T1— T2

As 7, — 1) the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case where ¢t # t;, i = 1,...,m. It remains to
examine the equicontinuity at t = ;. The proof is similar to that given in Theorem
4.3. The equicontinuity for the cases 7 < 7, < 0 and 71 < 0 < 7, is obvious.

As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we
can conclude that N : Q) — Q) is completely continuous.

Let

C={yeQ:yt)=0forte [-r,b]} (5.15)

be a cone in Q. Since f and I, k = 1,...,m, are all positive functions, N(C) c C
and N :Cg — Cgrisa completely continuous operator. In addition, by (5.2.4), we
can show that if y € Cg, then N(y) € Cg. Next, let y : C — [0, ) be defined by

v(y) = fé}f%l y(t). (5.16)

It is clear that y is a nonnegative concave continuous functional and y(y) < [yl

for y € Cg. Now it remains to show that the hypotheses of Theorem 1.14 are

satisfied.

Claim 1. {yeC(y,L,K):y(y) >L} # @andy(N(y)) > Lforall y € C(y, L,K).
Let K be such that LM™! < K < Rand y(t) = (L+K)/2 fort € [-r,D].

By the definition of C(y, L, K), y belongs to C(y, L, K). Then y belongs to {y €

C(y,L,K) : y(y) > L} and hence it is nonempty. Also if y € C(y, L, K), then

v ) = min (60)+ 3 5000 + [ 55
tele O<ti<t 0

. , (5.17)
zM(wm+Zuwmw+Lf@%wQ>L
k=1

by using (5.2.3).
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Claim 2. |IN(y)lla < pforall y € C,.
For y € C,, we have, from (5.2.1) and (5.2.2),

NGO = 190)] + [ £y lds+ 3 |R(()]
O<t<t

. (5.18)
< l¢llp +Mlplu + > ek <p.
k=1

Claim 3. w(N(y))>Lforeach y € C(y,L,R) with [[N(y)l| = K.Let ye C(y,L,R)
with [[N(»)]l > K. From (5.2.3) we have

v0) = min (60 + 3 G+ [ £

0<tr<t

m b
> M, <¢(0) + Z I(y(t)) + Jo f(s,ys)ds> = M|IN(y)||>MK > L.
k=1
(5.19)

Then the Leggett-Williams fixed point theorem implies that N has at least three
fixed points y1, y2, y3 which are solutions to problem (5.1). Furthermore, we have

» € C,, v € {y € C(y,L,R) : y(y) > L},

y3 € Cr — {C(y,L,R) U C,}. (520)

O

5.2.2. Second-order impulsive FDEs

In this section, we study the existence of three solutions for the second-order IVP
(5.2). Again, these solutions will arise from the Leggett-Williams fixed point theo-
rem.

We adopt the following definition.

Definition 5.3. A function y € QN AC! ((#, ter1 ), R) is said to be a solution of
(5.2) if y satisfies the equation y"'(¢) = f(t,y;) a.e.on ], t # ty, k = 1,...,m, and
the conditions Ayl—y, = L(y(£), Ay 1=, = Lk(y(te)), k = 1,...,m, y'(0) = 1,
and y(t) = ¢(t) on [—r,0].

We are now in a position to state and prove our existence result for problem
(5.2).

Theorem 5.4. Suppose that hypothesis (5.2.1) holds. In addition assume that the fol-
lowing conditions are satisfied:
(5.4.1) there exist constants dy such that

[Ix(y)| <dx, k=1,...,m, foreachy € R; (5.21)
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(5.4.2) there exist a function h € L'(J,R,), r* >0, and 0 < M* < 1 such that

| f(t,u)| < M*h(t) fora.e.t€]andeachu € D,
(5.22)

b m
lollp +blyl + M* Jo (b — s)h(s)ds + Z [ck + (b —tp)di] <™
k=1

(5.4.3) thereexist L* >r*, M* < M; < 1, and an interval [c,d] C (0,b) such
that

tgjg] (</>(0) + 11+ Jot(t =) f(sy)ds+ > [Le(y(tg)) + (t - tk)Ik(y(tk))]>

O<tr<t

b m
= a7 (9000 +br+ [} b7 (600t 3 G0+ - T )] 517
k=1
(5.23)

(5.4.4) there exist R* > L* and My with My < M} < 1 such that

b m
16l o + blyl + M L (b—h(s)ds+ S [c+ (b— t)de] <R*.  (5.24)
o

Then problem (5.2) has three nonnegative solutions yi, y», y3 with

Inll <, p®)>L" forte(o,b),
lysl| > r*  with min ys(t) < L*. (5.25)
telod]

Proof. Transform problem (5.2) into a fixed point problem. Consider the operator
N; : Q — Q defined by

é(t) ift e [-r,0],
Mwwr:¢@+m+ﬂ“”V“%”5 (5.26)
+ > [I(y(6)) + (¢ — ) Tk(y())] ift € [0,b].
O<ti<t

As in Theorem 5.2 we can show that N; is completely continuous. Now we prove
only that the hypotheses of Theorem 1.14 are satisfied.
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Let
C={yeQ:y)=0forte [-r,b]} (5.27)

be a cone in Q. Since f, I, Ir, k = 1,...,m,areall positive functions, then N;(C) C
Cand N; : Cg« — Cp+ is completely continuous. Moreover, by (5.4.4), we can
show that if y € Cg«, then Ni(y) € Cg+. Next, let  : C — [0, ) be defined by

v(y) = rr}lg] y(t). (5.28)

It is clear that ¥ is a nonnegative concave continuous functional and y(y) < || y|l
for y € Ck.

Now it remains to show that the hypotheses of Theorem 1.14 are satisfied.
First notice that condition (A2) of Theorem 1.14 holds since for y € C,+ we have,
from (5.4.1) and (5.4.2),

N < 60)] +bm|+j (b =91 £ (7. |ds

+ > [I&(y +(b—t) Ik (y(t))]

O<ti<t

b m
< ll¢llp +blyl + M* Jo (b —s)h(s)ds+ Z [cx + (b —t)di] <

. (5.29)

Let K* be such that L*M*~! < K* < R* and y(¢) = (L* + K*)/2 for t €

[—r,b]. By the definition of C(y,L*,K*), y belongs to C(y,L*,K*). Then y €
{y € Cy, L*,K*) s y(y) > L*}. Alsoif y € C(y,L*,K*), then

v(Ni(»))
= min <¢(0)+t11+ 2. [Ik(y(tk’))+(t—tk)Tk(y(tk’))]+j (t—s)f(s,ys)ds).
t€ed] O<tr<t 0
(5.30)
Then from (5.4.3) we have
v(Ni(y))
> trer%ir;] <¢(0) +in+ Z (L (y(1) + (t — ti) Ik (¥ J (t=5)f(s,ys)d )
G 0<ti<t
> M <¢(0) + by +J bf (s, ys)ds+ Z + (b - tk)Ik(y(tk))]> >L*,

(5.31)
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So conditions (A1) and (A2) of Theorem 1.14 are satisfied. Finally, to see that
Theorem 1.14(A3) holds, let y € C(y, L*,R*) with [IN1(y)|l > K*. From (5.4.3)
we have

v(Ni(»))

= mln <¢(0)+t11+ >y E)) +(t - )L (v (1)) J(t—S)f (s, y5)d )

0<tr<t

ZMr(¢<0)+bn+§uk<y<tk>> (- 10Tyt + [ bf () )
k=1

> M{[|INi(p)]] > M{K* = L*.
(5.32)

Then the Leggett-Williams fixed point theorem implies that N; has at least
three fixed points yi, y», y3 which are solutions to problem (5.2). Furthermore, we
have

y1 € Cps, v €{yeCly,L*,R*) :y(y) >L*},

(5.33)
JERS Cr+ — {C(W,L*,R*) U Cr*}.

O

5.3. Positive solutions for impulsive boundary value problems

In this section, we will be concerned with the existence of positive solutions of
the second-order boundary value problem for the impulsive functional differential
equation,

y'=f(ty), t€]=[0T,t+t k=1,...,m

Aylize, = I(y(t;)), k=1,...,m, (5.34)
A)’,|t=tk:fk()’(t1:))) kzl)---)m
y(t) = ¢(t), te[-r0], y(T) = yr, (5.35)

where f : ] XD — Risa given function, & = {y : [-r,0] — R, | y is continuous
everywhere except for a finite number of points s at which y/(s) and the right limit
y(sH) existand y(s7) = y(s)},d € D,0<r< 0,0 =1ty <t; <+ <ty < by =
T,Ix, Ix € C(R,R) (k = 1,2,...,m) arebounded, yr € R, Ay, = y(t{)—y(t;),
AY =y, = y'(tf) — y' (1), and y(t;), y(tf) and y'(f;), ¥’ () represent the left
and right limits of y(¢) and y’(t), respectively, at t = t.

Definition 5.5. A function y € Q N AC'((t, tk+1), R) is said to be a solution of
(5.34)—(5.35) if y satisfies the differential equation y" (t) = f(¢, y:) a.e. on J', the
conditions Ay|i—y, = It(y(t;)), Ay li=y, = I_k(y(t,;)), k =1,...,m, and the condi-
tions (5.35).
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In what follows we will use the notation > ., ;[ y(#{) — y(fx)] to mean 0 when
k=0and0 < t < t;, and to mean Zle[y(t;)—y(tk)] whenk > land fx < t < tgy1.
We establish solutions of (5.34)—(5.35) by an application of a Schaefer fixed point
theorem.

Theorem 5.6. Suppose that the following assumptions are satisfied:
(5.6.1) ¢ € D and yr = 0;
(5.6.2) f:] XD — (—00,0] is an L*-Carathéodory map;
(5.6.3) I(v) + (t — ti)[k(v) = 0 foreachv € R, t > ty, and k = 1,...,m;
(5.6.4) It(v) +(T — ty)[x(v) < 0 foreachv € Rand k = 1,...,m;
(5.6.5) there exist constants cx, di such that |I(y)| < cx, Ifk(y)l <dw,k =
L,...,m, foreach y € R;
(5.6.6) there exists a function m € L*(J,R") such that

| f(t,u)| <m(t) foralmostallt €], Vu € D. (5.36)

Then the impulsive boundary value problem (5.34)—(5.35) has at least one positive
solution on [—r, T].

Proof. Transform problem (5.34)—(5.35) into a fixed point problem. Consider the
multivalued map G : Q — Q defined by

(6(1), te[-r0],

T — T
thp(o) + %yT + L H(t,s)f (s, ys)ds

GO =1+ 3 [Hly() + (¢ = 1) L(y(8))] (5:37)
0<tx<t
5 S () + (T = k() te,
k=1
where
t
?(S—T), 0<s<t=<T,
H(t,s) = (5.38)
%(t—T), O0<t<s<T.

Remark 5.7. We first show that the fixed points of G are positive solutions to
(5.34)—(5.35).

Indeed, assume that y € Q is a fixed point of G. It is clear that y(t) = ¢(¢) for
eacht € [—r,0], y(T) = yr,and Ayl,—, = Ik(y(t;)), k = 1,...,m. By performing
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direct differentiation twice, we find

Y= 700+ kyr+ [ it ptsy,) st 3 hiy(n)
-7 2O+ (TR ED]L 4 b (539)

Ay'liey, = I(y(t)), k=1,...,m,
y'(t) = f(ty), t#t

which imply that y is a solution of the BVP (5.34)—(5.35).

If y is a fixed point of G, then (5.6.1) through (5.6.4) imply that y(t) = 0 for
each t € [—r, T]. We will now show that G satisfies the assumptions of Schaefer’s
fixed point theorem. The proof will be given in several steps.

Step 1. G maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant € such that,
foreach y € B; = {y € Q: |lyll < q}, one has [|[G(y)|| < €. For each t € ], we
have

_ T
GU)(8) = %gb(O) + %yT + L H(t,5)f (5, yo)ds

+ > [Le(y(t) + (£ = t) Ik (y(4))]

0<ti<t (5‘40)
- 2 [ 0) + (7= )y (w)
By (5.6.2) we have, for each t € ],
T
GO =gl + Iyrl+ sup [HE] [ 17650 ds
(t,s)e]x] 0
+ > [y @) |+ [ (= a) [ 1 T(y(8)) ]
O<tr<t
Z )+ (T = t) I (y(t))] < lIgllo + | yr|
k= (5.41)
T
+ H(t, d
(t,f)lg])xl| (t:9)] L $a(S)ds

[2sup {|L(IyD) | = Iyl < q}
k=1

+2(T =) sup { | I (Iy) | : llyll < q}] =



Boundary value problems 157

Step 2. G maps bounded sets into equicontinuous sets of Q.

Letr;,r; € J',0<r <m,andletB; = {y € Q: [ly|l < g} be abounded set
of Q.

For each y € B, and t € J, we have

1G)(12) = G ()| =< (r2=10) [9(0)| + (2 —n)@

T
+L |H(r2,s) — H(r1,5) | gq(s)ds

+ > (L) + (= r)I(y(t))]

0<ty<ry—r

(5.42)

n—r
T

Ms

[Tk (y(t)) + (T = te) I (y (1)) ].

k=1

As r, — r; the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case where t # t;, i = 1,...,m. It remains
to examine the equicontinuity at t+ = t;. The proof is similar to that given in
Theorem 4.3.

The equicontinuity for the cases r; <7, <0andr; <0 < r; is similar.

Step 3. G is continuous.

Let {y,} be a sequence such that y, — y in Q. Then there is an integer g such
that [|y,|l < g, foralln € Nand ||yl <gq.So y, € B;and y € B,.

We have then by the dominated convergence theorem

1G(yn) = G|
T
< sup [J H(t,s)| f (s, yus) — f(s,5) | ds
te] 0

+ > UIk(ya(t) = Ie(y () | + 1t = ti| [Tk (ya(86)) = Ie(y(8)) |]

O<tr<t

+4 7 2 LI (8)) = Te(y (8)) |

1T 6] [ On(t) —fk(y(tk)m} o,
(5.43)

Thus G is continuous. As a consequence of Steps 1, 2, and 3 together with the
Ascoli-Arzela theorem we can conclude that G : QO — Q is completely continuous.
Step 4. Now it remains to show that the set

={y e Q:1y = G(y), forsome > 1} (5.44)

is bounded.
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Let y € M. Then Ay € G(y) for some A > 1. Thus

_ T
y(t) =771 %(p(o) +A71 %yT +A71 L H(t,s)f (s, ys)ds

A7 20 ey () + (£ = 1) Ik (y ()]

O<ti<t (545)
t < -
—)Vlf D I(y(t)) + (T = ti) Ik (y (1) ]-
k=1
This implies by (5.6.5) and (5.6.6) that for each t € ] we have
T
[y | < li¢llp+ |yr|+ sup |[H(ts)] J m(s)ds

()€ X] 0

(5.46)

+ Z [ch +2(T - tk)dk] :=b.
k=1

This inequality implies that there exists a constant b depending only on T and on
the function m such that

|y(t)] <b foreachte ] (5.47)
Hence
Iyl :=sup {|y(t)| : —=r < t < T} < max (|4llp,b). (5.48)

This shows that M is bounded.
Set X := Q. As a consequence of Theorem 1.6 we deduce that G has a fixed
point y which is a positive solution of (5.34)—(5.35). |

Remark 5.8. We can analogously (with obvious modifications) study the existence
of positive solutions for the following BVP:

y'=f(ty), te]=[0T,t+t k=1,...,m,
Ayli—y = L(y(t)), k=1,...,m,
Ay L= = Ie(y (), k=1,....m,
y(t) =¢(), tel[-r0] y(T) = yr.

(5.49)

We omit the details.
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5.4. Double positive solutions for impulsive boundary value problems

Let 0 < 7 < 1 be fixed. We apply an Avery-Henderson fixed point theorem to
obtain multiple positive solutions of the nonlinear impulsive differential equation

y' = f(y), telo,1]\ {1}, (5.50)

subject to the underdetermined impulse condition

Ay(t) = 1(y(1)), (5.51)

and satistying the right focal boundary conditions
y(0) = y'(1) =0, (5.52)

where Ay(r) = y(*) — y(z7), f : R — [0, ) is continuous, and I : [0, %) —
[0, ) is continuous. By a positive solution we will mean positive with respect to a
suitable cone.

Definition 5.9. Let (B, || - |I) be a real Banach space. A nonempty, closed, convex
set P C B is said to be a cone provided the following are satisfied:

(a) ify e P and A = 0,then Ay € P;

(b) if y € # and —y € P, then y = 0.

Every cone #» C 8B induces a partial ordering, <, on 8 defined by
x<y iffy—-xeP. (5.53)

Definition 5.10. Given a cone & in a real Banach space 8, a functional y : # — R
is said to be increasing on P, provided y(x) < y(y), forallx, y € P withx < y.

Given a nonnegative continuous functional y on a cone J of a real Banach
space B (i.e., y : £ — [0, c0) continuous), we define, for each d > 0, the convex
set

Py, d) = {x € P | y(x) <d}. (5.54)

In this section, we impose growth conditions on f and I and then apply Theorem
1.16 to establish the existence of double positive solutions of (5.50)—(5.52). We
note that, from the nonnegativity of f and I, a solution y of (5.50)—(5.52) is non-
negative and concave on each of [0, 7] and (7, 1]. We will apply Theorem 1.16 to a
completely continuous operator whose kernel G(t,s) is the Green’s function for

—y" =0, (5.55)
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satisfying (5.52). In this instance,

L, 0<t<s<l,
G(t,s) = { (5.56)
s, O0<s=<t<l.
Properties of G(t,s) for which we will make use are
G(t,s) < G(s,s) =s, 0<t,s<1, (5.57)
and foreach0 < p < 1,
G(t,s) = pG(s,s) =ps, p<t=<1,0=<s<l. (5.58)

In particular, from (5.58), we have

min G(t,s) = ps, 0=<s=<1. (5.59)
te[p,1]

To apply Theorem 1.16, we must define an appropriate Banach space B, a
cone &, and an operator A. To that end, let

B=1{y:[0,1] —R|yeC[0,7], y € C(1,1], and y(z*) € R}, (5.60)

equipped with the norm

Iyl =max{ sup | y(£)], sup |y(t)|}. (5.61)

O<t<t T<t<l1

Naturally, for y € 8B, we will consider in a piecewise manner that y € C[0, 7] and
y € Cl[t,1]. We also note that if y € B, then y(77) = y(7). Next, let the cone
P C B be defined by

P = {y € B | y is concave, nondecreasing, and nonnegative on

5.62
each of [0,7] and [7, 1], and Ay(7) > 0}. (5.62)

We note that, for each y € 2, I(y(1)) = 0 so that y(r*) = y(r) = 0. It follows
that, for y € 2,

Iyl = max {y(z), y(1)} = y(1). (5.63)
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Moreover, if y € P,

y(t) = 1 sup y(s) = ly(T), Tot< T,
2 sel1/2,7] 2 2
1 1 T+1 (5.64)
y(t) == sup y(s) = zy(1), <t<l
2 se((re1)2,1] 2 2
see [19].
For the remainder of this section, fix

T;1<r<l, (5.65)

and define the nonnegative, increasing, continuous functionals y, 8, and « on
by

YU)=(rmn y0)=y<3§1)

T+1)/2<t<r
T+1
= =yl == (5.66)
) = _max ,y(®) y( 2 )

a(y) = max y(t) = y(r).
We observe that, for each y € 2,
y(y) =6(y) < aly). (5.67)
Furthermore, for each y € 2, y(y) = y((v +1)/2) = (1/2)y(1) = (1/2)lIyll. So
Iyl <2y(y), Vye. (5.68)
Finally, we also note that
O(Ay) =A0(y), 0=<A<1, yecdP(6,b). (5.69)

We now state growth conditions on f and I so that problem (5.50)—(5.52) has
at least two positive solutions.

Theorem 5.11. Let 0 < a < (r2/2)b < (r*/4)c, and suppose that f and I satisfy the
following conditions:

(A) f(w)>4c/(1 =1 ifc <w <2

(B) f(w)<bif0 <w=<2b,

(C) f(w) >2a/r*if0 <w <aq,

(D) I(w) <b/2if0 <w < b.
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Then the impulsive boundary value problem (5.50)—(5.52) has at least two positive
solutions x1 and x, such that

a< maxx;(t), with max x(f)<b,
T<t<r T<t<(1t+1)/2

. . 5.70
b< max x(t), with min x(f)<c. ( )
T<t<(7+1)/2 (t+1)/2<t=r

Proof. We begin by defining the completely continuous integral operator A : 8 —
B by

Ax(t) = I(x(1))xer) (1) + Ll G(t,s)f(x(s))ds, xe€B,0=<t<]1, (5.71)

where x(r,1)(¢) is the characteristic function. It is immediate that solutions of
(5.50)—(5.52) are fixed points of A and conversely. We proceed to show that the
conditions of Theorem 1.16 are satisfied.

First, let x € P (y, ¢). By the nonnegativity of I, f,and G, for 0 <t < 1,

1
Ax(t) = I(x(7))xee) (1) + Jo G(t,s) f (x(s))ds = 0. (5.72)
Moreover, (Ax)"(t) = —f(x(t)) < 0 on [0,1] \ {r}, which implies (Ax)(t) is
concave on each of [0, 7] and [7, 1]. In addition,
1

(Ax)'(t) = . %G(t,s)f(x(s))ds >0 on[0,1]\ {7}, (5.73)

so that (Ax)(t) is nondecreasing on each of [0, 7] and [7, 1]. From (Ax)(0) = 0, we
have (Ax)(t) = 0 on [0, 7]. Also, since x € P (y, ¢),

A(Ax)(1) = (Ax) (1) — (Ax)(1) = I(x(1)) = 0. (5.74)

This yields (Ax)(z*) = (Ax)(7) = 0. Consequently, (Ax)(t) > 0,7 <t < 1, as
well. Ultimately, we have Ax € & and, in particular, A : P(y,c) — P.

We now turn to property (i) of Theorem 1.16. We choose x € 0 (y, c). Then
p(x) = mini1y2<<r X(t) = x((t +1)/2) = c. Since x € P, x(t) = ¢, (r+1)/2 <
t < 1. If we recall that x|l < 2y(x) = 2¢, we have

1
c < x(t) <2, % <t<l (5.75)
By hypothesis (A),
4 1
f(x(s)) > I _Crz’ T; <s<r (5.76)
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By above Ax € £, and so

y(Ax) = (Ax)(T t 1) = 1(x(7)) X(z1] (TTH> + Ll G(T; 1,s)f(x(s))ds

- JOI G(T;L I,S)f(x(s))ds > Jl ) G(T;L 1,s>f(x(s))ds

(+1)/2

(5 ot 60> () (25) [0

We conclude that Theorem 1.16(i) is satisfied.

We next address Theorem 1.16(ii). This time, we choose x € 09 (6, b). Then
0(x) = max;<i<(r+1)2x(t) = x((t +1)/2) = b. Thus, 0 < x(t) < b, 7" <t =<
(t+1)/2. Yet x € P implies x(7) < x(7*), and also x(¢) is nondecreasing on [0, 7].
Thus

(5.77)

x(t)<b, 0<t<—. (5.78)

By hypothesis (D), we have

I(x(1)) < g (5.79)
If we recall that [|x]| < 2y(x) < 20(x) = 2b, then we have
0<x(t)<2b, 0<t<l, (5.80)
and by (B),
f(x(s)) <b, 0<s<l. (5.81)
Then

6(Ax) = (Ax)(T; 1) — () ey (T; 1) + Jol G(T; l,s>f(x(s))ds

I\J\T‘

J (x(s)) ds<f+bj sds=Db
(5.82)

In particular, Theorem 1.16(ii) holds.
For the final part, we consider Theorem 1.16(iii). If we define y(t) = a/2, for
all0 <t < 1, then a(y) = a/2 < aand P(a,a) + .
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Now choose x € 0P (a,a). Then a(x) = max,<;<,x(t) = x(r) = a. This
implies 0 < x(¢) < a, 7% < t < r. Since x is nondecreasing and x(7*) = x(7),

0<x(t)<a, O0=<t=<r (5.83)
By assumption (C),
2a
f(x(s)) > e 0<s<r (5.84)

As before Ax € £, and so
1 1
a(Ax) = (Ax)(r) = I(x(r)) yoeu (r) + L G(ry$) f (x(s))ds > L G(r,$) f (x(s)) ds

> Lr G(r,s)f (x(s))ds = Jor sf(x(s))ds > (%) Jorsds =a.
(5.85)

Thus Theorem 1.16(iii) is satisfied. Hence there exist at least two fixed points of
A which are solutions x; and x;, belonging to & (y, ¢), of the impulsive boundary
value problem (5.50)—(5.52) such that

a<a(x;) with0(x) < b,
. (5.86)
b<60(x) withy(x) <c.

The proof is complete. O

Example 5.12. For (t + 1)/2 < r < 1 fixed and for 0 < a < (r?/2)b < (r*/4)c, if
f:R—[0,c0)andI:[0,00) — [0, ) are defined by

(br? +2a
YR w < 2b,
fw) =1ew), 2b<w<g,
4c+1 -
(12 =" (5.87)
é, 0<w<b,
2
I(w) = 4 b
wfz, b<w,

where £(w) satisfies £ = 0, £(2b) = (br?> + 2a)/2r?, and €(c) = (4c +1)/(1 — 12),
then by Theorem 5.11 the impulsive boundary value problem (5.50)—(5.52) has at
least two solutions belonging to £ (y, ¢).
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5.5. Notes and remarks

There is much current interest in multiple fixed point theorems and their applica-
tions to impulsive functional differential equations. The techniques in this chapter
have been adapted from [8, 9, 19] where the nonimpulsive case was discussed.
Section 5.2 deals with the existence of multiple positive solutions for first- and
second-order impulsive functional differential equations by applying the Leggett-
Williams fixed point theorem. The material of Section 5.2 is based on the results
given by Benchohra et al. [95]. The Krasnoselskii twin fixed point theorem is used
in Section 5.3 to obtain two positive solutions for initial value problems for first-
and second-order impulsive semilinear functional differential equations in Hilbert
space. The results of Section 5.3 are adapted from Benchohra et al. [75]. Positive
solutions for impulsive boundary value problems are studied in Section 5.4 and
the results are adapted from Benchohra et al. [52]. The results of Section 5.5 are
taken from Benchohra et al. [25] and concern double positive solutions for impul-
sive boundary value problems. A new fixed point theorem of Avery and Henderson
[26] is applied in Section 5.5.






Boundary value problems for impulsive

6.1. Introduction

The method of upper and lower solutions has been successfully applied to study
the existence of solutions for first-order impulsive initial value problems and
boundary value problems. This method generates solutions of such problems, with
the solutions located in an order interval with the upper and lower solutions serv-
ing as bounds. Moreover, this method, coupled with some monotonicity-type hy-
potheses, leads to monotone iterative techniques which generate in a constructive
way (amenable to numerical treatment) the extremal solutions within the order
interval determined by the upper and lower solutions.

This method has been used only in the context of single-valued impulsive dif-
ferential equations. We refer to the monographs of Lakshmikantham et al. [180],
Samoilenko and Perestyuk [217], the papers of Cabada and Liz [117], Frigon and
O’Regan [151], Heikkild and Lakshmikantham [163], Liu [188], Liz [192, 193], Liz
and Nieto [194], and Pierson-Gorez [212]. However, this method has been used
recently by Benchohra and Boucherif [35] for the study of first-order initial value
problems for impulsive differential inclusions.

Let us mention that other methods like the nonlinear alternative, such as in
the papers of Benchohra and Boucherif [34, 35], Frigon and O’Regan [150], and
the topological transversality theorem Erbe and Krawcewicz [140], have been used
to analyze first- and second-order impulsive differential inclusions. The first part
of this chapter presents existence results using upper- and lower-solutions meth-
ods to obtain solutions of first-order impulsive differential inclusions with peri-
odic boundary conditions and nonlinear boundary conditions. The last section of
the chapter deals with boundary value problems for second-order impulsive dif-
ferential inclusions.

6.2. First-order impulsive differential inclusions with
periodic boundary conditions

This section is devoted to the existence of solutions for the impulsive periodic
multivalued problem
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Yy ()€ F(t,y(t), t€]=[0,T], t#t k=1,....,m,
Ay'tztk = Ik(y(t]:)), k= 1,...,m, (61)
y(0) = y(T),

where F : ] X R — £ (R) is a compact and convex-valued multivalued map,
0=t <t <+ <ty <tpa =T, € CRR) (k =1,2,....,m) Ayli—y, =
y() — y(t), y(t;), and y(t}) represent the left and right limits of y(t) at t = #,
respectively. Also, throughout, J" = J \ {t;,...,tm}.
AC(J, R) is the space of all absolutely continuous functions y : | — R.
Condition

y=<y ifty(t) <y(t), Vte] (6.2)
defines a partial ordering in AC(J,R). If o, § € AC(J,R) and & < f3, we denote
[a,f] = {y € AC(J,R) :a < y < fB}. (6.3)

Here PC(J,R) = {y | y : ] — Rsuchthat y(¢) is continuous at t # f, left
continuous at t = #, and y(#) exist, k = 1,2,...,m}, which is a Banach space
with norm

Iyllec = sup {[y(t)| : t € J}. (6.4)

In our results, we do not assume any type of monotonicity condition on I,
k =1,...,m, which is usually the situation in the literature.

Now we introduce concepts of lower and upper solutions for (6.1). These will
be the basic tools in the approach that follows.

Definition 6.1. A function a € PC(J,R) n AC(J', R) is said to be a lower solution
of (6.1) if there exists v; € L'(J,R) such that v;(t) € F(t,a(t)) a.e.on J, &' (t) <
vi(t)ae.on ], Aali—y, < I(a(ty ), k= 1,...,m,and a(0) < a(T).

Similarly a function § € PC(J,R)nAC(J’, R) is said to be an upper solution of
(6.1) if there exists v, € L'(J, R) such that v,(t) € F(t, () a.e.on J, f'(£) = v(t)
ae.on]', ABli—y, = I(B(t)), k= 1,...,m,and B(0) = B(T).

So let us begin by defining what we mean by a solution of problem (6.1).

Definition 6.2. A function y € PC(J,R) n AC(J',R) is said to be a solution of
(6.1) if there exists a function v € L!(J,R) such that v(¢) € F(t, y(t)) a.e. on ],
y'(t) =v(t)ae.on ], Ayli—y = I(y(t;)), k = 1,...,m, and y(0) = y(T).

We need the following auxiliary result.
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Lemma6.3. Letg € L'(J,R). y € PC(J,R) N AC(J’, R) be a solution to the periodic
problem

y(t)+yt)=gt), te], t+t, k=1,...,m,
Ay'tztk = Ik(y(t];)), k= 1,...,m, (65)
y(0) = y(T),

ifand only if y € PC(J,R) is a solution of the impulsive integral equation

T m
Y0 = | Hesgods+ Y H (e h(y(1), (6.6)
k=1
where
S fefT 0<s<t<T
H(ts) = (e = 1) ’ ’ 6.7
(5:5) = (e ) {eSt, 0<t<s<T. 6.7)
Proof. The proof appears as [194, Lemma 2.1]. |

We are now in a position to state and prove our existence result for problem
(6.1).

Theorem 6.4. Let ty = 0, tyy1 = T, and assume that F : ] X R — P (R) is an
L'-Carathéodory multivalued map. In addition suppose that the following hold.
(6.4.1) There exist a« and f3 in PC(J,R) n AC(J',R) lower and upper solutions,
respectively, for the problem (6.1) such that o < J3.
(6.4.2) Aali—y < minga), g Ie(y) < maxja), pegy Ie(y) < APli—y, k =
1,...,m.
Then the problem (6.1) has at least one solution such that

alt) < y(t) < B(t), Vel (6.8)

Proof. Transform the problem (6.1) into a fixed point problem. Consider the mod-
ified problem

Y +yt) € Fi(ty(t), t€], t#t k=1,....,m,
A)/|t:tk = Ik((Ty)(tk_)), k= 1,...,m, (69)
y(0) = y(T),

where Fi (¢, y) = F(t,(ty)(t))+(ry)(t) and 7 : C(J,R) — C(J,R) is the truncation
operator defined by

a(t) if y(t) < a(t),
(ty)(t) = y(t) ifa(t) <y <p(t), (6.10)
Bt) if B(t) < y(t).
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Remark 6.5. (i) Aatli—y, < It((Ty)(t;)) < ABli=y forally e R,k =1,...,m.
(ii) F; is an L!-Carathéodory multivalued map with compact convex values
and there exists ¢ € L'(J,R;) such that

1F (6 ()] = (6) + max (sug ) sup |ﬁ(t)|> 6.11)
te te

forae.t € Jandall y € C(J,R).

Set
Co(J,R) := {y € PC(J,R) : y(0) = y(T)}. (6.12)

From Lemma 6.3, it follows that a solution to (6.9) is a fixed point of the operator
N:Cy(J,R) = £(Co(J,R)) defined by

T
N()(@) := {h € C(J,R) : h(t) = L H(t,s)[v(s) + (zy)(s)]ds

+ > H(tt)Ik((ty) (&) v € §11;,y})
k=1

(6.13)
where
gp)y = (v € Spqry 1 v(t) = vi(t) ae.on Ay, v(t) < v1(t) a.e. on Az},
Skry = {v € L'(J,R) : v(t) € F(t,(1y)(t)) fora.e. t € J},
Ay ={te]:yt) <a(t) <)}, Ay ={te]:alt) <pU) <y}
(6.14)

Remark 6.6. (i) For each y € C(J,R), the set Sg,, is nonempty (see Lasota and
Opial [186]).
(i) For each y € C(J,R), the set Sg,, is nonempty. Indeed, by (i) there exists
v € Sgy. Set
W = Vixa, + V2xa, T VXAs (6.15)
where

As={te]:a(t) <y <p®)}. (6.16)

Then by decomposability, w € §p,y.
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We will show that N has a fixed point, by applying Theorem 1.7. The proof
will be given in several steps. We first will show that N is a completely continuous
multivalued map, upper semicontinuous with convex closed values.

Step 1. N(y) is convex for each y € Cy(J, R).
Indeed, if i, h belong to N(y), then there exist v € §p,y andv € §p,}, such that

m

h(t) = J H(t,s)[v(s) + (ty)(s)]ds + Z (L) ((ty) (), te],

e (6.17)
h(t) = J H(t,s)[v(s) + (ty)(s)]d Z (L) I ((ry) (%)), teT
Let 0 <[ < 1. Then, for each t € J, we have
_ T
[lh+ (1 - Dh](t) = J H(t,s)[v(s) + (1 = Dv(s) + (zy)(s)]ds
’ (6.18)
+ > H(t ) I (1) ().
k=1
Since §p,y is convex (because F has convex values), then
Ih+(1—-1)h e N(y). (6.19)

Step 2. N is completely continuous.
Let B, := {y € Cy(J,R) : llyllpc < r} be a bounded set in Cy(J,R) and let
y € B,. Then for each h € N(y), there exists v € §F,y such that

h(t) = J H(t,s)[v(s) + (ty)(s)]ds + ZH L)k ((Ty)(8)), te]. (6.20)
k=1

Thus, for each t € ], we get

HO1 = [ IHE106) + () s+ 3 176 ) () 60)|
k=1

< max |H(ts)| [H‘/’RHU + T max (r,sup |a(t)],sup |[3(t)|>]
(t,s)e]x] te] te]

+ Z sup | H(t, tx) | max (|Aali—g |, 1ABli=r, 1) := K.
k=1 t€J
(6.21)
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Furthermore,

T m
W) < JO IH; (&, 9)[[[v(s) + (zp)(9) [ds + D |[H (8, 00| | I ((2) () |
k=1

< max |H;(ts)] [||¢R||Ll + T max (r,sup |a(t)],sup |ﬁ(t)|):|
(t,)EJX] te] te]

+ > sup |H, (t, t) | max (|Acli—¢, |, [ABli—|) =: K.
k=1 t€]
(6.22)

We note that H(t,s) and H; (¢, s) are continuous on J X J. Thus N maps bounded
sets of Cy(J, R) into uniformly bounded and equicontinuous sets of Cy(J, R).
Step 3. N has a closed graph.

Let yy — y«, hy € N(yu), and h, — hy. We will prove that hy, € N(yx).

h, € N(y,) means that there exists v, € §F,yn such that

T m
ha(t) = L H(t,)[va(s) + (19) &) 1ds + S H (6 6 Le((190) (1)), t €T
k=1
(6.23)

We must prove that there exists vy € SNF,);* such that

T m
hy(t) = L H(t,5)[vi(s) + (1y5) (s)]ds + > H(t, t1) e ((7ys) (), £ €.
k=1
(6.24)

Since ¥, = y«, hy — hy, Tand Iy, k = 1,...,m, are continuous functions, we have
that

Mm.fmmw%mwﬁHmmuwhwm)

k=1

T m
- (k- [} B0 S HERR @) o
k=1 PC
(6.25)
asn — oo,

Now we consider the linear continuous operator
I:L'(J,R) — C(J,R),

(6.26)

T
v TW)(8) = JO H(t, s)v(s)ds.

From Lemma 1.28, it follows that T o Sy is a closed graph operator.
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Moreover, we have that

(h (t) J H(t S)(Tyn)(s)ds - Z H t tk Ik((Tyn)(tk))> € I‘(SFy ) (6-27)

k=1

Since y, — y«, it follows from Lemma 1.28 that

hy(t) — J H(t,s)(ty«)(s)ds — ZH t ) Ik ((Tys) (8)) J H(t,s)v«(s)ds
k=1
(6.28)

for some vy € gp)y*.

Therefore N is a completely continuous multivalued map, upper semicontin-
uous, with convex closed values.
Step 4. The set

M:={y € Co(J,R) : Ay € N(y) for some A > 1} (6.29)

is bounded.
Let Ay € N(y), A > 1. Then there exists v € Sg,,, such that

T m
y(1) =A*1J0 H(t,9)[v(s) + (ty)(s)]ds + A7 > H(t 1) k(1) (&), tET.
k=1

(6.30)
Thus, for each t € J,
T
O] < [HE] |1V + (@006 | ds
m (6.31)
+ > sup [H(t, t) | max (IAal =g, |, |ABli=s,]).
k=1 t€J
Thus we obtain
1
lyllec < T— =7 |:||(P||L1 + T max (sup |a(t) [, sup Iﬁ(t)l)}
—e€ te] te]
(6.32)

m
+ Z sup |H(t> tk) | maX(|A(x‘t:tk|> ‘Aﬁ|t:tk|)~
k=1 t€J

This shows that M is bounded. Hence Theorem 1.7 applies and N has a fixed point
which is a solution to problem (6.9).
Step 5. The solution y of (6.9) satisfies

alt) < y(t) < p(t), Vte]. (6.33)
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Let y be a solution to (6.9). We prove that
y(t) < p(t), Vtel (6.34)

Assume that y — f8 attains a positive maximum on [{,t,,] at & € [&, t,,] for
some k = 0,...,m, that is,

(y = B)(tk) = max {y(t) = B(t) : t € [, tiy ), k= 0,...,m} >0. (6.35)

We distinguish the following cases.
Case 1. If ty € (t, 1, ], there exists t; € [#, k) such that

0<y(t) = B(t) < y(t) = B(te), Ve [, k] (6.36)

By the definition of 7, there exist v € L'(J, R) with v(t) < v,(¢) a.e. on [}, ] and
v(t) € F(t,B(t)) a.e. on [t, ] such that

y(8) = y(tf) = | 05) = y(5) + Bls))ds
. (6.37)

tr
<[ 06 - () - s
k

Using the fact that 8 is an upper solution to (6.1), the above inequality yields

I

y(&) = y() < B(&) - B(£F) - L: (y(s) = Bls))ds (6.38)
< B(t) = B(£).

Thus we obtain the contradiction
B(tk) = B(tF) < B(te) — B(£). (6.39)

Case2. ty =tf,k=1,...,m.
Then

ABlimt, < Ayli—y, = IF (y(tr)) = ABli=s» (6.40)
which is a contradiction. Thus

y(t) < p@t), VielH,T] (6.41)
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Case 3. ty = 0.
Then

B(T) < B(0) < y(0) = y(T), (6.42)
which is also a contradiction. Consequently,
y(t) = p(t), Vtel (6.43)
Analogously, we can prove that
y(t) = alt), Vtel]. (6.44)

This shows that the problem (6.9) has a solution in the interval [a, §]. Since 7(y) =
yforall y € [a, ], then y is a solution to (6.1). O

Now we will be concerned with the existence of solutions of the following
first-order impulsive periodic multivalued problem:

y'(t) —a(t,y(t))y(t) € F(t,y(t)), te], t#h, k=1,...,m,
y(0) = y(T), (6.45)
Aylicy, = Ik(y(&)), k=1,...,m,

where F : J xR — £ (R) is a convex compact-valued multivalued map,a: J xR —
RO=ty<ti <+ <ty <tm1 =T,y € CR,R) (k=1,2,...,m) are bounded,
Ayli—y = y(t) — y(t) and y(t;), y(t]) represent the left and right limits of y(t),
respectively, at t = fx. Without loss of generality, we assume that a(t, y) > 0 for
each (t,y) € ] xR.

We will provide sufficient conditions on F and I, k = 1,...,m, in order to
insure the existence of solutions of the problem (6.45).

For short, we will refer to (6.45) as (NP).

Definition 6.7. A function y € PC(J,R) n AC(J',R) is said to be a solution of
(NP) if y satisfies the differential inclusion y'(t) € F(t, y(t)) a.e. on J" and the
conditions Ayl = Ir(y(t)), k = 1,...,m, and y(0) = y(T).

We now consider for each u € PC(J,R) n AC(J',R) the following “linear
problem”:

y' (1) —alt,ul®)yt) =gt), t+t k=1,....,m, (6.46)
y(0) = y(T), (6.47)
Aylicy, = Ik(y(&)), k=1,...,m, (6.48)

where ¢ € PC(J,R) and Iy € C(R,R), k =1,...,m.
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For short, we will refer to (6.46)—(6.48) as (LP),. Note that (LP), is not really
a linear problem since the impulsive functions are not necessarily linear. However,
if I, k = 1,...,m, are linear, then (LP), is a linear impulsive problem.

We have the following auxiliary result.

Lemma 6.8. y € PC(J,R) n AC(J',R) is a solution of (LP), if and only if y €
PC(J,R) is a solution of the impulsive integral equation

T m
y(1) = L H(t,9)g()ds + 3 H(t t1) I (y (1)), (6.49)
k=1
where
%, 0<s<t=<T,
H(t,;s) = (A(T) - 1) A(s)
N
A 0<t<s<T, (6.50)

A(t) = exp ( - Lt als, u(s))ds).
Proof. First, suppose that y € PC(J,R) n AC(J', R) is a solution of (LP),.. Then
y —altu(t))y =g(t), t+h, (6.51)
that is,
(A(y(1)" = Ag(), 1+ t. (6.52)
Assume that t < t < ty41, k = 0,..., m. By integration of (6.52), we obtain
Ay (8) - 400 = [ A0gds,
Al (6) - A)y() = [ AGgds
(6.53)
Al (8) - Aoy () = [ Aogods
A6)y(6) - Aty (£) = J;A(s)g(s)ds.

Adding these together, we get

t
A y(t) — y(0) = Z Ate) y(tf) — Z Ate) y(t) + JOA(s)g(s)ds, (6.54)

O<tr<t O<tr<t
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that is,
A(t)y(t) = y(0) + Z A(te) I (y J A(s)g(s)ds. (6.55)
O<tr<t
In view of (6.55) with y(0) = y(T'), we get
AT)y(0) = y(0) + S ARy J A(9)g(s)ds. (6.56)
k=1
Hence
(0) = (A(T) = 1) [ZA I (y j A(s)g(s)ds] (6.57)
k=1
Substituting (6.57) into (6.55), we obtain
A()y(t) = (A(T) - 1) [ZA ) Ik (y J' A(s)g(s)ds]
k=1
(6.58)
+ S ALy J A(9)g(s)ds.
O<tp<t
Using (6.58) and the fact that
Z y(t) = > Ly(w) = > L(ym)+ > L(y(t)) (6.59)
k=1 0<tx<T 0<tr<t t<tx<T
we get
A()y(t) = (A(T) - 1) 1[ > A(t)Ik(y + > Alt)Ik(y())
O<tp<t t<tk<T
t T
+J A(s)g(s)ds+J A(s)g(s)ds
0 t
+(A(T) - 1) > Alt)Ik(y(t)
O<tr<t
+ (A(T) - 1)J A(s)g(s)ds]
0
= (A(T)-1)" [A(T) D OAM)(y() + D Al L(y(t))
o<tr<t t<tk<T

t T
+ A(T) L A(s)g(s)ds + L A(s)g(s)ds].

(6.60)
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Thus

t T
Y1) = (A(T)—l)l[L %g(s)ds+ t %g(s)ds

. Mlk(y(tk))Jr > A )Ik(y( ))}

O<tx<t A(t) t<ty<T A(t)
J H(t,5)g(s)ds + ZH ) I (v ().
k=1

(6.61)

In particular, y is a solution of (6.49).
Conversely, assume that y € PC(J,R) n AC(J’, R) is a solution of (6.49).
Direct differentiation on (6.49) implies that for ¢ # t,

T m
Y= [ g 3 [ HEB g (50 |

o ot

m

T
=g+ |, [albu(®) (g9 + 3. ) H (10 k)

= g(t) +a(t,u(t)) [J H(t,s)g(s)ds + Z H(t,t; Ik(y(tk))]

k=1
=g(t) +a(t,u(t)) y(t).
(6.62)
It is easy to see that
m
A[ > Ht, tk)Ik] = I. (6.63)
k=1 t=tr
Moreover, we have
Ayli=g = I (y(t)). (6.64)

Making use of the fact that H(0,s) = H(T,s) for s € ], we obtain that y(0) = y(T).
Hence y € PC(J,R) n AC(J',R) is a solution of impulsive periodic problem
(LP),,. O

Although the linear differential problem (6.46)-(6.47) possesses a unique so-
lution y € PC(J,R) n AC(J',R) for any g € PC(J,R), the impulse problem (LP),
is not always solvable even for g = 0.

Example 6.9. Consider the problem (LP), with a(t,u(t)) = 1,¢ = 0, and I, (x) =
(eeT —1x+1.
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The general solution of the equation y’ — y =0 subject to the impulse Ay|,—;, =
Li(y(t)) is

y(0)el, te[0,t],
y(t) = (6.65)

[y(0)e" + I (y(0)e) e, te (t,T].
This solution satisfies the periodic boundary condition (6.47) if and only if

y(0) = [y(0)e" + I, (y(0)e'r)]eT=1), (6.66)

that is,
y(0)e" (e7T = 1) = I, (y(0)e™). (6.67)

By the definition of I, there is no initial condition y(0) satisfying this last equality.
Hence the problem has no solution. In this example, the impulse function is not
linear.

We now present another example with linear impulse so that (LP),, is indeed
a linear problem, but with no solution.

Example 6.10. We now inspect problem (LP), with a(t,u(t)) = 1, k = 1, and
L(x)=(eT—1)x,and g € Q, e Td; +d, # 0, where

t T
dy = J T g(s)ds,  dy = J eT~g(s)ds. (6.68)
0 t

1

In this case, the general solution of (6.46) and (6.48) is

y(0)e! + Jt e'~Sg(s)ds, te[0,t],
L (6.69)

y(ff)et‘t”rj e g(s)ds, te (t,T],
t

1

y(t) =

where

y(tf) = y(t7) + Li(y(t)),

(6.70)
y(t) = y(t1) = y(0)e" +J e 5g(s)ds.

ty
0
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Thus y satisfies the periodic boundary condition (6.47) if and only if
t 51
y(0) = e [y(O)e“ +J e Sg(s)ds+ 1 ()/(O)etl +J e“*sg(s)ds)]

0 0

T

+ J el =g(s)ds

t

t t
=el™h [)/(O)et1 + J e g(s)ds+ (e T - 1) ()/(O)et1 +J et"sg(s)ds)]

0 0

T
+ J eT’Sg(s)ds

ty

b T
= y(0) + J e *g(s)ds + J el g(s)ds.
0 t
(6.71)
Thus
t T
J e *g(s)ds +J el g(s)ds = 0. (6.72)
0 f
But
t T
J e *g(s)ds + J el =g(s)ds = e Td, + d, (6.73)
0 t

which is a contradiction.

Example 6.11. Consider now a simple example of a periodic problem y’(t) = f(¢),
t € [0,T], y(0) = y(T). It is clear that without impulses, this problem does not
have a solution if f(t) > 0. If we consider the corresponding impulsive prob-
lem with the impulsive conditions y(t;) = Biy(t; — 0), i = 1,2,...,m, where
Bifa - - - Bm # 1, this problem has a solution for each f(¢). In this case, impulses
“improve” existence.

As a consequence of Lemma 6.8, we have that y is a solution of (NP) if and
only if y satisfies the impulsive integral inclusion

T m
y(t) € JO H(t,5)F (s, y(s))ds + > H(t, ) I (y (1)) (6.74)
k=1

We now give the existence result for the nonlinear problem (NP).

Theorem 6.12. Assume that the following hold.
(6.9.1) F:]J xR = Pepv(R) is an L'- Carathéodory multivalued map.
(6.9.2) There exist constants ci such that |Ii(y)| < ¢, k = 1,...,m, for each
yeR.
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(6.9.3) There exists a function m € L'(J,R") such that
[|F(t, y)|| := sup {Iv| : v € F(t, y)} < m(t) (6.75)

for almost all t € ] and for all y € R.
Then the nonlinear impulsive problem (NP) has at least one solution.

Proof. Transform the problem (NP) into a fixed point problem. Consider the mul-
tivalued map G : PC(J,R) — P (PC(J,R)) defined by

T m
G(y)(t) = {h € PC(J,R) : h(t) = L H(t,s)g(s)ds + z H(t, tk)Ik(y(tk))},
k=1
(6.76)

where g € Sg,.

We will show that G satisfies the assumptions of Theorem 1.7. The proof will
be given in several steps.
Step 1. G(y) is convex for each y € PC(J,R).

Indeed, if s, h; belong to G(y), then there exist g1,82 € Sk, such that, for
each t € J, we have

T m
hit) = L H(to)gi(9)ds+ > H(t 1)Ly (), i=1,2. 6.77)
k=1

Let 0 < d < 1. Then, for each t € J, we have

T m

(dhi + (1 = d)hy)(t) = _[0 H(t,s)[dgi(s) + (1 = d)ga(s)]ds + > H(t, 1) I (y(t)).
k=1

(6.78)

Since Sk, is convex (because F has convex values), then
dhy + (1 = d)h, € G(y). (6.79)

Step 2. G maps bounded sets into bounded sets in PC(J, R).

Indeed, it is enough to show that there exists a positive constant € such that
for each h € G(y) with y € B, = {y € PC(J,R) : || yllpc < q}, one has ||kllpc < €.
If h € G(y), then there exists g € Sg,, such that for each t € J, we have

T m
WO = | H(9gds+ > Ht i) 1y (6). (6.80)
k=1
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By (6.9.1) and (6.9.2), we have for each t € J,

T m
()] = | @] g [ds+ Y 8] 11((1)]

0 k=1

T
< sup |H(t,s)|J gq(s)ds (6.81)
(ts)e]x] 0

+ > sup [H(t, t) | sup { | L (Iy1) ] = lyllec < q} =€
k=1 t€]

Step 3. G maps bounded sets into equicontinuous sets of PC(J, R).

Letr;,r, €]',r1 <ry,andlet By = {y € PC(J,R) : [|yllpc < q} be abounded
set of PC(J, R).

For each y € B; and h € G(y), there exists g € Sg,,, such that

T m
h(t) = JO H(t,s)g(s)ds+ > H(t, te) Ik (y(t)). (6.82)
k=1

Thus

[h(r2) —h(r)| < L |H(ry,5) — H(r1,5) | gq(s)ds
(6.83)

m

+ > |H(ras) = H(ri,s) [T (y (1))
k=1

As r, — 11, the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case where ¢ # #;, i = 1,...,m. The proof of the
equicontinuity at t = #; is similar to that given in Theorem 4.3.

Step 4. G has a closed graph.
Let y, — v, hy € G(yn), and b, — hy. We will prove that hy. € G(y4).
hy € G(y,) means that there exists g, € S, such that, for each t € J,

T m
Iy (t) = JO H(t, 9)gu()ds + S H (b )T (n (1)) (6.84)
k=1

We must prove that there exists g € Sg,,, such that, for each t € J,

T m
ho(h) = j H(t,9)gs ()ds+ > H (1 1) I (y (). (6.85)
k=1
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Clearly since Iy, k = 1,..., m, are continuous, we have that
H(h —ZH t, tx Ik(yn(tk))) (h*—ZH(t,tk)Ik(y*(tk))) — 0,
k=1 PC
(6.86)
asn — oo,
Consider the linear continuous operator
I:L'(J,R) — C(J,R),
T (6.87)
g — 10 = | H(to)g()ds
From Lemma 1.28, it follows that T o Sg is a closed graph operator.
Moreover, we have that
(hn(t) - 2 H(t, tk)Ik(yn(tk))) € (S, )- (6.88)
k=1

Since y, — y«, it follows from Lemma 1.28 that

m T
(h*(t) - > H(, tk)lk()’*(tk))) = JO H(t,s)gx«(s)ds (6.89)

k=1

for some gy € Sg, .
Step 5. Now it remains to show that the set

M :={y € PC(J,R) : Ay € G(y), for some A > 1}. (6.90)
is bounded.

Let y € M. Then Ay € G(y) for some A > 1. Thus there exists g € Sp,, such
that

T m
y(t) =271 L H(t,9)g(s)ds+ 17" > H(t, te) I (y (1)) (6.91)
k=1
This implies by (6.9.2)-(6.9.3) that, for each t € ], we have

T m
ly(t)| < sup |H(ts)] J m(s)ds+ > sup |H(t, 1) |ck = b. (6.92)
(t,s)eJx] 0 k=1 te]

This inequality implies that there exists a constant b such that |y(t)| < b, t € J.
This shows that M is bounded.
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Set X := PC(J,R). As a consequence of Theorem 1.7, we deduce that G has a
fixed point y which is a solution of (6.45). O

6.3. Upper- and lower-solutions method for impulsive differential
inclusions with nonlinear boundary conditions

This section is concerned with the existence of solutions for the boundary multi-
valued problem with nonlinear boundary conditions and impulsive effects given
by

Yy (t) e F(t,y(t), te]=[0,T], t+t, k=1,...,m,
y(tlr):Ik(y(tI:))’ k=1,...,m, (6.93)
L(y(0),y(T)) =0,

where F : ] X R — £ (R) is a compact convex-valued, multivalued map, and L :
R? — R is a single-valued map, 0 =ty < t; < + =+ <ty < bypy1 = T, Iy € C(R,R)
(k = 1,2,...,m) are bounded, and y(t;) and y(#}) represent the left and right
limits of y(t) att = t.

Let us start by defining what we mean by a solution of problem (6.93).

Definition 6.13. A function y € PC(J,R) n AC(J',R) is said to be a solution of
(6.93) if y satisfies the inclusion y'(t) € F(t, y(t)) a.e. on J" and the conditions

y(t5) = L(y(t)), k = 1,...,m,and L(y(0), y(T)) = 0.

The following concept of lower and upper solutions for (6.93) was introduced
by Benchohra and Boucherif [34] for initial value problems for impulsive differ-
ential inclusions of first order. These will be the basic tools in the approach that
follows.

Definition 6.14. A function a« € PC(J,R) n AC(J', R) is said to be a lower solution
of (6.93) if there exists v; € L1(J,R) such that v;(t) € F(t,a(t)) a.e.on J, &' (t) <
vi(t)ae.on ], a(ty) < I(aty)) k = 1,...,m, and L(a(0), a(T)) < 0.

Similarly a function 8 € PC(J,R) n AC(J',R) is said to be an upper solution
of (6.93) if there exists v, € L'(J,R) such that v,(t) € F(t,8(¢)) a.e.on ], f'(£) =
va(t) ae.on ], () = L(B(t)), k = 1,...,m,and L(B(0), 5(T)) = 0.

We are now in a position to state and prove our existence result for the prob-
lem (6.93).

Theorem 6.15. Assume the following hypotheses hold.
(6.12.1) F:] xR — P(R) is an L' -Carathéodory multivalued map.
(6.12.2) There exist & and f € PC(J,R) n AC((t, tk+1),R), k = 0,...,m,
lower and upper solutions for the problem (6.93) such that o < f.
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(6.12.3) L is a continuous single-valued map in (x, y) € [a(0),B(0)] X [a(T),
B(T)] and nonincreasing in y € [a(T), 5(T)].
(6.12.4)

a(tf) < min  L(y) < max Li(y) <B(), k=1,...,m.
( ) yElalt),p(t)] 4 yela(t),B(5)] 7 ﬁ( k)

Then the problem (6.93) has at least one solution y such that
a(t) < y(t) < B(t), Vtel (6.95)

Proof. Transform the problem (6.93) into a fixed point problem. Consider the fol-
lowing modified problem:

Y +yt) € Fi(t,y(t), aete], t+t k=1,...,m,
y(t]_:):Ik(T(tI;’y(tI;)))) k=1,...,m, (6.96)
¥(0) = 7(0, y(0) — L(3(0), 3(T))),

where Fi(t,y) = F(t,7(t,y)) + 1(t, y), 1(t,¥) = max(a(t), min(y,5(t))), and
7(t) = 7(t, ¥). A solution to (6.96) is a fixed point of the operator N : PC(J,R) —
P (PC(J,R)) defined by

t

7(0) +J [g(s) + 7(s) — y(s)]ds
N(y) = {h € PC(J,R) : h(t) = 0 , (6.97)

+ > L(t(te,y()))

O<tp<t
where g € Sll;j, and

§p,7 = {veSpy:v(t) = vi(t)ae.on Ay, v(t) < v2(t) a.e. on Az},
Sry = {v e L'(J,R) : v(t) € F(t,7(t)) forae. t €]},
Ay ={te]:y@) <a(t) <p®)}, Ay ={te]:at) < Bt) <y}
(6.98)

Remark 6.16. (i) Notice that F, is an L!-Carathéodory multivalued map with com-
pact convex values, and there exists ¢ € L'(J,R) such that

IE1 (£ p)[| = o(t) + max (su? la(t)[,sup | (1) | ) (6.99)
te

te]
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(ii) By the definition of 7, it is clear that

a(0) < y(0) < B(0),
alt) < Iu(rlt y(8) < BE), k=1,...,m.

We will show that N satisfies the assumptions of Theorem 1.7. The proof will
be given in several steps.
Step 1. N(y) is convex for each y € PC(J, R).

Indeed, if hy, h, belong to N(y), then there exist g1,¢, € §}7 such that, for
each t € J, we have

(6.100)

hi(t)zy(0)+L [6(s) +3(5) — yO]ds+ S Lt y(5)))s i=1.2

0<tr<t
(6.101)
Let 0 < d < 1. Then, for each t € J, we have
t
(dh + (1= Dha)(0) = | [ (9)+ (1= dga(s) +7(5) = y(5))ds
(6.102)
+ Z I(t(te > y(5:))).
O<tp<t
Since §11c1 7 is convex (because F; has convex values), then
dhi+ (1 —d)h, € N(p). (6.103)

Step 2. N maps bounded sets into bounded sets in PC(J, R).
Indeed, it is enough to show that for each g > 0, there exists a positive constant
¢ such that, foreach y € B; = {y € PC(J,R) : |lyllec < q}, one has [[N(y)llpc < £.
Let y € Byand h € N(y). Then there exists g € §11:'7 such that, for each t € J,
we have

WO = yO)+ [ 156+ 56 - y@lds+ 3 Llrly(i). (6100

0<tr<t
By (6.12.1), we have that, for each t € ],

KO = 1O + [ Tle@]+ 156+ 1y [l + S (s y(e0))]

O<tr<t

< max (|a(0) ], |B(0)]) +||pql|; + T max (q,su}) |0c(t)|,su}) |ﬁ(t)|)
te te

+7q S max (g, |a() |, 1B ).
. (6.105)
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In particular, if
£ = max (|a(0) |, | B0)]) + [lgylly + T max (q,stu; o) sup |/3(t>|)

+Tq+ > max (g, |a(ty) ], [B(t) 1),
k=
1 (6.106)

then [[N(y)llpc < €.
Step 3. N maps bounded set into equicontinuous sets of PC(J, R).

Let uy,u; € J', uy < uy, and let B, be a bounded set of PC(J, R) as in Step 2.
Let y € By and h € N(y). Then there exists g € §11:‘7 such that, for each t € J, we
have

h(t):y(0)+L () +7() — y©)lds+ S Llz(y(5)).  (6.107)

O<tr<t

Then

|h(uy) — h(ur)| < J:Z ¢q(s)ds + (1 — uy) max <q, suF |a(t)|,sup | (1) |>

te]

+(w—w)g+ > max(q |a(t) |, [B(5)]).

up<tp<uy

(6.108)

As u; — u; the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case where ¢ # t;,i = 1,...,m. The proof of the
equicontinuity at ¢ = ¢; is similar to that given in Theorem 4.3.

As a consequence of Steps 1 to 3 together with the Arzela-Ascoli theorem,
we can conclude that N : PC(J,R) — £ (PC(J,R)) is a completely continuous
multivalued map, and therefore a condensing map.

Step 4. N has a closed graph.
Let y, — %, hy € N(y,), and h,, — hy. We will prove that by, € N(yy).
h, € N(y,) means that there exists g, € §}c% such that, for each t € J,

ha(£) = y,(0) + J;) [gn(s) +7,(s) = yu(s)]ds + Z I (t(te > ya(tk))).  (6.109)

O<trp<t

We must prove that there exists g, € §}:’7* such that, for each t € J,

e (8) =y*(0)+L [ (8) +7,(8) = po(®lds+ S L(z(tir ys (8))).

O<tx<t

(6.110)
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Since T and I, k = 1,...,m, are continuous, we have

H<hn_yn(0) > (vt ya(te)) J ¥,(s) — yn(S)dS>

O<tx<t

- (h*_)’*(o)_ Z I (T (8, yx (8) J Vi (s) — )’*(S)ds) — 0,
O<ty<t PC
(6.111)
asn — o,
Consider the linear continuous operator
I: Ll(])R) - C(])R))
(6.112)

g — (Tg)(t) = L g(s)ds.

From Lemma 1.28, it follows that T o §p is a closed graph operator.
Moreover, we have that

(10 =70~ [ 3,9 yuods— S nte tk,yn(rk))))er@lm).

O<tr<t

(6.113)

Since ¥, — s, it follows from Lemma 1.28 that

t t
(h*(n— y*(O)—L 5,09 =y O]ds — S Te(r(ten ys (1) )>=J0g*(5)ds

O<tr<t

(6.114)
for some g, € §11:’y*.
Step 5. Now it remains to show that the set
={y € PC(J,R): y € AN(y), for some 0 < A < 1} (6.115)

is bounded.
Let y € M. Then y € AN(y) for some 0 < A < 1. Thus, for each t € ],

y(t)zA[y(O)+J [g(s) = 7(s) — y(s)]ds + Z I (7 tk,y(tk)))]. (6.116)

O<tr<t
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This implies by (6.12.2)—(6.12.4) that, for each t € J, we have
t m
Ly = |1y(0)] +L [Hg@ |+ 7| + [y |1ds+ > [Tzt y () |
k=1

< max (|a(0)], [B(0)]) + Il +Tmax<sup |a(t) ], sup }ﬁ(t)|>

te] te]

+ ] y©lds+ Y max (Jate) |, 1B0)]),
0 k=1
(6.117)

Set

zo = max (|a(0) [, [|B(0)]) + gl + Tmax(su? |0c(t)|,su§) |ﬂ(t)|>

M=

+ 2, max (|a(te) [, [B(t)]).
- (6.118)
Using Gronwall’s lemma (see [160, page 36]), we get that, for each t € ],
|y(t)] < ze". (6.119)
Thus
lyllpc < zoe”. (6.120)

This shows that M is bounded.
Set X := PC(J,R). As a consequence of Theorem 1.7, we deduce that N has a
fixed point which is a solution of (6.96).
Step 6. The solution y of (6.96) satisfies
a(t) < y(t) < B(t), Vtel (6.121)
Let y be a solution to (6.96). We prove that

y(t) < (), Vtel (6.122)

Assume that y — f§ attains a positive maximum on (¢}, f;,,] at & € [t],t;,,] for
some k = 0,...,m, that is,

(y — B) (&) = max {y(t) - B(t) : t € [}, tr,, ], k=0,...,m} >0.  (6.123)

We distinguish the following cases.
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Case 1. Ifty € (tf,t,,], there exists t{ € [t{, ;) such that

0<y(t)—B) < y(tx) — B(t), Ve [, 8k] (6.124)
By the definition of 7, one has

Y (1) + y(t) € F(, (1)) + B(t) a.e.on [1, ] (6.125)

Thus there exist v(t) € F(t,5(t)) a.e. on [, fi], with v(t) < v,(t) a.e. on [t], k]
such that

Y () + y(t) = v(t) + p(t) aeon [t ] (6.126)
An integration on [, f] yields

y(8) = y(tf) = | 09) = y(5) + Bls))ds
. (6.127)

<[ 6= () - s

k
Using the fact that f3 is an upper solution to (6.93), the above inequality yields

tr

(@) = y () < B(te) - B(t7) - Lz (y(s) = B(s))ds (6.128)
< B(t) = B(5)-

Thus we obtain the contradiction
y(te) — y () < B(tx) — (). (6.129)

Case2. tp =t{,k=1,...,m.
Then

Pt <Le(r (5, y(8))) < B8) (6.130)

which is a contradiction. Thus
y(t) < p(t), Vtelo,T]. (6.131)

Analogously, we can prove that
y(t) =z alt), Vte] (6.132)

This shows that the problem (6.96) has a solution in the interval [a, §].
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Finally, we prove that every solution of (6.96) is also a solution to (6.93). We
only need to show that

a(0) < y(0) — L(3(0), 7(T)) =< B(0). (6.133)
Notice first that we can prove
aT) < y(T) =< B(T). (6.134)
Suppose now that y(0) — L(3(0), 7(T)) < a(0). Then y(0) = &(0) and
y(0) = L(y(T),7(0)) < «(0). (6.135)
Since L is nonincreasing in y, we have
a(0) < a(0) — L(a(0), a(T)) < a(0) — L((0), 7(T)) < a(0) (6.136)
which is a contradction. Analogously, we can prove that
y(0) = L(3(0), (1)) = B(0). (6.137)
Then y is a solution to (6.93). O

Remark 6.17. Observe that if L(x, y) = ax — by — ¢, then Theorem 6.15 gives an
existence result for the problem

y'(t) €F(ty®), t€]=[0T,t+t k=1,...,m,
y(t) =L(y(t)), k=1,..,m, (6.138)
ay(0) —by(T) =,

with a,b > 0, a+ b > 0, which includes the periodic case (a = b = 1, ¢ = 0) and
the initial and the terminal problems.

6.4. Second-order boundary value problems

In this section, we will be concerned with the existence of solutions of the second-
order boundary value problem for the impulsive functional differential inclusion,

y'(t) €F(t,y:), t€]=1[0,T], t#t, k=1,..,m,
Ayliey = L(y(t)), k=1,...,m,
Ay' ey = I(y(t)), k=1,...,m,
y(8) = ¢(), te[-r,0], y(T)=yr,

(6.139)
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where F : ] x D — P(E) is a given multivalued map with compact and convex
values, D = {y : [-r,0] — E | v is continuous everywhere except for a finite
number of points s at which y(s) and the right limit y(s*) exist, and y(s™) =
v(s)hdeED, (0<r<e),0="1ty <t <-<ty<tpyy =T, IIx € C(EE)
(k=1,2,...,m)arebounded, yr € E,Ay|i—y = y(tf)—y(t; ), AY l1=t, = ¥ () —
y'(tr), and y(t;), y(), y'(t; ), and y'(#{) represent the left and right limits of
y(t) and y'(t), respectively, at t = tx, and E is a real separable Banach space with
norm | - |.
The notations from Section 3.2 are used in the sequel.

Definition 6.18. A function y € Q n AC'(J, E) is said to be a solution of (6.139)
if y satisfies the differential incllision y"(t) € F(t, y:) a.e. on ]" and the conditions
Ayle=y, = I(y(t)), Ay le=r = I(y(t)), k = 1,...,m.

In what follows, we will use the notation >, ;[ ¥({) — y(t)] to mean 0,
when k = 0and 0 < t < t, and to mean Zle[y(t,f) — y(t)], when k = 1 and
te <t < fryr-

Theorem 6.19. Suppose that the following hold.
(6.16.1) F: ] XD — Ppepev(E) isan L'-Carathéodory multivalued map.
(6.16.2) There exist constants cx, di such that |I(y)| < ¢k, [Ix(y)| < di, k =
1,...,m, foreach y € E.
(6.16.3) There exists a function m € L'(J,R") such that

[|F(t,w)|| :=sup {Iv| : v € F(t,u)} < m(t) (6.140)

for almost all t € ] and for allu € D.
(6.16.4) For each bounded B < Q, and for each t € ], the set

T
+ > [e(y(t) + (¢ — )Tk (y ()] (6.141)

O<tp<t

- % i [Le(y(te)) + (T — te) Ik (y(t))] : g € SF,B}
k=1

_ T
{ r t¢(0) + %}/T + JO H(t,s)g(s)ds

is relatively compact in E, where Spp = {Sr,, : y € B} and

%(s—T), 0<s<t<T,
H(t,s) = (6.142)

%(t—T), 0<t<s<T.

Then the impulsive boundary value problem (6.139) has at least one solution on
[—T, T]
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Proof. Transform the problem (6.139) into a fixed point problem. Consider the
multivalued map G : Q — P (Q) defined by

-

(pb(t)’ I e [_T’,O],
_ T

%45(0) + %yT + JO H{(t,)g(s)ds
+ > [L(y())

G(y)=1heQ:h(t) = O<te<t
’ +(t = i) Ik (y (1)) ]

LS )

k=1
| +(T = ) I (y () ], tel, )
(6.143)
where g € Sp,,.
Indeed, assume that y € Q is a fixed point of G. It is clear that
y(t) = ¢(t) foreacht e [-r,0], y(T) = yr,
_ (6.144)
Aylimy = L(y(t)), k=1,....m
By performing direct differentiation twice, we find
’ -1 1 T ’
V() = 224(0) + = yr + J H; (1, 9)g(s)ds
T T
+ 2 Tyt 2 +(T =tk (y(t)], ¢ # tho
O<tr<t k=
Y =g(t), t#i,
(6.145)

which imply that y is a solution of BVP (6.139).

We will now show that G satisfies the assumptions of Theorem 1.7. The proof
will be given in several steps.
Step 1. G(y) is convex for each y € Q.

Indeed, if hy, h; belong to G(y), then there exist g1,82 € Sr,, such that, for
each t € J, we have

hi(t) = ¢(0) + TyT +I H(t, s)gi(s)ds
+0<tzk<t By (t)) + (¢ = 8Ty (8)] (6.146)
Z — )Ty (8)], =12

k:1
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Let 0 < d < 1. Then, for each t € J, we have

(dhy + (1 = d)hy) (1)

— T
= %ﬁb(o) + %yT + L H(t,s)[dgi(s) + (1 — d)ga(s)]ds

+ 3 e(y(t) + (t = )Tk (y ()] (6.147)

O<tr<t

LS () + (T = )T ()]

Since Sk, is convex (because F has convex values), then
dh + (1 —d)h, € G(y). (6.148)

Step 2. G maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant € such that,
for each h € G(y) with y € B; = {y € Q : [lyll < q}, one has [[h] < €. If
h € G(y), then there exists g € Sg,, such that, for each t € J, we have

_ T
h(t) = %qsw) + %yT + L H(t,5)g(s)ds

+ 20 [y (8) + (¢ = )T (y(1)] (6.149)

0<tx<t

m
Z (T — ti) i (y (1)) ].
By (6.16.2) and (6.16.3), we have that, for each t € J,

T
Ih@®)| < lgllp + |yr| + sup |H(t,s)|L 1g(s)|ds

(ts)efx]

+ 20 [I(y ) [+ (=0 [ 1T (y(5)) |]

O<tr<t

Z [Tk (y(tx)) + (T = ti) Ik (y(tx)) ]

. (6.150)
<li¢llo+ |yr| + sup |H(ts)| L gq(s)ds

(ts)ejx]

i [ZSHP [L(Iyl) ] : Iyl < q}

+2(T - ti)sup { | I (Iy) | = Iyl < q}} =



Second-order boundary value problems 195

Step 3. G maps bounded sets into equicontinuous sets of Q.
Letri,r, €]',r <ryandlet B; = {y € Q: |lyll < q} beabounded set of Q2.
For each y € B; and h € G(y), there exists g € Sr, such that

Tt
T
+ > [Ie(y(t) + (t = )Tk (y (1)) ]

O<tr<t

¢ T
he) = T 90 + Lyr + L H(t,5)g(s)ds

(6.151)
t m

T [Tk (y(t)) + (T = te) I (y (86)) .
k=1

Thus

() ~ ()| = (2~ 1) [60) ] + (12— ) 12

T
+ Jo |H(r2,5) — H(r1,5) | gq(s)ds

+ > [O(®) + (= r)Te(y (%)

0<tr<ry—r;

(6.152)

-1

T ﬁ [Tk (y () + (T — t) I (y (1)) .
k=1

As r, — 1y, the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case where ¢ # #;, i = 1,...,m. The proof of the
equicontinuity at t = f; is similar to that given in Theorem 4.3.

The equicontinuity for the cases r; <7, <0andr; <0 < r, are obvious.

Step 4. G has a closed graph.
Let y, — v, hy € G(yn), and b, — hy. We will prove that hy. € G(y4).
hy € G(y,) means that there exists g, € Sg, such that, for each t € J,

_ T
Iy (t) = %(/5(0) + %yT + JO H(t,5)g,(s)ds

+ >0 [Ie(yn(te) + (£ = 1) Tk (yn ()]

O<tr<t

(6.153)

L
T

M=

[Tk (yn (1)) + (T = t) I (yn () ].
k

1
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We must prove that there exists g € Sp,,, such that, for each t € J,

B T
lMﬂ=£F%®+%w+wam&®%

+ >0 [Ie(ys () + (£ = t) T (v (1)) ]

0<tx<t

(6.154)

m

t [T (e (8)) + (T = )T (s (8)) -
k:l

Clearly since Iy and I, k = 1,...,m, are continuous, we have that

[(tn - £ 00~ £r= S ) + 6= ) Tan(a)

O<tr<t

m

25 ) <T—tk)7k<yn<tk>>])
rs

- (h* - L0 - Sy 3 el (80) + (- 10T ()]

O<tx<t

o -
Z Ie(ya (t)) + (T —tk)Ik(y*(tk))]>H—»0, asn — oo,
ra
(6.155)
Consider the linear continuous operator
r:LY(J,E) — C(J,E),
T (6.156)
g — 10 = | H(t9gds
From Lemma 1.28, it follows that I' o S is a closed graph operator.
Moreover, we have that
Tt t _
(0= TH 460 - = 3 0 0) + (- 00T On(a)]
0<tr<t
' (6.157)

15 ) (T—tkﬁk(yn(tkm) € I(Se,).
k:l
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Since y, — y«, it follows from Lemma 1.28 that

(h (t) - T ¢>(0) TyT— D k(ys () + (t = ) Ik (ys (1)) ]

O<tr<t

B . (6.158)
Z I (s (1)) (Ttk)Tk(y*(tk))]> = L H(t,5)g«(s)ds
for some gx € Sg, .
Step 5. Now it remains to show that the set
M:={y e Q:1ly e G(y), forsome A > 1} (6.159)

is bounded.
Let y € M. Then Ay € G(y) for some A > 1. Thus there exists g € Sg,, such
that

y(t) = )rl%qsm) +Af1%yT e LTH(t,s)g(s)ds
FA7T0 DT [L(y(t) + (¢t — t) Tk (y ()]

Octict (6.160)
it _
- 1? D ey () + (T = i) Ie(y () ]-
k=1
This implies by (6.16.2)-(6.16.3) that, for each t € J, we have
T
Y01 < 19lo+ [yrl+ sup [HE3)| | m(s)ds
(t,s)e]x] 0
(6.161)

Ms

[2ck +2(T — tx)dk] = b.
k

1

This inequality implies that there exists a constant b depending only on T and on
the function m such that

|y(t)] <b foreachte ] (6.162)
Hence
Iyl = max (lI¢llp,b). (6.163)
This shows that M is bounded.

Set X := Q. As a consequence of Theorem 1.7, we deduce that G has a fixed
point y which is a solution of (6.139). O
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Remark 6.20. We can analogously (with obvious modifications) study the bound-
ary value problem

Yy €F(ty), te€]=[0,T), t#t k=1,...,m,
Aylize, = I(y(t;)), k=1,...,m,
Ay li—y =Tk(y()), k=1,...,m,
y(t) = ¢(t), te[-r0], y(T)=yr

(6.164)

6.5. Notes and remarks

Sections 6.2 and 6.3 are based on upper- and lower-solutions methods for first-
order impulsive differential inclusions. The results of Section 6.2, which address
periodic multivalued problems, are adapted from Benchohra et al. [50, 59], and
the results of Section 6.3, which deal with multivalued impulsive boundary value
problems with nonlinear boundary conditions, are adapted from Benchohra et al.
[52]. The material of Section 6.4 on second-order impulsive boundary value prob-
lems is taken from Benchohra et al. [58].



Nonresonance impulsive differential
inclusions

7.1. Introduction

This chapter is devoted to impulsive differential inclusions satisfying periodic
boundary conditions. These problems are termed as being nonresonant, because
the linear operator involved will be invertible in the absence of impulses. The first
problem addressed concerns first-order problems. A result from [51] that gener-
alizes a paper by Nieto [199] is presented. The methods used involve the Martelli
fixed point theorem (Theorem 1.7) and the Covitz-Nadler fixed point theorem
(Theorem 1.11).

The second part of the chapter is focused on a second-order problem, and
a result of [55] is obtained which is an extension of the first-order result. Again
the method used involves an application of Theorem 1.7. Then, the final section
of the chapter is a successful extension of these results to nth order nonresonance
problems, which were first established in [63]. Also, an initial value function is
introduced for the higher-order consideration.

7.2. Nonresonance first-order impulsive functional differential
inclusions with periodic boundary conditions

This section is concerned with the existence of solutions for the nonresonance
problem for functional differential inclusions with impulsive effects as

y' () —Ay(t) EF(t,y), te€]=1[0,T], t# 1t k=1,....,m, (7.1)
Ayli—y = I(y(t)), k=1,...,m, (7.2)

y(t) =¢(t), te[-r0], (7.3)

$(0) = y(0) = y(T), (7.4)

where A # 0 and A is not an eigenvalue of y', F : ] X D — P(E) is a compact
convex-valued multivalued map, & = {y : [-r,0] — E | y is continuous every-
where except for a finite number of points s at which y/(s) and the right limit y(s*)
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existand y(s7) = ()}, ¢ € D, (0<r<),0 =1t <t;] <+ <ty <ty =T,
Iy € C(E,E) (k = 1,2,...,m) are bounded, Ayl,—y, = y(&) — y(t;), y(t;) and
y(t) represent the left and right limits of y(¢) at t = #, respectively, and E is a real
separable Banach space with norm | - [and J" =]\ {#1,..., &}.

Definition 7.1. A function y € QN AC(J', E) is said to be a solution of (7.1)—(7.4)
if y satisfies the inclusion y'(t) — Ay(t) € F(t,y;) a.eon ]\ {t,...,t,} and the
conditions Ayl = I(y(t;)), k = 1,...,m,and y(0) = y(T).

We now consider the following “linear problem” (7.2), (7.3), (7.4), (7.5),
where (7.5) is the equation

Y () —Ay(t)=g(t), t#t, k=1,...,m, (7.5)

whereg € L'(Ji, E), k = 1,...,m. For short, we will refer to (7.2), (7.3), (7.4), (7.5)
as (LP). Note that (LP) is not really a linear problem since the impulsive functions
are not necessarily linear. However, if Iy, k = 1,...,m, are linear, then (LP) is a
linear impulsive problem.

We need the following auxiliary result.

Lemma 7.2. y € QNAC(J', E) is a solution of (LP) ifand only if y € QN AC(J', E)
is a solution of the impulsive integral equation

T m
y(t) = L H(t,9)g(s)ds + > H(t, o) I (y (), (7.6)
k=1

where

—M(T+s—1)
_ (AT -1 ]€ , 0<s<t<T,
H(t,s) = (e 1) {e—l(s—”, 0<i<s<T (7.7)
Proof. First, suppose that y € Q n AC(J', E) is a solution of (LP). Then
y'(t) = Ay(t) = g(t), t#t, (7.8)

that is,

(eMy(r) =eMg(t), t#t (7.9)
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Assume that t < t < ty41, k = 0,..., m. By integration of (7.9), we obtain

t
eMy(t) - y(0) = L e Mg (s)ds,

t
eey() - e M) = | e glods
t

1

tk
e—/\tky(tk) _ e—/\tkfly(t]:'_l) — Jt e—lsg(s)ds)
k-1

t
ef/lty(t) _ ef/ltky(tl:r) — J eiAsg(S)dS.

tk
Adding these together, we get

e My(t) — y(0) = Z e Moy (t) Z e Mey(ty) + L e Mg(s)ds,

O<tp<t O<tr<t

that is,

eMy(t) =y(0)+ > e MI(y(t)) + L e Mg(s)ds.

O<tr<t
In view of (7.12) with y(0) = y(T'), we get
m T
e My(0) = y(0)+ > e ML (y(t)) + J'O e Mg(s)ds.
k=1
Hence
m T
y(0) = (e — 1) [ > e M (1)) +J e‘“g(s)ds}.
k=1 0

Substituting (7.14) in (7.12), we obtain

Aty(t) |:Z —)Ltka tk )+I )Lsg(s)ds]

+ Z e M (y(t)) + Jo e’lsg(s)ds.

0<tr<t

Using (7.15) and the fact that

ﬁ y(t) = X Lym) = > L(y(w)+ X kiy(k))

0<tx<T O<tr<t t<tx<T

201

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)
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we get

e My(t) = (e [ > e M (y + > e ML (y(t))

O<tp<t t<tp<T

t T
—As —As
+ Jo e g(s)ds + L e g(s)ds
+(e M =1) > e M (y(t)

O<tp<t

+ (e -1) Jot e_lsg(s)ds}

— (e—)LT _ 1) |: —AT Z e /Uka Z e )Ltka )
o<t <t t<ty<T
t T
+e AT J e’lsg(s)ds + J e)“g(s)ds].
0 t
(7.17)

Thus

T

t
y(t) = (e - 1)_1 [J e Mg (s5)ds +J e Mg (s5)ds
0 t

" z ef/\(T+tk—t)Ik(y(tk))+ Z e/\(tkt)lk(y(tk))]

o<tr<t t<ty<T

T
_ J H(t)g@ds+ S Hb 1)K (y(8),
k=1

(7.18)

that is, y is a solution of (7.6).
Conversely, assume that y is a solution of (7.6). Direct differentiation on (7.6)
implies, for t # t,

, T oH(t, < [ 0H (1,
y= [ 2 Dggace 3| My o) |

k=1

_g(t) +J AH(t,5)g(s)ds + kzl)tH 1) Ie (7 (1) (7.19)

_g(t)+AU H(t)g)ds+ S Hlbte Ik(y(tk))]

k=1
=g(t) +Ay(1).
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It is easy to see that

A[ > H(t, tk)Ik] = Ii. (7.20)
k=1 t=ty
Moreover, we have

Ayli=y = Ik(y(t)). (7.21)

Making use of the fact H(0,s) = H(T,s) for s € ], we obtain that y(0) = y(T).
Hence y is a solution of the impulsive periodic problem (LP). |

We are now in a position to state and prove our existence result for problem
(7.1)—(7.4).

Theorem 7.3. Assume that
(7.3.1) F:] x D — P(E) is an L'-Carathéodory multivalued map;
(7.3.2) there exist constants cx such that |I(y)| < cx, k = 1,...,m, for each
y € E;
(7.3.3) there exists m € L'(J,R) such that

[|F(t, ye)|| :=sup {Iv] : v € F(t, y)} < m(t) (7.22)

foralmostallt € J and all y € Q;
(7.3.4) for each bounded B € Q and t € ], the set

T m
{L H(t,s)g(s)ds + z H(t ) (y()) : g € Sp,B} (7.23)
k=1

is relatively compact in E, where Sp.p = U{Sk, : y € B}.
Then problem (7.1)—(7.4) has at least one solution on [—r, T].

Proof. Transform problem (7.1)—(7.4) into a fixed point problem. Consider the
multivalued operator N : Q — £ (Q) defined by

¥(0) ift e [-r,0],
T
N(y) =1heQ:h(t) = L Hif)s)g(s)ds (724
+> H(Lt) I(y(t)) ift €7,
k=1

where g € Sp,.
We will show that N satisfies the assumptions of Theorem 1.7. The proof will
be given in several steps.
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Step 1. N(y) is convex, for each y € Q.

Indeed, if hy, hy belong to N(y), then there exist g1, € Sp,, such that, for
each t € J, we have

T m
hi(t) = J H(t9g()ds+ S Ht i) L(y (1), i= 1.2 (7.25)
0 k=1
Let 0 < d < 1. Then, for each t € J, we have
T m
(dhy + (1 —d)hy) (t) = Jo H(t,s)[dgi(s)+(1 — d)ga(s)]ds + > H(t, te) Ik (y (t)).
k=1
(7.26)
Since Sg,, is convex (because F has convex values), then
dh + (1 —d)h, € N(p). (7.27)

Step 2. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant € such that,
foreach y By =1{y e Q:llyll <q},onehas [N(y)ll <¢.

Let y € Byand h € N(y). Then there exists g € Sg,, such that, for each t € J,
we have

T m
h(t) = L Ht,9)g(s)ds + S H(t 1)L (y(1)). (7.28)
k=1

By (7.3.1), we have, for each t € ],

T m
(1] = [ 1H0] g0 ds+ 3. [H (0| R (y(0)]

0

; . (7.29)
< L |H(t,5)|14(s)ds + Z |H(t, te) | sup { | L(IyD) | : Iyl < q}.
k=1
Then, for each h € N(B,), we have
T
Ihla < sup [HE)] | 16)ds
(t,s)e]X] 0 (7 30)

+ isu? |H(t,t) | sup { [ Ic(lyl) | = Iyl < q} =€
k=1 1<



Nonresonance first-order impulsive inclusions 205

Step 3. N maps bounded set into equicontinuous sets of Q).
Let 71,72 € J', 11 < 12, and let B; be a bounded set of Q as in Step 1. Let
y € Byand h € N(y). Then there exists g € Sg,, such that, for each t € J, we have

h(t) _J H(t,5)g(s)ds + zH 60 ( () (7.31)
k=1

Then

Ih(z) = k()| < L |H(r2,5) — H(11,5) | 1y(s)ds
(7.32)

i H (1) = H(m, 1) | 1T (y (80) .

As 7, — 11, the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case, where t # f;,i = 1,..., m. The proof of the
equicontinuity at t = #; is similar to that given in Theorem 4.3.

As a consequence of Steps 1-3, and (7.3.4) together with the Arzeld-Ascoli
theorem, we can conclude that N : Q — £ (Q) is completely continuous multival-
ued, and therefore a condensing map.

Step 4. N has a closed graph.
Let vy — y%, hy € N(yn), and h,, — hs. We will prove that b, € N(y4).
h, € N(y,) means that there exists g, € Sg,, such that, for each t € J,

ha(t) = J H(t)ga(9)ds+ S Ht 1) I (1)): (7.33)
k=1

We must prove that there exists g« € Sg,,, such that, foreach t € J,

ho (1) _J H(t)ge(ds+ S H b 1) (e (). (7.34)
k=1
Clearly since I, k = 1,..., m, are continuous, we have that

“(h _ zH 6 Ik(yn(tk»)(h* _ iH(t,tk)Ikwtk)))H 0, (739)

k=1
as n — oo. Consider the linear continuous operator

r:LY(J,E) — C(J,E),

T (7.36)
g—T(@W) = L H(t,s)g(s)ds.

From Lemma 1.28, it follows that T o Sg is a closed graph operator.
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Moreover, we have that
(0= 3 16001 O (0))) € (5, (737)
k=1
Since y, — y«, it follows from Lemma 1.28 that
m T
(h*(t) - > H(t, tk)Ik()’*(tk))) = JO H(t, s)g«(s)ds (7.38)
k=1

for some gi € Sg,y, .
Step 5. Now it remains to show that the set

M:={yeQ:1y e N(y), forsome > 1} (7.39)

is bounded.
Let y € M. Then y € AN(y) for some 0 < A < 1. Thus, for each t € J,

T m
Y0 = A L Ht,9)g(s)ds + A S H (b 1)Ly (1)). (7.40)
k=1
This implies by (7.3.2)-(7.3.3) that, for each t € ], we have
T m
O] < [ 1HE9g6) ds+ Y 1H6 )| (80) |
k=1

T m
< sup |H(ts)] J m(s)ds+ > sup |H(t,t) |ck := b,
(t)ETX] 0 k=1 t€]

(7.41)

where b depends only on T and on the function m. This shows that M is bounded.
Set X := Q. As a consequence of Theorem 1.7, we deduce that N has a fixed
point which is a solution of (7.1)—(7.4). O

Theorem 7.4. Assume the following conditions are satisfied:
(7.41) F : [0,T] X D — Pep,v(E) has the property that F(-,u) : [0,T] —
Pep(E) is measurable, for each u € D;
(7.4.2) there exists | € L'([0, T],R") such that
Hd(F(t)u)’F(t>ﬁ)) =< l(t)Hu_a”JD) (742)
foreacht € [0, T] and u,u € D, and
d(0,F(t,0)) <I(t), foralmosteacht € J; (7.43)

(7.4.3) |Ik(y) = L(¥)| < cklly = Yo, for each y,y € E, k = 1,...,m, where
C are nonnegative constants.
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Let hy = sup ,cjuy [H(t9) and I* = [¢ 1(t) dt. If

hol* + ho > k< 1, (7.44)
k=1

then problem (7.1)—(7.4) has at least one solution on [—r, T].

Proof. Transform problem (7.1)—(7.4) into a fixed point problem. It is clear from
Lemma 7.2 that solutions of problem (7.1)—(7.4) are fixed points of the multival-
ued operator N : Q — £ (Q) defined by

y(0) ift € [-r,0],

T
N(y):=1heQ:h(t) = L H(t,s)v(s)ds (7.45)

+ > H(Lt)I(y(t)) ifte],
k=1

where v € Sp ).

We will show that N satisfies the assumptions of Theorem 1.11. The proof will
be given in two steps.
Step 1. N(y) € Pq(Q), foreach y € Q.

Indeed, let (y,)n>0 € N(y) such that y, — ¥ in Q. Then ¥ € Q and, for each
tel,

T m
ya(t) € L H(t,5)F (s, yo)ds+ > H(t,t) Ik (y (1)) (7.46)
k=1

Using the fact that F has compact values and from (7.4.2), we may pass to
a subsequence, if necessary, to get that g, converges to g in L'(J, E), and hence
g € Sg,y. Then, for each t € [0, b],

T m
ya(t) — J(t) = L H(t,5)F (s, ys)ds + > H(t ) Ik (y(8). (7.47)
k=1

So, ¥ € N(y).
Step 2. H(N(y),N(¥)) < ylly = ¥, for each y, 5 € Q (where y < 1).

Let y,7 € Qand h; € N(y). Then there exists v;(t) € F(t, y) such that, for
eacht e,

T m
mm=LHmme+ZHmmMﬂm) (7.48)
k=1

From (7.4.2), it follows that

H(F(t, ), F(t,7,)) <1®)|lye = F,llp tET (7.49)



208 Nonresonance impulsive differential inclusions

Hence there is w € F(t,y,) such that
|vi(t) = w| <1yt = Vllp tET (7.50)
Consider U : ] — P (E), given by
U)={weE: |vi(t) —w| <1®)|ly: =7 llo} (7.51)

Since the multivalued operator V(t) = U(t) N F(t,y,) is measurable (see [119,
Proposition 111.4]), there exists v,(t), which is a measurable selection for V. So,
va2(t) € F(t,y,) and

[vi(t) = w(t)| <I(t)lly —¥llp, foreachte]. (7.52)

Let us define, for each t € J,

T m
Io(t) = JO Ht,s)va()ds + S H (b )L (7 (£). (7.53)
k=1

Then we have

T
[hi(t) — hy(t)] < Jo |H(t,s)] | vi(s) — va(s) | ds

+ i [H(tt) | [ e (y(t0)) = Le(7 (1)) |
k=1

T m (7.54)
<o [ 10l =Fllpds+ho Y el y(t) = 7(67)|
k=1
< hol*lly =7l + ho > clly — 7.
k=1
Then
Hh1 _h2||Q < I:h()l* + hy ZCk:| ||y—7“ (755)
k=1



Nonresonance second-order impulsive functional differential inclusions 209

By an analogous relation, obtained by interchanging the roles of y and 7, it follows
that

H(N(y),N(®)) < [hol* + ho Z ck] Iy =7l (7.56)
k=1

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y, which is
a solution to (7.1)—(7.4). O

7.3. Nonresonance second-order impulsive functional differential
inclusions with periodic boundary conditions

This section is concerned with the existence of solutions for the nonresonance
problem, for functional differential inclusions, with impulsive effects,

y'(t) = Ay(t) € F(t,y:), t€]=[0,T], t#t k=1,...,m, (7.57)
Aylicy, = k(p(8)), k=1,...,m, (7.58)

Ayl = Ik(y(8)), k=1,...,m, (7.59)

y(t) =¢(), te[-r0], (7.60)

y(0) = y(T) = po, ¥ (0) = y'(T) =, (7.61)

where F : ] X D — P(R) is a compact convex-valued multivalued map, (0 <
r < o), A # 0 and A is not an eigenvalue of y"', po,p1 € R, 0 = fp < ) <
c <ty < tme1 = T, I, Ix € C(R,R) (k = 1,2,...,m) are bounded, Ay|;—, =
y(t) =y Ay L=y = y'(5) =y (), y(8), y(£), ¥ (8 ), and y' (£) represent
the left and right limits of y(t) and y'(t), respectively, at t = f.
Note that when gy = y; = 0, we have periodic boundary conditions.

Definition 7.5. A function y € Q N AC'(J',R) is said to be a solution of problem
(7.57)—(7.61) if y satisfies conditions (7.57) to (7.61).

We now consider the “linear problem” (7.58), (7.59), (7.60), (7.61), (7.62),
where (7.62) is the equation

Y@ —Ay(t) =g(t), t#t, k=1,....,m, (7.62)

where g € L'(Ji,R), k = 1,...,m. For brevity, we will refer to (7.58), (7.59),
(7.60), (7.61), (7.62) as (LP). Note that (LP) is not really a linear problem since
the impulsive functions are not necessarily linear. However, if I, I,k=1,....,m
are linear, then (LP) is a linear impulsive problem.

We need the following auxiliary result.
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Lemma 7.6. y € Q n AC'(J',R) is a solution of (LP) if and only if y € Qisa
solution of the impulsive integral equation

(0, te[-r,0],

T
J H(t,s)g(s)ds+ H(t,0)p + L(t,0)uo
0

JH-1° (7.63)
+ > [H(t ) I(y ()
k=1
+L(t, 1) I (y (86)) ], te],
where
eVAT+s=1) 4 oVAt=s) 0 <s<t<T
H(t,s) = 771 ' ,
’ 2VA(eAT — 1) | pA(Tt—s) | e 0<t<s<T,
5 . eMT+s=t) _ VA=) 0 <s<t<T,
L(t,s) = —H(t,s) = ——F=———
(t,5) ot (:5) 2(eVAT — 1) VA=) _ pVA(T+=5) 0 <t<s< T,
(7.64)
Proof. We omit the proof since it is simple. U

We are now in a position to state and prove our existence result for problem
(7.57)—(7.61).

Theorem 7.7. Assume that (7.3.1)—(7.3.3) hold. Moreover, assume that
(7.7.1) there exist constants dy such that |Ix(y)| < di, k = 1,...,m, for each
yeR.
Then problem (7.57)—(7.61) has at least one solution on [—r, T].

Proof. Transform the problem (7.57)—(7.61) into a fixed point problem. Consider
the multivalued operator N : Q — £ (Q) defined by

-

'y(O), te[-r,0],)

JTH(t, $)g(s)ds+H(t,0)u; +L(t,0)po
N(y)=1he Q:h(t)=1"° -

[H (¢, tx) Ik (y ()
k=1

| | +L(t, ) Ik (y () ] te],

+

M=

(7.65)

where g € Sg,,.



Nonresonance second-order impulsive functional differential inclusions 211

We will show that N satisfies the assumptions of Theorem 1.7. The proof will
be given in several steps.
Step 1. N(y) is convex, for each y € Q.

Indeed, if hy, h; belong to N(y), then there exist gi1,g> € Sg,, such that, for
each t € J, we have

T
hi(t) = J H(t,s)gi(s)ds + H(t,0)u; + L(t,0)po
m (7.66)
Z (L)L (y(t) + L )Tk (y(t)) ], i= 1,2

Let 0 < d < 1. Then, for each t € J, we have
T
(dhi+ (1 = d)hy) (1) = L H(t,5)[dgi(s) + (1 — d)ga(s)]ds + H(£,0)p1 + L(£,0)po

i H(tt) I (p(t)) + L(t 1) I (y (1)) ]
k=

—_

(7.67)
Since S, is convex (because F has convex values), then
dhi+ (1 —d)h, € N(y). (7.68)

Step 2. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant ¢ such that,
foreachy € B, = {y € Q: |lyll < g}, onehas [N(y)|l < ¢.

Let y € B;and h € N(y). Then there exists g € Sg,, such that, foreach t € J,
we have

T
h(t) = L H(t,5)g(s)ds + H(t, 01 + L(t, 0o

i (7.69)
Z (tt) Ik (y(t6) ) + L(8 ) Ik (y () .

By (7.7.1), we have, for each t € ],

T
[h()| < JO |H(t,5)[ [g(s) [ds+ [H(£,0)| || + [L(£,0) | | o

+ i [H (t, tx) I (y(t) ) + Lt ti) I (y (86) |
k=1
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j|H<ts>|z (8)ds+ [H(0)| || + |L(0) | | o |

+ STTHE ) | sup {1 R(Iy) | Dyl = g}
k=1

+ [L(t ) [ sup { [ Te(Iy1) | = Iyl < q}].
(7.70)

Then, for each h € N(B,), we have

T
Ihla < sup [H(59)] | 1(5)ds
(t,5)eJ <] 0

+ |p1 | sup |H(£,0) | + |uo | sup | L(¢,0) |
te] te]

.3

k=1

sup [H(t,t) | sup { [ I(1y) | = Iyl < q}

te]

[ (7.71)
s 2000 [sup Te(1yD) | 11 = g} | =

te]

Step 3. N maps bounded sets into equicontinuous sets of Q).

Let 71,72 € J', 1 < T3, and let B; be a bounded set of () as in Step 2. Let
y € Byand h € N(y). Then there exists g € Sg,, such that, for each t € J, we have

h(t) = JTH(t,s)g(s)ds T H(t, 00 + L(E 0o

. (7.72)
z (t, ) Ik (t)) + L(t, tk)jk(J’(tk))]-
k=1
Then
T
\h(z) = k()| < L |H(2,5) — H(11,5) | Iy(s)ds
+|H(72,0) — H(71,0) | [ | +]L(72,0) = L(71,0) | | po |

+ > [|H(t2,t) = H(71, 1) | e + | L(72, &) = L(71, ti) | di].
. (7.73)

As 7, — 11, the right-hand side of the above inequality tends to zero. This
proves the equicontinuity for the case where ¢ # #;, i = 1,...,m. The proof of the
equicontinuity at t = ¢; is similar to that given in Theorem 4.3. The equicontinuity
for the cases 71 < 72 < 0 or 71 < 0 < 1, are obvious.
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As a consequence of Steps 1 to 3 together with the Arzela-Ascoli theorem,
we can conclude that N : Q — £ (Q) is completely continuous multivalued, and
therefore a condensing multivalued map.

Step 4. N has a closed graph.

Let y, — y4, hy € N(yn), and h, — h,. We will prove that hy, € N(yy).

h, € N(y,) means that there exists g, € Sg,y, such that, for each t € J,

T
I (t) = L H(t,5)ga(s)ds + H(t, 0)p + L(1, 0)pio

” (7.74)
+ > [H(t ) I (ya (1)) + L(6 ) Te (ya (1) ]-
k=1
We must prove that there exists g4 € Sg,,, such that, for each t € J,
T
at) = || H(t g (5)ds + H (00 + Lit, O
(7.75)

m
Z (tst) I (ys (t)) + L(t, 1) I (y4 (86)) .
Clearly since I, Ii, k = 1,...,m, are continuous, we have that

'Km—Hmmm—L@®m—fIHMQMOMmD—MAMMUAMH>

k=1

- (h* — H(t,0)u; — L(t,0)po

i H(t, i) I (s (t)) — L(t, tkﬁk(}’*(tk))]>” — 0, asn— oo,

k=1
(7.76)
Consider the linear continuous operator
I:L'(J,R) — C(,R),
T (7.77)
g T)D) = | H(to)g()ds
From Lemma 1.238, it follows that T o Sg is a closed graph operator.
Moreover, we have that
hu(t) — H(t,0)uy — L(t,0)uo
- - 7.78
- HG L) - L L Gn )] € T6ss,). 7

k=1
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Since y, — y, it follows from Lemma 1.28 that

hy(t) — H(t,0)u; — L(£,0)po

= 7.79
= DT [H(t ) I (y« () — L6 t) Tk (ys (1)) J H(t,s)gs(s)ds (7.79)
k=1
for some gx € Sk, .
Step 5. Now it remains to show that the set
M:={y € Q:By e N(y), for somef > 1} (7.80)
is bounded.
Let y € M. Then By € N(y) for some 8 > 1. Thus, for each t € ],
T
y(t) =p7! J H(t,s)g(s)ds+ B H(t,0)u1 + B 'L(t,0)po
m - (7.81)
z (t ti) I (y (t6)) + L(t, 1) I (y (1)) 1.
This implies by (7.7.1) that, for each t € ], we have
T
0] = [ 1HG9g) [ds+ [HE0 [ | + 1260 1ol
Z (6 1) Ik (y () + L(¢, 1) Ik (y (1)) |
! (7.82)

< sup |H(ts)| J m(s)ds+ [H(t,0)| [ur| + [L(£,0) ] | po]
(ts)e]x] 0

+ > |H(tte) ek + L(t ) di |-
k=1

Thus

T
lylla < sup |H(ts)| j m(s)ds+sup |H(£,0) | |p1 |
(t,s)eJx] 0 te]

+sup [L(t,0)| [uo| + . [sup | H (¢, tk) | cx + sup | L(t, ) |dk] = b,
te] o1 L oter te]
(7.83)

where b depends only on T and on the function m. This shows that M is bounded.
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Set X := Q. As a consequence of Theorem 1.7, we deduce that N has a fixed
point which is a solution of (7.57)—(7.61). O

Theorem 7.8.7Assumefhat (7.4.1)—(7.4.3) and the following are satisfied:
(7.8.1) [Ix(y) = Ik(P)| =< dily(t) — (1), for each y,y € R, k = 1,...,m,
where di are nonnegative constants.
Let mg = sup; <y |H(t,s)|, Iy = SUP(; e %) [L(t,$)I. If

m m
mol* +mo > ck+1ly > di <1, (7.84)
k=1 k=1

then problem (7.57)—(7.61) has at least one solution on [—r, T].

Proof. Transform problem (7.57)—(7.61) into a fixed point problem. It is clear that
the solutions of problem (7.57)—(7.61) are fixed points of the multivalued operator
N:Q — £(Q) defined by

((0) ifte[-r,0],]

JTH(t,s)v(s)ds+H(t, 0)ps +L(t, 0)pty
N(y):i=1heQ:h(t)=1"° |

[H (£, tc) I (y (t))

M=

+

k=1

+L(t 1) I (y (1)) ] ift 7,

(7.85)

where v € Sp ).

We will show that N satisfies the assumptions of Theorem 1.11. The proof will
be given in two steps.
Step 1. N(y) € Pa(Q), for each y € Q.

The proof is similar to that of Step 1 of Theorem 7.4.
Step 2. H(N(y),N(¥)) < ylly — yll, for each y,7 € Q (where y < 1).

Let y,y € Qand h; € N(y). Then there exists v, (¢) € F(t, y¢) such that, for
eacht €],

T
Iy (f) = L H(t, sy (s)ds + H(t, 00 + L(1, 0)pio
. (7.86)
+ > [H(t ) I (y(t) + Lt ) T (v (1)) ]
k=1

From (7.4.2), it follows that

H(F(t,y:), F(t,7,) <IOlly: =7 llp> tEJ. (7.87)
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Hence there is w € F(t,y,) such that
|vi(t) =w| <1y =7 llp te] (7.88)
Consider U : ] — P (R), given by
Uity ={weR: [vi(t) —w| <I®|ly: = 7,5} (7.89)

Since the multivalued operator V(t) = U(t) N F(t,y,) is measurable (see [119,
Proposition 111.4]), there exists v,(t), which is a measurable selection for V. So,
v2(t) € F(t,y,) and

[vi(t) = w(t)| <I(®)lly —¥llp, foreachte]. (7.90)

Let us define, for each t € J,

T
Io(t) = J H(t,s)vs(s)ds + H(t, 0)pr + L(t, 0)pio

m (7.91)
+ 5 [H(t 1) I (7 () + Lt 1) Tk (7(1)) 1.
k=1
Then we have
T
[hi(t) — hy(8)] < L [H(t,s)| | vi(s) — va(s) | ds
+ 2 HG8) [ Iy (5)) = I (8) |
k=1
+ 2 L a) [ 1Tk (y () = Te(3(5) |
k=1
(7.92)

smoj 1(s)]ys - ySII;odeoZCklytk -7(t) |
k=1

+lode|ytk y(t) |
k=1

<mol*lly =yl +mo > clly =l +1o > delly = 7ll.
k=1 k=1
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Then

||]’11 —hz” < |:H’Zol* + my ZC}('FZ() de:|||y—y| (793)
k=1 k=1

By an analogous relation, obtained by interchanging the roles of y and , it follows
that

H(N(y),N®©®)) < [mol* +mg > e+l D dk} Iy -7l (7.94)

k=1 k=1

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y, which is
a solution to (7.57)—(7.61). O

7.4. Nonresonance higher-order boundary value problems for
impulsive functional differential inclusions

In the interval ] = [0, T],1let 0 = t) < t; < - -+ < ty < twy1 = T be fixed. In
this section, we are concerned with the existence of solutions for a nonresonance
problem for the functional differential inclusion,

YOO = Ay(t) €F(ty),  t €T\ At ostubs (7.95)
subject to the impulse effects
AyD(t) =T(y(t)), O<i<n-1,1<k<m, (7.96)
satisfying the initial condition
y(&) = ¢(t), te[-r0] (7.97)
and satisfying the boundary conditions
y00) - yN(T) =, O0<i<n-—1, (7.98)
where F : ] X D — P(R) is a compact convex-valued multivalued map, P(R) is
the power set of R, A # 0 and A is not an eigenvalue of y", y; E R, 0 <i<n-1,
I, € C(R,R) are bounded, 0 <i<n—1,1 <k < m,and Ay? () = Ay () -
Ay"D(t), 0 < i < n— 1. As usual, for any continuous function y defined on
[-r,T1\ {t1,...,tm} and any t € ], we define y; € D by y:(0) = y(t+0),0 €
[—7’, 0]

We now define what we mean by a solution of problem (7.95)—(7.98).

Definition 7.9. A function y € QN AC" Yte, te1), k = 0,...,m, is said to be a
solution of problem (7.95)—(7.98) if y satisfies conditions (7.95) to (7.98).
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Next, let G(t, s) be Green’s function for the periodic boundary value problem
Yy - Ay(t) =0, yP(0) -y N(T)=0, 0<i<n-—1. (7.99)

Among various properties of G(t, s), we recall that

o o 0, 0<i<n-2,

—G(0,0 —G T,0 7.100

ot (0,0) = (T,0) = {1, i=n-—1. ( )
We now consider the equation

Yy - Ay(t) = g(t), t#t, k=1,...,m, (7.101)

satisfying (7.96), (7.98), where g € L'(Jx,R), k = 1,...,m. For brevity, we will re-
fer to (7.96), (7.97), (7.98), (7.101), as (LP). Note that (LP) is not a linear problem,
since the impulsive functions are not necessarily linear, however, if I ,i, 0<i<n-—-1,
k =1,...,m, are linear, then (LP) is a linear impulsive problem.

The following is also fundamental in establishing solutions of (7.95)—(7.98).
The proof is much along the lines of Dong’s result [133], and we omit the proof.

Lemma 7.10. A function y € Qn AC" Yt tier), k = 1,..., m, is a solution of (LP)
ifand only if y € Q, and there exists g € Sr,,, such that y is a solution of the impulsive
integral equation

¢(t) te [—T’,O],

o - [ e, s)g(s)ds+z 2 G0 1

+ZZ G(tkakJ/( %)), te]
k=1 i=0

(7.102)

We provide constraints on F and the impulse operators I} so that (7.95)—
(7.98) has a solution. Our main tool will be Lemma 7.10.

Theorem 7.11. Assume that conditions (7.3.1) and (7.3.3) are satisfied. Suppose also
that
(7.11.1) foreach0 <i <n-—1, 1 <k < m, there exist constants d,i > 0 such
that |Ii(y)| < d}, for each y € R;
(7.11.2) foreacht € J, the multivalued map F(t, -) : D — P (E) maps bounded
sets into relatively compact sets.
Then problem (7.95)—(7.98) has at least one solution on [—r, T].
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Proof. In order to apply the Martelli fixed point theorem, that is, Theorem 1.7, we
define a multivalued operator N : Q — £(Q) by

[9(0) te(-r0l)
n—1 i
N(y)=1he Q:h(t) = 1 J G(t,s)g(s)ds + z o lG(t 0)itn—i 1

n

+ZZ§ L), tel,
k=1i=0

(7.103)

where g € Sg,,. It is straightforward that fixed points of N are solutions of (7.95)—
(7.98). In addition, Lasota and Opial [186] have proved that, for each y € Q, the
set Sp,y is nonempty.

We now exhibit that N satisfies the conditions of Theorem 1.7. The proof will
be done in several steps.

Our first step is to show that, for each y € Q, the set N(y) is convex. Indeed,
if b1, hy € N(y), then there exist g1, g, € Sk, such that, for each t € ], we have

T n—1 i
(o) = |Gt 9g(s)ds + > G0
0 i

mo-l o (7.104)
Zza— (L) (y(t)), i=1,2.
Then, for0 <d < 1and t € J, we have
T
(dh + (1 - d)ha)(t) = J G(t,5)[dgi(s) + (1 — d)ga(s)]ds
n—1 ~; m n—1 ai
+zath(t 0)[471 i— I+Zzatl ttk)Ik(y( ))
k=1i=0
(7.105)
The convexity of F implies Sg,, is convex, which in turn implies
dhi + (1 —d)h, € N(y); (7.106)

that is, N(y) is convex.
Our next step is to argue that N maps bounded sets into bounded sets in Q.

In particular, we show that, for each y € B; = {y € Q : |lylla < q}, there exists
an ¢ > 0 such that [N(y)llq < ¢.
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So, let y € By and h € N(y). Then there exists g € Sg, such that, for each
t € J, we have

n—1

() = j G(t,9)g(s)ds + Z G013 > 261 (1)
k=1 i=0

(7.107)
By (7.11.1), we have, for each t € J,
n—1 a
0] = J)16(6,9 1501+ > | 226060 i
3 Z 26l tk)z,iw(tk))\
k= } (7.108)
= [1ee, 26,0 |lr-i-1
+2 Z Z-G(tt0) | sup {1 LL(1y1) | <yl =< q).
oo 19
Then, for each h € N(B,), we have
T n-1 o
lhlla < sup | G(t,s)] J lp(s)ds+ > |pu-i1| sup ‘ yG(t, O)‘
(ts)eIx] 0 i=0 rej | OF
ol (7.109)
+ 2., D sup at, G(t,tx) | sup {| T (Iy) | = Iyl < q} :=
k=1i=0 t€/

We next show that N maps bounded sets into equicontinuous sets of Q). Let
71,72 € J, T1 < T, and B, be a bounded set (as described above) in Q. Choose
y € Bgand h € N(y). Then there exists g € Sg,, such that, for each t € J, we have

T n—1 ~j m n—1
o' o
W = || Gt g6)ds + 326001+ 3 3 61 ((00))
i=0 k=1i=0
(7.110)
which yields
T
|h(ry) —h(m)| < Jo | G(12,5) — G(11,5) | Ig(s)ds
n—1 i i
o o0
+ P @G(TQ,O) - ﬁG(Tl,O) ‘ |[4n7i71| (7.111)
m n—1 ai ai )
£33 |2 Glo ) — o Gln, ) ’d;.
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In the inequality, if we let 7, — 7, the right side tends to zero. Also, the
equicontinuity for the other cases, 71 < 7, < 0 or 71 < 0 < 13, are straightforward.

As a consequence of the convexity of N(y), for each y € Q, and N mapping
bounded sets into equicontinuous sets of (), when coupled with the Arzeld-Ascoli
theorem, we conclude that N : QO — £ (Q) is completely continuous multivalued,
and therefore, a condensing multivalued map.

The next step of our argument involves exhibiting that N has a closed graph.
To that end, let y, — ys, hy € N(yn), and h, — hy. It remains to show that
hs € N(yx).

Since h,, € N(y,), there exists g, € Sg,, such that, for each t € J,

T n—1 ~; m n—1 ~j
o0 0
ha(t) = L G(t,s)gn(s)ds + > 5 G Oppn-ia + > Z GG )i (yu(ti)).
i=0 k=1i=0
(7.112)
Since each I ,’( is continuous, we have that
H(h - ZG(t 0)n-ic1 — Z Z G(t, ) I} yn(tk)))
n—1 a, o - a
—(h*—z =Gt 0)pn—i- 1—228— (t, te) I} }’*(tk))) — 0,
i=0 k=1 i=0 ©
(7.113)
asn — oo,
If we define a continuous linear operator I': L'(J,R) — C(J,R) by
T
I(g)(t) =j G(t,5)g(s)ds, (7.114)
0

then, by Lemma 1.28, it follows that T o Sg is a closed graph operator. Moreover,
we have that

n—1

n—1 ~; m
/ i
ha(t) = > 57 G Oni1 — > Z S Gt )L (ya(tk)) € T(Sky,). (7.115)
i=0 k=1i=0

Since y, — y«, we also have from Lemma 1.28 that

n—1 ~j m n—1 ~j T
o a
ha(t) - Z 57 GO = 2 > =2 Gt t) I (s (1)) = L G(t,5)gx (s)ds
k=1i=0

(7.116)

for some gi € Sg,,, . In particular, by € N(yx), and N has closed graph.
Our final step is to exhibit that the set

={yeQ:By e N(y), forsomep > 1} (7.117)
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is bounded. So we choose y € M. Then y € N(y), for some 8 > 1, and thus, for
eacht €],

n—1

y(t)=p" U G(tsg(s)ds+z ;lG(t O)n—i-1+ .
k=1

n

> 2566010 |

(7.118)
and so, by (7.11.1), we have
T n—1
ly(H)| < sup IG(t,S)IJ m(S)d5+ZsuP‘alG(t 0)‘ | tnict |
(t,s)eJx] 0 i—0 te] t
(7.119)
m n—1 ai )
+> D sup ‘ —G(t, 1) 'd}( = b,
k=1i=0 t€] ot

where b depends only on T and on the function w. In particular, || y|| < b, and M
is bounded.

Set X := Q. As a consequence of Theorem 1.7, we deduce that N has a fixed
point which is a solution of (7.95)—(7.98). O

In this section, we provide constraints on F and the impulse operators I} so
that (7.95)—(7.98) has a solution. This will be done by an application of Theorem
1.11.

Theorem 7.12. Assume that (7.4.1)-(7.4.2) are satisfied. Suppose also thaf
(7.12.1) foreach0 <i <n—1,1 <k < m, there exist constants d > 0 such

that |\I.(y) — IL()| < di|y — V|, for each y,y € E.
Then problem (7.95)—(7.98) has at least one solution on [—r, T].

Proof. In order to apply the Covitz-Nadler fixed point theorem, that is, Theorem
1.11, we define a multivalued operator N : O — £ (Q) by

[(1), te[-r0],]

N(y) = heQ:h(t) = J G(t,s)v(s)ds + Z 5 ., 0)phn-i-1

+ZZ 'Gutkrky( 6, el
k=1 i=0

(7.120)

where v € Sg,,. It is straightforward that fixed points of N are solutions of (7.95)—
(7.98). In addition, by (7.12.1), F has a measurable selection from which Castaing
and Valadier (see [119, Theorem III]) have proved that, for each y € Q, the set
Sk,y is nonempty.

We now exhibit that N satisfies the conditions of Theorem 1.11, which will be
done in a couple of steps.
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Our first step is to show that, for each y € Q, we have N(y) € Pq(Q). Indeed,
let (y4)us0 € N(y) be such that y, — ¥ in Q. Then ¥ € Q, and there exists
gn € Sk, such that, for each t € J,

n—1

yn(t)ej G(t, S)gn(S)dS‘i'z J 5 G0 + Z ai (t: 1) I (y ()

(7.121)

\\Pv1$

Using the fact that F has compact values and from (7.12.1), we may pass to a
subsequence if necessary to get that g, converges to g in L'(J, E) and hence g €
Se,y. Then, for each t € [0, b],

n—1 ~; n—1

T m
yu(t) — y(t)=J0 G(t,s)g(s)ds+ > %G(t,O)‘un_i_ﬁ-Z Z ai (tt) I (y(5)).
i=0 k=1i=0
(7.122)

So, ¥ € N(y), and in particular, N(y) € £a(Q).

Our second step is to show there existsa 0 < y < 1 such that Hy(N(y),N(¥)) <
ylly = yll, for each y,y € Q.

So, let y, € Q and h; € N(y). Then there exists v,(t) € F(t, y;) such that,
foreacht €],

n—1

ht) = j G, s)vl(s)ds+zaa Gt O + S
k=1

n

S, 2601

(7.123)
From (7.12.1), it follows that, for t € J,
Ha(F(t ), F(£7,)) < 1O|ly: = 7/l o (7.124)
Hence there is w € F(t,y,) such that
i) =w| <1y =7 llp teET (7.125)

Consider U : ] — £ (E), defined by

Ut)={weE: |vi(t) —w| <IO||ly: 7,15} (7.126)
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By Castaing and Valadier (see [119, Proposition III.4]), the multivalued operator
V(t) = U(t)nF(t,y,) is measurable, and hence there exists a measurable selection
for V; call it v, (t). So, v2(t) € F(t,y,) and

[vi(t) = wa(t)| <IDlly —Fllo, teEJ (7.127)

We define, for each t € J,

n—1

Io(t) = J G(t, 5)va(s)ds + Z aic(t Onir + >
k=1

n

> 5

G(t, ) I (7(8)).
(7.128)

Then, we have, for t € J,
T
[hi(t) = hy(t)] < L |G(t,s)| [vi(s) — va(s)|ds

m n—1
2.2
k=1i=0

%Gﬁ»tk) \ () =L (5) |

m n-—1

T
< Mo | 1)l Tllpds+ Y. 3 Mid|y(5) = 7(5)]
k=1i=0

m n—1
- [Mol* s Mid,z] Iy~ 7.
k=1 i=0

(7.129)

Then
m n—1 )
|y = ha| < [Mol* +> ZMid,i]uy—?Il. (7.130)
k=1 i=0

By an analogous relation, obtained by interchanging the roles of y and ¥, it follows
that

m n—1
Hy(N(y),N(y)) < [Mol* +> Mid;;] ly —7l. (7.131)
k=1i=0

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point y, which is
a solution to (7.95)—(7.98). O

By the help of Schaefer’s fixed point theorem combined with the selection
theorem of Bressan and Colombo for lower semicontinuous maps with decom-
posable values, we will present an existence result for problem (7.95)-(7.96), with
a nonconvex valued right-hand side.
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Theorem 7.13. Suppose (7.3.3), (7.11.1), (7.11.2), and the following conditions are
satisfied:
(7.13.1) F:[0,T] x D — P(E) is a nonempty, compact-valued, multivalued,
map such that
(a) (t,u) — F(t,u) is £ ® B measurable;
(b) u — F(t,u) is lower semicontinuous for a.e. t € [0, T];
(7.13.2) for each q > 0, there exists a function hy € L'([0, T],R*) such that

[[F(t,w)|| := sup {Iv| : v € F(t,u)} < hy(t) forae t<[0,T], (7.132)

and foru € D with |lullp < q.
Then problem (7.95)—(7.98) has at least one solution on [—r, T].

Proof. Conditions (7.13.1) and (7.13.2) imply that F is of lower semicontinu-
ous type. Then from Theorem 1.5, there exists a continuous function f : Q —
LY([0,T],E) such that f(y) € F(y) forall y € Q.

Consider problem

YO = Fl) tOTL tF b k= Lo
AyO(t) =L (y(t;)), O<i<n-1,1<k<m,

y(t) = ¢(1), te[-r0],
y20) - yN(T) =, O0<i<n-—1.

(7.133)

Transform problem (7.133) into a fixed point problem. Consider the operator
N : Q — Q defined by

V(/S(t), te[-r,0],

T n-l o
N@xﬂ:,LGUMf@mk+Z—7anmmqq 7.154)

n—

+I§Z

G(t, ) I (y (1)), te]

We will show that N is completely continous; that is, continuous and sends bound-
ed sets into relatively compact sets.
Step 1. N is continuous.

Let {y,} be a sequence such that y, — y in Q. Then

T
INWM»—N@mHsj|G@9Hﬂw9—ﬂﬂﬂm

+ aa—| (t i) [ 11 (rn () = L (y(86)) .

(7.135)

TMﬁ
u[\/_|\
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Since the functions f and I, k = 1,..., m, are continuous, then

IN(yu) = N[ — 0 asn — oo.

(7.136)
Step 2. N maps bounded sets into bounded sets in

Indeed, it is enough to show that there exists a positive constant ¢ such that
foreach y € B, =

{y € Q:llyll < q},wehave [N(y)|l < 2.
By our assumptions, we have, for each t € J,

T )
o) =< | 166911 7 26,0 i1

Iy icummx>w
k=1 i=0

4 (7.137)
SJO | G(to)‘|ﬂnzl|
m n—1 l .
+ > D | 52G(tt) | sup ([T (1y1) | < NIyl < q}.
k=1i=0
Then, for each h € N(B,), we have
Ikl < sup |G(t,s)] J Iy(s)ds + Z | thn—iz1| sup ‘ 5 IG(t 0)‘
(t,s)e]x] i=0
(7.138)
m n—1 )
+ 2 2osup | == Gt 4) | sup { L (Iyl) |« llyll < g} :=
k=1i=0 t€J at

Step 3. N maps bounded sets into equicontinuous sets of ()

Let 71,72 € ], 11 < 72, and B, be a bounded set (as described above) in ). Let
y € By. Then

T
() = h(r) | < | 16(105) = G(m,9) 1, (5)ds

sz

— al
Z atiG(Tl,O)‘ | thniz1 | (7.139)
e >3

5 i
8t' Gl ty) — atiG(Tl,tk)’dk.

In the inequality, if we let 7, — 7, the right side tends to zero. Also, the
equicontinuity for the other cases, 7; < 7, < 0 or 71 < 0 < 13, are straightforward

As a consequence of Steps 1 to 3, and (7.13.3) together with the Arzeld-Ascoli
theorem, we conclude that N : O — Q is completely continuous
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Step 4. Now it remains to show that the set

EN):={yeQ:y=pN(y), forsome0< B <1} (7.140)
is bounded.

So we choose y € &(N). Then y = fN(y), for some 0 < § < 1, and thus, for
eacht e,

T n—1 ~j m n—1 ~; )
y(t) = /SU G(t,s)f (ys)ds+ > %G(t,O)ymH +> %G(t, tk)I;((}’(tk)):|,
0 i=0

k=1i=0
(7.141)
and so, by (7.13.1) and (7.13.2), we have
T n—1 o
[y(®)] < sup |G(t,s)] J m(s)ds + Z sup ‘ —iG(t,O)‘ | i1 |
(t5)e]x] 0 i=0 t€J ot
(7.142)
m n—1 ai )
+> > sup ‘ —G(t, 1) ’d,’c =D,
k=1i=0 t€J ot

where b depends only on T and on the function m. In particular, ||y|| < b, and
&(N) is bounded.

With X := Q, we conclude by Schaefer’s theorem that N has a fixed point
which is a solution of (7.95)—(7.98). O

7.5. Notes and remarks

Chapter 7 deals with nonresonance problems for impulsive functional differential
inclusions. The results of Section 7.1, on first-order inclusions, are adapted from
Benchohra et al. [51, 60], while the results of Section 7.2, on second-order inclu-
sions, are adapted from Benchohra et al. [56, 60]. Finally, the results of Section 7.4,
on higher-order boundary value problems for impulsive functional differential in-
clusions, are taken from Benchohra et al. [44, 63].
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8.1. Introduction

The theory of impulsive differential equations with variable time is relatively less
developed due to the diffculties created by the state-dependent impulses. Recently,
some interesting extensions to impulsive differential equations with variable times
have been done by Bajo and Liz [31], Frigon and O’Regan [150, 151], Kaul [173],
Kaul et al. [174], and Benchohra et al. [43, 45, 70, 71, 91, 92].

8.2. First-order impulsive differential equations with variable times

This section is concerned with the existence of solutions, for initial value problems
(IVP for short), for first-order functional differential equations with impulsive ef-
fects

y(t)=f(t,y:), aete]=[0,T] t+n(y®), k=1,..,m,
y(t) =L(y(®), t=n(y®), k=1,...,m, (8.1)
y(t) = ¢(t), te[-r0],

where f : JXD — R"isagiven function, & = {y : [-r,0] — R" : y is continuous
everywhere except for a finite number of points f at which y/(#) and 1//(?+) exist, and
vyt )=y}, ¢eD 0<r<oo, 7 :R" =R, I :R" - R" k =1,2,...,m, are
given functions satisfying some assumptions that will be specified later.

The main theorem of this section extends the problem (8.1) considered by
Benchohra et al. [46] when the impulse times are constant. Our approach is based
on Schaefer’s fixed point theorem.

Let us start by defining what we mean by a solution of problem (8.1).

Definition 8.1. A function y € Q N AC((tx, tx1),R), k = 0,...,m, is said to be a
solution of (8.1) if y satisfies the equation y'(¢) = f(t, y;) a.e.on J, t # 7 (y(t)),
k =1,...,m, and the conditions y(t") = Ii(y(t)), t = ©(y(¢)), k = 1,...,m, and
y(t) = ¢(t) on [—-r,0].
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We are now in a position to state and prove our existence result for the prob-
lem (8.1). Recall that throughout Q = PC([—r, T]R").

Theorem 8.2. Assume the following hypotheses are satisfied:
(8.2.1) f:] XD — R"isan L'-Carathéodory function;
(8.2.2) the functions 7, € CY(R",R) fork = 1,..., m. Moreover,

O<mi(x)< - -<tpux)<T, VxelR% (8.2)
(8.2.3) there exist constants cy such that |I(x)| < ¢k, kK = 1,...,m, for each
x € R"%

(8.2.4) there exists a continuous nondecreasing function y : [0,00) — (0, )
and p € L'(J,Ry) such that

|ftw = p@)y(llullo) (8.3)
fora.e.t € ] and each u € D with

R
. w = 005 (8.4)
(8.2.5) forall (t,x) € [0, T] x R" and for all y; € D,

(t.(x), f(Ly)) #1, fork=1,...,m, (8.5)

where (-, -) denotes the scalar product in R";
(8.2.6) forallx € R",

T (Ie(%) < 1(x%) < 11 (Ik(%)),  fork=1,...,m. (8.6)
Then the IVP (8.1) has at least one solution on [—r, T].

Proof. The proof will be given in several steps.
Step 1. Consider the problem

y'(t)= f(t,y), aetel0,T],

y(t) = ¢(t), te[-r,0] (8.7)

Transform the problem (8.7) into a fixed point problem. Consider the operator
N : Q — Q defined by

o(t) ift € [-r,0],

¢(0) + Ltf(s, ys)ds ift € [0,T]. (3.8

N(y)(®) ={

We will show that the operator N is completely continuous.



First-order impulsive differential equations 231

Claim 1. N is continuous.
Let {y,} be a sequence such that y, — y in Q.
Then

IN(ya) () = N()(B)| < L | £ (8 yns) = f (5, 95) | ds

" (8.9)
= JVO |f(5>yns) - f(S,}/s) |d5

Since f is an L!-Carathéodory function, we have by the Lebesgue dominated con-
vergence theorem

INGm) =N < 11f Coyn) = fGllp — 0 asn — oo, (8.10)

Claim 2. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that for any g > 0, there exists a positive constant
£ such that, for each y € B; = {y € Q: ||yl < q}, we have [N(y)|l < £. We have,
foreacht € [0, T],

INOD)®)| = [¢(0)] + JO | f(s:y5) 1ds < ¢llo + [hgll. (8.11)
Thus
INDlo < 1gllo + [l := £ (8.12)
Claim 3. N maps bounded sets into equicontinuous sets of Q.

Let 1,1 € [0,T], I} < b, and let B, be a bounded set of Q2 as in Claim 2, and
let y € B;. Then

L
ING)(L) = NG (@) | < L hy(s)ds. (8.13)

As I, — I, the right-hand side of the above inequality tends to zero. The equicon-
tinuity for the cases [; <, < 0and/; <0 < I, is obvious.

As a consequence of Claims 1 to 3 together with the Arzela-Ascoli theorem,
we can conclude that N : QO — Q is completely continuous.
Claim 4. Now it remains to show that the set

EN):={yeQ:y=AN(y)forsome0<A<1} (8.14)

is bounded.
Let y € §(N). Then y = AN(y) for some 0 < A < 1. Thus, for each ¢t € [0, T],

y(t) = /1(¢(0) + Ltf(s, ys)ds). (8.15)
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This implies by (8.2.2), (8.3.2) that, for each t € J, we have

t
YO < Iglo + | pwllvlo)ds (8.16)
We consider the function g defined by
p(t)y =sup{|y@s)|:-r<s<t}, 0<t<T (8.17)

Let t* € [—r,t] be such that u(t) = [y(t*)|. If t* € [0, T], by the previous in-
equality, we have, for t € [0, T],

y@snM@+Lm9wmmm. (8.18)

If t* € [-r,0], then u(t) = [[¢llp and the previous inequality holds. Let us take
the right-hand side of the above inequality as v(t). Then we have

c= V(O) = ||¢||1)) ,M(t) =< V(t)) te [0’ T])

8.19
V(t) = p(H)y(u(t)), ae.te(0,T]. (8.19)

Using the nondecreasing character of y, we get
V() < p(Hy(v(t)), aetel0,T] (8.20)

This implies that, for each ¢ € [0, T],

Jv ! w(s) j p(s) 5<J % (8.21)

Thus there exists a constant K such that v(¢) < K, t € [0, T], and hence u(t) < K,
t € [0, T]. Since for every t € [0, T], [l y¢llo < u(t), we have

iyl < K" = max {ll¢llp,K}, (8.22)

where K’ depends on T and on the functions p and y. This shows that &(N) is
bounded.

Set X := Q. As a consequence of Schaefer’s fixed point theorem, Theorem 1.6,
we deduce that N has a fixed point y which is a solution to problem (8.7). Denote
this solution by y;.

Define the function

rea(f) = e(y1(1)) — ¢, fort>0. (8.23)
Hypothesis (8.2.1) implies that

rx1(0) #0, fork=1,...,m. (8.24)
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If
rk1(t) #0 on[0,T], fork=1,...,m,
that is,
t# (y1(£)) on[0,T]andfork =1,...,m,

then y, is a solution of the problem (8.1).
It remains to consider the case when

re1(t) =0, forsomete [0,T], k=1,...,m.

Now since
1%,1(0) # 0
and ry) is continuous, there exists #; > 0 such that
ri(t) =0, ra(t) #0,  Vee[0t).
Step 2. Consider now the problem

y'(t)=f(t,y), aete[n,T]
y(t) = L(yi(h)),
y(t) = yi(t), te[t—rt].
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(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)
(8.31)
(8.32)

Transform the problem (8.30)—(8.32) into a fixed point problem. Consider the

operator N : PC([t; — r, T],R") — PC([t; — r, T],R") defined by

Ni(y)(t) —<|

As in Step 1, we can show that N is completely continuous, and the set

&(Ny) :={y e PC([t =7, T],R") : y = ANy (y) for some 0 < A < 1}

is bounded.

y(tl)a te [tl—r,tl],
Ly () + L f(s,ys)ds, te[t,T].

(8.33)

(8.34)
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Set X := PC([t; — r, T],R"). As a consequence of Schaefer’s theorem, we de-
duce that N; has a fixed point y which is a solution to problem (8.30)-(8.31).

Denote this solution by y,. Define
rka(t) = (2(8)) —t, fort > f.
If
rea(t) #0 on (4,T], Vk=1,...,m,
then

) = yi(t) ift €[0,4],
e ifte (4,7

is a solution of problem (8.1).
It remains to consider the case when

rk2(t) =0, forsomete (t,T], k=2,...,m.

By (8.2.6), we have

me2(t) = w(p2(t)) —ti = w(Li(y1(t1))) — ta
>na(n(t)) -t =n(n(h)) —t
=r,(t) = 0.

Since 7y, is continuous, there exists t, > t; such that

re2(t2) =0,
rka(H) £0, Vi e (i1, h).

Suppose now that there is 5 € (t1, ;] such that
1,2 () =0.
From (8.2.6), it follows that

ra(tf) = () -t = n(L(y(t))) -t
< Tl(}/l(tl)) -t = 1’1)1(t1) =0.

(8.35)

(8.36)

(8.37)

(8.38)

(8.39)

(8.40)

(8.41)

(8.42)

Thus the function r, attains a nonnegative maximum at some point s; € (¢1, T].

Since

y2(t) = f (8 (2))s

(8.43)
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then

ria(s) = 71 (y2(s1)) 3 (s1) = 1 =0. (8.44)

Therefore

(T (r2(s1)) f (51 (2))) = 1, (8.45)

which is a contradiction by (8.2.5).
Step 3. We continue this process taking into account that yu41 1= y |j,,7] IS @
solution to the problem

Yy (@) =f(ty), aete (tw,T),
y(th) = Ln(ym-1(tm)), (8.46)
y(t) = ym-1(£), t € [tw—1,tm].

The solution y of the problem (8.1) is then defined by

y1(¢) ifte|-rt],

¥2(¢) ift e (t,t],

y(t) = (8.47)

Yme1(t) ift € (tm, T].

8.3. Higher-order impulsive differential equations with variable times

Consider now initial value problems (IVP for short), for higher-order functional
differential equations with impulsive effects

W)= f(t,y), aete]=[0,T], t#n(y®), k=1,...,m,
D) = I (p(1), t=nmy®), k=1,...,mi=1,...,n—1, (8.48)
yD0) =y, i=12,...,n—1,
y(t) = ¢(t), te[-r0], (8.49)

Y
Y

wheren € N, f : ] X D — R" is a given function, D = {y : [-r,0] — R" : y
is continuous everywhere except for a finite number of points f at which /() and
1//(?) exist,and y(t ) =w()},p € D,0<r<oo, 7 :R" = R, [ : R" - R" k =
1,2,...,m, are given functions satisfying some assumptions that will be specified
later. Here y denotes the ith derivative of the function y.

The main theorem of this section extends the problem (8.48) for the particular
case n = 1 considered by Benchohra et al. [46, 71] when the impulse times are
constant and variable, respectively. Our approach is based on Schaefer’s fixed point
theorem.
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Let us start by defining what we mean by a solution of problem (8.48).

Definition 8.3. A function y € QN AC" Y ((t, trs1), R"), k = 0,...,m, is said
to be a solution of (8.48) if y satisfies the equation y™(t) = f(t,y;) a.e. on J,
t + ©(y(1)), k = 1,...,m, and the conditions y(t*) = L;(y(?)), t = T(y(1)),
k=1,....mi=12,...,n—1,y90) = y;,i=1,...,n—1,and y(t) = ¢(t) on
[—7,0].

We are now in a position to state and prove our existence result for the prob-
lem (8.48).

Theorem 8.4. Assume that conditions (8.2.1)—(8.2.3) and (8.2.5) hold. Suppose also
the following is satisfied.
(8.4.1) Forall (t,5,x) € [0,T] x [0, T] x R" and for all y, € D,

i-2 _ \n—-2
<Tk(x) ZIkl(s)(t ;)‘ J (t 5)2)‘ (s, ys)ds> #1 (8.50)

fork =1,...,m, where (-, -) denotes the scalar product in R".
Then the IVP (8.48)—(8.49) has at least one solution on [—r, T].

Proof. The proof will be given in several steps.
Step 1. Consider the following problem:

W)= f(t,y), aetel0,T], (8.51)
YD) =y, i=1,...,n—1, (8.52)
y(t) = ¢(t), te([-r,0]. (8.53)

Transform the problem (8.51)—(8.53) into a fixed point problem. Consider the
operator N : O — Q defined by

é(t) ift € [-r,0],

t— )1 (8.54)

N _ n 1 z
() ¢(0)+ 7 I( oS p)ds ifte (0,7,

We will show that the operator N is completely continuous.
Claim 1. N is continuous.

Let {y,} be a sequence such that y, — yin Q.

Then

n—1
NGO - NOIO! = [ CET ) - 766 s
(8.55)
Tn—l
WJ |f Sy”5 _f(s)ys”ds.
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Since f is an L!-Carathéodory function, we have by the Lebesgue dominated con-
vergence theorem

Tnfl
IN(yn) =N = m“f(-,yns) = fCylllp — 0 asn— .
(8.56)

Claim 2. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that for any p* > 0, there exists a positive con-
stant £ such that, for each y € By« = {y € Q: |ly|l < p*}, we have [N(y)l| < £.
We have, for each t € [0, T],

n-1 ¢ -1 t
NGO = 19l0+ 3 [l 5+ gy |, el @37
n-1 Ti -1
< ||¢|\,@+i:Z1 il g+ Gy el (8.58)
Thus
n-1 Ti -1
INDI, < gl + I:Zl | yil Tt m”hp*ﬂy =/ (8.59)

Claim 3. N maps bounded sets into equicontinuous sets of Q.
Letl;,l, € [0,T], I} <, and let By= be a bounded set of Q2 as in Claim 2, and
let y € By+. Then

IND) (L) = N(y)(h) ]| < nil | i Li— L +le |lzfs|n71h e
PR AR = 4 T L (-1 P
b o] (8.60)
h 2 — S — =S
+J0 = 1] hy« (s)ds.

As I, — I, the right-hand side of the above inequality tends to zero. The equicon-
tinuity for the cases [} < , < 0 and [; < 0 < L, is obvious. As a consequence
of Claims 1 to 3 together with the Arzela-Ascoli theorem, we can conclude that
N : Q — Qis completely continuous.

Claim 4. Now it remains to show that the set

EN):={yeQ:y=AN(y) forsome0<A<1} (8.61)

is bounded.
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Let y € &(N). Then y = AN(y) for some 0 < A < 1. Thus, for each t € [0, T],

n—1 _ n—1
y(t) = (¢(0)+ ,, J(t 5)1), f(s,ys)ds) (8.62)

This implies that, for each t € ], we have

()] = ||</>||,@+Z|yz. H s ovndiods (w63

We consider the function y defined by
p(t)y =sup{|y(s)|:-r<s<t}, 0<t<T (8.64)

Let t* € [—r,t] be such that u(t) = |y(t*)]. If t* € [0, T], by the previous in-
equality we have, for t € [0, T,

() < ||</>||,@+Z|yl [ s (w6

If t* € [-r,0], then u(t) < [[¢llp and the previous inequality holds. Let us take
the right-hand side of the above inequality as v(t). Then we have

v(0) = lIgllo + Z |y, o uB =), e[0T
L (8.66)
V(t) = e 1)'p(l‘)l//(‘u(t)) a.e.t€[0,T].
Using the nondecreasing character of v, we get
-
V(L) < e )'p(t)w(v(t)) a.e.t €[0,T]. (8.67)
This implies that, for each ¢ € [0, T],
vt s Tn-1 T
J(O) W < CESY] L p(s)ds < +oo. (8.68)

Thus there exists a constant K such that v(¢) < K, t € [0, T], and hence u(t) < K,
t € [0, T]. Since for every t € [0, T], || yIl < u(t), we have

iyl < K" = max {l[¢llp,K}, (8.69)

where K’ depends on T and on the functions p and y. This shows that §(N) is
bounded.
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Set X := Q. As a consequence of Schaefer’s theorem, we deduce that N has
a fixed point y which is a solution to problem (8.51)-(8.52). Denote this solution

by y1.
Define the function

rea(t) = (i (8)) —t, fort>0. (8.70)

Hypothesis (8.2.2) implies that

rk1(0) #0, fork=1,...,m. (8.71)
If
() #0 on[0,T], fork=1,...,m, (8.72)
that is,
t# 1 (y1(t)) on[0,T]andfork =1,...,m, (8.73)

then y, is a solution of the problem (8.48). It remains to consider the case when
rk1(t) =0, forsomete [0,T], k=1,...,m. (8.74)
Now since
rk1(0) # 0 (8.75)
and r; is continuous, there exists ¢; > 0 such that
ra(h) =0, 1) #0, Vie[0,n). (8.76)

Step 2. Consider now the following problem:

W)= f(t,y), aete|t,T], (8.77)
y(i)(tfr) :Il,i(yl(tl)): i=1...,n—1, (8.78)
y(t) = (1), te[h—rt] (8.79)

Transform the problem (8.77)—(8.79) into a fixed point problem. Consider the
operator N, : PC([t; — r, T],R") — PC([t; — r, T],R") defined by

yl(t)) te [tl -1, tl]
Ni()(t) = !

i=1

_ \n-1
Ll (0) Y= J (t 5)1)' (s, ys)ds, te[t,T).
(8.80)
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As in Step 1, we can show that N is completely continuous, and the set

&(Ny):={y e PC([t =7, T],R") : y = AN1(y) forsome 0 <A < 1} (8.81)
is bounded.

Set X := PC([t; — r, T],R"). As a consequence of Schaefer’s theorem, we de-
duce that N; has a fixed point y which is a solution to problem (8.53)-(8.77).
Denote this solution by y,. Define

rka(t) = Te(n(t)) =, fort > t. (8.82)
If

rk2(t) #0 on (£, T], Vk=1,...,m, (8.83)

then

ya(t) ift e (4, T], (8.84)

t ift € 0,111,
o {yl( ) ifte[0,n]
is a solution of the problem (8.48)-(8.49). It remains to consider the case when
rk2(t) =0, forsomete (4, T], k=2,...,m. (8.85)
By (8.2.6), we have

ma(t) = (2 () —tr = (I (i (1)) =t

s (n () — = () —h = () =0, %
Since 7, is continuous, there exists t, > t1 such that
72 () =0 (8.87)
re2(t) #0, Vte (t,t).
Suppose now that there is s € (t1, £,] such that
112 () = 0. (8.88)
From (8.2.6), it follows that
ra(t)) = n(n(t)) -t =1l (t))) -
<t(n(n) — = () =0, (8:89)
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Thus the function 7, attains a nonnegative maximum at some point s; € (¢, T].
Since

i-2 e a2
ya(t) = Zh: y1(t1)) ( tlz))! +L (zn_S)z)l f(s, y5)ds, (8.90)
then

ria(s1) = 71 (y2(s1)) y3(s) =1 =0. (8.91)

Therefore

51 _ n—-2
< Dals) ZI“”(“ ) tlz))! +L (S(ln—sg)! f(s’”)d5>=1’

(8.92)

which is a contradiction by (8.4.1).
Step 3. We continue this process taking into account that y,, := y |, 1] is a solu-
tion to the problem

y(”)(t) =f(t,y), aete (twT),
y<1)(tr+n) :Im,i(ym—l(tm)), 1: 1,...,7’1— 1a (893)
y(t) = ym1(t), tE€[tm—1tm),i=1,...,n— L

The solution y of the problem (8.48) is then defined by

n() iftel[-rtnl,

»n@) ifte (q,t],
y(t) = : (8.94)

ym(t) it € (t, T].

8.4. Boundary value problems for differential inclusions
with variable times

This section is concerned with the existence of solutions for first-order boundary
value problems with impulsive effects as

Yy (@) €F(tLy), t€]=[0T]t+wn(y®), k=1,..,m,
y(t7) = L(y®), t=u(y®), k=1,...,m, (8.95)
L(y(0), y(T)) =0,

where F : ] X R — P (R) is a compact convex-valued multivalued map, and L :
R? — R is a single-valued map, 74 : R — R, Iy € C(R,R) (k = 1,2,...,m), are
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bounded maps, y(t~) and y(t*) represent the left and right limits of y(s) ats = ¢,
respectively.
So let us start by defining what we mean by a solution of problem (8.95).

Definition 8.5. A function y € PC(J,R) N (AC(tk, txs1),R), kK = 0,...,m, is said
to be a solution of (8.95) if there exists v € L'(J,R) with v(¢) € F(t, y(t)) for
a.e. t € J such that y satisfies the differential equation y'(t) = v(t) a.e. on J,
t + 1(y(t)), k = 1,...,m, and the conditions y(t") = L(y(t)), t = w(y(¥)),
k=1,...,m,and L(y(0), y(T)) = 0.

The following concept of lower and upper solutions for (8.95) has been intro-
duced by Benchohra et al. [53] for periodic boundary value problems for impul-
sive differential inclusions at fixed moments (see also [35]). It will be the basic tool
in the approach that follows.

Definition 8.6. A function « € PC(J,R) N (AC(tk, tx+1),R), k = 0,...,m, is said to
be a lower solution of (8.95) if there exists v; € L'(J,R) such thatv;(t) € F(t, a(t))
a.e.on/,a' (t) <wvi(t)ae.on],t # ti(a(t)), a(t™) < Li(a(t™)), t = 1r(a(t)), k =
1,...,m,and L(«(0),a(T)) < 0.

Similarly a function § € PC(J, R) N (AC(tx, txr1),R), k = 0,...,m, is said to be
an upper solution of (8.95) if there exists v, € L!(J,R) such that v,(¢) € F(t, 3(¢))
ae.onJ, B () = va() ae on ], t # w(B®), B(t) = (B, t = T(Bult)),
k=1,...,m,and L(5(0), 5(T)) = 0.

We are now in a position to state and prove our existence result for the prob-
lem (8.95).

Theorem 8.7. Assume that the following hypotheses hold.

(8.7.1) F:]J xR — P(R) is an L'-Carathéodory multivalued map.

(8.7.2) There exist a and p € PC(J,R), lower and upper solutions for the prob-
lem (8.95) such that a < 5.

(8.7.3) L is a continuous single-valued map in (x, y) € [a(0),3(0)] X [a(T),
B(T)], nonincreasing and linear in y € [a(T),B(T)], and L(x,0) = 0
for each x € R.

(8.7.4) Foreachk = 1,...,m, the function Iy is nondecreasing.

(8.7.5) The functions 7y € C(R,R) fork = 1,...,m. Moreover,

O0=1x)<ni(x)< - <Tu(x)<Tmn(x) =T, VxeR (8.96)
(8.7.6) Forall y € C([0,T],R) and forallv € Sg,,,
T (y@)v(t) # 1, fort€[0,T], k=1,...,m. (8.97)
(8.7.7) Forallx € R,

Tk (I (%)) < Tk(x) < 711 (I (%)),  fork=1,...,m. (8.98)
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Then the problem (8.95) has at least one solution y such that
a(t) < y(t) < B(1), Vte]. (8.99)

Proof. The proof will be given in several steps.
Step 1. Consider the following problem:

y'(t) € F(t,y(t)), ae.te][0,T],

8.100
L(y(0),y(T)) = 0. (8.100)

Transform the problem (8.100) into a fixed point problem. Consider the modified
problem

y' () +y(t) € Fi(t, y(1)), aete], (8.101)
y(0) = y(0, y(0) — L(y(0), ¥(T))), (8.102)
where Fi(t,y) = F(t,p(t, ) + y(t, y), p(t,y) = max(a(t)), min(y, (), and

(t) = y(t, ). A solution to (8.101)-(8.102) is a fixed point of the operator N :
PC(J,R) — £ (PC(J,R)) defined by

t

N(y) = {h € PCU,R) : h(t) = y(0) +J

. [g(s) +3(s) — y(s)]ds}, (8.103)

where g € S, and

gp,y = {v e Spy:v(t) = vi(t) a.e.on Ay and v(f) < v,(t) a.e. on A, },
Sey = {ve L'(J,R) : v(t) € F(1,7(t)) forae. t € J},

Ay ={te]:yt) <alt) <B1)}, Ay ={te]:alt) <p@) <y}
(8.104)

Remark 8.8. (i) Notice that F; is an L!-Carathéodory multivalued map with com-
pact convex values and there exists ¢ € L'(J,R) such that

[|Fi(t, y)|| < ¢(f) + max (su? [a(t) | ,su? [B(5)] ) (8.105)

(ii) By the definition of y, it is clear that

a(0) = y(0) < B(0),

al) = Kyt y0) < LB©O), k=1,m &1

In order to apply the nonlinear alternative of Leray-Schauder type, we will
first show that N is completely continuous with convex values. The proof will be
given in several claims.
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Claim 1. N(y) is convex for each y € PC(J,R).
Indeed, if h;, hy belong to N(y), then there exist g1, € §F)y such that, for
each t € J, we have

t

(e) = 3(0)+ | [0+ 7 - y))ds, 11,2 (8.107)

Let 0 < d < 1. Then, for each t € J, we have
t
(dhy + (1 = d)hy)(t) = L [dgi(s) + (1 = d)g(s) +7(s) — y(s)]ds.  (8.108)

Since §pl 7 is convex (because Fy has convex values), then
dhy + (1- d)h2 S N()/) (8109)

Claim 2. N maps bounded sets into bounded sets in PC(J, R).

Indeed, it is enough to show that for each g > 0 there exists a positive constant
£ such that for each y € B; = {y € C(J,R) : |lyllec < g}, one has [[N(y)llpc :=
sup{llhllpc:h e N(y)} < L.

Let y € By and h € N(y), then there exists g € §p,7 such that, for each t € J,
we have

t

h(t) = y(0) +J [g(s) +3(s) — y(s)]ds. (8.110)

0

By (8.7.1), we have, for each t € ],

T
(RO < 1)) + | [1g6)]+ 5] + | ()| 1ds
< max (|a(0) [, [ B(0)]) + [[g]l,: (8.111)

+ T max (q,sup [a(t)|,sup | B(¢) |> +Tq.
te] te]

Claim 3. N maps bounded set into equicontinuous sets of PC(J, R).

Let u1,uy € J, uy < ua, and let B, be a bounded set of PC(J, R) as in Claim 2.
Let y € By and h € N(y). Then there exists g € gp,y such that, for each t € J, we
have

t

h(t) = y(0) +J [g(s) +¥(s) — y(s)]ds. (8.112)

0
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Then

|h(uz) — h(ur)| < J':z ¢q(s)ds + (uz — uy) max <q, su}) |a(t)|,sup | B(1) |>

te]

+ (4 —u1)q.
(8.113)

As up — uy, the right-hand side of the above inequality tends to zero.

As a consequence of Claims 1 to 3 together with the Arzela-Ascoli theorem,
we can conclude that N : PC(J,R) — £ (PC(J,R)) is a completely continuous
multivalued map, and therefore, a condensing map.

Claim 4. N has a closed graph.
Let yy — ¥, hy € N(yu), and h, — hy. We will prove that hy, € N(yx).
h, € N(y,) means that there exists g, € §F’yn such that for each t € J,

ha(t) = y,(0) + L [gn(s) +7,(s) = yu(s)]ds. (8.114)

We must prove that there exists gy € §F,7* such that, for each t € J,

t

hy (1) = y+(0) + JO [g() + 7, (s) = yu(s)]ds. (8.115)

Since y is continuous, then we have

H(h” — (0= Lt [7,(5) - yn(s)]ds)

t (8.116)
S G SOR NEACESREILY |y
asn — oo,
Consider the linear continuous operator
r:L'(J,R) — C(J,R),
(8.117)

g — (Tg)(t) = L g(s)ds.

From Lemma 1.28, it follows that T o §F is a closed graph operator.
Moreover, we have

t

u(t) — y(0) - JO [5.,(5) = yu(s)]ds € T(Sry. ). (8.118)
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Since y, — y«, it follows from Lemma 1.28 that

(ROESROR jo [7.(5) = yu(s)]ds) = jog (s)ds (8.119)

for some g, € §F,y*.
Claim 5. A priori bounds on solutions.
Let y be such that y € AN(y) for some A € (0,1). Then

Y(t) = Ay(0) + A jo [g(s) — F(s) — y(s)]ds. (8.120)

This implies by Remark 8.8 that, for each t € J, we have

t

O] < [y + [ g+ [56)] + |y 1ds

< max (|a(0)], |B0)]) + ol (8.121)

+ T max (sup |a(t)],sup |/3(t)|> +J [ y(s) | ds.
te] te] 0

Set

zo = max (| a(0) [, [(0)]) + ll¢ll + T max (Sullp Ia(t)|asu? |/5’(t)|)-

(8.122)
Using Gronwall’s lemma, we get, for each t € J,
|y(1)] < zoe". (8.123)
Thus
llyllpc < zoe™. (8.124)
Set
U=1{y€PCU,R): llylec < ze" +1}, (8.125)

and consider the operator N defined on U. From the choice of U thereisno y €
oU such that y € AN(y) for some A € (0,1). As a consequence of the nonlinear
alternative of Leray Schauder type [157], we deduce that N has a fixed point y; in
U is a solution of the problem (8.101)-(8.102).

Claim 6. The solution y of (8.101)-(8.102) satisfies

alt) < y(t) < B(t), Vte]. (8.126)
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Let y be a solution to (8.101)-(8.102). We prove that
alt) < y(t), Vtiel (8.127)
Suppose not. Then there exist ¢;, ¢; € ], ¢1 < ¢z, such that
y(c1) = ala), y(t) <alt), Vte (c,a). (8.128)
In view of the definition of y, one has
y'(t) + y(t) € F(t,a(t)) + a(t), ae.on (c1,c). (8.129)

Thus there exists v(t) € F(t,a(t)) a.e. on (c1,¢2), v(t) = v1(t) a.e. on (c1, ] such
that

Y () + y(t) = v(t) +a(t) a.eon (c,t]. (8.130)

An integration on (¢, t] yields

y(t) — y(a) = L (v(s) = y(s) + als))ds > J v(s)ds. (8.131)

C

Using the fact that « is a lower solution to (8.95), we get

a(t) —a(e) < Jt vi(s)ds, te (c,c). (8.132)

c1

It follows that from the facts y(c;) = a(cy), v(t) = vi (1), we get
y(t) > a(t), foreachte (c1,c), (8.133)
which is a contradiction. Consequently,
alt) < y(t), Viel (8.134)
Analogously, we can prove that
y(t) < B(t), Vtiel] (8.135)

This shows that the problem (8.101)-(8.102) has a solution in the interval [a, 3].
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Finally, we prove that every solution of (8.101)-(8.102) is also a solution to
(8.95). We need to show only that

a(0) =< y(0) — L(3(0), y(T)) < B(0). (8.136)
Notice first that we readily have
a(T) < y(T) < B(T). (8.137)
Suppose now that y(0) — L(3(0), %(T)) < a(0). Then y(0) = a(0) and
7(0) — L(a(T), 7(0)) < (0). (8.138)
Since L is nonincreasing in y, we have
a(0) = a(0) — L(a(0), &(T)) = a(0) — L(a(0), 7(T)) < ar(0), (8.139)
which is a contradiction. Analogously, we can prove that
(0) = L(3(0), y(T)) =< B(0). (8.140)

Then y is a solution to (8.100). Denote this solution by y,. Define the function

rea(t) = (i (8)) —t, fort = 0. (8.141)
(8.7.5) implies that
rx1(0) #0, fork=1,...,m. (8.142)
If
re1(t) #0 on[0,T], fork =1,...,m, (8.143)
that is,
t# 1 (y1(t)) on[0,T]andfork =1,...,m, (8.144)

then y, is a solution of the problem (8.95).
It remains to consider the case when

r1(t) =0, forsomet € [0, T]. (8.145)
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Now since
rk,1(0) # 0 (8.146)
and r; is continuous, there exists ¢; > 0 such that
ra(t) =0, ri(t) #0, Vte[0,t). (8.147)
Step 2. Consider now the problem

y'(t) € F(t,y(t)), ae.te[t,T],

y(t5) = Ly (). (8.148)

Transform the problem (8.148) into a fixed point problem. Consider the mod-
ified problem

Yy () +yt) € F(Ly(t,y)) +y(ty), aete[t,T], (8.149)
y(t)) =Lyt y(t))). (8.150)

A solution to (8.149)-(8.150) is a fixed point of the operator N, : PC([t;, T],R) —
P (PC([t, T],R)) defined by

Ni(y)

= {h e PC ([, T],R) : h(t)=h(y(tr,y(t1‘)))+J

ty

[g(5)+7(5)—y(s)]ds},
(8.151)

where g € gp,y.
As in Step 1, we can show that N is completely continuous, and there exists a
constant M; > 0 such that for any solution y of problem (8.149)-(8.150) one has

|y(t)| <M,, foreachte [t;,T]. (8.152)

Let the set
Ur = {y € C([t,, TLR) : llyllpc < My +1}. (8.153)
As in Step 1, we show that the operator Ny : U, — £ (PC([t;, T],R")) is com-
pletely continuous. From the choice of U, there is no y € 9U, such that y €
AN, (y) for some A € (0,1). As a consequence of the nonlinear alternative of Leray
Schauder type [157] we deduce that N, has a fixed point y in U, which is a solution

to problem (8.148). Note this solution by y,. Define

re2(t) = T(y2(8)) —t, fort = t. (8.154)
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If
rea(t) #0 on (t,T], Vk=1,...,m, (8.155)
then
t)y ifte]0,t],
() ifte (4, T],
is a solution of problem (8.95).
It remains to consider the case when
rka(t) =0, forsomete (4,T], k=2,...,m. (8.157)
By (8.7.7), we have
2 () = (2 () —t1 = w(Li(y1 (1)) — 1
(8.158)
> Tl(yl(tl)) -t = 7'1,1(1'1) =0.
Since 7, is continuous, there exists t, > f; such that
re2(t2) =0,
(8.159)
re2(t) #0, Vte (t,h).
Suppose now that there is 5 € (t;, ;] such that
1’1,2(5) =0. (8160)
From (8.7.5), it follows that
ra(tl) = () -t =n(hi(yn(k))) -t
(8.161)

=ti(y(t)) -t =ra(t) =0.

Thus the function r;, attains a nonnegative maximum at some point s; € (¢;, T].
Since

y5(t) € F(t, y2(1)), ae.te (0,T), (8.162)
then there exist v(-) € L((t1, T)) with v(t) € F(t, y2(t)), a.e. t € (1, T) such that
Y, (t) =v(t), aete (n,T]. (8.163)

Thus

ria(s1) = 11 (y2(s1))v(s1) =1 =0. (8.164)
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Therefore

T (2(s))v(s) = 1, (8.165)
which contradicts (8.7.6).
Step 3. We continue this process taking into account that y,, := y |, 1] is a solu-

tion to the problem

y'(t) € F(t,y(t)), aet€ (tm,T),

- (8.166)
y(tn) = In(ym-1(8,)).
Consider the modified problem
")+ y(t) EF(ty(t,y) +y(t,y), aet€ [tm,T],
y Y YiLy)) +yy (8.167)

y(tn) = Ln(y(ty y(t5)).

Transform the problem into a fixed point problem. Consider the operator N, :
PC([tm, T],R) — P (PC([tm, T],R)) defined by

N () = {REC( b TLR) :h(0) = I (y 1y 1))+ | [0+ 71 =y(s) )],
(8.168)

where g € §p,7. By Remark 8.8 and using Gronwall’s lemma there exists M,, such
that for every possible solution y of problem (8.167), we have

Iyllpc < M. (8.169)
Let the set
Ci = {y € PC([tm, T, R") : L(y1(0), (T)) = O} (8.170)
From (8.7.3), C; is convex. Set
Un=1{y€Ci:lyllpc <My, +1}. (8.171)

As in Step 1, we show that the operator N, : U, — P(PC([t,, T],R)) is com-
pletely continuous. From the choice of U,, there is no y € dU, such that y €
ANy, (y) for some A € (0, 1). As a consequence of the nonlinear alternative of Leray-
Schauder type, we deduce that N, has a fixed point y in U, which is a solution of
the problem (8.166), and

a(t) < y(t) < B(t), tE [twm,T]. (8.172)
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Since y(t, y) = y forall y € [a,f], then y is a solution to the problem (8.102)—
(8.149). Denote this solution by y,,,.
The solution y of the problem (8.95) is then defined by

»n() ifte[0,n],

n@) ifte (f,t],

y(t) = (8.173)

ym(t) it € (tw, T

8.5. Notes and remarks

The results of Section 8.2 were obtained by Benchohra et al. [71]. Section 8.3 ap-
peared in [70]. The results of Section 8.4 were obtained by Benchohra et al. [45].



Nondensely defined impulsive

ifferential equations & inclusi

9.1. Introduction

This chapter deals with semilinear functional differential equations and functional
differential inclusions involving linear operators that are nondensely defined on a
Banach space. This chapter extends several previous results of this book that were
devoted to semilinear problems with densely defined operators. Some of the results
of this chapter were first presented in the work by Benchohra et al. [76].

9.2. Nondensely defined impulsive semilinear differential
equations with nonlocal conditions

In this section, we will prove existence results for an evolution equation with non-
local conditions of the form

y'(t) = Ay(t)+F(t,y(t)), t€]:=[0,T], t#t k=1,...,m, (9.1)
Ayliey = L(y(t)), k=1,...,m, (9.2)
y(0) +g(y) = yo, (9.3)

where A : D(A) C E — E is a nondensely defined closed linear operator, F :
J X E — Eis continuous, g : C(J',E) — E, (J' = J\{ti,...,tm}), Ir : E = D(A),
k=1,....m Ayl = y(tf) — y(tr), y(tf) = limpor y(tx + h) and y(#;) =
limp—¢+ y(tx — h), and E is a separable Banach space with norm | - |.

Asindicated in [112, 115, 126] and the references therein, the nonlocal condi-
tion y(0) + g(y) = yo can be applied to physics with better effect than the classical
initial condition y(0) = y,. For example, in [126], the author used

P
g(y) =D ay(t), (9.4)
k=1
where ¢;, i = 1,...,p, are given constants and 0 < t; < t, < --- < t, < T,

to describe the diffusion phenomenon of a small amount of gas in a transparent
tube. In this case, (9.4) allows the additional measurements at ¢;, i = 1,..., p.
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When operator A generates a Cy semigroup, or equivalently, when a closed
linear operator A satisfies
(i) D(A) = E, (D means domain),
(ii) the Hille-Yosida condition; that is, there exists M > 0 and 7 € R such
that (7, 00) C p(A), sup{(AI = 7)"|(AI —A)™|:A>1, ne N} <M,
where p(A) is the resolvent operator set of A and I is the identity operator, then
(9.1) with nonlocal conditions has been studied extensively. Existence, uniqueness,
and regularity, among other things, are derived; see [112-115, 126, 205].
However, as indicated in [124], we sometimes need to deal with nondensely
defined operators. For example, when we look at a one-dimensional heat equation
with Dirichlet conditions on [0, 1] and consider A = 9%*/9x? in C([0,1],R), in
order to measure the solutions in the sup-norm, then the domain

D(A) = {¢ € C*([0,1],R) : $(0) = ¢(1) = 0} (9.5)

is not dense in C([0, 1], R) with the sup-norm. See [124] for more examples and
remarks concerning nondensely defined operators.

Our purpose here is to extend the results of densely defined impulsive evo-
lution equations with nonlocal conditions. We use Schaefers fixed point theorem
and integrated semigroups to derive the existence of integral solutions (when the
operator is nondensely defined).

In order to define the solution of (9.1)—(9.3) we will consider the following
space:

Q={y:[0,T] — E: yx € C(Ju,E), k =0,...,m, and there exist

YD)y y(E), k=1, mwith y(£) = y(t)], ©.6)
which is a Banach space with the norm
||y||Q=max{||yk||]k, k=0,...,m}, (9.7)
where yy is the restriction of y to Jx = (tk, tks1], kK =0,...,m.
Consider the initial value problem
y' () —Ay(t) = f(1), t€[0,T], y(0)=y, (9.8)

and let (S(t))¢=0 be the integrated semigroup generated by A. Then since A satisfies
the Hille-Yosida condition, ||S'(¢)llpr) < Me®*!, t > 0, where M and w are from
the Hille-Yosida condition (see [21, 175]).

Theorem 9.1. Let f : [0,T] — E be a continuous function. Then, for y, € D(A),
there exists a unique continuous function y : [0, T] — E such that
(i) [y y(s)ds € D(A), t € [0,T],
(ii) y(t) = yo+A [y y(s)ds+ [, f(s)ds, t € [0, T],
(iii) [y(t)] < Me“(Iyol + Jy e~ f(s)Ids), t € [0, T].
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Moreover, y satisfies the following variation of constants formula:

Y1) = S (B)y0+ % JOZ S(t—$)f(s)ds, t=0. 9.9)

Let By = AR(A,A) := A(AI — A)~!. Then (see [175]) for all x € D(A), Byx — x
as A — oo. Also from the Hille-Yosida condition (with n = 1) it easy to see that
lim_ |Byx| < M|x]|, since

M)
[Bi| = [AAI - A)H] < 57— (9.10)

Thus lim)_.., |By| < M. Also if y satisfies (9.9), then

$(6) = 8 )y + lim JtS'(t _OBif()ds, 120, (9.11)
—~w Jo

Definition 9.2. Given F € L'(J X E, E) and y € E, say that y : ] — E is an integral
solution of (9.1)—(9.3) if
(i) yeqQ,
(i) J, y(s)ds € D(A) for t € ],
(iii) y(£) = yo—g(y) +Afo y(s)ds+ [y F(s, y(8))ds + Socye I (y(t)), t € .

From (ii) it follows that y(t) € D(A), for all t > 0. Also from (iii) it follows
that yo — g(y) € D(A). So, if we assume that Yo € D(A), we conclude that gly) e
D(A).

Here and hereafter we assume that

(H1) A satisfies the Hille-Yosida condition.

Lemma 9.3. If y is an integral solution of (9.1)—(9.3), then it is given by

y(t) =S (B)][yo—gy)] + % L S(t —s)F(s, y(s))ds
+ > S (t—t)L(y(t)), fortel]

O<tr<t

(9.12)

Proof. Let y be a solution of problem (9.1)—(9.3). Define w(s) = S(t —s)y(s). Then
we have

w(s) = =S (t —s)y(s) +S(t —s)y'(s)
= —AS(t —s)y(s) — y(s) +S(t —5)y'(s)
=8(t = 9)[y'(s) = Ay(s)] = y(s)
=S8t = 5)F (s, y(s)) = y(s).

(9.13)
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Consider t < t, k = 1,...,m. Then integrating the previous equation we have

Jt W (s)ds = f S(t - $)F (s, y(s))ds — Jt y(s)ds. (9.14)
0 0 0

Fork =1,

w(t) — w(0) = L S(t —s)E(s, y(s))ds — Jo y(s)ds (9.15)

or

j 2(s) = S(8)y(0) +I S(t — $)F (s, y(s))ds
0 0 (9.16)

= () (50 — g()) + L S(t = $)F (s, y(s))ds.

Now, for k = 2,...,m, we have that

JO w'(s)ds + L w(s)ds+---+ th w'(s)ds
= J S(t —$s)E(s, y(s))ds — J y(s)ds
0 0
= w(ty) —wO0)+w(t) —w(t) +- - +w(t) —w()

= Jt S(t = s)F(s, y(s))ds — Jty(s)ds,
0 0

t t
L y(s)ds = w(0) + Z [w(tf) —w(t)] + JO S(t —s)F(s, y(s))ds

O<tr<t

t
= S(O(o—g) + S St - 1) I(y(5)) + L S(t = $)F (s, y(s))ds.
O<tr<t
(9.17)

By differentiating the above equation we have that

y(t) =S () (yo —g(»)

. S'(t—tk)I(y(tk’))+%L S(t - $)E(s, y(s))ds,

0<tr<t

(9.18)

which proves the lemma. O
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Weset Q' = Qn C(J,D(A)).
Now we are able to state and prove our main theorem in this section.

Theorem 9.4. Assume that (H1) holds. Suppose also that
(9.4.1) for each t € ], the function F(t,-) is continuous and for each y, the
function F(-, y) is measurable;
(9.4.2) the operator S'(t) is compact in D(A) whenever t > 0;
(9.4.3) there exist a continuous function p : [0,T] — R* and a continuous
nondecreasing function y : [0, 00) — [0, o) such that

|F(t,x)| < p(y(Ix]), t€], x €E; (9.19)

(944) g : OV - D(A) is completely continuous (i.e., continuous and takes
a bounded set into a compact set) and there exists G > 0 such that
g <G, forall y € O

(9.4.5) Ix : E — D(A) are completely continuous and there exist constants dj,
k=1,...,m, such that

|Ik(y)| <di, y € D(A); (9.20)
(9.4.6) yo € D(A) and

ds

m, (9.21)

JOT max (w, Mp(s))ds < J:O

where ¢ = M(lyol + G+ XL, e “dy) and M and w are from the
Hille-Yosida condition.
Then problem (9.1)—(9.3) has at least one integral solution on J.

Proof. Consider the operator N : Q" — )’ defined by

N(y)(t) =S O[y—g(y)] + % L S(t— $)F(s, y(s))ds
+ D S (t-t)(y(t)), te]

O<tr<t

(9.22)

Step 1. N is continuous.
Let {y,} be a sequence in Q" with lim,_ ¥, = y in ". By the continuity of
F with respect to the second argument, we deduce that for each s € J, F(s, ya(s))
converges to F(s, y(s)) in E, and we have that
T
IN(ya)(t) = Ny(t) | <e” [ lg(yn) =g +JO e “|F(s, yn(s)) —F(s, y(s)) | ds

+ S e (1)) Ly ()) |].

k=1
(9.23)
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The sequence {y,} is bounded in Q'. Then by assumption (9.4.5), and using
Lebesgue’s dominated convergence theorem and the continuity of g, we obtain
that

%LngoN(yn) =N(y), inQ, (9.24)

which implies that the mapping N is continuous on '.
Step 2. N maps bounded sets into compact sets.

First, we will prove that {Ny(¢) : y € B} is relatively compact in E, where B is
abounded setin Q'. Let t € J be fixed.

Ift = 0, then {Ny(0) : y € B} = {yo —g(y) : y € B} is relatively compact
since we assumed that g is completely continuous.

If t € (0, T], choose € such that 0 < € < t. Then

N()(®) =S (0)[yo ~g(»)] + lim L §(t = S)BiF (s, y(s))ds
+ > S(t—t)L(y(t))

O<ti<t
t—e€
=S (0o - ()] +5() lim L S'(t— € —5) X BF(s, y(s))ds

t

+)%1ﬁr£1o S'(t — s)BAF(s, y(s))ds + Z S (t—t) k(¥ (8:))-
1-€ O<tr<t

(9.25)

Since §'(¢) is compact, we deduce that there exists a compact set Wy such that

t—€

S'(e) Alim S'(t— € —s)B\F(s, y(s))ds € Wy, (9.26)
-0 Jo

for y € B. Furthermore, by (9.4.4), there exists a positive constant b; such that

t

lim S'(t — s)BAF(s, y(s))ds

A—oo Jt—c

< be, foryeB. (9.27)

Moreover, by (9.4.4) and since S'(t) is compact, the set

Sy —g»)]+ Z S(t—t)lk(y(t)):y€B (9.28)

0<tr<t

is relatively compact. We conclude that {Ny(t) : y € B} is totally bounded and
therefore, it is relatively compact in E.
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Finally, let us show that NB is equicontinuous. For every 0 < 1) < 7 < T and
y €B,

|INy(t) = Ny(70) |
=|(S'(r) = S (1)) [yo —g]]

70

+ | lim | [S'(r—3s)—S(0—5)]|BAF(s, y(s))ds

A= J0

+ [ lim [ S'(z —$)BAF(s, y(s))ds

-0 Jgq

S [s’<rtk>s’%m)]u(ﬂn:))‘

0<tx<T1p

+ > S/(T_tk)lk()’(tk))’ (9.29)

< |[S'(r) = S (0) ][ yo — g(»)]]|

To

# |18 = m) - 111im | S'(To—s)BAF(s,y(s))ds|

¥ e“’T}im ' e “p(s)y(|y(s)|)ds

+ > IS (= tk) = ' (10 — ) | gy

0<tx <19

+ 0T Z e Yhkd,.

To<tk<T

The right-hand side tends to zero as 7 — 19, since §'(¢) is strongly continuous,
and the compactness of §'(t), t > 0, implies the continuity in the uniform operator
topology. This proves the equicontinuity for the case where t # t;,i = 1,...,m. It
remains to examine the equicontinuity at ¢ = t;. The proof is similar to that given
in Theorem 4.3. Thus, NB is equicontinuous.

The equicontinuity for 7o = 0 is obvious. As a consequence of the above steps
and the Arzela-Ascoli theorem, we deduce that N maps B into precompact sets in
D(A).

Step 3. The set

O={xeQ :x=0Nxforsome0<o<1} (9.30)

is bounded.
For y € @, there exists 0 € (0, 1) such that y = oN y; that is,

t
y(t) =S (t)[yo—g(y)] + 0% L S(t = $)E (s, y(s))ds
+0 Z S(t—t)k(y(t)), tel

O<tr<t

(9.31)



260 Nondensely defined impulses

Using assumptions (9.4.3)—(9.4.6), we get

e p(s)y (| y(s)ds+ > ewtkdk:|- (9.32)

t
0 k=1

eyt <m| bl + G+ |

Let v(t) denote the right-hand side of the above inequality, then

V()= Me “'pt)w(|yt)|), forte],

v(0) = M(yo +G+ Z e“’tkdk) (9:33)
k=1

From (9.32), we have that | y(¢)| < e~ “'v(¢). Then
V(1) < Me “'p(t)y(e®v(t)), te]. (9.34)
Accordingly, we have that
(e'v(t))" < max {w, Mp(£)} (e“'v(1) + y(e“'v(1)), te€], (9.35)

which implies that

e“ty(t)
j ds te]. (9.36)

T o
) S0 < Jo max (w, Mp(s))ds < J ds

¢ s+y(s)

Using (9.4.7) we deduce that there exists a positive constant & which depends on
T and the functions p, y such that |y(t)| < « for all y € ®, which implies that ®
is bounded.

Consequently, the mapping N is completely continuous and Theorem 1.6 im-
plies that N has at least one fixed point, which gives rise to an integral solution of
problem (9.1)—(9.3). O

9.2.1. A special case

In this section, we suppose that the nonlocal condition is given by

m+1
g(») = > ay (i), (9.37)
k=1
where ¢k, k = 1,...,m + 1, are nonnegative constants and 0 < ; < t; < 2 < f <

s <ty <P < T.
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Lemma 9.5. Assume that
(9.5.1) there exists a bounded operator B : E — E such that

m+l1 -1
B= <1+ > ckS'(r]k)> . (9.38)

k=1

If y is an integral solution of (9.1), (9.2), (9.4), then it is given by

m+1 k-1
yt) =§ (t)B[yo - > a > Sm—t)L(y(5))
k=2 A=1
m+1 P
_ Z Ck Jﬂ nk — s)F(s, y(s))} (9.39)

J S(t = $)F(s, y(s))ds + Z S(t—t)k(y(t)), tel.

O<tr<t

Proof. Let y be a solution of problem (9.1), (9.2), (9.4). As in Lemma 9.3 we con-
clude that

J Yo ds=w0) + S S(t— 1)Ly (5)) J S(t — $)F(s, y(s))ds,  (9.40)

O<tr<t

where w(0) = S(£)y(0) = S(£)[yo — 33"} cxy(mp)]-
It remains to find y(#k). The proof follows the steps of Lemma 4.2, with the
necessary modifications of integrated semigroups, and for this reason is omited.
O

Now we are able to state and prove our main theorem in this section.
Theorem 9.6. Assume that assumptions (H1), (9.4.1), (9.4.2), (9.4.5), (9.5.1) hold.
Also assume that

(9.6.1) there exist a continuous nondecreasing function ¥ : Ry — (0,0), a
function p € LY(J,R), and a constant M > 0 such that

IE I < p&)y(Iyl) (9.41)
for almost allt € ] and all y € E, and

M

—_— >1, 42
a+P+Q (9-42)
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where

m+1 k—1
oc—Me"’T(IBHB(E |yo| + MIIBllgy > lek| D e “d, + Ze “”kdk>

k=2 p=1 k=1
m+1

P =M*¢"|Bllpg . |ck|q/(M)I p(t)dt, (9.43)
k=1

Q = Me“T L Py (M)ds's

(9.6.2) theset {yo — Z,T:f cky(ni)} is relatively compact.
Then problem (9.1), (9.2), (9.4) has at least one integral solution on J.

Proof. Consider the operator N : Q' — Q' defined by

m+l k-1
N(y)=§ (t)B[yo = a2 S (k= ) Lu(y(t)))
k=2 up=1
m+1
- > hmJ S (nk — s)BAF (s, y(s))] (9.44)
k=1

J S(t — s)F(s, y(s))ds + Z S(t—t)l(y(t)), tel

O<tr<t

We will prove that N is compact. Let {yn} be asequence in Q" with lim, .. y,=
y in Q. By the continuity of F with respect to the second argument, we deduce
that, for each s € J, F(s, y,(s)) converges to F(s, y(s)) in E, and we have that

IN(yu)(t) = N()(®)]

m+1

< M||Bllp [Z | ek | Ze " L (ya(8,)) = Ly (8) |
+"’Z }ck}e“’”"J “’S|F(S,yn(5))—F(S))’(S))MS}

T
n ewT|:J eS| F(s, yu(s)) — F(s, y(s)) | ds

0

3 e | (a(t0) —Ik<y<tk>)|]
k=1

(9.45)
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The sequence {y,} is bounded in Q'. Then by using the Lebesgue dominated con-
vergence theorem we obtain that

%Ln; N(yx) =N(y) inQ, (9.46)

which implies that the mapping N is continuous on ',

Next, we use Arzeld-Ascoli’s theorem to prove that N maps every bounded set
into a compact set. Let B be a bounded set of )" and let ¢t € ] be fixed. Then we
need to prove that {N(y)(t) : y € B} is relatively compact in D(A). If t = 0, then
from hypothesis (9.6.2) we have that {N(y)(0) : y € B} = {y, — 22211 ey (M) :
y € B} is relatively compact. If t € (0, T'], the proof of relative compactness and
equicontinuity is similar to that given in Theorem 9.4.

It remains to prove that the set ® = {x € ' : x = oNx for some 0 < ¢ < 1}
is bounded. For y € @, there exists 0 € (0, 1) such that y = aﬁy; that is,

m+l k-1
y(t) = oS’ (t)B[yo - > a2 S - ) L(x(t)
k=2 wu=1
m+l1

- ch lim kS qks)BaF(&y(S))}
k=1

+0—J S(t—$s)E(s, y(s))ds+ o Z S(t—t)k(y(t)), te]

O<tr<t
(9.47)
Using assumptions (9.5.1) and (9.6.1), we get
m+1 k-1
ly(®)] < Me“”||B|B<E>[|)/0| +M Y fa] D e,
k=2 u=1
m+1
M3 ][ w0 |
t
+ Mewtj e m(s)y(|y(s)|)ds + Me“* z e “hkdy
0 k=1
m+1 k-1 (9.48)
Me“’TIBIIB(E)[|y0| +M D o] D e,
k=2 u=1

m+1

33 ol [ w59 |

t m
+ Me“T J e m(s)y (| y(s)|)ds + Me“T > e @l dy.
0 k=1
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Consequently,

llyllec
2t P+Q <1 (9.49)

Then, by (9.6.1), there exists M such that || yllpc # M. Set
U= {y € PCU,E): llyllec <M +1}. (9.50)

The operator N is continuous and completely continuous. From the choice of U,
there is no y € 9U such that y = oN(y) for some o € (0,1). As a consequence of
the nonlinear alternative of Leray-Schauder type (Theorem 1.8), we deduce that
N has at least one fixed point, which gives rise to an integral solution of problem
(9.1), (9.2), (9.4). O

9.3. Nondensely defined impulsive semilinear differential
inclusions with nonlocal conditions

In this section, we will prove existence results for evolution impulsive differential
inclusions, with nonlocal conditions, of the form

y'(t) € Ay(t)+ F(t,y(t)), te]J:=[0,b], t+#t, k=1,...,m,
A}’|t:tk = Ik(y(tk_))) k = 1)'--7m) (951)
y(0) +g(y) = yo,

where A : D(A) C E — Eisanondensely defined closed linear operator, F : JXE —
P (E) is a multivalued map (P (E) is the family of all subsets of E), g : C(J', E) — E,
(], = ]\{tlwu)tm}): Ik : E - D(A): k = L...,m, Aylt:tk = )’(tZ) - y(t]Z)a
y(tf) = limy—o- y(t + h) and y(t;) = limy—or y(t — h), yo € E, and E is a
separable Banach space with norm | - |.

Lemma 9.7. If y is an integral solution of

y(t)=Ay(t)+ f(t), te]=[0b], t+tk=1,..,m,
Ayli=t, = I(y(t)), k=1,...,m, (9.52)
y(0) +g(¥) = yo,

where F : ] X E — Eand A, g, I, k = 1,...,m, are as in problem (9.51), then y is
given by
d t
Y0 =S Ol - g+ 5 JO S(t — ) f(s)ds
+ > S (t—t)L(y(t)), fortel]

O<ti<t

(9.53)
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Definition 9.8. Say that y : ] — E is an integral solution of (9.51) if
(i) yeq,
(ii) [y y(s)ds € D(A) fort € J,
(iii) there exists a function f € L'(],E) such that f(¢) € F(t, y(t)) a.e. in |
and y(t) = yo = g(y) + A Jy y(5)ds + [g f()ds + Toaya Le(y(50), t €.

From (ii) it follows that y(t) € D(A), for all t = 0. Also from (iii) it follows
that yo — g(y) € D(A). So, if we assume that yy € D(A), we conclude that g(y) €
D(A).

Definition 9.9. If y is an integral solution of (9.51), then y is given by

y(t) =S O (o-g)+ > S(t-t)L(y(t))

O<tp<t

. (9.54)
+ o JO S(t—s)f(s)ds, tel.

9.3.1. Existence result: the convex case

In this section, we are concerned with the existence of solutions for problem
(9.51). Recall that

Q' =QnC(J,DA)). (9.55)
Now we are able to state and prove our main theorem in this section.

Theorem 9.10. Assume that (H1), (9.4.2), (9.4.4), (9.4.5), and the following as-
sumptions hold:
(9.10.1) let F: J X E — Py (E); (t,y) — E(t, y) be measurable with respect to t,
for each y € E, u.s.c., with respect to y, for each t € J;
(9.10.2) there exist a continuous function p : [0,b] — R* and a continuous
nondecreasing function y : [0, ) — [0, o) such that

[|F(t, y)|| :=sup {Ivl : v € F(t, »)} < p(Hw(Iyl), tE€], yE€E, (9.56)

with
T ® ds
4[0 m(s)ds < L W’ (9.57)
where
m(t) = M*e “p(t), c =M*<|yo| +L+ Ze“”kdk), (9.58)
k=1

and M* = M max{e“?, 1}.
Then problem (9.51) has at least one integral solution on J.
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Proof. Consider the operator N : Q' — £ (Q') defined by

N(y) = {h eQ :h(t)=SW[y —g]+ %J S(t —s)f(s)ds
0

(9.59)
£ S S (-t ()), e sp,y}, rel
O<tr<t
Let
K={yeQ :lylo <a), te]}, (9.60)
where
t
alt) =1"" (J m(s)ds),

0

o © du (9.61)
c 1//(”)

It is clear that K is a closed convex and bounded set. O

Step 1. N(K) C K.
For y € K and h € N(y), there exists a function f € Sg, such that, for every
t € J, we have

h(t) = S () (yo — g(»)) +}£r£1° L S(t—s)Brf(s)ds+ > S (t—t)L(y(t)).

0<tr<t

(9.62)

Thus

t m

(O] = Me (o] +1)+ Me" | & ply (| y(s) s+ Met Y ed
k=1

<M*(|y| +L)+M* J e p(s)y (als))ds + M* > e “hdy

t
0 k=1

t m
=M (|yo] +1) + L m(s)y(a(s))ds+ M* > e “d
k=1

=M* (|y0| +L+ i e""tkdk> + Jot o (s)ds = a(t),

k=1
(9.63)
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since

als) t
L W‘i‘;) - JO m(s)ds. (9.64)

Thus N(y) € K.
Step 2. N(K) is relatively compact.

Since K is bounded and N(K) C K, it is clear that N(K) is bounded.

Lett € (0, b] be fixed and let ¢ be a real number satisfying 0 < € < t. For y € K
and h € N(y), there exists a function f € Sp,, such that

h(t) = S'(t)(yo — g(»)) +}£r?° Lis S'(t = s)Byf (s)ds

¢ (9.65)
+}1P; S'(t —s)Byf(s)ds + Z S (t=t) k(¥ (t))-
- O<tp<t
Define
he(t) = §'(1)(yo — g(»)) + lim :S’(t—S)Baf(S)dH 2. S (t =)Ly ()
O<tp<t

=S (0 -gy) +S @ Jim | St )Bf(ds

+ > S (- t)L(y(t)).

O<tr<t

(9.66)

Since §'(t), t > 0, is compact, the set Hy(¢) = {h.(t) : h € N(y)} is precompact in
D(A) for every ¢, 0 < € < t. Moreover, for every h € N(y),

|h(t) — he(t)| < M* L_s e p(s)w(|y(s)|)ds < M* L_e e p(s)w(als))ds.
(9.67)

Therefore there are precompact sets arbitrarily close to the set {h(t) : h €
N(y)}. Hence the set {h(t) : h € N(y)} is precompact in D(A).
Step 3. N(K) is equicontinuous.

Let 11,73 € J', 71 < 1. Let y € K and h € N(y). Then there exists f € Sg,,
such that, for each t € J, we have

h(t) =S () (yo —g»)) + lim L S(t—s)Bif(s)ds+ > S(t—t)k(y(t)).
0<tp<t
(9.68)
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Then

|h(12) — h(11) |
< [[S(r2) =S (r1)](yo — g) |

T1

+ | lim | [S(12—3s) =S (11 —s)|Brf(s)ds

A= Jo

+ | lim ' S’ (12— s)Byrf(s)ds

A—oo

H| S ISR -1 -8 (- 1RO )) |

0<t<ty

+ > S(n-t)k(y(t))

T1<t<T

< [[S(m2) =S (r1) ] (yo —g(») |

‘ (9.69)

+ [S,(Tz -11) — [] }Ln; Jo‘ﬁ S'(r - s)BAf(S)dS

+ M* J‘f e p(s)y(als))ds

+ > I1S" (2 — t&) = S' (11 — ta) [ gy i + M > ek

0<tr<7) TI<tk<Ty

The right-hand side tends to zero as 7, — 7; — 0, since §'(t) is strongly continuous,
and the compactness of §'(t), t > 0, implies the continuity in the uniform operator
topology.

This proves the equicontinuity for the case where t # #;, i = 1,...,m. It re-
mains to examine the equicontinuity at t = ;. The proof is similar to that given in
Theorem 4.3.

As a consequence of Steps 2-3 and the Arzela-Ascoli theorem, we deduce that
N maps K into precompact sets in D(A).

Step 4. N has closed graph.

Let y, — ¥s, hy € N(yn), yu € K and h, — hy. We will prove that h, €
N( Yk ).

hy € N(y,) means that there exists v, € Sg,,, such that, for each t € J,

() = S'(8) [ yo = g (yu)] + lim L §'(t = 9)Brvn(s)ds
+ > S (=) Le(ya(t)).

O<tr<t

(9.70)
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We must prove that there exists vy € Sg,,, such that, for each t € J,

hy(t) = S (1) [yo — g(y+)] +Ali_rr°10 L S'(t = s)Byvs(s)ds

(9.71)
b3S - ().
O<tr<t
Clearly since Iy, k = 1,...,m, and g are continuous, we have that
H(hn—sxt)[yo—g(yn)]— S (- wiOnls))
O<tp<t
(9.72)
- (h* -S®p-gy)l- > S(t- tk)Ik(y*(tk))) —0,
O<tr<t (0%
asn — oo,
Consider the linear continuous operator
r:L'(J,E) — C(,E),
(9.73)

v T)(0) = lim ﬂ S (£ — 5)Byv(s)ds.

From Lemma 1.28, it follows that I o Sf is a closed graph operator. Moreover, we
have that

ha(8) =S Oy =gy = 30 S (t =t Ik(ya(t)) €T(Sky,).  (9.74)

O<tr<t

Since y, — y«, it follows from Lemma 1.28 that

he(t) =S Oy —g(r)] = D S (t—t) Ik (ya ()
O<tr<t

t (9.75)
= %im S'(t — s)Byvs(s)ds
-0 J0

for some vi € Sg,y, .

As a consequence of Theorem 1.9, we deduce that N has a fixed point which
gives rise to an integral solution of problem (9.51).

Our next result in this section is based on Covitz and Nadler’s fixed point
theorem for contraction multivalued operators.

Theorem 9.11. Assume that (H1) and the following hypotheses hold:
(9.11.1) F : [0,b] X E = Pep,v(E) has the property that F(-,y) : [0,b] —
Pep(E) is measurable for each y € E;
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(9.11.2) there exists | € L'([0,b],R") such that
Hy(F(t,y),F(t,7)) <l(t)ly —¥|, foralmost each t € [0, b] (9.76)
and y,y € E, and
d(0,F(t,0)) < &(t), foralmosteacht € [0,b]; (9.77)
(9.11.3) there exist constants dy such that

k(»1) = L) oy < dily1 = 32, Yy € B (9.78)

(9.11.4) g is continuous and there exists constant a ¢’ > 0 such that
lg(y) —gr2) | <Cllyr = pllg, Yy, 02 € Q5 (9.79)

(9.11.5) for M* = M max{e“?, 1}, and M is from the Hille-Yosida condtion,

b m
M (c' " JO el(s)ds+ S e-wfkd,;) <1 (9.80)
k=1

Then the IVP (9.51) has at least one integral solution on [0, b].

Proof. Transform problem (9.51) into a fixed point problem. Consider the multi-
valued operator N defined in Theorem 9.10.

We will show that N satisfies the assumptions of Theorem 1.11. The proof will
be given in two steps.
Step 1. N(y) € Pq(Q') for each y € Q).

Indeed, let (y4)u=0 € N(y) such that y, — ¥ in Q. Then ¥ € Q' and there
exists f, € Sg,, such that, for every t € [0, b],

t
ya() =S (O [yo —g()] + % L S(t=s)fu(s)ds+ > S (t—te)I(y(t;)).

O<tp<t

(9.81)

Using the fact that F has compact values and from (9.11.2), we may pass to a
subsequence if necessary to get that f, converges to f in L!([0, b], E) and hence
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f € Sr,y. Then, for each t € [0, b],

yu(t) — y(t) = S () yo —g(y)] + J S(t—s)f(s)ds
+ > S'(f—tk)lk()’(k))~

O<tr<t

(9.82)

So, ¥y € N(»).
Step 2. Hi(N(y1),N(y2)) < yliy1 — y2llq for each yy, yo € QO (where y < 1).
Let y1, y, € Q" and h; € N(y1). Then there exists f(t) € F(t, y1(t)) such that

() =S 0)yo - dtj S(t = $) fi(s)ds
+ 3 S (- t)Lk(n (), telo,bl. (583
0<te<t
From (9.11.2) it follows that
Ha(F(t, y1(1)), F(t, y2(1))) < 1(t) | 31 (8) = y2(1) |, t € [0,B]. (9.84)
Hence there is w € F(t, y,(t)) such that
|A) —w| <I(t)| y1(t) = ya(t) |, t€[0,D]. (9.85)
Consider U : [0,b] — £ (E), given by
Uty ={weE: |fi(th —w| <It)| (1) = y2 (D] }. (9.86)

Since the multivalued operator V(t) = U(t) N F(t, y»(t)) is measurable (see [119,
Proposition II1.4]), there exists f,(¢) a measurable selection for V. So, fo(t) €
F(t, y,(t)) and

| fi(t) = A <D | y1(t) = ()|, foreach t € [0,b]. (9.87)

Let us define, for each t € [0, b],

ho(t) = S'(6) o - g(72)] + jS(t—s>fz(s>ds+ S8 (- )L ().
O<tr<t
(9.88)
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Then we have
| Ay (t) — ha(2) |

< |S®lgbn) ~g(y2)] + lim L §'(t = s)Bi[fis) = fals)]ds

. S'(r—mak(yz(rk))—u(x(a)))‘

O<tp<t
t

< M*c||y1 — ya|| o + M* Jo e ()| y1(s) — ya(s) | ds

v ) (9.89)

+M* Z e d | yi(t) = y2(t;) |
k=1
t

<M=y = pallg + ¥l = ol [ e eo)ds

m
+M*|[y1 = yallg D e,
k=1

m
e e(s)ds + M S, d} <l = il
k=1

b

< [M*c' + M* J
0

Then
b m
(|1 = ol < M* (c’ + JO e e(s)ds+ e“’tkd,;) ly1 = »alley- (9.90)
k=1

By the analogous relation, obtained by interchanging the roles of y; and y,, it
follows that

b m
Hy(N(y1),N(»)) < M* (C' + L e e(s)ds+ ) e‘“”%) ly1 = »alley-
k=1

(9.91)
From (9.11.5) we have that
b m
y = M* (c' + J e e(s)ds+ > e“”"d,'c) <1 (9.92)
0 k=1

Then N is a contraction and thus, by Theorem 1.11, N has a fixed point y, which
is a mild solution to (9.51). O

9.3.2. Existence results: the nonconvex case

In this section, we consider the problems (9.51), with a nonconvex-valued right-
hand side.
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By the help of the Schaefer’s fixed point theorem, combined with the selection
theorem of Bressan and Colombo for lower semicontinuous maps with decompos-
able values, we will present a second existence result for problem (9.51).

Theorem 9.12. Suppose, in addition to hypotheses (H1), (9.4.2), (9.4.4), (9.4.5),
(9.10.2), the following also hold:
(9.12.1) F:[0,b] XE — P(E) is a nonempty compact-valued multivalued map
such that
(a) (t,y) = F(t,y)is L ® B measurable,
(b) y — E(t, ) is lower semicontinuous for a.e. t € [0, b];
(9.12.2) foreachr >0, there exists a function h, € L'([0, b], R*) such that

[|F(t, )||:=sup {Iv|:v € F(t,y)} <h.(t) fora.e.t €[0,b], y € Ewith|y|<r;

(9.93)
(9.12.3)
b ® ds
L m(s)ds < J i (9.94)
where M and w are from the Hille-Yosida condition and
m(t) = max {w,Mp(t)}, te€[0,b], c = M(|y0| +L+ Z e“”"dk)
k=1
(9.95)

Then the initial value problem (9.51) has at least one integral solution on [0, b].

Proof. Hypotheses (9.12.1) and (9.12.2) imply that F is of lower semicontinu-
ous type. Then, from Theorem 1.5, there exists a continuous function i : Q' —
L'([0,b],E) such that h(y) € F(y) forall y € Q0.

We consider the problem

y'()=Ay®) +h(y)(t), te€]=[0,b],t#t k=1,..,m,
Ayliey = I(y(t)), k=1,....m, (9.96)
y(0) +¢(y) = yo.
We remark that if y € Q' is a solution of the problem (9.96), then y is a solution
to problem (9.51).

Transform problem (9.96) into a fixed point problem by considering the op-
erator N; : ' — Q' defined by

Ni(y) =S ()[yo —g)] + % L S(t — s)h(y)(s)ds
+ > S (t-t)Lk(y(t)), tel

O<tr<t

(9.97)
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Step 1. N is continuous.
Let {y,} be a sequence such that y, — y in Q. Then

IN1(yn) () = Ni(y) ()| = M*|g(yn) —g(y)| + M* JO e By | fu(s) — f(s)|ds
M DT eI (ya () = Ik (5) |l
O<tr<t
(9.98)
Since the functions f, g are continuous, then
[INL(yn) = Ni(D)]lp — 0, asn — oo, (9.99)

Step 2. N; maps bounded sets into bounded sets in Q'.

Indeed, it is enough to show that for any g > 0 there exists a positive constant
¢ such that, foreach y € B; = {y € Q' : [lyllar < g}, we have |[Ni(y)lla < €. For
each t € [0, b], we have that

INi () (1) | = 'S’(t)(yo -gy) + %J S(t —s)f (s, y(s))ds
0

- S'(r—tkﬂk(y(tk))\

0<tp<t
t . (9.100)
< M* [|y0| +L+J e Chy(s)ds+ > e“’tkdk}
0 k=1
< M* [|y0| +L+Nl||hg||: + Z e“’tkdk},
k=1
where N = max{1,e "},
Thus
INi()|| o < M*[|yo| +L+N||hq||L1 + Z e“”kdk] =L (9.101)
k=1

Step 3. N; maps bounded sets into equicontinuous sets of Q0'.
Let 0 < 71 < 13 €], 11 < T3, and let B, be a bounded set of () as in Step 2.
Let y € B,. Then, for each ¢ € J, we have

Ni(p)(®) = S (1) (3o — g(»)) + }13; L S'(t — s)Byh(y)(s)ds
+ > S (= 1) (y(t)).

O<tr<t

(9.102)
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Then

INi(»)(12) = Ni(») (1) |
< [[S'(r2) =S (z1) 1 (yo —g(¥)) |

+ Alim J S (12 — s)Byh(y)(s)ds
+ Alim J l (S (2 —5) =S (11 - s))B;lh(y)(s)ds’ (9.103)
-0 Jo
+ > S (n—t) =S (11— t) |
0<tx<T]
+ e¥™ Z die™ Ok,
T1<t(<T2

The right-hand side tends to zero as 7, — 7; — 0, since S'(¢) is strongly continuous,
and the compactness of §'(¢), t > 0, implies the continuity in the uniform operator
topology.

This proves the equicontinuity for the case where t # ;,i = 1,...,m. It re-
mains to examine the equicontinuity at ¢ = #;. The proof is similar to that given in
Theorem 4.3.

As a consequence of Steps 1 to 3 and (9.4.4), together with the Arzeld-Ascoli
theorem, we can conclude that N; : Q" — ' is a completely continuous operator.
Step 4. Now it remains to show that the set

E(N1):={yeQ :y=0Ni(y)forsome0< o<1} (9.104)

is bounded.
Let y € &(N;). Then y = oN;(y) for some 0 < ¢ < 1. Thus for each t € J,

t
y(o) = o(S’(t)(yo 80N+ [ (e Dy (s)ds
0

(9.105)
¢3S wn00)),
O<tr<t
This implies that, for each ¢ € ], we have
t m
|y(£)| < Me“ (|yo| +L) +Me“’tj e p()y (| y(s)|)ds + Me® > e “hdy

0 k=1

(9.106)

or

e “ly®] =Myl +1) +MJ0 e p(s)y (| y(s) s+ M Y e dy.
. (9.107)
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Let us take the right-hand side of the above inequality as v(t). Then we have
ly()| <e“'v(t), Vte]=1[0,b],

v(0) = M( |yo| +L+ > e“”kdk>, (9.108)
k=1

V() = Me ' p(t)y (| y()]) < Me ™ p(H)y(e“'v(t)), te]=][0,0b].
Then, for each t € [0, b], we have

(e“v(1))" = wev(t) + v/ (He*" < we® (1) + Mp(H)y (e“'v(1))

(9.109)
< m(t)[e“'v(t) + w(e‘”tv(t))], t € [0,b].
Thus
e“ty(t) du b o du
J"’(O) u+y(u) = Jo m(s)ds < L(O) u+yu) (9.110)

Consequently, there exists a constant d such that v(t) < d, t € [0, b], and hence
lyllor < d where d depends only on the constants M, w, dix and the functions p
and y. This shows that &(N;) is bounded.

As a consequence of Schaefer’s theorem (Theorem 1.6), we deduce that N;
has a fixed point y which is a solution to problem (9.96). Then y is a solution to
problem (9.51). O

9.4. Nondensely defined impulsive semilinear functional
differential equations

In this section, we will be concerned with the existence of integral solutions for
first-order impulsive semilinear functional and neutral functional differential
equations in Banach spaces. First, we will consider first-order impulsive semilinear
functional differential equations of the form

Y(t)—Ay(t) = f(t,y1), aete]=[0,TI\{t,,....tn},
Ayliey = L(y()), k=1,...,m, (9.111)
)/(t) = ¢(t)) t e [—T, O])

where f : [0,T] X & — Eisa function, D = {y : [-r,0] — E : y is continuous
everywhere except for a finite number of points f at which y(#) and u/(fr) exist



Impulsive semilinear functional equations 277

and y(f ) = y(#)} (0 < r < ), A: D(A) C E — E is a nondensely defined
closed linear operator on E, ¢ € D, 0 =ty < t; < -+ <ty <ty = T, Ix €
C(E,E)k = 1,...,m), Ayli—y, = y() — y(tc), y() = limp_o+ y(tx + h) and
y(ty) = limp_o- y(t — h), and E is a real separable Banach space with norm | - |.

Next, we study the first-order impulsive semilinear neutral functional differ-
ential equations of the form

%[y(t) —g(ty) ] =Ay()+ f(tye), aete]=[0,TN\{t,....tm},

Ayliet, = I(y(t;)), k=1,...,m,

}’(t) = ¢(t)’ te [77’:0])
(9.112)

where f, Ix, A, and ¢ are as in problem (9.111), g : [0, T] X D — D(A) is a given
function.

Definition 9.13. The map f : ] X D — E is said to be an L!-Carathéodory if
(i) t — f(t,u)is measurable for each u € D;
(if) u — f(t,u) is continuous for all t € J;
(iii) for each p > 0, there exists ¢, € L'(J,Ry) such that

| f(t,u)| <@p(t), Vullp <pforaete] (9.113)

9.4.1. Existence results for functional differential equations

In this section we are concerned with the existence of integral solutions for prob-
lem (9.111). Here we use again the symbol Q) for the space,

Q={y:[-r,T] — E: y € CUE), k=0,....,m 3 y(t;),

_ (9.114)
y(tf), k=1,...,mwith y(t;) = y(t)},
which is a Banach space with the norm
||y||Q=max{||yk||jk, k=0,...,m}, (9.115)

where y is the restriction of y to Jx = (tk, tks1], k = 0,...,m.
Let us start by defining what we mean by an integral solution of problem
(9.111).
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Definition 9.14. A function y € Q is said to be an integral solution of (9.111) if y
is the solution of the impulsive integral equation

y(t) =S (1)¢(0)+ A Jo y(s)ds + Jo (s, ys)ds + Z S (t—ti) (¥ (t)),

O<tr<t

Jty(s)ds € D(A), tel0,T], y(t)=¢(t), tel[-r0]
’ (9.116)

Theorem 9.15. Assume that (H1), (9.4.2), (9.4.5) hold and that f is an L'-Car-
athéodory function. Also we suppose that
(9.15.1) $(0) € D(A);
(9.15.2) there exist a continuous nondecreasing function y : [0,00) — (0, )
and p € L'(J,Ry) such that

[ f(t,w) | < p(Oy(llullp) foraete], eachu € D, (9.117)
with
Ib m(s)ds < ro du__ (9.118)
0 ¢ uty(u)
where
m(s) = max (0, Mp(s)), ¢ = M(I|¢|I + ﬁ e‘”tkck). (9.119)
k=1

Then the IVP (9.111) has at least one integral solution on [—r, T].

Proof. Transform problem (9.111) into a fixed point problem. Consider the oper-
ator N : Q — Q defined by

(1) ift e [-r,0],
/ d !
N (o = 1S 80+ 5 L S(t = )£ (s, y:)ds 6.120)
+ > S (t—t)k(y(t)) ift e [0,T).
O<tr<t

We will show that N is completely continuous. The proof will be given in
several steps.
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Step 1. N is continuous.
Let {y,} be a sequence such that y, — y in Q. Then

NGO = NGO = | [ 5= 915 3) = £(5.3)1ds

i |8 (t =) | [T (yn (1)) — I ( () |
. . (9.121)
< Me“" . e | f (s yns) = f(sy5) | ds

Me®T i [Tk (yn (1)) — I ((5)) |

k=1

Since f is an L!'-Carathéodory function, we have by the Lebesgue dominated con-
vergence theorem

[IN(yn) = N)llq

Me“[uf(-,yn) el + S On(E)) - Ky () @ o,
. (9.122)

asn — oco. Thus N is continuous.
Step 2. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that for any g > 0 there exists a positive constant
¢ such that, foreach y € B; = {y € Q. : [lylla < g}, we have [[N(y)llq < €. Then
we have, for each t € [0, T'],

IND®)| = S(t)¢(0)+—J S(t=9)f (s, y)ds+ > S'( ttk)Ik(y(tk))‘
0<tr<t
=M [”‘b”i’ + | e @ds X e Ly () I}

0 k=1

e[ 19l + gl + 3. e a ]
- (9.123)

Thus

INDIlg < Me“’T[||¢||JJ + gl + D e‘”‘kck] =0 (9.124)

k=1
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Step 3. N maps bounded sets into equicontinuous sets of Q).

Let0< 11 < 73 € ], 71 < 73, and let B, be a bounded set of () as in Step 2. Let
y € 8B,. Then for each t € J we have

N = S O30 + lim [ $6-9Bf (s y)ds+ 38 (- )Ly (5).

O<tr<t
(9.125)
Then
IN(y)(72) = N(y) (1) |
< |[S'(r2) = §'(71)]¢(0) |
+ }im " S (12 —s)Brf (s, y5)ds
+ }im '[71 (S (12 —s) =S (11 —5))Brf (s, y5)ds (9.126)
- Jo

+ > alS(n—t) =S (1 —t)]

0<tx<T]

+ Z |8 (12— 1) |.

T1<t(<T2

The right-hand side tends to zero as 7, — 7; — 0, since S'(¢) is strongly continuous,
and the compactness of §'(t), t > 0, implies the continuity in the uniform operator
topology.

This proves the equicontinuity for the case where ¢ # #;, i = 1,...,m. It re-
mains to examine the equicontinuity at ¢ = t;. The proof is similar to that given in
Theorem 4.3.

As a consequence of Steps 1 to 3 and (9.15.2) together with the Arzeld-Ascoli
theorem, it suffices to show that the operator N maps B, into a precompact set in
D(A). Let 0 < t < T be fixed and let € be a real number satisfying 0 < € < t. For
y € B, we define

N = 8 080+ (@) lim [ 8t~ Buf (5, )ds
+ > S (-t L(y(t)).

O<tr<t

(9.127)

Since §'(¢) is a compact operator, the set He(t) = {Ne(y)(t) : y € By} is precom-
pact in E for every €, 0 < € < t. Moreover, for every y € B,, we have

Alim Jt (S(t—s—¢€)—S(t- s))BAf(s,yS)ds'.
e (9.128)

INe(y)(®) =N(y)(D)]| =M
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Therefore there are precompact sets arbitrarily close to the set {N(y)(t) : y € Bg}.
Hence the set {N(y)(¢) : y € By} is precompact in D(A). Thus we can conclude

that N : Q — Q is a completely continuous operator.
Step 4. Now it remains to show that the set

EN):={yeQ:y=0N(y) forsome0< o<1} (9.129)

is bounded.
Let y € &(N). Then y = oN(y) for some 0 < ¢ < 1. Thus, for each t € ],

7 d t ’ —
y(t) = G(S (t)¢(0) + T L S(t—=s)f (s, ys)ds+ Z S (t— 1) Ik (v (1 ))>
O<tr<t
' (9.130)
This implies by (9.15.3) that for each t € ] we have
t m
[y < Me“’t[|¢(0) | + Jo e pv(|lysllp)ds + Z e“”kck]. (9.131)
k=1
We consider the function y defined by
p(t) =sup{|y(s)|:-r<s<t}, 0<t<T (9.132)

Let t* € [—r,t] be such that u(t) = [y(t*)]. If t* € [0, T], by the previous in-
equality we have, for t € [0, T,

e u(t) < M[I|¢||;o + > e Ve + J e_wsp(S)V/(//t(S))ds]. (9.133)

t
k=1 0

If t* € [-r,0], then u(t) = [[¢llp and the previous inequality holds. Let us take
the right-hand side of the above inequality as v(t). Then we have

u(t) <e“v(t), Vtelo,T],

v(0) = M(||¢||.:o +> e“”ka>, Vi(t) = Me ' p()y (u(t)), te[0,T].
o (9.134)

Using the increasing character of y, we get

V() < Me “'p(t)y(e“v(t)), ae.te[0,T]. (9.135)
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Then for each t € [0, T] we have

(e“v(1))" = wev(t) + v/ (t)e*
< we®v(t) + Mp(t)y (e v(t)) (9.136)
<m(t)[e”v(t) + w(ev(t))], te]0,T].

Thus

e“ty(t) du
L(o) u+1//(u) J m(s)ds <J ur ) (9.137)

Consequently, there exists a constant d such that e*'v(t) < d, t € [0,T], and
hence ||ylla < max(||¢llp,d) where d depends only on the constant M, w, ck
and the functions p and y. This shows that &(N) is bounded. As a consequence of
Schaefer’s theorem we deduce that N has a fixed point which is an integral solution
of (9.111). 0

9.4.2. Impulsive neutral functional differential equations

In this section, we study problem (9.112). We give first the definition of integral
solution of problem (9.112).

Definition 9.16. A function Y € Q is said to be an integral solution of (9.112) if

= ¢(1), t € [-r,0], fo y(s)ds € D(A), t € [0,T], and y is the solution of
impulsive integral equatlon

»(6) = S (B)[6(0) - g(0,8(0))] +g(t, 1) +AJO J(s)ds
stysds+ Z I(y(t))

O<tr<t

(9.138)

Theorem 9.17. Assume (H1), (9.4.2), (9.4.5), f is an L'-Carathéodory function, and
the following conditions hold:
(9.17.1) there exist constants 0 < c¢; < 1, ¢, = 0 such that

lg(t,uw)| <cllullp +c, aete[0,T], uec D (9.139)

(9.17.2) (i) the function g is completely continuous,
(ii) for any bounded set B in C([—r,T],E), the set {t — g(t,y:) :
y € B} is equicontinuous in (;
(9.17.3) there exists a continuous nondecreasing function y : [0, 00) — (0, )
and p € L'([0, T],R,) such that

[ f(t,u)| < pOy(llullp) forae t e [0,T] and eachu € D, (9.140)
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with

r ®  du
J;) m(s)ds < L wr )’ (9.141)

where

m(t) = max {

o},

M m (9.142)
zﬁl:(l—l_‘:l ||¢||;D+—+Z wtka:|.
- =

Then the IVP (9.112) has at least one integral solution on [—r, T].

Proof. Transform problem (9.112) into a fixed point problem. Consider the oper-
ator N : Q — Q defined by

(¢(t) ift e [-r,0],
S (1)[¢(0) - g(0,¢(0))] +g(t yr)
N(y)(t) := 4 d (! 9.143
o) o L S(t—s)f (s, ys)ds ( )
+ > S (t-t)L(y(t)) ift € [0, T].
0<tr<t
Let N : Q — Q be defined by
(1) ift e [-r,0],
/ d t
ﬁ(y)(i’) = S (£)¢(0) + It JO S(t — S)f(S) )’s)ds (9.144)
+ > S (t—t)k(y(t)) ift e [0,T].
O<tp<t

As in the proof of Theorem 9.15, we can prove that N is completely continuous
and by (9.17.2) N is completely continuous.
Now we prove only that the set

ENN):={yeQ:y=0N(y) forsome0< o<1} (9.145)

is bounded. Let y € &(N). Then 6N (y) = y, for some 0 < ¢ < 1 and

t
70 = 0| S W190) - 50,00 +g00.0) + % [ 561 - 515,y
(9.146)

+ s’(t—tk)Ik(y(t;Z))]~

O<tr<t



284 Nondensely defined impulses

This implies that, for each ¢ € [0, T], we have

|y(0)] < Me“' [(1+c1)llgllp + 2] +allyellp + 2

t 9.147
+ Me“’tJ’ e p()y(||ys]l ) ds + Me*! Z e Wy, ( )
k=1
We consider the function y defined by
u(t) :==sup {|y(s)| : —-r <s<t}, t€][0,T] (9.148)

Let t* € [—r,t] be such that u(t) = [y(t*)]. If t* € [0, T], by the previous in-
equality, we have, for t € [0, T],

(I—c)ut) < Me“[(1+c1)ldllp + 2]+

+ Me®t J[ ,wSP(S)W(‘”(S))dS + Me®t z e*“)tk (9.149)
k=1
or
e “u(t) < M [(1 +a)llgllo +c 2y j e Cp(s)y(u(s))ds + Z p wtkck:|
_p ”

(9.150)

If t* € [-r,0], then u(t) = |l¢ll and the inequality holds. Let us take the
right-hand side of the above inequality as v(t). Then we have

M %) =2
v(0) = l—cl[(l +a)lligllo +c+ mt De “”"Ck}

k=1

vit) = e pOy(p®) < = o e py(ev(t)), te(0,T]
(9.151)
Then for each t € [0, T'] we have
’ , M
(ev(t)) = we® v(t) +v'(t)e?! < we®v(t) + p()w (e v(t))
1- (9.152)

<m(t)[e”v(t) + (e v(t))], te[0,T].

By using (9.17.3) we then have

Je‘“‘v(t) J m(s)ds < J m(s)ds < J du . (9.153)

w(0) u+1//u)_ wo) U+ y(u)
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This inequality implies that there exists a constant b depending only on T, M, ¢k
and on the functions p and y such that

|y(t)| <b, foreach t e [0,T]. (9.154)
Hence
Iyllo < max ([[¢llo,b). (9.155)

This shows that &(N) is bounded. Set X := Q. As a consequence of Schaefer’s the-
orem we deduce that N has a fixed point which is an integral solution of problem
(9.112). O

9.5. Nondensely defined impulsive semilinear functional
differential inclusions

In this section, we will be concerned with the existence of integral solutions for
first-order impulsive semilinear functional and neutral functional differential in-
clusions in Banach spaces. First, we will consider first-order impulsive semilinear
functional differential inclusions of the form

y'(t)— Ay(t) € F(t,y), aete]=1[0,TI\{tr,....tm}
Aylicy, = L(y(t)), k=1,...,m, (9.156)
)/(t) = ¢(t)) t e [—T, 0])

where F : [0, T] XD — P(E) is a function, D = {y : [-r,0] — E : y is continuous
everywhere except for a finite number of points 7 at which () and 1//(7) exist and
y(t ) =y}, (0<r< o), A: D(A) C E - Eis a nondensely defined closed
linear operator on E, ¢ € D, 0 =ty < t; < -+« <ty < tyy1 = T, Ix € C(E,E)
(k=1,....,m), Ayliy, = y(tf) — y(tr), y(tf) = limp_o+ y(t + h) and y(t;) =
limy,_o- y(tx — h), and E is a real separable Banach space with norm | - |.

Later, we study first-order impulsive semilinear neutral functional differential
equations of the form

%[y(t) -glt,y)] —Ay(t) € E(t,y:), aete]=[0,TN\{t,....tm},

Aylizy = Ik(y(t)), k=1,...,m,

)’(t) = ¢(t)) te [—T,O],
(9.157)

where F, Ii, A, and ¢ are as in problem (9.156), g : [0,T] X & — E is a given
function.



286 Nondensely defined impulses

9.5.1. Impulsive functional differential inclusions

Let us start by defining what we mean by an integral solution of problem (9.156).

Definition 9.18. A function y € Q is said to be an integral solution of (9.156) if
there exists f(t) € F(t, ;) a.e. on J such that y is the solution of the impulsive
integral equation

S()6(0) + A JO y(s)ds + L F(s)ds

y(t) = _Fzsﬁ-mu@w»jbwmemm,temﬂ,
0

O<ti<t
é(1), te[-r0].
(9.158)

By the definition, it follows that y(t) € D(A), t = 0. Moreover, y satisfies the
following variation of constants formula:

YO =S W+ 4 [ st -9f st S (-G, 120
0 0<tr<t
(9.159)

Let By = AR(A,A). Then for all x € D(A), Byx — x as A — . As a conse-
quence, if y satisfies (9.159), then

t
y(t) =S (t)yo +%Lr£10 JO S'(t —s)Baf (s, ys)ds + Z S(t—t)k(y(t)), t=0.
O<tr<t
(9.160)

Theorem 9.19. Assume that (H1), (9.4.2), (9.4.5), (9.15.2) and the following condi-
tions hold:
(9.19.1) F: [0, T]xD — P(D(A))isa nonempty compact valued multivalued
map such that
(a) (t,u) — F(t,u) is £ ® B measurable,
(b) u — F(t,u) is lower semicontinuous for a.e. t € [0, T];
(9.19.2) for each q > 0, there exists a function hy € L'([0, T],R*) such that

[[F(t,w)|| := sup {|v] : v € F(t,u)} < hy(t) forae t<[0,T], (9.161)

and for u € D with lullp < q.
Then the IVP (9.156) has at least one integral solution.

Proof. Hypotheses (9.19.1) and (9.19.2) imply by Frigon [148, Lemma 2.2] that
F is of lower semicontinuous type. Then from Theorem 1.5, there exists a contin-
uous function f : Q — L'([0,T],D(A)) such that f(y) € F(y) forall y € Q.
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Consider the following problem:

y(t)—Ayt)=f(y), tel[0,T],t#t k=1,...,m,
Ayli=e, = I(y(t;)), k=1,...,m, (9.162)
y(t) = ¢(t), tel[-r0]

Clearly, if y € Q is an integral solution of problem (9.162), then y is a solution to
problem (9.156).

Transform problem (9.162) into a fixed point problem. Consider the operator
N : Q — Q defined by

(1) ift € [-1,0],
/ d t
N = smwm+aﬁpu—qﬂﬂws 9163
+ > S (t—t)k(y(t)) ift € [0, T).
0<tr<t

The proof that N has a fixed point is similar to that of Theorem 9.15 and we
omit the details. O

9.5.2. Impulsive neutral functional differential inclusions

In this section, we study problem (9.157). We give first the definition of an integral
solution of problem (9.157).

Definition 9.20. A function y € Q is said to be an integral solution of (9.157) if
there exists f(t) € F(t, y;) a.e. on [0, T] such that y is the solution of impulsive
integral equation

y(0) = S O16(0) ~ g(0.6()] +g(t,y) +4 [ y5)ds
t (9.164)
+] fods+ S S - mRGE), te 0T,

0<tp<t

and y(t) = ¢(t), t € [-r,0], foty(s)ds e D(A),t € [0, T].
Theorem 9.21. Assume (H1), (9.4.2), (9.4.5), (9.17.2), (9.19.1), (9.19.2) and the

following conditions hold:
(9.21.1) there exist constants 0 < ¢; < 1, ¢, = 0 such that

lg(t,u)| <cillullp +c2, aete(0,T], u€cDs (9.165)
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(9.21.2) there exist a continuous nondecreasing function y : [0,0) — (0, )
and p € L'([0, T],R;) such that

[|F(t,w)|| :=sup {Iv|:v € F(t,u)} < p(OHy(llullp) (9.166)

fora.e.t € [0,T] and each u € D with

T *®  du
Jo m(s)ds< JC m, (9167)

where

}

M m
c= [(l—l—cl ol o + 7_,_ Z “’tkck}.

l—Cl

m(t) = max {

(9.168)

Then the IVP (9.157) has at least one integral solution.

Proof. Let f: Q — L'([0, T],D(A)) be a selection of F, and consider the problem
d
2O —glby)] =Ay®O) = fn), tel tftk=1...m

Ayl = I(y(t;)), k=1,...,m, (9.169)
y(t) = ¢(t), te][-r0]

Consider the operator N : QO — Q defined by

(¢ (1) ift € [-r,0],
S'(1)[¢(0) — g(0,¢(0))] +g(t, yr)
N = t 9.170
DO (g p(pas .
+ > S (t-t)k(y(t)) ift € [0, T1.
O<tr<t
Let N : Q — Q be defined by
(1) ift € [-1,0],
/ d t
R0 e | O8O+ 5 JO S(t = ) f (ys)ds o)

+ > S (t—t)k(y(t)) ift € [0, T].

O<ti<t



Impulsive functional differential inclusions 289

As in the proof of Theorem 9.19, we can prove that N is completely continuous

and by using (9.19.2) N is completely continuous.
Now we prove only that the set

ENN):={yeQ:y=0N(y) forsome0<o<1} (9.172)

is bounded. Let y € €(N). Then oN(y) = y for some 0 < ¢ < 1 and

y(6) = a[S'<t>[¢(o> ~ (0,600 + gty + 5 [ Stt-97 (s

(9.173)
¢3S wnb) |
O<tr<t
This implies that for each t € [0, T] we have
ly(®)]| = Me“ [(1+c) gl + ] +allyellp + 2
¢ i 9.174
+Me“’tj e p()y(|lysl|p)ds + Me > e “lkcy. ( )
0 k=1
We consider the function y defined by
u(t) :==sup {|y(s)| : —r <s<t}, te€][0,T] (9.175)

Let t* € [—r,t] be such that u(t) = [y(t*)|. If t* € [0, T], by the previous in-
equality we have, for t € [0, T],

(I—c)u(t) < Me“'[(1+c1)ldllp + 2]+

' m
+Meer e p(s)y (u(s))ds + Me® > e gy (9.176)
' k=1
or
—wt I t s m »
e “u(t) < (1+C1)||</>||,@+CZ+—+J e p()y (u(s))ds+ > e “he |.
o we k=1

(9.177)

If t* € [-r,0], then u(t) = [I$llp and the inequality holds. Let us take the
right-hand side of the above inequality as v(t). Then we have

M 0w
=——|(1+ tot =+ > e k|,
v(0) g [( a)ll¢llo +c i e Ck:|

k=1

11_”C1 oDy (e v(D), te [0,T].
(9.178)

() = Mty (ur) <

1—61
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Then for each t € [0, T] we have

M wt
1_Clp(t)w(e v(t)) (0.179)

<m(t)[e”v(t) + (e v(t))], te]0,T].

(e“v(1))" = wev(t) + v/ (He® < wev(t) +

By using (A3) we then have

O gy r r_ * du
L(O) Tw(u) < L m(s)ds < L m(s)ds < L(o) m (9.180)

This inequality implies that there exists a constant b depending only on T, M, ¢k
and on the functions p and y such that

|y(t)| <b, foreachte [0,T]. (9.181)
Hence
lyllo < max (l[¢llp,b). (9.182)

This shows that &(N) is bounded. Set X := Q. As a consequence of Schaefer’s the-
orem we deduce that N has a fixed point which is an integral solution of problem
(9.157). U

9.6. Notes and remarks

The results of Section 9.2 are taken from [38] and concern nondensely defined ev-
olution equations with nonlocal conditions. These results are extended in Section
9.3, for nondensely defined impulsive differential inclusions, where the results
from Benchohra et al. [39] are presented. Sections 9.4 and 9.5 deal with non-
densely defined semilinear functional and neutral functional differential equations
and inclusions, respectively. The material of Section 9.4 is taken from Benchohra
et al. [42], and Section 9.5 contains results from Benchohra et al. [76].
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10.1. Introduction

In this chapter, we will be concerned with the existence of solutions for second-
order impulsive hyperbolic differential inclusions in a separable Banach space.
More precisely, we will consider impulsive hyperbolic differential inclusions of the
form

0%u(t, x)
Jtox

€ F(t,x,u(t,x)), ae (,x)EJaXTp t+ b, k=1,...,m
Au(ti,x) = I(u(te, x)), k=1,...,m, (10.1)
u(t)o) = V/(t)) t € Ja u(O,x) = ¢(X), X € Jp,

where J, = [0,al, J, = [0,b], F: J, X J, X E — P (E) is a multivalued map (£ (E)
is the family of all nonempty subsets of E), ¢ € C(Jo,E),0 =ty <t; < -+ - <ty <
tm1 = a, Iy € C(E,E) (k = 1,...,m), Auly—y = u(tf,y) —ulty,y), u(tf,y) =
limy )~ (0+,y) u(tx + h, x) is the right limit and u(t,, y) = limg,x - (o+,y) u(tc — b, x)
is left limit of u(¢,x) at (#,x), and E is a real separable Banach space with norm
[- 1

In the last few years impulsive differential and partial differential equations
have become the object of increasing investigation in some mathematical models
of real world phenomena, especially in biological or medical domain; see the mon-
ographs by Bainov and Simeonov [29], Lakshmikantham et al. [180], Samoilenko
and Perestyuk [217].

In the last three decades several papers have been devoted to the study of hy-
perbolic partial differential equations with local and nonlocal initial conditions;
see for instance [113, 115, 182] and the references cited therein. For similar results
with set-valued right-hand side, we refer to the papers by Byszewski and Papageor-
giou [116], Papageorgiou [208], and Benchohra and Ntouyas [33, 81, 83, 84].

Here we will present three existence results for problem (10.1) in the cases
when F has convex and nonconvex values. In the convex case, an existence result
will be given by means of the nonlinear alternative of Leray-Schauder type for
multivalued maps. In the nonconvex, case two results will be presented. The first
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one relies on a fixed point theorem due to Covitz and Nadler for contraction mul-
tivalued maps and the second one on the nonlinear alternative of Leray-Schauder
type for single-valued maps combined with a selection theorem due to Bressan
and Colombo [105] for lower semicontinuous multivalued operators with closed
and decomposable values. Our results extend to the multivalued case some ones
considered in the previous literature.

10.2. Preliminaries

We will briefly recall some basic definitions and facts from multivalued analysis
that we will use in the sequel.

C(Ja X Jp, E) is the Banach space of all continuous functions from J, X J, into
E with the norm

llullw = sup { |u(t,s)| : (t,s) € Jo X Jp}. (10.2)

A measurable function z : J; X J, — E is Bochner integrable if and only if |z|
is Lebesgue integrable. (For properties of the Bochner integral, see, e.g., Yosida
[230].)

L'(J, X Jp, E) denotes the Banach space of functions z : J, X J, — E which are
Bochner integrable normed by

a rb
Izl = L JO | 2(t,5) | dt ds. (10.3)

A multivalued map N : J, X J, X E — Pq(E) is said to be measurable, if for
every w € E, the function t — d(w,N(t,x,u)) = inf{|lw — vl : v € N(t,x,u)} is
measurable, where d is the metric induced from the Banach space E.

Definition 10.1. The multivalued map F : J, X J, Xx E — P (E) is said to be L!-
Carathéodory, if

(1) (t,x) — F(t,x,u) is measurable for each u € E;

(ii) u — F(t,x,u) is upper semicontinuous for almost all (t,x) € J, X Jp;

(iii) for each p > 0, there exists ¢, € L'(J, X Ji, Ry) such that

|[F(t,x,u)|| = sup {|v] : v € F(t,x,u)} < ¢,(t,x) (10.4)

for all |u| < p and for a.e. (t,x) € J, X Jp.

For each u € C(J, X Jy, E), define the set of selections of F by
Sk = {v € L' (Ja X J5, E) : v(t,s) € F(t,x,u(t,x)) a.e. (t,x) € J, X Jp}.  (10.5)

The following lemma can be reduced easily from the corresponding one in [186].
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Lemma 10.2 (see [186]). Let X be a Banach space. Let F : J, X Jy XX — Pep.ov(X) be
an L'-Carathéodory multivalued map with Sp # @, and letV be a linear continuous
mapping from L'(J, X Jp, X) to C(J X Jp, X). Then the operator

Yo Sp: C(]a X]b:X) - J)cp,c(c(]a X]b)X))’ u— (\P © SF)(”) = \IJ(SF,u)
(10.6)

is a closed graph operator in C(J, X Jp, X) X C(Ja X Jp, X).

10.3. Main results

In this section, we are concerned with the existence of solutions for problem (10.1)
when the right-hand side has convex as well as nonconvex values. First, we assume
that F: J, X J, X E — £(E) is a compact and convex valued multivalued map. In
order to define the solution of (10.1) we will consider the space

Q={u:J,xXJp — E:u € COTE), k=0,...,m,

10.7
Ju(ty, ), u(t, ), k=1,...,m, withu(t;,-) = u(tx,-)} (107)

which is a Banach space with the norm
llullo = max {||u|], k=0,...,m}, (10.8)

where w1 is the restriction of u to I'x := (tk, tx+1) X [0,b], k = 0,...,m.
Definition 10.3. A function u € Q n AC'(Tt,E), k = 1,...,m, is said to be a

solution of (10.1) if there exists v € L' (J, X J,, E) such that v(t, x) € F(t,x, u(t,x))
a.e.onJ,; X Jp, and

u(t,x) = z(t,x) + JZJX v(s,T)dsdrt + Z I (u(ty, x)), (10.9)
0Jo

O<tr<t
where z(t,x) = y(t) + ¢(x) — y(0).
Theorem 10.4. Assume that the following conditions are satisfied:
(10.4.1) F:Jo X Jp X E = Pypov(E) is an L' -Carathéodory multimap;
(10.4.2) there exist constants ci, dy such that
|Ik(u)| <c, foreachu€E, k=1,...,m; (10.10)
(10.4.3) there exist functions p,q € L'(J, X Jp, Ry) such that

[[F(t,x,w)|| < p(t,x) + q(t,x) |ul (10.11)

fora.e. (t,x) € Jo X Jp and each u € E;
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(10.4.4) for each bounded B < Q and t € ], the set

{z(t,x) + Jot J: v(s,T)dsdt + Z Ii(u(ty,x)), v € Spw@} (10.12)

O<ti<t

is relatively compact in E, where Sp g = U{Sg,, : y € 8}. Then prob-
lem (10.1) has at least one solution.

Proof. Transform the problem (10.1) into a fixed point problem. Consider the
multivalued operator N : Q — £ (Q) defined by

N(u) = {h € Q:h(t,x) = z(t,x) + J[ Jx v(s,7)dsdt
0Jo

(10.13)

+ > L(u(t,x)), ve Sp,u}.

O<tp<t

We will show that N satisfies the assumptions of Theorem 1.8. The proof will be
given in several steps.
Step 1. N(u) is convex for each u € Q.

Indeed, if h;, h; belong to N(u), then there exist vi,v, € Sg, such that for
each (t,x) € J, X J, we have

hi(t,x) = z(t,x) + Lt J: vi(s, 7)dsdt + Z L(u(te,x)), i=1,2. (10.14)

O<tr<t
Let 0 < d < 1. Then for each (t,x) € J, X J, we have

(dhy + (1 = d)hy) (t)

=z(t,x) + Lt J: [dvi(s,T) + (1 — d)va(s,T)]|dsdT + Z I (u(ty, x)).

O<tp<t

(10.15)
Since Sg,, is convex (because F has convex values), then
dhy + (1 —d)h, € N(u). (10.16)

Step 2. N maps bounded sets into bounded sets in Q.
Indeed, it is enough to show that there exists a positive constant € such that,
foreachu e B, = {ue Q: |lullq <r},onehas ||[N(u)|lq < ¢.
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Letu € B, and h € N(u). Then by (10.4.2)-(10.4.3) we have, for each (t,x) €
]a X ]b>

a b m
Ih(tx)| < |2(6%) | +L L | p(t0)] + a0 | lu(t)|ds+ S o

= (1017)

m
< lzllo + lIplie +rliqlle + > e := .
k=1

Step 3. N maps bounded sets into equicontinuous sets of Q.
Let (71, x1), (72, %2) € Ja X Jp, T1 < T2, X1 < X2, and B, be a bounded set of O
as in Step 2. Then

[h(12,%2) = h(T1,x1) | < |20(125%2) — zo(71,21) | + L J ¢q(t,s)dt ds

U sawdids [T gwsdrs Y e
0 Jx; 2 Jx

0<t<1—T1]

(10.18)

The right-hand side tends to zero as 7, — 71 — 0, x; — x; — 0.

As a consequence of Steps 1 to 3 and (10.4.4) together with the Arzeld-Ascoli
theorem we can conclude that N : Q — P(Q) is a completely continuous multival-
ued map.

Step 4. N has a closed graph.
Let u, — us, hy, € N(uy,), and h, — hy. We will prove that b, € N(uy).
h, € N(uy,) means that there exists v, € Sg,,, such that for each (¢, x) € J,xJp,

ha(t,x) = 2(t,%) +ﬂ JO v )ds+ S T(un (b x)). (10.19)

O<tp<t

We must prove that there exists vy € Sg,,, such that for each (t,x) € J, X Jp,

t rx
hy(t,x) = z(t,x) +‘[ j vy (s, x)ds + Z I (us (4, x)). (10.20)
0.Jo O<tr<t
Clearly since Iy, k = 1,...,m, and ¢ are continuous, we have that

H(hnzu,x) 5.t

O<tr<t

(10.21)
— 0,

- (h* —z(t,x) - > Ik(u*(tk,x)))

O<tp<t

00

asn — oo,
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Consider the linear continuous operator

VL' (Ju X Jy, E) — C(Ja X Ji, E),

t rx 10.22
Y W) (b %) = JO JO w(s, 7)ds dr. (10.22)

From Lemma 10.2, it follows that ¥ o Sg is a closed graph operator. Moreover, we
have that

ha(t,x) — z(t,x) — Z I (t (e, x)) € Y (SEu, ). (10.23)

O<tp<t

Since u, — Uy, it follows from Lemma 10.2 that

B (%) = z(r,x)+ﬂ L ve(s,0ds+ S Te(us (%)), (10.24)

0<tr<t

for some vy € Sg,, .
Step 5. A priori bounds on solutions.

Let u € Q be such that u € AN(u) for some A € (0,1). Then by (10.4.2)-
(10.4.3) for each (t,x) € J, X J, we have

lut,x)| < llzlle +J0 Jj[|p(s,1)| +1q(s,7) | |uls, )| 1dsdr + > ck

k=1

t rx m
< |1zl e +J'0 Jo lq(s,D)| |u(s, ) [dsdr + I plip + > ck.

k=1
(10.25)
Let
m
20 = llzllo + Ipllp + > k. (10.26)
k=1
Then, for (t,x) € J, X Jp,
t rx
u(t,x) <z + J J lq(s, 1) | |u(s,7)|dsdr. (10.27)
0Jo
Invoking Gronwall’s inequality (see, e.g., [160]), we get that
u(t,x) < zgeldl .= M. (10.28)

Then

lullo < M. (10.29)
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Set
U={ueQ:lullg<M+1}. (10.30)

From the choice of U there is no u € U such that u € AN(u) for some A € (0,1).
As a consequence of the nonlinear alternative of Leray-Schauder type [157] we
deduce that N has a fixed point u in U which is a solution of problem (10.1). [J
Theorem 10.5. Suppose that the following hypotheses are satisfied:

(10.5.1) F:JaX]Jp XE = Pep v (E); (t,x,u) — F(t,x,u) is measurable for each

u € E;
(10.5.2) there exist constants ¢} such that

L) — L(@) | < cf lu—1l, (10.31)

foreach k = 1,...,m, and for all u,u € E;
(10.5.3) there exists a function | € L'(J, X Jp, R") such that

Hy(E(t,x,u), F(t,x,u)) < I(t,s)|u—ul, (10.32)

fora.e. (t,x) € J, X J and all u,u € E, and

d(0,F(t,x,0)) < I(t,s) fora.e (t,x) € Jo X Jp. (10.33)
If
i+ > cf <1, (10.34)
k=1

then problem (10.1) has at least one solution.

Proof. Transform the problem (10.1) into a fixed point problem. Let the multi-
valued operator N : Q — P(Q) defined as in Theorem 10.4. We will show that N
satisfies the assumptions of Theorem 1.11. The proof will be given in two steps.
Step 1. N(u) € Py(Q) for each u € Q.

Indeed, let (uy),=0 € N(u) such that u,, — % in Q. Then there exists v, € Sg,
such that for each (¢,x) € J, X J,

(£, x) = z(t,x)+rr vas,D)dsdr+ S Tu(u(tix)). (10.35)
0Jo

O<tr<t

Using the fact that F has compact values, and from (10.5.3), we may pass to a
subsequence if necessary to get that v, converges to v in L'(J, X J,, E) and hence
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v € Sg,. Then, for each (t,x) € J, X Jp,

u,(t,x) — u(t,x) = z(t,x) + Jot J: v(s,7)dsdt + Z I(u(te, x)).  (10.36)

O<tp<t

So i € N(u).
Step 2. There exists y < 1 such that

Hi(N(u),N(@)) <ylu—1ullq foreachu,ue Q. (10.37)

Letu,u € Qand h € N(u). Then there exists v(-, -) € F(-, -, u(-, -)) such that, for
each (t,x) € Jo X I,

h(t,x) = z(t,x) + Jot Jox v(s,T)dsdrt + Z I (u(ty, x)). (10.38)

O<tr<t

From (10.5.3) it follows that
Hy(F(t,x,u(t,x)), F(t,x,u(t,x))) < I(t,x) | u(t,x) — u(t,x)]|. (10.39)
Hence there is w € F(t,x,u(t,x)) such that
[v(t,x) —w| < I(t,x)|ult,x) —u(t,x)|, (t,x) € Ja X Jp. (10.40)
Consider U : J, X J, — £ (E) given by
Ult,x) = {w € E: |v(t,x) — w| < I(t,x) | u(t,x) — u(t,x) | }. (10.41)

Since the multivalued operator V(t,x) = U(t,x) N F(t,x,u(t,x)) is measurable
(see [119, Proposition I11.4]), there exists a function ¥(¢, x), which is a measurable
selection for V. So, v(t,x) € F(t,x,u(t,x)) and

[v(t,x) —v(t,x)| < I(t,x)|u(t,x) —u(t,x)|, foreach (t,x) € J, X Jp.
(10.42)

Let us define, for each (t,x) € J, X Jp,

Bty x) = 2t x) + frv(s, Ddsdr+ S L(@(tex)). (10.43)
0Jo

O<tr<t
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Then we have
_ t rx
|h(t,x) — h(t,x)| < J J I(s,7) |u(s,7) — u(s, ) |dsdr
0Jo

+ S L (u(tex) - L(@(02) |
k=1

a rb
< | ] Hsnuts 0 — s 0| dsds (10.44)
0 Jo
+ z i |ut,x) — u(te,x) |
k=1
< (nznﬂ S c:) lu— @l
k=1

By an analogous relation, obtained by interchanging the roles of u and %, it follows
that

Ha(N(u),N(u)) < <|Il||Ll +> c;f) llu —1ullq. (10.45)
k=1

So, N is a contraction and thus, by Theorem 1.11, N has a fixed point u, which is
a solution to (10.1). 0

We present now a result for the problem (10.1) in the spirit of the nonlinear
alternative of Leray-Schauder type for single-valued maps combined with a selec-
tion theorem due to Bressan and Colombo.

Let 4 be a subset of ], X J, X E. A is £ ® B measurable if A belongs to the o-
algebra generated by all sets of the form N X D, where N is Lebesgue measurable in
Ja X Jp and D is Borel measurable in E. A subset { of L' (J, X J, E) is decomposable
if, forall u,v € £ and N C J, X J, measurable, the function uyy + vyjxj,-~ € 4,
where yj,xj, stands for the characteristic function of J, X Jp.

Let E be a Banach space, X a nonempty closed subset of E, and G: X — P (E)
a multivalued operator with nonempty closed values. G is lower semicontinuous
(Ls.c.), if the set {x € X : G(x) N B # @} is open for any open set B in E.

Definition 10.6. Let Y be a separable metric spaceandlet N : Y — P (L' (J,xJp, E))
be a multivalued operator. Say N has property (BC) if

(1) N is lower semicontinuous (l.s.c.);

(2) N has nonempty closed and decomposable values.

Let F : J, X J X E — P(E) be a multivalued map with nonempty compact
values. Assign to F the multivalued operator

F:Q— P(L'"(Ja X Jp,E)) (10.46)
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by letting

F(u)={we L' (J, %y, E) : w(t,x) € F(t,x,u(t,x)) fora.e. (t,x) € J, X J}.
(10.47)

The operator ¥ is called the Niemytzki operator associated to F.

Definition 10.7. Let F : J, X J, X E — $(E) be a multivalued function with
nonempty compact values. Say F is of lower semicontinuous type (Ls.c. type) if
its associated Niemytzki operator ¥ is lower semicontinuous and has nonempty
closed and decomposable values.

Next we state a selection theorem due to Bressan and Colombo.

Theorem 10.8 ([105]). Let Y be separable metric space and let N : Y — P (L'(]J, X
Jv, E)) be a multivalued operator which has property (BC). Then N has a continuous
selection, that is, there exists a continuous function (single-valued) g : Y — L'(J, X
Jv, E) such that g(u) € N(u) foreveryu € Y.

Theorem 10.9. Suppose that hypotheses (10.4.2)—(10.4.4) and the following hold:
(10.9.1) F : ], X Jp X E — P(E) is a nonempty compact valued multivalued
map such that
(a) (t,x,u) — F(t,x,u) is £ ® B measurable,
(b) u — F(t,x,u) is lower semicontinuous for a.e. (t,x) € Jo X Jp.
Then problem (10.1) has at least one solution.

Proof. Hypotheses (10.4.3) and (10.9.1) imply by Lemma 2.2 in Frigon [148] that
F is of lower semicontinuous type. Then from Theorem 10.8 there exists a contin-
uous function g : Q — L'(J, X Jp, E) such that g(u) € F (u) for all u € Q. Consider
the problem

2
o gt(atxx) =g(txu(t,x)), ae (t,x)€JaxXJo, t#t, k=1,...,m,

Au(ty, x) = I(u(te, x)), k=1,...,m,

u(t,0) =y(t), tej, u(0,x) = ¢(x), x € Jp.
(10.48)

Clearly, if u € Q is a solution of the problem (10.48), then u is a solution to
the problem (10.1). Transform the problem (10.48) into a fixed point problem.
Consider the operator N; : QO — () defined by

t rx
Ni(u)(t,x) = z(t,x) + L JO g(u(s,7))dsdr + Z I (u(tg, x)). (10.49)

O<tr<t
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We can easily show as in Theorem 10.4 that N is completely continuous and there
isno u € 90U such that u = AN;(u) for some A € (0, 1). We omit the details and
give only the proof that N, is continuous.

Let {u,} be a sequence such that u, — u in Q. Then

[ N7 (un(t,x)) — Ny (u(t,x)) | < J: J: |g(un(s, 7)) — g(u(s, 7)) |dsdr
+ >0 [ Ie(un(ti,x)) = I (u(ti, x)) |

0<tx<t

a b (10.50)
< J;) L |g(un(s,7)) — g(uls, 7)) |dsdr
+ Z [ Tk (un (B %)) — T (u(ti, %)) |
O<tx<t
Since the functions g and I, k = 1,..., m, are continuous, then
[IN1 () = Nu(@)]]y < [ (un(,%)) = g (-, %)) [ s
Z un tk,x) — I (u(te, x | — 0 asn — oo,
. (10.51)

As a consequence of the nonlinear alternative of Leray-Schauder type, we deduce
that N; has a fixed point » in U, which is a solution of the problem (10.48). Hence
u is a solution to the problem (10.1). ]

In the rest of this section, we will be concerned with the existence of solu-
tions for the second-order impulsive hyperbolic differential inclusion with vari-
able times,

82gt(at;cx) € F(t,x,u(t,x)), ae. (t,x) € JaxJp t # (u(t,x)), k=1,...,m,
(10.52)
u(ty,x) = L(u(t,x), t=n(utx)), k=1,...m, (10.53)
u(t,0) = y(t), tej, u(0,x) = ¢(x), x € Jp, (10.54)

where F : J, XJ, XxR" — P(R") is a multivalued map with compact values, J := J, X
Jo = [0,a] x [0,b], I € C'(R",R"), ¢ € C(Ja, R"), u(t*, y) = limg)—(or,y) u(t +
h,x) and u(t™, y) = limg,x - (o+,y) 4(t — h, x), and R" is Euclidean space with norm
- 1.

So let us start by defining what we mean by a solution of problem (10.52)—
(10.54).
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Definition 10.10. A function u € Q N ACHTH,R™M), k = 1,...,m, is said to be
a solution of (10.52)—(10.54) if there exist v € L'(J, X J,) such that v(t,x) €
F(t,x,u(t,x)) is satisfied a.e. on J, X Jp, 0%u(t, x)/0tdx = v(t,x) a.e. on J, X Jp, and
the conditions (10.53)-(10.54).
Theorem 10.11. Assume that the following hypotheses are satisfied:
(10.11.1) there exist constants cy such that |I(u)| < ¢k, k = 1,...,m, for each
u e R%
(10.11.2) there exist functions p,q € L'(J, X ], Ry) such that
[|F(t,x,u)|| < p(t,x) + q(t,x) ul (10.55)

fora.e. (t,x) € J, X Jp and each u € R";
(10.11.3) the functions 1 € C'(R",R) for k = 1,...,m. Moreover,

O<ti(x)< - <tp(x)<a, VxelRY, (10.56)

(10.11.4) forallu € C(J, X Jp,R") and all v € Sg.,

<T,;(x),£ v(s, x)ds> L1, V(tEx) € Jox o X R (10.57)

andk = 0,...,m, where (-, -) denotes the scalar product in R";
(10.11.5) forallx € R",

T (I(%)) < (%) < 71 (Ik (%)) for k=1,...,m. (10.58)
Then the IVP (10.52)—(10.54) has at least one solution.

Proof. The proof will be given in several steps.
Step 1. Consider the problem

?u(t, x)
= €F(bxultx), ae (tx) € Jox ] (10.59)

u(t,0) = y(t), tej, u(0,x) = ¢(x), x € J.

A solution to problem (10.59) is a fixed point of the operator N : C(J, X J, R") —
P (C(Ja X Jo, R™)) defined by

N(u) = {h € C(Ja X Jo, R™) : h(t,x) = zo(t, x) + Lt J: v(s,y)dsdy, v € Sp,u},
(10.60)

where zy(t,x) := y(t) + ¢(x) — ¥(0). The proof will be given in several claims.
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Claim 1. N(u) is convex for each u € Q.

Indeed, if Ay, h; belong to N(u), then there exist vi,v, € Sg, such that for
each (t,x) € J, X J, we have

t rx
hi(t,x) = zo(t, x) +J J vi(s, y)dsdy, i=1,2. (10.61)
0Jo

Let 0 < d < 1. Then for each (t,x) € J, X J, we have

(dhy + (1 = d)a) (6) = 20(t,x) + JO L [dv1(s,7) + (1 = d)wa(s, y)|ds dy.
(10.62)

Since Sg,, is convex (because F has convex values), then
dhy + (1 — d)h, € N(u). (10.63)

Claim 2. N maps bounded sets into bounded sets in C(J, X Jp, R").

Indeed, it is enough to show that there exists a positive constant € such that,
foreachu € B, = {u € C(Ja X Jo,R") : |lullw < q}, one has [N ()]l < €.
Let h € N(u), then there exist v € Sg, such that

t rx
h(t,x) :zo(t,x)-f—J I v(s, y)dsdy. (10.64)
0Jo

Since F is L'-Carathéodory we have for each (t,x) € J, X Js,

a b
|h(t,x)| < |zo(t,)] +L L | 9qt:2) [ ds (10.65)

< lzolles + [l@qll1 = €.

Claim 3. N maps bounded sets into equicontinuous sets of C(J; X J,, R").
Let (f1,x1), (F2,%2) € Ja X Jp, B < b2, X1 < X3, and B, be a bounded set of
C(J, X Jp, R™), with each as in Claim 2. Then

|h(fz,xz) - h(fl>xl)| = |Zo(fz,xz) _ZO(belH

bo(x bo(x (10.66)
N J J ¢q(t,$)dtds+J_J 0u(1,5)d1.
0 Jx o Jo

The right-hand side tends to zero as t, — #; — 0, x, — x; — 0.
As a consequence of Claims 2 to 3 with the Arzela-Ascoli theorem, we can
conclude that N : C(J; X Jp, R") — C(J, X Jp, R") is completely continuous.
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Claim 4. N has a closed graph.

Let u, — us, hy, € N(u,) and h,, — h,. We will prove that h, € N(u).
h, € N(u,) means that there exists v, € S, such that, for each t € J,

t rx
h,(t,x) = zo(t,x) + Jo Jo v (s, x)ds. (10.67)

We must prove that there exists vy € Sg,,,, such that, for each (¢,x) € J, X Jp,

t rx
he(t,) = 20(60) + | | vats,0ds. (10.68)
0Jo
Clearly since ¢ is continuous, we have that
H(h” - zo(t,x)) - (h* - zo(t,x))Hoo — 0, asn— oo, (10.69)

Consider the linear continuous operator

YL (]u X ]h>Rn) - C(]a X ]b)Rn)>

t rx (10.70)
y— ¥Y(v)(t,x) = JO JO v(s, T)ds dT.

From Lemma 1.28, it follows that ¥ o Sg is a closed graph operator. Moreover, we
have that

(ha(t,x) — z0(t,x)) € ¥(Spu,)- (10.71)

Since u, — Uy, it follows from Lemma 1.28 that

B (%) = 208, %) + J; JO va(s, y)dsdy, (10.72)

for some vy € Sgy, .
Claim 5. A priori bounds on solutions.

Let u € Q by a possible solution to (10.59). Then there exists v € Sg,, such
that, for each (¢t,x) € J, X Jp,

u(t, %) = z0(t,%) + ﬂ JO v(s, y)dsdy. (10.73)

This implies by (10.11.2)—(10.11.4) that for each (¢,x) € J, X J, we have

lut)| = Nl + [, [ 16601+ gt 0] |uts 1) dsd
0o (10.74)

t rx
< |lzol| +JO JO [q(s, )| |u(s,7)|dsdr + lIpllp.
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Invoking Gronwall’s inequality (see, e.g., [160]), we get that

lu(t,x)| < [llzoll + lpli ] exp (liglln) := M. (10.75)
Then
lullg < M. (10.76)
Set
Ui ={ueCllaxJo,R") : lulle < M+1}. (10.77)

N :U; — P(C(Ju X Jp, R™)) is completely continuous. From the choice of U; there
isno u € dUj such that u € AN (u) for some A € (0, 1). As a consequence of the
nonlinear alternative of Leray Schauder type, we deduce that N has a fixed point u
in Uy, which is a solution of (10.59). Denote this solution by u;.

Define the function

re1(tx) = (w1 (t,x)) —t fort = 0. (10.78)

Hypothesis (10.11.3) implies that

r%1(0,0) #0 fork=1,...,m. (10.79)
If
re1(6,x) #0 onJ, X Jp, fork=1,...,m, (10.80)
that is,
t # 1(ui(t,x)) onjJ, X Jp, fork=1,...,m, (10.81)

then u, is a solution of the problem (10.52)—(10.54).
It remains to consider the case when

r11(t,x) =0 for some (t,x) € J, X Jp. (10.82)
Now since
r1,1(0,0) # 0 (10.83)
and ry,) is continuous, there exist t; > 0 and x; > 0 such that

rl,l(tl,xl) =0, 7’1,1(1',.9() #0, V(t,x) S [0, tl) X [0,.X1]. (1084)
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Thus by (10.11.4) we have
rii(t,x) =0, ra(6x) #0, V(6x) €[0,6) X [0,x1] U (x1,b].  (10.85)

Suppose that there exists (£, %) € [0,) X [0,x1) U (x1, b] such that r,; (£, %) = 0.
The function ry 1 attains a maximum at some point (s,5) € [0,#] X Jp. Since

*u(t, x)
Jdtox

€ F(t,x,u(t,x)), ae. (,x) € Jo X Jp, (10.86)

then there exists v(-,+) € L'(J, X J;) with v(t,x) € F(t,x,u(t,x)), a.e. (t,x) €
J. X Jp such that

2
O ult, x) =v(t,x) ae. t€J, Xy
otox
(10.87)
ouy (t,x) du (£, x) exiist
ot 0x ’
Then
ori(s,3) Ay oui(s,s)
pram (u1(s,9)) 5 1=0. (10.88)
Since
t
Ot (£,%) = J v(s,x, u; (s, x))ds, (10.89)
ot 0
then
71 (11(s,3)) J v(1,5)dr —1=0. (10.90)
0
Therefore
<T{(u1(s,s‘)),J v(T,E)dT> =1, (10.91)
0
which contradicts (10.11.4). From (10.11.3) we have
re1(t,x) #0, Vte[0,t) Xy, k=1,...,m. (10.92)

Step 2. Consider now the following problem:

*u(t,x)
T € F(t,x,u(t,x)), ae.te€ [t,a]X]p, (10.93)

u(tf,x) = Li(u (f1,x)),  u(t,0) = y(1).
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Transform the problem (10.93) into a fixed point problem. Consider the op-
erator Ny : C([t1,a] X Jp, R") — C([t1,a] X Jp, R") defined by

Ni(u) = {h € C([ti,a] X Jp, R") : h(t,x) = I (u1 (t1,x))
(10.94)

t X
+y(t) —yw(h)+ L Jo v(s, y)dsdy, v € Sp,u}.

As in Step 1 we can show that N; is completely continuous, and each possible
solution of (10.93) is a priori bounded by a constant M,. Set

Us:={u € C([ti,a] X Jp, R") : [lullw < My + 1}. (10.95)

From the choice of U, there is no u € 90U, such that u = AN;(u) for some
A € (0,1). As a consequence of the nonlinear alternative of Leray Schauder type
[157] we deduce that N; has a fixed point u in U, which is a solution of (10.93).
Denote this solution by u,. Define

Tk,z(t,x) = Tk(”Z(t:x)) -t for (tax) € [tba] X]b- (1096)
If
rka(t,x) #0 on (t,a] X Jp, Vk=1,...,m, (10.97)
then
t if (t,x) € |0,t )
u(t.x) = u (t,x) i (t,x) € [0,t1) X Ty (10.98)
uZ(trx) lf(t:x) € [tlia] X]b)
is a solution of the problem (10.52)—(10.54).
It remains to consider the case when
ra(t,x) =0, forsome (t,x) € (t1,a] X Jp. (10.99)
By (10.11.5) we have
r(t,x1) = (w2 (tf,x1)) — 11
= (L(u(h,x1))) -t
(10.100)
> Tl(ul(tl,xl)) —h

=T11,1 (tl,xl) =0.
Since r;, is continuous and by (10.11.3), there exist £, > #; and x, > x; such that

2 (U2 (2, %2)) = 0,

10.101
rna(t,x) #0, YV (t,x) € (t1,t2) X Jp. ( )
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It is clear by (10.11.3) that
ri2(t,x) #0, V (4,x) € (t1,0) X Jo, k=2,...,m. (10.102)
Suppose now that there is (s,3) € (#1, ;] X [0,x2) U (x2, b] such that
r12(s,5) = 0. (10.103)
From (10.11.5) it follows that

rl,z(tf,xl) = Tl(uz(tr,xl)) — tl
71 (L (ui (t,x1))) =t
1w (f,x1)) — 1

= rl,l(tl,xl) =0.

(10.104)

IA

T

Thus the function 7, attains a nonnegative maximum at some point (s;,5;) €
(t1,a] X [0,x2) U (x2, b]. Since

%u, (1, x)

o € F(t,x, us(t,x)), (10.105)

then there exist v(t, x) € F(t,x,u,(t,x)) a.e. (t,x) € [t1,a] X J, such that

% =v(t,x), (t,x)€ [t1,a] X ] (10.106)
Then we have
ot x) = T{(uz(t,x))w -1=0. (10.107)
Therefore
(itus(sna)), | ssids) =1, (10.108)

which contradicts (10.11.4).
Step 3. We continue this process, and taking into account that u,, := y|(s,.a]xj, 1
a solution to the problem

?u(t, x)
e F(t,x,u(t,x)), ae.t€e (tyalx(0,b],
e ( (t,x)) (tm>a] x (0, 0] (10.109)

u(th,x) = Ly(um-1(t,,x)), u(t,0) = w(z).
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The solution u of the problem (10.52)—(10.54) is then defined by

u](t,x) ift e [07t1) X]lh

Mz(t,x) lft € [tl)tZ) X]h)
u(t,x) =1 . (10.110)

un(t,x) ift € [ty al X Jp. 0

10.4. Notes and remarks

Impulsive differential and partial differential equations with fixed moments have
become more important in recent years in theoretical developments as well as
in some mathematical models of real phenomena. The results of Section 10.2 are
taken from Benchohra et al. [41], and the results of Section 10.3 are from [43].






Impulsive dynamic equations
ontimescales

11.1. Introduction

In recent years dynamic equations on time scales have received much attention. We
refer to the books by Agarwal and O’Regan [7], Bohner and Peterson [101, 102],
and Lakshmikantham et al. [184], and the papers by Anderson [15, 18], Agarwal
et al. [2, 3, 5], Bohner and Guseinov [100], Bohner and Eloe [99], and Erbe and
Peterson [141, 142].

The time scales calculus has a tremendous potential for applications in some
mathematical models of real processes and phenomena studied in physics, chem-
ical technology, population dynamics, biotechnology and economics, neural net-
works, social sciences, as is pointed out in the monographs of Aulbach and Hilger
[24], Bohner and Peterson [101, 102], and Lakshmikantham et al. [184].

The existence of solutions of boundary value problem on a time scale was re-
cently studied by Agarwal and O’Regan [7], Anderson [16, 17], Henderson [166],
and Sun and Li [223]. In this chapter, dynamic equations on time scales are con-
sidered for both impulsive initial value problems and impulsive boundary value
problems. The results here are based on work from [72, 165].

11.2. Preliminaries

We will introduce some basic definitions and facts from the time scale calculus
that we will use in the sequel.

A time scale T is a nonempty closed subset of R. It follows that the jump
operators g,p : T — T defined by

o(t) =inf{s € T :s>t}, p(t) =sup{se T:s<t} (11.1)

(supplemented by inf @ := sup T and sup @ := inf T) are well defined. The point
t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = ¢, p(t) < t,
a(t) = t, a(t) > t, respectively. If T has a right-scattered minimum m, define
Ty := T — {m}; otherwise, set Ty = T. If T has a left-scattered maximum M,
define T* := T — {M}; otherwise, set T¥ = T. The notations [c, d], [¢c,d), and so
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on, will denote time scale intervals such as
le,d]={teT:c<t=<d}, (11.2)
where ¢,d € T with ¢ < p(d).

Definition 11.1. Let X be a Banach space. The function f : T — X is called rd-
continuous provided it is continuous at each right-dense point and has a left-sided
limit at each point; write f € Cq(T) = Ca(T, X).

For t € Tk, let the A derivative of f at t, denoted by f4(t), be the number
(provided it exists) such that for all ¢ > 0 there exists a neighboord U of ¢ such that

| f(a(t) = f(s) = fA)[a(t) = s]| <e|a(t) -] (11.3)

foralls € U.
A function F is called an antiderivative of f : T — X provided

FA(t) = f(t), foreachte T, (11.4)

C([a, b], R) is the Banach space of all continuous functions from [a, b] into R
where [a, b] C T with the norm

Iylle =sup {|y(t)] : t € [a,b]}. (11.5)

Remark 11.2. (i) If f is continuous, then f is rd-continuous.
(ii) If f is delta differentiable at ¢, then f is continuous at t.

A function p : T — R is called regressive if
L+u(t)p(t) #0, VteTy, (11.6)

where u(t) = o(t) — t, which is called the graininess function. The generalized
exponential function e, is defined as the unique solution y(t) = e,(t,a) of the
initial value problem y® = p(t)y, y(a) = 1, where p is a regressive function. An
explicit formula for e, (¢, a) is given by

Log(1 + hz)

¢ ifh#0,
ep(t,s) = exp { J &utr) (p(T))AT} with &,(z) = h '
s z ifh=0.
(11.7)

For more details, see [101]. Clearly, e, (t, s) never vanishes. We now give some fun-
damental properties of the exponential function. Let p,g : T — R be two regressive
functions. We define

P
1+up’

pe®q=ptqtupq, ep:= peq:=pa(eg). (11.8)
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Theorem 11.3 (see [101]). Assume that p,q : T — R are regressive functions. Then
the following hold:
(i) eo(t,s) = landey(t,t) = 1;
(if) ep(a(6),5) = (1-+u(D)p(D)ep(t,s);
(iil) 1/ep(t,s) = eep(t,s);
(iv) ep(t,s)(1/ep(s, 1)) = ecp(s,t);
(V) ep(t,s)ey(s, 1) = ep(t,1);
(vi) ep(t,5)eq(t,s) = epoq(t,s);
(vii) ey(t,s)/eq(t,s) = epoq(t,s).

11.3. First-order impulsive dynamic equations on time scales

This section is concerned with the existence of solutions of impulsive dynamic
equations on time scales. We consider the problem

YA = p)y°(t) = f(t,y(1), te]:=lab],

t+t, k=1,...,m, (11.9)
y(£) = L(y()), k=1,...,m, (11.10)
y(a) =n, (11.11)

where T is a time scale, [a,b] C T, f : TXR — Risa given function, Iy € C(R,R)
treT,a=1t <t <+ <ty <twar=>b,y(t) = limy_o+ y(tx + h) and
y(t) = limp_o+ y(tx — h) represent the right and left limits of y(t) at t = t; (with
y(tf) = y(tx) if tx is right-scattered, and y(#; ) = y(tx) if i is left-scattered), o is a
function that will be defined later, and y°(t) = y(o(¢)).

We will prove our existence result for problem (11.9)—(11.11) by using the
nonlinear alternative of Leray-Schauder type [157].

We will assume for the remainder of the paper that, for each k = 1,...,m,
the points of impulse f; are right-dense. In order to define the solution of (11.9)—
(11.11), we will consider the space

Q= {y :[a,b] — R:yr € C(Ji,R), k =0,...,m, and there exist

' (11.12)
y(65), y(8), k= 1,...,m, with y(5) = y(t) }
which is a Banach space with the norm
IIyIIQ=max{||yk||]k,k=0,...,m}, (11.13)

where yy is the restriction of y to Jx = (fx,tk+1] C [a,b], k = 1,...,m,and J =
[fo, t1]. So let us start by defining what we mean by a solution of problem (11.9)—
(11.11).
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Definition 11.4. A function y € Q N C'((#, tx+1), R), k = 0,...,m, is said to be a
solution of (11.9)—(11.11) if y satisfies the differential equation

yA(t) = p()y°(t) = f(t, y(t)) everywhereon]\{ty}, k=1,...,m, (11.14)

and for each k=1,...,m, the function y satisfies the equations y({) =TIk (y(t;)) =
Ix(y(t)), and y(a) = 7.

We need the following auxiliary result. Its proof is given in [101].

Theorem 11.5. Let p : T — R be rd-continuous and regressive. Suppose f : T — R
is rd-continuous, ty € T, and yy € R. Then y is the unique solution of the initial
value problem

YA - p(1)y°(t) = f(1),  y(to) = yo (11.15)

if and only if

Y1) = eap(t10) yo + L cop(ts) f(s)As. (11.16)

Theorem 11.6. Suppose that the following hypotheses are satisfied.
(11.6.1) The function f : [a,b] X R — R is continuous.
(11.6.2) There exist constants ci such that

[Ik(y)| <ck, foreachk=1,...,m, Vy eR. (11.17)

(11.6.3) There exist a continuous nondecreasing function y : [0, ) — (0, 00),
a function h € C([a,b],R.), and for each k = 0,..., m, nonnegative
numbers ri > 0 such that

If(t, Il < h(Oy(Iyl), foreach (t,y) € [a,b] X R,
” (11.18)

> 1,
sup,c, €op (b, tk) Ck + v (i) sup,e;, f,t:“ |ecp(t,s)h(s)| As

where¢o = Inl, Gk =, k=1,...,m.
Then the impulsive IVP (11.9)—(11.11) has at least one solution.

Proof. The proof will be given in several steps.
Step 4. Consider problem

YA = p(D)y (1) = f(t, (1), t€ (ah),

@) =1 (11.19)
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Transform problem into a fixed point problem. Consider the operator N :
C([a,t1],R) = C([a, t1],R) defined by

t
N(y)(t) = ecp(t,a)y + J eep(t,s) f (s, y(s))As. (11.20)
a
Remark 11.7. From Theorem 11.5, the fixed points of N are solutions to (11.19).

In order to apply the nonlinear alternative of Leray-Schauder type, we first
show that N is completely continuous.
Claim 1. N is continuous.

Let {y,} be a sequence such that y, — y in C([a,#],R). Then

3l

IN(ya) () =N()(1)| = J eop(t;9)| (s ya(s) = f(s,p(s)) [As. (11.21)

a

Then

31

IN(yn) = NODlw = 1 Cyn()) = FCyO)w S[up] . eop(t,s)As.
" (11.22)

Then
IN(ya) =N(le — 0 asn — oo. (11.23)

Claim 2. N maps bounded sets into bounded sets in C([a, ], R).

Indeed, it is enough to show that there exists a positive constant € such that,
for each y € B; = {y € C([a,t1],R) : |lylle < q}, one has IN(y)llc < €. Let
y € By. Then, for each t € [a,1,], we have

(Ny)(t) = esp(t,a)yy + L eop(t,s) f (s, y(s))As. (11.24)

By (H3), we have, for each t € [a, 1],

t

|(Ny)(t)| < sup esp(t,s)lnl +y(q) sup h(t) sup eop(t,s)As := L.
tela,t ] tela,t] telat ] /a
(11.25)

Claim 3. N maps bounded sets into equicontinuous sets of C([a, t;],R).
Let u1, uy € [a,t1], u1 < uy, and let B, be a bounded set of C([a, ], R) as in
Claim 2. Let y € B,. Then

|(Ny)(u2) = (Ny) (1) | < |eep(uz,a) — esp(ur,a) | I +w(q)
x sup h(s) |eop (u1,5) — eep(u2,5) | As.
tela,t] uy

(11.26)



316 Impulsive dynamic equations on time scales
The right-hand side tends to zero as u, —u; — 0. As a consequence of Claims 1 to 3,
together with the Arzela-Ascoli theorem, we can conclude that N : C([a,#],R) —

C([a, 1], R) is completely continuous.
Let y be such that y = ANy, for some A € (0, 1). Thus

y(t) = Aeep(t,a)y + A L eap(t,s)f (s, y(s))As. (11.27)

This implies by (11.6.3) that, for each t € [a, t;], we have

t
|y(0)] < sup esp(t,a)l] +J eap(t, M)y (| y(s)|)ds

tela,t] a

. (11.28)
< sup esp(t,a)lnl +y(lylle) sup | |ecp(t,s)h(s)|As.
telat telat] v a
Consequently,
Iyl . <1 (11.29)
SUPicrar €op (BN + Y (I1yll) SUPycian fa 1 €0p(t,$)h(s) | As
Then, by (11.6.3), there exists ro such that || yll« # 7o.
Set
U ={yeC(lanl,R): Iyllo <ro}. (11.30)

The operator N : U; — C([a, t;],R) is completely continuous. From the choice of
U, thereisno y € 90U, such that y € AN(y), for some A € (0, 1). As a consequence
of the nonlinear alternative of Leray-Schauder type [157], we deduce that N has a
fixed point y; in U; which is a solution of problem (11.19).

Step 2. Consider now problem

YA = p)y° () = f(6y(D), teE (h,t),

y(t7) =L(n(h)). (11.31)

Transform problem (11.31) into a fixed point problem. Let the operator Ny :
C([t1, 2], R) = C([t1,12],R) be defined by

Ni(p)(t) = ecp(t, 1) [ (y1 (1)) + L eop(t,s) f (s, y(s))As. (11.32)

Let y be such that y = AN, y, for some A € (0,1). Then

y(t) = Aeop (t, 1) 11 (1 (1)) +/\L eep(ts) f (5, y(s))As. (11.33)
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This implies by (H3) that, for each t € [t;, t,], we have

ly()] < sup eep(t,r) [Ii(yi()) | + L eep(t,)h(s)y (| y(s)|)ds

te(t,tr]

, (11.34)
2
< sup egp(titi)er +y(llylle) sup [ecp(t,s)h(s)|As.
tetib] telt,n] Jh
Hence
Iyl . <1 (1135)
supyery, o) €op (1) et + Wl ylle) supicr, o) Jir lecp(t,$)h(s) | As
By (11.6.3), there exists r; such that ||y« # 1.
Set
U= {y e C([t, L], R) : lyllew < 11} (11.36)

As in Step 4, we can show that the operator N; : U, — C([t, 2], R) is completely
continuous. From the choice of U, there is no y € U, such that y € AN, (y), for
some A € (0,1). As a consequence of the nonlinear alternative of Leray-Schauder
type, we deduce that N; has a fixed point y, in U, which is a solution of problem
(11.19).

Step 3. Continue this process and construct solutions yx € C(Ji,R), k = 2,...,
m, to

YA = p()y°(t) = f(ty(1), tE (titkn),

y(6) = L(y(5)). (11.37)

Then

BAGE telat],

y2(1), te (t,t],

y(t) =1: (11.38)
)/m—l(t)r te (tm—btm]:

ym(t),  te (tw,b],

is a solution of (11.9)—(11.11). ]
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11.4. Impulsive functional dynamic equations on time scales
with infinite delay

This section is concerned with the existence of solutions of impulsive functional
dynamic equations on time scales with infinite delay. First, we consider the impul-
sive problem

Y2t) = f(ty), te]:=[0b], t#t, k=1,...,m,
y(6) = () = L(y(t)), k=1,...,m, (11.39)
)/():(/)EO‘B,

where T is a time scale which has at least finitely many right-dense points, [0, b] C
(=co,b] C T, f: T x B — Risa given function, Iy € C(R,R), tx € T, 0 <
f1 < -+ - <ty <ty = b, ¢ € B, and B is called the phase space that will be
defined later. y(#}) and y(t;) represent right and left limits with respect to the
time scale, and in addition, if f is right-scattered, then y(t{) = y(f), whereas, if
ty. is left-scattered, then y(t, ) = y(t),

Next we consider first-order impulsive neutral functional dynamic equations
on time scales of the form

[y(t) —g(ty)]* = Fltye), t€[0,b], t# b, k=1,...,m, (11.40)

() —y(t) = L(y(t)), k=1....m, (11.41)
yo=¢ € B, (11.42)

where f, ¢, Iy are as in problem (11.39) and g : J X 8 — R.

The notion of the phase space B plays an important role in the study of both
qualitative and quantitative theories. A usual choice is a seminormed space sat-
isfying suitable axioms, which was introduced by Hale and Kato [161] (see also
Kappel and Schappacher [172]). For a detailed discussion on this topic we refer
the reader to the book by Hino et al. [169]. In the case where the impulses are
absent (i.e., It = 0, k = 1,...,m) an extensive theory is developed for problem
(11.39). We refer to the monographs of Hale and Lunel [162], Hino et al. [169],
and Lakshmikantham et al. [185], and the paper of Corduneanu and Lakshmikan-
tham [122].

In order to define the phase space and the solution of (11.39) we will consider
the space

By = {yi(—w,b] — R" | 3ty <ty < -+ - <ty < b such that
y(te), y(£) exist, with y(tx) = y(t), 0 < k <m, (11.43)
y(t) = ¢(0),t < 0, yx € CULR" |,
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where yy is the restriction of y to Jx = (tx, tkr1], kK = 0,...,m. Let || - ||, be the
seminorm in B defined by

Iylle = |lyollg +sup {|y(s)| : 0<s<b}, ye B (11.44)

We will assume that B satisfies the following axioms.
(A) Ify:(—00,b] = R,b>0issuchthat y |[o € Bp and yo € B, then, for
every t in [0, b) the following conditions hold:
(i) ysisin B,
(i) llyllg < K(t)sup{ly(s)|:0 <s <t} +M(t)llyollg, where H = 0is
a constant, K : [0, ) — [0, o) is continuous, M : [0, ) — [0, o)
is locally bounded, and H, K, M are independent of y(-).
(A-1) For the function y(-) in (A), y; is a B-valued continuous function on
[0,D).
(A-2) The space B is complete.

Definition 11.8. A function y € By, is said to be a solution of (11.39) if y satisfies
the dynamic equation

y2(t) = f(t,y;) everywhereon J\{t}, k=1,...,m, (11.45)

and for each k = 1,...,m, the function y satisfies the equations y(t{) — y(t;) =
I(y(tk)),and yo = ¢ € B.

Theorem 11.9. Suppose that the following hypotheses are satisfied.
(11.9.1) The function f : [0,b] X B — R is continuous.
(11.9.2) There exist constants cx such that

[k(»)| <ck, foreachk=1,...,m, VyeR. (11.46)

(11.9.3) There exist a continuous nondecreasing function y : [0, ) — (0, c),
a function p € L([0,b],Ry), and a constant M > 0 such that

| f(tw | < p()y(lulg), foreach (t,u) € [0,b] X B,
M . (11.47)
Kol [y p()y(M)As + S0 k] + Ky | 9(0)| + My 19l g

where K, = sup{K(t) : t € [0,b]} and M, = sup{M(¢) : t € [0, b]}.
Then the impulsive IVP (11.39) has at least one solution.

Proof. Transform problem (11.39) into a fixed point problem. We consider the
operator N : B, — B, defined by

¢(1) ift € (—00,0],

60+ [ Flo st T Riyw)) ifte (0,0]

O<ti<t

(Ny)(t) = (11.48)
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Clearly the fixed points of N are solutions to (11.39). So we will prove that N has
a fixed point.
Let x(+) : (—oo0,b) — R be the function defined by

0 - 1¢(0) ift € [0,b], (11.49)

$(t) ift € (—00,0].

Then xy = ¢. For each z € C([0, b], E) with zy = 0, we denote by Z the function
defined by

ift € [0,b],
z(t):{z(t) ;fii—oo] 0] (11.50)
If y(-) satisfies
Y =90+ | flsydast 3 R((5), (1151

O<trp<t

we can decompose it as y(t) = z(t) + x(t), 0 < t < b, which implies y; = Z; + x;,
for every 0 < t < b, and the function z(-) satisfies

z(t) = Ltf(s,zs-i-xs)ASwL > Ik(z(ty) +x(t)). (11.52)
0<tx<t
Set
BY) =1{z€ Bp:2z =0}. (11.53)

For any z € B}, we have
Izl g0 = |20l g +sup {lz(s)| : 0 <'s < b} =sup {lz(s)| : 0 <s < b}.  (11.54)

Thus (é’BSH . ||$§) is a Banach space. Let the operator P : :Bg — 32 be defined by

0, t<0,

(Pz)(t) = (11.55)

J(:f(s,25+x5)As+ S L(x(t) +2(5)), t < [0,b]

O<tr<t

Obviously that the operator N has a fixed point is equivalent to that P has one, so
we turn to prove that P has a fixed point. We will use the Leray-Schauder alterna-
tive to prove that P has fixed point.
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Step 1. P is continuous.
Let {z,} be a sequence such that z, — zin {B‘b) . Then

b
|P(Zn)(t) _P(Z)(t)| = L |f(5’2n5 + Xs) _f(5’25+x5) |A5

b3 1 en(t) + x(0)) — Ie(2(t) + x(8)) .
k=1

(11.56)
Hence
1P(zn) = P(2)ll gy < [If (-,2n () +x(-)) = F(-2(-) +x()) ]
ﬁ | I (2 (1) +x(t)) — Ie(z(t) +x(&)) | (11.57)
Thus
|IP(24) = P(2)[| g9 — 0 asn — oo. (11.58)

Step 2. P sends bounded sets into bounded sets.

We will show that for any g > 0 there exists a positive constant £ such that, for
eachze B, = {z € JBb llzll 8, < q}, one has [[P|| g, < £. For every x € By, we
have

llx: + 22l g < [l g + 12|

< K(t)sup {|x(s)| : 0 <s < t} + M(t)||xo|| g

(11.59)
+K(t)sup{|2(s)] : 0 <s <t} + M(1)]|20]|
< Kyq +Kp|¢(0)| + Myll§ll 5 := q*.
By (11.9.1)—(11.9.3), for each t € ], we have that
|(P2)(1)| < J Py (||xs + 2| g)As + Z Ck
= (11.60)

) [ past
* p(As+ > ck.
0 k=1 ‘

Then we have

IPlls, < v(q J p(s)As+ Z k=12 (11.61)
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Step 3. P sends bounded sets into equicontinuous sets.
Let 11,72 € J, 0 < 71 < 2. Then we have

|(Pz)(12) — (P2)(11) | < w(r*) LTZ p(s)As+ Z Ck. (11.62)

T <K<T)

The right-hand side tends to zero as 7, — ;.

As a consequence of Steps 2-3 together with the Arzeld-Ascoli theorem, it suf-
fices to show that P maps B, into precompact sets.
Step 4. A priori bounds on solutions.

Let z be a solution of the integral equation

2() = J(:f(s,25+xs)As+ ST L(x() +2(8)). (11.63)

O<tr<t

By (11.9.2), we have that

t
l2(t)| < Lp(s)w(llxﬁzsllﬁ)AH > ke (11.64)

O<tr<t
But

llx: + 22l g < [l g + 12|

< K(f)sup {|x(s)] : 0 < s <t} + M(2)||x0|| g

(11.65)
+K()sup {|z(s)] : 0 <s <t} + M(1)]|20]|
<Kpsup {|z(s)| : 0 <s <t} +Ky|p(0)| + Mpllpll 5.

If we name w(t) the right-hand side of the above inequality, we have that

||xt+2t||£ < W(t), (1166)
and therefore (11.64) becomes
t

2(8)| < JO POV As+ S ¢ (11.67)

O<tr<t

Using (11.67) in the definition of w, we have that

w(t) st[Jop(s)t//(w(s))As+ s ck] +Kp|9(0)] + Mylipllg.  (11.68)

O<tr<t



Impulsive dynamic equations with infinite delay 323

Consequently,

: 1wl <1.  (11.69)
KoL Iy py(Iwlle) As+ Socy o] + Ko [9(0) | + Myl lls

Then by (11.9.3), there exists M such that ||w|l« # M.
Set

U=1{zeB:lzllg <M+1}. (11.70)

The operator P : U — Bj is completely continuous. From the choice of U, there
is no z € dU such that z = AP(z), for some A € (0,1). As a consequence of the
nonlinear alternative of Leray-Schauder type [157], we deduce that P has a fixed
point z in U. Then problem (11.39) has at least one solution. ]

We consider now neutral functional differential equations.

Definition 11.10. A function y € B, is said to be a solution of (11.40)—(11.42) if
y satisfies the dynamic equation

[y(t) —g(t,yt)]A = f(t,y) everywhereon/\{t}, k=1,...,m, (11.71)

and for each k = 1,...,m, the function y satisfies the equations y(¢{) — y(t;) =
Ik(y(tx)), and yo = ¢ € B.

Theorem 11.11. Let f : ] X B — R be a continuous function. Assume (11.9.2) and
the following conditions are satisfied.

(11.11.1) The function g is continuous and completely continuous, and for any
bounded set Q = C((—o0,b],R), the set {t — g(t,x;) : x € Q} is
equicontinuous in C([0,b],R"), and there exist constants 0 < ¢; < 1,
¢y = 0 such that

lgt,u)| <cillullg+c, t€[0,b], uc€ B. (11.72)

(11.11.2) There exist a continuous nondecreasing function y : [0, c0) — (0, )
and p € L'(J,Ry) such that

[ f(t,x)| < p(O)y(llullg), forae t e [0,b] and eachu € B, (11.73)

and there exists My > 0 such that

M
(1/(1 = 1K) [ Ko | g (0, $(0)) | + 2Ky + o+ Koy (M) [y p(s)As]

> 1,
(11.74)

where a = Ky |¢(0)| + My ¢l 5.
Then the IVP (11.40)—(11.42) has at least one solution.
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Proof. In analogy to Theorem 11.9, we consider the operator P* : B — B de-
fined by

0, t=<0,
(P*z)(t) = t
£(0,900) gtz +x) + | fsz+x)0s 1€ [0,b]
0
(11.75)
As in Theorem 11.9 we can prove that the operator P* is completely continuous.

In order to use the Leray-Schauder alternative, we will obtain a priori estimates for
the solutions of the integral equation

z(t) = /\[g(O,gb(O)) —g(6Zi+x) + Jo (s, +xS)As], (11.76)

where zy = A, for some A € (0,1). Then

20| < 19(0,600) | + |tz + )| + || pOw(lz+xll)ds

t (11.77)
< 150.60) | +alla +xlly oo+ [ pE(IE + l,)ds
If we put & = K [¢(0)| + Myl ¢ll5, then
|2+ x¢||5 < Ko sup |2(s)| +a:= w(t),
se[0,t
(0 (11.78)

lz(t)| < [g(0,¢(0)) | +ciw(t) + 2 + L p(s)y(w(s))As.
But
w(t) < Kp|g(0,4(0)) | + c1Kpw(t) + 2Kp + Kpp L Py (w(s))As+a, (11.79)

or

b
w(t) < _ [Kh |g(0,4(0)) | + 2Kp +  + Ky Jo p(s)w(w(s))As],

1- C]Kb
(11.80)
fort € [0,b]. Hence
Iwlle .
(1/(1 = c1Kp)) [Ko | 2(0,8) | + 2Ky + o+ K [ p(s)y (1wl o) As] .
11.81

Then, by (11.11.2), there exists My such that [|w|le # M.
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Set
Us = {z€ By : llzll gy < My +1}. (11.82)

The operator P* : U, — Bj is completely continuous. From the choice of Uy,
there is no z € dU, such that z = AP*(z), for some A € (0, 1). As a consequence
of the nonlinear alternative of Leray-Schauder type, we deduce that P* has a fixed
point z in U,. Then problem (11.40)—(11.42) has at least one solution. O

11.5. Second-order impulsive dynamic equations on time scales

This section is concerned with the existence of solutions for initial value problems
for second-order impulsive dynamic equations on time scales. We consider the
problem

YAt = f(ty(t), te]:=[0,b], t#t, k=1,...,m, (11.83)
y(tf) = y(te) = L(y(t)), k=1,...,m, (11.84)
YA =y () = L(y()), k=1,...,m, (11.85)

y(0) =y, ¥(0) =y, (11.86)

where T is time scale, [0,b] C T, f : TXR — Risa given function, I, I € C(R,R)
Yooy1 ER Mt € T,0 =ty <t < -+ <ty <ty = b, (&) = limp_.or y(tx + h)
and y(t,) = limp_o+ y(tx — h) represent the right and left limits of y(t) at ¢t = t.

Definition 11.12. A function y € Q n U~y C*((t tk+1), R) is said to be a solution
of (11.83)—(11.86) if it satisfies the dynamic equation

y28(t) = f(t,y(t)) everywhereon J\{tx}, k =1,...,m, (11.87)

and for each k = 1,...,m the function y satisfies the conditions y({) — y(tx) =

I(y(t), y2(t5) = y*(t) = Ik(y(t;)) and the initial conditions y(0) = yp, and
A

y2(0) = y1.

We need the following auxiliary result.

Lemma 11.13. Let yy, 1 € Randlet f : T — R be rd-continuous and regressive.
Then y is the unique solution of the initial value problem

YA = f(1),
y(t) —y(te) = L(y(t)), k=1....,m,
yAE) = A (k) = L(y(t)), k=1,...,m,
y(0) =y, ¥(0) =y,

(11.88)
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if and only if

Y1) = yo + ty1 + Jo(t — 9 f()As - L () f(5)As

) (11.89)
+ 2 [Ty (8) + (¢ = t) (v (8)) .
O<tr<t
Proof. Let y be a solution of problem (11.88). Then
y28(t) = f(t), forte[0,6] CT. (11.90)

An integration from 0 to t (here t € (0,#,]) of both sides of the above equality
yields

JtyAA(s)As = th(s)As, yA(t) — y2(0) = th(s)As. (11.91)
0 0 0
Thus, for t € [0, t;], we have

PO =+ | Feas (11.92)

We integrate both sides of the above equality to get

t rs
y(t) = y(0) =ty + JO L f(u)AuAs

t . (11.93)
=ty + Jo(t — ) f(s)As — L p(s) f(s)As.
Then, for t € [0, t;], we have
t t
y(t) = yo+ty + J (t—s)f(s)As — J p(s) f(s)As. (11.94)
0 0
If t € (t1, t;], then we have
t t
J yAA(s)As = J f(s)As,
0 0
f t t
J yAA(s)As+J Y28 (s)As = J f(s)As,
0 g 0 (11.95)

YA (1) — y2(0)+ yA(0) — YA () = j F()As,

t
PO = hiy() =3 = | 605
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An integration from f; to t of both sides of the above equality yields

L [y2(s) = L (y(t1)) — y1]As = th Lsf(u)AuAs,

90 = y(60) (6= ) () = (¢t = || [ flamuns
y(t) = y(t]) = (t =)L (y(tr)) = (= t1)y

= J tf(s)As — J 1 fif(s)As — J o(s) f(s)As.
0 0 f

(11.96)

Thus, for t € (t,t;], we have

y() = y(e) + (t = t) i (y(tr)) + (t = 1) ;
" Lt LF(s)As — Lt b f(s)As — f u(s) f()As — Lt sf(s)As
=y(t) +Li(y(t)) + (t—t)L(y(0)) + (t—t)y

T JO tf(s)As — Ll tf()As - L sf(s)As - L HOFDAs (11.97)

t

=y +hy + J (t; —s) f(s)As — Ll u(s) f(s)As

0

+ Lt tf(s)As — J? tif(s)As — Li sf(s)As — Li p(s) f(s)As

+h(y(t)) + (t—t) L (y(t)) + (t =) y1.

Hence, for t € [t1, t2], we have

y(t)=yo+ty + L(t —5)f(s)As — Jo u(s) f($)As+ 1 (y(t)) + (t— )L (y(t)).
(11.98)

Continue to obtain, for ¢t € [0, b], that

y(t) =yo+ty + Jot(t —s)f(s)As — L:y(s)f(s)As
+ > [L(y(t) + (t = t) I (y () ]

O<tp<t

(11.99)
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Conversely, we prove that if y satisfies the integral equation (11.89), then y is so-
lution of problem (11.86). Firstly y(0) = yo. Let t € [0, b]\{t1,...,t,} and

y(t) = yo+ 1ty + Jot(t —s)f(s)As— Lty(s)f(s)As
+ > [Le(y(t) + (t = ) I (y ()]

O<tr<t

(11.100)

Then

YA(E) = [yo iy +J (t = ) f(s)As - J u(s) F()As
0 0

+ 3 () + (- 10Ty (a)]

O<tr<t
A A

=wawf+[ﬂu—ﬂﬂﬂm] [L%@U@Mq

+[ 2. [Ik(y(tk))+(t—tk)fk(y(tk))]]

O<tx<t

=y1+Lf(s)As+a(t)f(t)—tf(t)—y(t)f(t)+ > L(y(te))

O<tp<t

=+ Jotf(s)As+ z I (y(t)).

O<tr<t
(11.101)
Thus
, A
yAA(t) = |:y1 +J f(s)As + Z I_k(y(tk))] = f(1). (11.102)
0 0<tx<t
Clearly, we have y*(0) = y; and
YA = yA (k) = k(y(t)), fork=1,...,m. (11.103)
From the definition of y we can prove that
y(tf) = y(ty) = L(y(t)), fork=1,...,m. (11.104)

In the proof of our main theorem, we use the following time scale version of the
well-known Gronwall inequality. O
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Lemma 11.14 (see [4]). Let y, f : T — R be rd-continuous and p € R* regressive.
Then

Y < f(5) + Jty(s)p(s)As, VieT (11.105)

implies
y(t) < f(t)+ Jtep(t,o(s))f(s)p(s)As, VteT, (11.106)

where R is the set of all rd-continuous functions and p satisfies 1 + u(t) p(t) > 0.
Theorem 11.15. Suppose that the following hypotheses are satisfied.

(11.15.1) The function f : [0,b] X R — R is continuous.
(11.15.2) There exist constants cx, ¢x such that

k()| < ck I[L(»)| <&, (11.107)

foreachk = 1,...,m, and forall y € R.
(11.15.3) There exist continuous p,q € C([0, b], Ry) such that

[ f(t,y)| < p®Iyl+4(t), foreach(t,y) € [0,b] xR. (11.108)

Then, if |o(b)| < o, the impulsive IVP (11.83)—(11.85) has at least one solution.

Proof. Transform problem (11.83)—(11.85) into a fixed point problem. Consider
the operator G : Q) — Q) defined by

(Gy)(t) = yo +ty1 + Lt(t —5)f (s, y(s))As — Joty(S)f(s,y(S))As
+ > [L(y(t) + (£ = te) I (y ()]

O<tr<t

(11.109)

We will show that G satisfies the assumptions of Schaefer’s fixed point theo-
rem. The proof will be given in several steps. We show first that G is continuous
and completely continuous.
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Step 1. G is continuous.
Let {y,} be a sequence such that y, — y in Q. Then

|G(ya) (1) = G(y)(2) |

b
< (b+|a(b)|) J | f (s, yn(s)) = f(s,p(5)) [ As
+ 20 [T (ya(8) = Le(y () | + (b = 1) [T (ya () = Te(y () |1,

O<tr<t

(11.110)

Since f, I, Ix are continuous functions, then we have

|G (yn —G()’)Hn
b+ [a®) DI Coyn() = FE )]
+ >0 [ () = Ie(y(8)) | + 0| T (ya(te)) = Ie(y (1)) | 1.

O<tp<t

(11.111)
Thus
[|G(yn) = G(y)||q — 0 asn — oo. (11.112)

Step 2. G maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant € such that,
foreach y By =1{yeQ:llylla <q},onehas |Gyllq < ¢£.

By (H2), (H3), we have

Yo+ 1ty + Lt(t —$)f (s, y(s))As — Jot‘u(s)f(s,y(s))As
3 ) + (= 1 ((0)]]

O<tr<t

[(Gy)(1)] =

b t
= [0l +b13] +j bIf (s, y(9) [ s+ | (o) (s, y(6)) | s

i ()] + (b — 1) [y () ]

b
< (b+]a(b)])q jo Pt b+ [a®)]) | atoas

+yol +b|yi| + > [ex+ (b—te)é].
o (11.113)
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Thus

IGylla < q(b+ |a(b)]) sup p(t) +b(b+ |a(b)|) sup q(¢)
te[0,b] te[0,b]

m (11.114)
+yol +b|p ]+ D e+ (b - t)&] := L.
k=0

Step 3. G maps bounded sets into equicontinuous sets of Q.
Let r1,m € J, 11 < 13, and By be a bounded set of ) as in Step 2. Let y € B,.
Then

1(69)(r2) = (9)() | = [z =[]+ [ (2 =) £ s [

F[Crlr e lass [ 161176 y)as

n

+ Z [Ck-l-(f'z—rl)fk].

0<tx<r,—r1]

<[ly1] + (rg+rq) sup p(t)
te[0,b]

+ (ri+1r) sup gt)]|ra—n1|
te[0,6]

+[lo(b)]q sup. pt)+|a(b)] sup anlln—n

te[0,b te[0,b

+ Z [ck + (r2 — 11)ék].

0<tx<ry—rn]

(11.115)

The right-hand side tends to zero as r, — r; — 0. As a consequence of Steps 1 to
3 together with the Arzela-Ascoli theorem, we can conclude that G : Q — Q is
continuous and completely continuous.

Step 4. Now it remains to show that the set

E€(G):={yeQ:y=AG(y), forsome0 <A< 1} (11.116)

is bounded. Let y € &(G). Then there exists 0 < A < 1 such that y = AG(y), and
$0

(GY)(1) = o+ tyr + jo(t 9 (5, y(s))As - jo W(s) f (5, y()) As
(11.117)
+ > [Le(y(t) + (t— ) Ik (y ()]

O<tr<t
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By (H2), (H3), we have

Ly | = |yo+ 1ty + Jl)(t —5)f (s, y(s))As — L w(s) f (s, y(s))As

3 I m)) + (- 1R ((0)]

O<tr<t

< bJ [p(9) | 9(s)| +(s)]As
0

+ [ 10®11p0)]y6)] +a(s)]as

” (11.118)
+ yol +01yi + 2 e+ bir]

k=0

<(b+ o)) sup p(t) |y(s)|As

te[0,b

+b(b+ |a(b)|) sup 4(t)
te[0,b]

+yo| +blyi] + > [+ bé].
k=0

Put pg = (b + |o(b)|)sup,cgp) p(£)- Then py € R'. Let ey, (t,0) be the unique
solution of problem

YA = po(t)y(t),  y(0) = 1. (11.119)

Then, from the Gronwall’s inequality, we have

ly(1)| < (Iyol +b|y | +b(b+ |a(b)]) ng]é(t)
te(0,

te[0,b]

i ck+bck) (b+ |a(b)]) sup p(t) epo(t,a(s))As

m

+ [yl +blyi| +b(b+[a(b)]) sup q(1) + 3 [ek + bé].
te[0,b] =0
(11.120)
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Thus

Iyl < <|)/0| +blyi| +b(b+ o)) sup 40
te[0,b]

m b
+> [ck+bc’k])(b+ |a(b)]) sup p(t) sup] . ep, (1,0(s))As
k=0

te[0,b] te(0,b
+ 1yl +b|yi| +b(b+|a(b)|) sup q(t) + Z [cx + béx].
te[0,b] k=0

(11.121)

This shows that &(G) is bounded.
Set X := Q. As a consequence of Schaefer’s theorem, we deduce that G has a
fixed point y which is a solution to problem (11.83)—(11.85). ]

Remark 11.16. A slight modification of the proof (i.e., in Step 4 use the usual
Leray-Schauder alternative) guarantees that (11.15.3) could be replaced by
(11.15.3)* there exists a continuous nondecreasing function y : [0,00) —
(0,00) and p € C([0, b],R,) such that

[f(t,y)]| < p®y(lyl), foreach(t,y) € [0,b] X R, (11.122)

and there exists a constant M > 0 with

M

[yol + by | +w ) L (b+0(b)pls)As+ 30 [cx + (b — te) ]
(11.123)

> 1.

11.6. Existence results for second-order boundary value problems of
impulsive dynamic equations on time scales

This section is concerned with the existence of solutions of boundary value prob-
lems for impulsive dynamic equations on time scales. We consider the boundary
value problem

=y () = f(ty@®), te]:=[01],t+t, k=1,...,m,
y(t) —y(t) = k(y(t)), k=1,....m,
) =) = k(y(g)), k=1...,m,
y(0) = y(1) =0,

(11.124)

where T is a time scale, 0,1 € T, [0,1] C T, f : T xR — R, is a given function,
Il e CRR), tr €T, 0=ty <t] < -+ <ty <ty = l,y(t;) = limp.o+ y(tx +
h) and y(t;) = limy_o+ y(tx —h) represent the right and left limits of y(t) att = .
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We will assume for the remainder of the section that, for each k = 1,...,m,
the points of impulse #, are right-dense. In order to define the solution of (11.124)

we will consider the notations of Section 11.3, with 0, 1 replacing a, b, respectively.

Definition 11.17. A function y € Q N C*((t, tk+1),R), k = 0,...,m, is said to be a
solution of (11.124) if it satisfies the dynamic equation

—y28(t) = f(t,y(t)) everywhereonJ\{tx}, k =1,...,m, (11.125)

and for each k = 1,...,m, the function y satisfies the conditions y(t}) — y(tx) =
I(y(t), y2(t) — y2(t) = L(y(f)), and the boundary conditions y(0) =
y(1) =0.

Lemma 11.18. Let f : T — R be rd-continuous. If y is a solution of the equation
1 m
ORS RECRVIOINE WATSTO (11.126)
k=1

where

<|(1 —-to(s) if0<s<t,
G(t,s) =
(1=0(s))t ift<s<],

_ (11.127)
-1 t)) — (1 —t)] 7 if0<t<t,
Wity (t)) = t = Ie(y(te)) = ( _k) k(r(te))] 1'f L=<tk
(1 =D[L(y(t)) — e (y(a))] i<t <1,
then y is a solution of the boundary value problem
—y2(1) = f(1),
Z(ti)—yitk‘zzlk_(y(t;z), k=1,...,m, (11.128)
yE) =y () = k(y(g)), k=1,....m,

y(0) = y(1) = 0.

Proof. Let y satisfy the integral equation (11.126). Then y is solution of problem
(11.128). Firstly y(0) = y(1) = 0. Let t € [0, 1]\ {f1,..., t,}. Then, we have

1 m
y(t) = JO G(t,s)f()As+ > Wi(t, y(t)). (11.129)
k=1
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Hence
- . A
yA) = L G(t,s) f(s)As + Z Wk(tk’)’(tk)):|

L .
- ,L G(t,s)f(s)As] [z Wi(t, y (1) }

k

1
- :Lt(l - t)a(s)f(S)AS]A + [Ll 1-0(s)) tf(S)As] +I§l WAL, y)

t 1
- L o(s) f(s)As + L (1= 0(s) f()As+ S Wh(t, ),
. (11.130)

where

A [—L(y(t) — (1=t (y(t))] if0<t<n,
Wk (t’)’) = _ .
[T (y(t)) — telk (y(tx)) ] ifty <t <1, (11.131)

WkAA(t,y) =0, fork=1,...,m

Thus

t 1 m A
YAA(p) = [ J a(s)f(s)As+I (1-0(s) f()As+ S WkA(t,y)]
0 ¢ pa

A (11.132)

t A 1
_ [— JO a(s)f(s)As] + [L (1- a(s))f(s)As]
= f(t).
Clearly, we have
YA = yA (k) = k(y(t)), fork=1,...,m. (11.133)

From the definition of y we can prove that

y(t)) = y(t) = L(y(t)), fork=1,...,m. (11.134)
0

Theorem 11.19. Assume the following hold.
(11.19.1) The function f : [0,1] X R — R is continuous.
(11.19.2) There exist constants c, ¢ such that

|k(»)| < ck IL(»)| <&, (11.135)

foreachk =1,..., m, and for all y € R.
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(11.19.3) There exists a function p € C([0, 1], R.) such that
| f(t,y)| < p(t), foreach(t,y) € [0,1] xR. (11.136)
Then the impulsive BVP (11.124) has at least one solution.

Proof. Transform the BVP (11.124) into a fixed point problem. Consider the op-
erator N : QO — Q defined by

1 m
(Nyﬂﬂ:J;G@Qf@y@ﬂA&kZlWUﬁdmﬂ. (11.137)
k=1

We will show that N satisfies the assumptions of Schaefer’s fixed point theo-
rem. The proof will be given in several steps. We show first that N is continuous
and completely continuous.

Step 1. N is continuous.
Let {y,} be a sequence such that y, — y in Q. Then

1
NGO -NGIO| = sup 1619 | 1A = Flape) s

(t,s)eJx

+ i | Wi (t, yu(tr)) — Wi (8, y(8)) |

- (11.138)
Since f, I, Ix are continuous, we have
IN(yn) = NOllg = S |G, )1 (5 pa()) = £yl
23 [110n(0) - LGy (®)| (11.139)
- + [Tk (yn(t)) = Ie(y (1) | ]-
Thus
IIN(yn) = N)||lo — 0 asn — o, (11.140)

Step 2. N maps bounded sets into bounded sets in Q.

Indeed, it is enough to show that there exists a positive constant € such that,
foreach y € B; = {y € Q: |lylla < g}, one has [[Ny|lq < €. For each t € [0,1],
we have

1 m
(Ny)(t) = L G(t,8) f (s, y(s))As + > Wit y(te)). (11.141)
k=1
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From (11.19.2), (11.19.3), we have

0000)] = | [ s ponas 3 wiyw)

k=1
< sup 1609 [ 1£636) 85+ S [Walty(8))]
(ts)e)x] k=0
1 m
< sup |G(t,s)|I p(s)As+2 Z [cx + ).
(ts)e]x] 0 k=0
(11.142)
Thus
m
INylla < ps + Z [ck + k] (11.143)
where
px = sup |G(t,s)| sup p(t). (11.144)

(ts)e]x] te[0,1]

Step 3. N maps bounded sets into equicontinuous sets of Q).
Letry,ry € J, 11 < 12, and let By be a bounded set of () as in Step 2. Let y € B,.
Then

1
|(NY)(r2) — (Ny) ()] sjo 1G(rs) — G(r1,s) || £ (5, 7(5)) | As

+ D | Wi(rs y(tc) = Wilry, y (1) |
! (11.145)
< J() |G(T‘2, 7'1, IP(S)AS

+ i | Wi(r2, y(tx)) = Wi (r1, (1)) |
k=1

The right-hand side tends to zero as r, — r; — 0. As a consequence of Steps 1 to
3 together with the Arzela-Ascoli theorem, we can conclude that N : QO — Q is
continuous and completely continuous.

Step 4. Now it remains to show that the set

EN):={yeQ:y=AN(y), forsome 0 <A< 1} (11.146)
is bounded. As in Step 2 we can prove that & (N) is bounded.

Set X := Q. As a consequence of Schaefer’s fixed point theorem, we deduce
that N has a fixed point y which is a solution to BVP problem (11.124). O
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We present now a result for the BVP problem (11.124) in the spirit of the
nonlinear alternative of Leray-Schauder type [157].

Theorem 11.20. Suppose that hypotheses (11.19.1)—(11.19.2) and the following con-
dition are satisfied.
(11.20.1) There exist a continuous nondecreasing function y : [0, ) — (0, 0),
p € C([0,1],Ry) and a nonnegative number r > 0 such that

|E(t,y)| < p(y(lyl), foreachy eR,
r 51 (11.147)
SUPgycoxjon) | GBS [W(r) [y pOAs+2 51 [ee+a]

Then the impulsive BVP (11.124) has at least one solution.
Proof. Transform the BVP (11.124) into a fixed point problem. Consider the op-
erator N defined in the proof of Theorem 11.19. We will show that N satisfies the

assumptions of the nonlinear alternative of Leray-Schauder type. Let y be such
that y = ANy, for some A € (0, 1). Thus

1 m
(NY)©) = | G5 f (5 76D As+ 3. Wit y(2x)). (11.148)
k=1
From (11.6.2), (11.20.1), we have

0] =2 j GE9) f (s () As+ S Wilt,y ()|

k=1

m
< sup | G(t,s) | J POy )As+2> [k +é]  (11.149)
(£s)€[0,1]x[0,1] !

m
< sup | G(t, s)|J P&y (llylla)As+2 Z ck + G-
(5)€10,1]%[0,1] =

Consequently,

lyllo

: _ — <1 (11.150)
sup( geionixion] | G| o pOwllylla)As+2 3 [er + ]

Then, by (A1), there exists r such that || yllq # r.
Set

= {y e C([0,1,R) : lylla < r}. (11.151)

As in Theorem 11.19 the operator N : U — C([0,1)],R) is continuous and com-
pletely continuous. By the choice of U there isno y € oU such that y = AN(y), for
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some A € (0,1). As a consequence of the nonlinear alternative of Leray-Schauder
type, we deduce that N has a fixed point y in U, which is a solution of the BVP
(11.124). O

11.7. Double positive solutions of impulsive dynamic boundary
value problems

Let T be a time scale such that 0,1 € T. Throughout the section, all t-intervals
[a, b] should be interpreted as [a, b] N T. Also throughout, let 7 € (0, 1) be fixed,
and assume that 7 is right-dense. In this section, we apply a double fixed point
theorem, Theorem 1.16, to obtain at least two positive solutions of the nonlinear
impulsive dynamic equation

Yy + f(y(a(1)) =0, te[0,1]\ {1}, (11.152)
subject to the underdetermined impulse condition
y(r) = y(r7) = I(y(1)), (11.153)
and satisfying the right focal boundary conditions
y(0) = y*(a(1)) =0, (11.154)
where f : R — [0, ®) is continuous and I : [0, ) — [0, o) is continuous. By a
positive solution, we will mean positive with respect to a suitable cone.

We note that, from the nonnegativity of f and I, a solution y of (11.152)-
(11.154) is nonnegative and concave on each of [0, 7] and (7, 1]. We will apply
Theorem 1.16 to a completely continuous integral operator whose kernel, G(t, s),
is Green’s function for

-y =0, (11.155)

satisfying (11.154). In this instance,

)t 0<t=<s<o(l),
Glt:s) = 10(5), 0<0(s) <t <a(l). (11.156)

Properties of G(t, s) of which we will make use include
G(t,s) < G(a(s),s) = a(s), te[0,6%(1)], s € [0,0(1)], (11.157)

and foreach0 < p < 1,

Glt,s) > 021(’1)0(5), te[p,a*(D)], s e [0,a(D)]. (11.158)
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To apply Theorem 1.16, we must define a suitable Banach space, 8B, a cone, #, and
an operator A. In that direction, let

B ={y:[0,6*(1)] — R | y€eCl0,1], y € C(1,0°(1)], y(z*) € R},
(11.159)

equipped with norm
Iyl _max7( sup |y(t)], sup |y(t)|}. (11.160)
te(0,7] te(r,o2(1)]

Of course, for y € 8B, we will consider in a piecewise manner that y € C[0, 7] and
y € C[r,02(1)]. Moreover, we note that if y € B, then y(t7) = lim;—,- y(t) =
y(7). Next, let the cone &> C B be defined by

P = {y € B | y is concave, nondecreasing, and nonnegative on each of

[0,7], [r,0*(1)], y(z*) — y(z7) = 0}.

(11.161)
We note that, for each y € 2, I(y(7)) = 0. It follows that, for y € P,
Iyl = max {y(7), y(c*(1))} = y(a*(1)). (11.162)
For the remainder, assume there exists
nzinf[ﬂ%z(l),l) €T, (11.163)
and assume there exists r € T with
n<r<l, (11.164)
which we fix. If y € £, then
y(t) = %Ses[ggr]y(S) = %y(f), te ET]
(11.165)

y(t) = % sup  y(s) = %y(az(l)), te [n,o*(1)].

s€(n,0%(1)]
Now define nonnegative, increasing, continuous functionals y, 8, and &« on & by
y(y) = min y(t) = y(n),
te(n,r]
0(y) = max y(t) = y(n), (11.166)
a(y) = max y(t) = y(r).
te[r,r]
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Then, for each y € P,
y(y) =0(y) < aly), (11.167)

and y(y) = y(n) = (1/2)y(c*(1)) = (1/2)lyll. So,

Iyl <2y(y), VyeP. (11.168)
Moreover, we note that
0(ly) =A0(y), 0=<A<1, yecdP(6,b). (11.169)
For convenience, let
a(1) n
N= | aoas M= e (11.170)

We now state growth conditions on f and I so that (11.152)—(11.154) has at
least two positive solutions.

Theorem 11.21. Let 0 < a < Mb/2N < min{Mc/4N,Mc/n(o(1) — 1)} = Mc/4N,
and suppose that f and I satisfy the following conditions:

(A) f(w)>c/n(o(l) —n),ifc<w=<2g

(B) f(w) <b/2N,if0 <w <2b,

(C) f(w)>a/M,if0 <w <a,

(D) I(w) <b/2,if0 <w < b.
Then the impulsive dynamic boundary value problem (11.152)—(11.154) has at least
two positive solutions, x| and x, such that

a < max x;(t), with max x;(t) < b,
te(r,r] te[rn]

. . 11.171
b < max x,(t), with min x,(t) < c. ( )
te[r,n] te(n,r]

Proof. We begin by defining the completely continuous integral operator A : 8 —
B by

a(l)
Ax(t) = I(x(1)) x(z,02 (1)) (£) + L G(t,s)f (x(0(s)))As, x€ B, te[0,07(1)],
(11.172)

where x(7,02(1)] (¢) is the characteristic function. Solutions of (11.152)—(11.154) are
fixed points of A and conversely. We now show that the conditions of Theorem 1.16
are satisfied.



342 Impulsive dynamic equations on time scales
Let x € P(y,c). By the nonnegativity of I, f, and G, for t € [0,02(1)],

Ax(t) = 0. Moreover, (Ax)*2(t) = —f(x(co(£))) < 0 on [0,1] \ {7}, which im-
plies that (Ax)(t) is concave on each of [0, 7] and [7, ¢%(1)]. In addition,

a(1)
(Ax)2(t) = L 1 GA(t,s)f (x(0(s)))As =0 on [0,a(1)]\ {7}, (11.173)

so that (Ax)(¢) is nondecreasing on each of [0, 7] and [, 0%(1)]. Since (Ax)(0) = 0,
we have (Ax)(t) = 0 on [0, 7]. Also, since x € P (y,¢),

(Ax)(t%) — (Ax)(1) = I(x(1)) = 0. (11.174)

This yields (Ax)(t") > (Ax)(r) > 0, and consequently (Ax)(¢) > 0, t € [1,0%(1)],
as well. Ultimately, we have Ax € £, and in particular, A : P (y,c) — P.

We now verify that property (i) of Theorem 1.16 is satisfied. We choose x €
0P (y,¢). Then y(x) = minyep,x(t) = x() = c. Since x € P, x(t) = ¢,t €
(11, 0%(1)]. Recalling that ||x[| < 2y(x) = 2c, we have

c<x(t) <2 te[n,o*(1)]. (11.175)
Then, by hypothesis (A),

f(x(a(s)) > o ¢ se [no(D)]. (11.176)

o(1)—n)’
By the above, Ax € &, and so

a(l)
y(Ax) = (Ax)(n7) = I(x(7)) x(r.02(1))7 (1) + . G(n,s) f(x(a(s)))As

a(1) a(1)
- G fGle©Nas= | G0 (x(ato)as
0 n (11.177)

o(l

isteemass () ["a
= x(o(s s> ——m s
1 n / 1 n(a(1) —n)/) Jy
=c
We conclude that Theorem 1.16(i) is satisfied.
We now turn to Theorem 1.16(ii). We choose x € 98 (6,b). Then 6(x) =
maxie(r,y X(t) = x(17) = b. Thus, 0 < x(t) < b, t € (7,#]. Since x € & implies
that x(7) < x(7*), and also x(t) is nondecreasing on [0, 7], we have

x(t) <b, telo,1], (11.178)

and so by hypothesis (D),

NSRS

I(x(1)) < (11.179)
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If we recall that [|x]| < 2y(x) < 20(x) = 2b, then we have
0<x(t)<2b, tel0,0*(1)], (11.180)

and by (B),

f(x(a(s)) < %, se [0,0(1)]. (11.181)

Then

a(l)
0(Ax) = (Ax)(n) = I(x(1)) x(z.021)1: (1) + . G(n,5) f (x(a(s)))As

ot o(1)
+JO 1 U(S)f(x(a(s)))As<§+%L Y o(s)ns (11.182)

In particular, Theorem 1.16(ii) holds.

We finally consider Theorem 1.16(iii). The function y(t) = a/2 € P(«a,qa),
and so P(a,a) # O.

Now choose x € 0P (a,a). Then a(x) = maxe[r, x(t) = x(r) = a. This
implies 0 < x(t) < a, t € [1,r]. Since x is nondecreasing and x(7*) > x(7),

0<x(t)<a, te]l0,r] (11.183)

By assumption (C),

a

fx(0(9))) > 30 s€0n]. (11.184)

Then

(1)
a(Ax) = (Ax)(r) = I(x(7)) X(r.o2(1)]; (1) + L G(r,s)f(x(a(s)))As

o(l

= | )G(r,s)f(X(a(s)))AszJ:G(V’S)f(’“("(s)))AS (11.185)

_ jo”a@)f(x(a(s))ms > (4 ﬂo(sms

= a.

Thus Theorem 1.16(iii) is satisfied. Hence there exist at least two fixed points of
A which are solutions x; and x;, belonging to #(y, ¢), of the impulsive dynamic
boundary value problem (11.152)—(11.154) such that

a<a(x) with6(x) <b,
11.186
b<0(xy) withy(x) <c ( )

The proof is complete. O
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Example 11.22. Let T be a measure chain with 0,7,#,7,1 € T, where 0 < 7 < 77 <
r < 1are fixed and n7 = inf[(7 + 62(1))/2,1). For 0 < a < Mb/2N < Mc/4N, where
N = foa(l)a(s)As and M = [ o(s)As, define f : R — [0,00) and I : [0, 00) — [0, c0)
by

Mb+2Na
a0 vE
flw) = 1€w), 2b<w=c,
c+1 c<w
ne()—n)’ =7 (11.187)
é, 0<w<b,
Iw)=12 .
W—E, b<w,

where €(w) satisfies £’ = 0, £(2b) = (Mb+2Na)/4ANM, and €(c) = (c+1)/
n(o(1) — n). Then, by Theorem 11.21, the impulsive dynamic boundary value
problem (11.152)—(11.154) has at least two solutions belonging to £ (y, ).

11.8. Notes and remarks

The study of dynamic equations on time scales is a fairly new area in mathematics,
having only been in practice for about 15 years. Still largely theoretical, time scales
serve as a binding force between continuous and discrete analysis. The results of
Section 11.3 are adapted from Benchohra et al. [72], the results of Section 11.4
from Benchohra et al. [1], the results of Section 11.5 from Benchohra et al. [74],
while the results of Section 11.6 from Benchohra et al. [88], and finally the source
of Section 11.7 from Henderson [165]. The techniques in this chapter have been
adapted from [3, 7, 101], where the nonimpulsive case was discussed.



On periodic boundary value
problems of first-order
perturbed impulsive

12.1. Introduction

In this chapter, we study the existence of solutions to periodic nonlinear boundary
value problems for first-order Carathéodory impulsive ordinary differential inclu-
sions with convex multifunctions. Given a closed and bounded interval J := [0, T']
in R, and given the impulsive moments t1,t,...,t, with0 =ty < t; <t < -+ - <
ty <tpr1 = T,] =]\ {ti,ta..., tp},Jj = (tj, tjs1), consider the following periodic
boundary value problem for impulsive differential inclusions (IDI):

x'(t) € F(t,x(t)) + G(t,x(t)) ae.te], (12.1)
x(t7) = x(t;) + I (x(t;)), (12.2)
x(0) = x(T), (12.3)

where F,G : ] x R — £(R) are impulsive multifunctions, I; : R — R, j =
1,2,..., p, are the impulse functions, and x(t}r) and x(t]-_) are, respectively, the
right and the left limits of x at ¢ = ¢;.

Let C(J,IR) and L!(J,R) denote the space of continuous and Lebesgue inte-
grable real-valued functions on J. Consider the Banach space

X:={x:] — R:xeC(J',R), x(t}r), x(tj’) exist, x(tj’) =x(tj), j=1,2,...,p},
(12.4)

equipped with the norm ||x|| = max{|x(¢)| : ¢ € J}, and the space
Y := {x € X : x is differentiable a.e. on (0, T), x" € L'(J,R)}. (12.5)

By a solution of (12.1)—(12.3), we mean a function x in Y7 := {v € Y : v(0) =
v(T)} that satisfies the differential inclusion (12.1) and the impulsive conditions
(12.2).

Our aim is to provide sufficient conditions to the multifunctions F, G and
the impulsive functions I; that insure the existence of solutions of problem IDI
(12.1)—(12.3).
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The following form of a fixed point theorem of Dhage [127] will be used while
proving our main existence result.

Theorem 12.1. Let B(0,r) and B[O, r] denote, respectively, the open and closed balls
in a Banach space E centered at the origin and of radius r, and let A : E — Pecvpd(E)
and B : B[0,r] = Pep.ev(E) be two multivalued operators satisfying that

(i) A is a multivalued contraction,

(ii) B is completely continuous.
Then either

(a) the operator inclusion x € Ax + Bx has a solution in B[0,r], or

(b) there exists a u € E with ||ull = r such that A\u € Au + Bu for some A > 1.

12.2. Existence results

Consider the linear periodic problem with some given impulses, 6, € R, j =
1,2,...,ps

x'(t) + kx(t) = o(t), ae.te],
x(t5) = x(t5) = 0;, j=12,...,p, (12.6)
x(0) = x(T),

where k > 0, and o € L'(J). The solution of (12.6) is given by (see [199, Lemma
2.1])

T 4
x(t) = JO g(t:)o()ds+ S gi(t1)6;, (12.7)
j=1
where
e—k(t—s)
, O0=<s=<t=<T,
1 —e kT
g(t,s) = JET— (12.8)
T 0<t<s<T

Clearly the function g (t,s) is discontinuous and nonnegative on J X J and has a
jump att = s.
Let

My := max {|gk(t,s)| : t,s € [0, T]} = (12.9)

1 —e k"
Now x € Yr is a solution of (12.1)—(12.3) if and only if

x(t) € Bix(t) + Bix(t), te], (12.10)
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where the multivalued operators B} and B} are defined by

T
Byx(t) = L 8k(t,8)F (s, x(s))ds, (12.11)

T p
Bix(t) = Jo gc(t,8)[kx(s) + G(s,x(5)) ]ds + > g(t, ti) 1 (x(t;)). (12.12)
=1

Definition 12.2. A multifunction §:JxR — £ (R) is called impulsive Carathéodory
if
(i) B(-,x) is measurable for every x € R,
(if) B(t,-) is upper semicontinuous a.e. on J.
Further the impulsive Carathéodory multifunction 8 is called impulsive L!-
Carathéodory if
(iii) for every r > 0, there exists a function k4, € L'(J) such that

[|B(t,x)|| = sup {lul : u € B(t,x)} < h,(t) aete], (12.13)

forall x € R with |x] < r.

Denote
S/lg(x) ={veL'(,R):v(t) € B(t,x) ae. t €]} (12.14)

It is known (see Lasota and Opial [186]) that if E is a Banach space with
dim(E) < w0 and B : ] X E — P a(E) is L'-Carathéodory, then S};(x) + @ for
each x € E.

Definition 12.3. A measurable multivalued function F : ] — $,(R) is said to be
integrably bounded if there exists a function & € L'(J,R) such that |v| < h(t) a.e.
t € Jforallv € F(t).

Remark 12.4. Itis known thatif F : ] — Risan integrably bounded multifunction,
then the set Sk of all Lebesgue integrable selections of F is closed and nonempty,
see Covitz and Nadler [123].

We now introduce some assumptions.

(H1) The functionsI; : R — R, j = 1,2,..., p, are continuous, and there exist
¢ €R,j=12...,p,such that [[;(x)| <¢j, j = 1,2,...,p, for every
x e R.

(H2) G:J xR = Pep,v(R) is an impulsive Carathéodory multifunction.

(H3) There exist a real number k > 0 and a Carathéodory function w : J X
R; — R, which is nondecreasing with respect to its second argument
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such that
[|G(t,x) + kx|| = sup {|v] : v € G(t,x) + kx} < w(t, |x]) (12.15)

ae.te] xeR.

(H4) The multifunction ¢ — F(t,x) is measurable and integrally bounded for
each x € R.

(H5) The multifunction F(t,x) is F : ] X R — P cv.pd(R), and there exists a
function € € L'(J,R) such that

H(F(t,x),F(t,y)) < €(t)lx — y| aete], (12.16)
forallx,y € R.

Lemma 12.5. Assume that (H2)-(H3) hold. Then the operator S}<+G Yy — P,
R)) defined by

Stic(x) :={v € L'(J,R) : v(t) € kx(t) + G(t,x(t)) a.e. t €]} (12.17)

is well defined, u.s.c., closed and convex-valued, and sends bounded subsets of Y into
bounded subsets of L' (J, R).

Proof. Since (H2) holds, Si,;(x) # @ for each x € Yr. Below, we show that S},
has the desired properties on Yr.

Step 1. First we show that S}, has closed values on Y7. Let x € Y7 be arbitrary
and let {w,} be a sequence in S}, -(x) C L'(J,R) such that w, — w. Then w, —
in measure. So there exists a subset S of positive integers such that w, - wa.e.n —
oo through S. Since the hypothesis (H2) holds, we have w € S;,;(x). Therefore
S,1<+G(x) is a closed set in L!(J,R). Thus, for each x € Y7, S}(Jrc(x) is a nonempty,
closed subset of L'(J,R), and consequently S}, has nonempty and closed values
on Yr.

Step 2. Next we show that S}, -(x) is a convex subset of L' (], R) for each x € Yr.
Let vi,v; € S,c(x) and let A € [0, 1]. Then there exist functions fi, f» € S;, (%)
such that

vi(t) = kx(t) + fi(t), va(t) = kx(t) + fo(t) (12.18)

for t € J. Therefore we have

i) + (1= Dwae) = A[kx(8) + fi(H)] + (1 = D [kx(t) + f(8)]
= Mex(8) + (1 = Dkx() +Afi() + (1= VD fp(t)  (12.19)
= kx(t) + f5(8),

where f3(t) = Afi(t) + (1 — 1) o(¢) for all t € J. Since G(t,x) is convex for each
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x € R, one has f3(t) € G(t,x(t)) for all t € J. Therefore
Mi(t) + (1 = Mva(t) € kx(t) + G(t, x(1)) (12.20)

for all ¢ € J, and consequently Av; + (1 — A)v, € S,1<+G(x). As a result, S,1<+G(x) isa
convex subset of L' (J,R).

Step 3. Next we show that S}c +¢ 1s a u.s.c. multivalued operator on Yr. Let {x,}
be a sequence in Yy such that x, — x4, and let {y,} be a sequence such that
Yn € S}ﬁG(xn) and y, — y«. To finish, it suffices to show that y,. € S,1<+G(x*). Since
Yn € S,1<+G(x,,), there is a function f, € S,1(+G(x,,) such that y,(t) = kx,(t) + f.(t)
for all t € J and that y, () = kx,(t) + f«(t), where f, — fx asn — oo. Now
the multifunction G(t,x) is upper semicontinuous in x for all ¢ € J, and one has
f«(t) € G(t,x4(t)) for all t € J. Hence it follows that y. € Si,(xx).

Step 4. Finally we show that S}, ; maps bounded sets of Y7 into bounded sets of
L'(J,R). Let M be a bounded subset of Y. Then there is a real number r > 0 such
that [[x|| < rforallx € M. Let y € S,1<+G(S) be arbitrary. Then there isan x € M
such that y € S}, ;(x), and therefore y(t) € kx(t) + G(t,x(t)) a.e. t € J. Now, by
(H3),

T T
[yl =J Iy(t)ldtsj |[kx(t) + G(t,x(1))]|dt
0 0 (12.21)

T T
< J w(t, |x(t)|)dt < J w(t, r)dt.
0 0
Hence S,1<+G(S) is a bounded set in L' (J, R).
Thus the multivalued operator S}, is upper semicontinuous and has closed,
convex values on Yr. The proof is complete. O

Lemma 12.6. Assume that (H;)—(H3) hold. The multivalued operator JB,% defined by
(12.12) is completely continuous and has convex, compact values on Yr.

Proof. Since S, is upper semicontinuous and has closed and convex values and
since (H1) holds, ;B,f is u.s.c. and has closed convex values on Yr. To show that O‘B’,f
is relatively compact, we use the Arzeld-Ascoli theorem. Let M C B[0,r] be any
set. Then ||x|| < r for all x € M. First, we show that JB,% (M) is uniformly bounded.
Now, for any x € M and for any y € B} (x), one has

T P
0] = [ L) Tkx(s)+ G5, 2N llds+ 3. gu(t) | 1(x(17)|

j=1

T P
< J Miw(s, | x(s)|)ds + My Z ¢j
0 ia

T p
< My L w(s,r)ds + M Z Cjs
j=1
(12.22)
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where M, is the bound of gx on [0, T] X [0, T]. Taking the supremum over ¢,

T p
||Bix|| < Mk[J w(s,r)ds+ > c]} (12.23)

0 i

for all x € M. Hence B#(M) is a uniformly bounded set in Yr. Next we prove the
equicontinuity of the set B (M) in Yr. Let y € B} (M) be arbitrary. Then there is
av € Sgig(x) such that

T P
y(t) = JO g(tLv(s)ds + > gt t) i (x(t))), te€], (12.24)
j=1

for some x € M.
To finish, it is sufficient to show that y" is bounded on [0, T]. Now, for any
t e [0,T],

, T La
ly'(0)] < 'L 58k (B s)v(s)ds + Zlggk(t,tk)lj(yj(tj))‘
iz

T P
= l L (—k)gk(t,s)v(s)ds + > (—k)gk (t, tk)Ij(yj(t;))’ (12.25)

j=1

T P
< kM Jo w(s,r)ds + kM z cji=c
j=1

Hence, for any t,7 € [0, T] and for all y € B,%(M), one has
ly(t) —y(1)| <clt—7] — 0 ast— 1. (12.26)

This shows that 87(M) is an equicontinuous set and consequently relatively
compact in view of Arzeld-Ascoli theorem. Obviously, BZ(x) ¢ B}(B[0,r]) for
each x € B[0,r]. Since éB,f(B[O, r]) is relatively compact, ;’Bi(x) is relatively com-
pact, and hence is compact in view of hypothesis (H2). Hence B} is a completely
continuous multivalued operator on Y. The proof of the lemma is complete. [

Lemma 12.7. Assume that the hypotheses (H4)-(H5) hold. Then the operator B}
defined by (12.11) is a multivalued contraction operator on Y, provided that My
el < 1.

Proof. Define a mapping B} : Yr — Y7 by (12.11). We show that B} is a multi-

valued contraction on Yr. Let x, ¥ € Yr be arbitrary and let u; € !B,l (x). Then
u; € Yr and

T
i (t) = L (b, 5)v1(s)ds, (12.27)
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for some v; € Sk(x). Since H(F(t,x(t)), E(t, y(t))) < €(t)|x(t) — y(t)|, one obtains
that there exists a w € F(t, y(t)) such that

[vi(t) —w]| < €(t)|x(t) — y(1)]. (12.28)
Thus the multivalued operator U defined by U(t) = SE(y)(t) N K(t), where
K@) ={wl [vi(t) —w]| <€) ]|x(t) — y(t)]}, (12.29)

has nonempty values and is measurable. Let v, be a measurable selection for U
(which exists by Kuratowski-Ryll-Nardzewski’s selection theorem [2]). Then v, €
F(t, y(t)) and

[vi(t) —va(t)| < e(t)|x(t) — y(t)| aete]. (12.30)

Define
T
w(t) = L (£, $)v2(s)ds. (12.31)

It follows that u, € B} (y) and

T T
s () — us(t) | < H gka,s)vl(s)ds—j g(t,5)va(s)ds
0 0

T
< J My |vi(s) — va(s) | ds
0 (12.32)

T
< L Mi(s) | x(s) — y(s)| ds

< Mgllelipllx = pll.
Taking the supremum over ¢, we obtain
[y — wa|| < Millllp llx — yl. (12.33)

By this and the analogous inequality obtained by interchanging the roles of x and
y, we get that

H(B}(x), B} () < ulx - yl, (12.34)

for all x,y € Yr. This shows that £,ﬁ is a multivalued contraction, since y =
Ml < 1. O
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Theorem 12.8. Assume that (HI1)—(H5) are satisfied. Further if there exists a real
number r > 0 such that

My fOT w(s,r)ds + MyFy + My Zf:l Cj
r> >
1 — Mgll€ll

(12.35)

where Mi||€|lp < 1 and Fy = fOT lF(s,0)llds, then the problem IDI (12.1)—(12.3)
has at least one solution on J.

Proof. Define an open ball B(0,7) in Yr, where the real number r satisfies the
inequality given in condition (12.35). Define the multivalued operators B; and
Js’,f on Y7 by (12.11) and (12.12). We will show that the operators J)’,ﬁ and JB,%
satisfy all the conditions of Theorem 12.1.

Step 1. The assumptions (H2)-(H3) imply by Lemma 12.6 that B} is a completely
continuous multivalued operator on B[0,r]. Again since (H4)-(H5) hold, by
Lemma 12.7, 581% is a multivalued contraction on Y7 with a contraction constant
y = Mi|l€llz:. Now an application of Theorem 12.1 yields that either the operator
inclusion x € i)’,lx + i)’,fx has a solution in B[0, r], or there exists a u € Y with
llull = r satisfying that A\u € B{u + Bfu for some A > 1.

Step 2. Now we show that the second assertion of Theorem 12.1 is not true. Let
u € Yr be a possible solution of \u € B{u + B}u for some real number A > 1 with
llul]| = r. Then we have

T
) e 1! LTgk(t,s)F(s,u(s))d$+)t_1 L (b, 9)[ku(s) + G(s, u(s)) |ds

?
+AT D gt ) I (u(ty)).
=1
' (12.36)

Hence, by (H3)-(H5),

T T
lu(t)| < J |gk(t,s) | w(s, |u(s)|)ds+J |gi(t,s) | [€(s)| |u(s)|ds
0 0

T P
+ |, lat I 0)ds + X (it 9|11, (u(1)]

j=1

T T 4
<M, L (s, llull)ds + My L e(s)]| lullds + MeFo + My S ¢;
=1

T P
< My L (s, llull)ds + Millllpllull + McFo + My S c;.
=1
(12.37)
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Taking the supremum over ¢, we get

T P

ul sMkj w(s, lull)ds+ Mellellg llull + MFo + My S ¢

0 j=1

Substituting ||u|| = r in the above inequality yields

M fOT w(s,r)ds + MiFo + M Z§=1 ¢j
< )
1 — M€l

353

(12.38)

(12.39)

which is a contradiction to (12.35). Hence the operator inclusion x € B} x + B}x
has a solution in B[0, r]. This further implies that the IDI (12.1)—(12.3) has a so-

lution on J. The proof is complete.

12.3. Notes and remarks

The results of Chapter 12 are adapted from [128].

]






Bibliography

(1]
(2]
(3]
(4]

[5

[6

(7]
(8]
9]

[10]

(11]

[12]
[13]

[14]

[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]

R. P. Agarwal, M. Benchohra, D. O’Regan, and A. Ouahab, Second order impulsive dynamic equa-
tions on time scales, Functional Differential Equations 11 (2004), no. 3-4, 223-234.

R. P. Agarwal and M. Bohner, Quadratic functionals for second-order matrix equations on time
scales, Nonlinear Analysis 33 (1998), no. 7, 675—692.

, Basic calculus on time scales and some of its applications, Results in Mathematics 35
(1999), no. 1-2, 3-22.

R. P. Agarwal, M. Bohner, and A. C. Peterson, Inequalities on time scales: a survey, Mathematical
Inequalities & Applications 4 (2001), 535-557.

R. P. Agarwal, M. Bohner, and P. ]. Y. Wong, Sturm-Liouville eigenvalue problems on time scales,
Applied Mathematics and Computation 99 (1999), no. 2-3, 153-166.

R. P. Agarwal and D. O’Regan, Multiple nonnegative solutions for second order impulsive differen-
tial equations, Applied Mathematics and Computation 114 (2000), no. 1, 51-59.

, Triple solutions to boundary value problems on time scales, Applied Mathematics Letters
13 (2000), no. 4, 7-11.

, Existence of three solutions to integral and discrete equations via the Leggett Williams fixed
point theorem, The Rocky Mountain Journal of Mathematics 31 (2001), no. 1, 23-35.

R. P. Agarwal, D. O’Regan, and P. J. Y. Wong, Positive Solutions of Differential, Difference and
Integral Equations, Kluwer Academic, Dordrecht, 1999.

Z. Agur, L. Cojocaru, G. Mazaur, R. M. Anderson, and Y. L. Danon, Pulse mass measles vaccina-
tion across age cohorts, Proceedings of the National Academy of Sciences of the United States of
America 90 (1993), 11698-11702.

N. U. Ahmed, Semigroup Theory with Applications to Systems and Control, Pitman Research
Notes in Mathematics Series, vol. 246, Longman Scientific & Technical, Harlow; John Wiley
& Sons, New York, 1991.

, Optimal impulse control for impulsive systems in Banach spaces, International Journal of
Differential Equations and Applications 1 (2000), no. 1, 37-52.

, Systems governed by impulsive differential inclusions on Hilbert spaces, Nonlinear Anal-
ysis 45 (2001), no. 6, 693-706.

H. Akga, A. Boucherif, and V. Covachev, Impulsive functional-differential equations with nonlocal
conditions, International Journal of Mathematics and Mathematical Sciences 29 (2002), no. 5,
251-256.

D. R. Anderson, Eigenvalue intervals for a second-order mixedconditions problem on time scale,

International Journal on Nonlinear Differential Equations 7 (2002), 97—104.

, Eigenvalue intervals for a two-point boundary value problem on a measure chain, Journal
of Computational and Applied Mathematics 141 (2002), no. 1-2, 57-64.

, Solutions to second-order three-point problems on time scales, Journal of Difference Equa-
tions and Applications 8 (2002), no. 8, 673—688.

, Eigenvalue intervals for even-order Sturm-Liouville dynamic equations, Communica-
tions on Applied Nonlinear Analysis 12 (2005), no. 4, 1-13.

D. R. Anderson, R. I. Avery, and A. C. Peterson, Three positive solutions to a discrete focal boundary
value problem, Journal of Computational and Applied Mathematics 88 (1998), no. 1, 103-118.
W. Arendt, Resolvent positive operators and integrated semigroup, Proceedings of the London
Mathematical Society. Third Series 54 (1987), no. 2, 321-349.

, Vector-valued Laplace transforms and Cauchy problems, Israel Journal of Mathematics
59 (1987), no. 3, 327-352.

J.-P. Aubin and A. Cellina, Differential Inclusions, Springer, New York; Birkhéuser, Basal, 1984.




356

(23]

[24]

[25]

[26]

[27]

(28]
[29]

[30]

[31]

(32]
(33]
[34]
(35]

[36]

[37]

(38]

[39]

[40]

[41]
[42]
[43]

[44]

Bibliography

J.-P. Aubin and H. Frankowska, Set-Valued Analysis, Systems & Control: Foundations & Appli-
cations, vol. 2, Birkhduser Boston, Massachusetts, 1990.

B. Aulbach and S. Hilger, Linear dynamic processes with inhomogeneous time scale, Nonlinear
Dynamics and Quantum Dynamical Systems (Gaussig, 1990), Math. Res., vol. 59, Akademie,
Berlin, 1990, pp. 9-20.

R. I. Avery, M. Benchohra, J. Henderson, and S. Ntouyas, Double solutions of boundary value
problems for ordinary differential equations with impulse, Dynamics of Continuous, Discrete &
Impulsive Systems 10 (2003), no. 1-3, 1-10.

R. I. Avery and J. Henderson, Two positive fixed points of nonlinear operators on ordered Banach
spaces, Communications on Applied Nonlinear Analysis 8 (2001), no. 1, 27-36.

N. V. Azbelev and A. I. Domoshnitskii, On the question of linear differential inequalities. I, Dif-
ferentsial’lnye Uravneniya 27 (1991), no. 3, 376-384, 547, translation in Differential Equations
27 (1991), no. 3, 257-263.

, On the question of linear differential inequalities. II, Differentsial’nye Uravneniya 27
(1991), no. 6, 923-931, 1098, translation in Differential Equations 27 (1991), no. 6, 641-647.
D. D. Bainov and P. S. Simeonov, Systems with Impulse Effect, Ellis Horwood Series: Mathematics
and Its Applications, Ellis Horwood, Chichester, 1989.

, Impulsive Differential Equations: Periodic Solutions and Applications, Pitman Mono-
graphs and Surveys in Pure and Applied Mathematics, vol. 66, Longman Scientific & Technical,
Harlow; John Wiley & Sons, New York, 1993.

L. Bajo and E. Liz, Periodic boundary value problem for first order differential equations with im-
pulses at variable times, Journal of Mathematical Analysis and Applications 204 (1996), no. 1,
65-73.

J. Bana$ and K. Goebel, Measures of Noncompactness in Banach Spaces, Lecture Notes in Pure
and Applied Mathematics, vol. 60, Marcel Dekker, New York, 1980.

M. Benchohra, A note on an hyperbolic differential inclusion in Banach spaces, Bulletin of the
Belgian Mathematical Society. Simon Stevin 9 (2002), no. 1, 101-107.

M. Benchohra and A. Boucherif, On first order initial value problems for impulsive differential
inclusions in Banach spaces, Dynamic Systems and Applications 8 (1999), no. 1, 119-126.

, Initial value problems for impulsive differential inclusions of first order, Differential Equa-
tions and Dynamical Systems 8 (2000), no. 1, 51-66.

M. Benchohra, A. Boucherif, and A. Ouahab, On nonresonance impulsive functional differential
inclusions with nonconvex valued right-hand side, Journal of Mathematical Analysis and Applica-
tions 282 (2003), no. 1, 85-94.

M. Benchohra, E. P. Gatsori, L. Gérniewicz, and S. Ntouyas, Existence results for impulsive semi-
linear neutral functional differential inclusions with nonlocal conditions, Nonlinear Analysis and
Applications, Kluwer Academic, Dordrecht, 2003, pp. 259-288.

, Nondensely defined evolution impulsive differential equations with nonlocal conditions,
Fixed Point Theory 4 (2003), no. 2, 185-204.

M. Benchohra, E. P. Gatsori, J. Henderson, and S. Ntouyas, Nondensely defined evolution impul-
sive differential inclusions with nonlocal conditions, Journal of Mathematical Analysis and Appli-
cations 286 (2003), no. 1, 307-325.

M. Benchohra, E. P. Gatsori, S. Ntouyas, and Y. G. Sficas, Nonlocal Cauchy problems for semilinear
impulsive differential inclusions, International Journal of Differential Equations and Applications
6 (2002), no. 4, 423—448.

M. Benchohra, L. Gérniewicz, S. Ntouyas, and A. Ouahab, Existence results for impulsive hyper-
bolic differential inclusions, Applicable Analysis 82 (2003), no. 11, 1085-1097.

, Existence results for nondensely defined impulsive semilinear functional differential equa-
tions, Nonlinear Analysis and Applications, Kluwer Academic, Dordrecht, 2003, pp. 289-300.

, Impulsive hyperbolic differential inclusions with variable times, Topological Methods in
Nonlinear Analysis 22 (2003), no. 2, 319-329.

M. Benchohra, J. R. Graef, J. Henderson, and S. Ntouyas, Nonresonance impulsive higher order
functional nonconvex-valued differential inclusions, Electronic Journal of Qualitative Theory of
Differential Equations 2002 (2002), no. 13, 1-13.




Bibliography 357

[45]

[46]

[47]
[48]
[49]
[50]
[51]
[52]
[53]
[54]
[55]
[56]
[57]

[58]

[59]
[60]
[61]
[62]
[63]
[64]
[65]

[66]

[67]
[68]

[69]

M. Benchohra, J. R. Graef, S. Ntouyas, and A. Ouahab, Upper and lower solutions method for
impulsive differential inclusions with nonlinear boundary conditions and variable times, Dynamics
of Continuous, Discrete & Impulsive Systems 12 (2005), no. 3-4, 383-396.

M. Benchohra, J. Henderson, and S. Ntouyas, An existence result for first-order impulsive func-
tional differential equations in Banach spaces, Computers & Mathematics with Applications 42
(2001), no. 10-11, 1303-1310.

, Existence results for first order impulsive semilinear evolution inclusions, Electronic Jour-
nal of Qualitative Theory of Differential Equations 2001 (2001), no. 1, 1-12.

, Existence results for impulsive multivalued semilinear neutral functional differential inclu-
sions in Banach spaces, Journal of Mathematical Analysis and Applications 263 (2001), 763—780.
, Impulsive neutral functional differential equations in Banach spaces, Applicable Analysis
80 (2001), 353-365.

, On a periodic boundary value problem for first order impulsive differential inclusions,
Dynamic Systems and Applications 10 (2001), no. 4, 477-488.

, On nonresonance impulsive functional differential inclusions with periodic boundary con-
ditions, International Journal of Applied Mathematics 5 (2001), no. 4, 377-391.

, On positive solutions for a boundary value problem for second order impulsive functional
differential equations, Panamerican Mathematical Journal 11 (2001), no. 4, 61-69.

, On second-order multivalued impulsive functional differential inclusions in Banach
spaces, Abstract and Applied Analysis 6 (2001), no. 6, 369-380.

, Existence results for impulsive functional differential inclusions in Banach spaces, Mathe-
matical Sciences Research Journal 6 (2002), no. 1, 47-59.

, Existence results for impulsive semilinear neutral functional differential equations in Ba-
nach spaces, Memoirs on Differential Equations and Mathematical Physics 25 (2002), 105-120.
, Impulsive neutral functional differential inclusions in Banach spaces, Applied Mathemat-
ics Letters 15 (2002), no. 8, 917-924.

, Multivalued impulsive neutral functional differential inclusions in Banach spaces,
Tamkang Journal of Mathematics 33 (2002), no. 1, 77-88.

, On a boundary value problem for second order impulsive functional differential inclusions
in Banach spaces, International Journal of Nonlinear Differential Equations, Theory, Methods &
Applications 7 (2002), no. 1 & 2, 65-75.

, On first order impulsive differential inclusions with periodic boundary conditions, Dy-
namics of Continuous, Discrete & Impulsive Systems 9 (2002), no. 3, 417-427.

, On nonresonance impulsive functional nonconvex valued differential inclusions, Com-
mentationes Mathematicae Universitatis Carolinae 43 (2002), no. 4, 595-604.

, Semilinear impulsive neutral functional differential inclusions in Banach spaces, Applica-
ble Analysis 81 (2002), no. 4, 951-963.

, Impulsive functional differential inclusions in Banach spaces, Communications in Ap-
plied Analysis 7 (2003), no. 2-3, 253-264.

, Nonresonance higher order boundary value problems for impulsive functional differential
inclusions, Radovi Matematicki 11 (2003), no. 2, 205-214.

, On first order impulsive semilinear functional differential inclusions, Archivum Mathe-
maticum (Brno) 39 (2003), no. 2, 129-139.

, On nonresonance second order impulsive functional differential inclusions with nonlinear

boundary conditions, to appear in The Canadian Applied Mathematics Quarterly.

M. Benchohra, J. Henderson, S. Ntouyas, and A. Ouahab, Existence results for impulsive func-
tional and neutral functional differential inclusions with lower semicontinuous right hand side,
Electronic Journal of Mathematical and Physical Sciences 1 (2002), no. 1, 72-91.

, Existence results for impulsive lower semicontinuous differential inclusions, International
Journal of Pure and Applied Mathematics 1 (2002), no. 4, 431-443.

, Impulsive functional semilinear differential inclusions with lower semicontinuous right
hand side, International Journal of Applied Mathematics 11 (2002), no. 2, 171-196.

, Existence results for impulsive semilinear damped differential inclusions, Electronic Jour-
nal of Qualitative Theory of Differential Equations 2003 (2003), no. 11, 1-19.




358

[70]
[71]
[72]

[73]

[74]
[75]
[76]

[77]

(78]

[79]

(80]
(81]

(82]

[83]
[84]
[85]
[86]
[87]
(88]
[89]
[90]
[91]
[92]

[93]

Bibliography

, Higher order impulsive functional differential equations with variable times, Dynamic
Systems and Applications 12 (2003), no. 3-4, 383-392.
, Impulsive functional differential equations with variable times, Computers & Mathemat-
ics with Applications 47 (2004), no. 10-11, 1659-1665.

, On first order impulsive dynamic equations on time scales, Journal of Difference Equa-
tions and Applications 10 (2004), no. 6, 541-548.
, Upper and lower solutions method for first-order impulsive differential inclusions with
nonlinear boundary conditions, Computers & Mathematics with Applications 47 (2004), no. 6-7,
1069-1078.
, Impulsive functional dynamic equations on time scales, Dynamic Systems and Applica-
tions 14 (2005), 1-10.
, Multiple solutions for impulsive semilinear functional and neutral functional differential
equations in Hilbert space, Journal of Inequalities and Applications 2005 (2005), no. 2, 189-205.
, Existence results for nondensely defined impulsive semilinear functional differential inclu-
sions, preprint.
M. Benchohra and S. Ntouyas, An existence result for semilinear delay integrodifferential inclu-
sions of Sobolev type with nonlocal conditions, Communications on Applied Nonlinear Analysis
7 (2000), no. 3, 21-30.
, Existence of mild solutions of semilinear evolution inclusions with nonlocal conditions,
Georgian Mathematical Journal 7 (2000), no. 2, 221-230.
, Existence of mild solutions on noncompact intervals to second-order initial value prob-
lems for a class of differential inclusions with nonlocal conditions, Computers & Mathematics with
Applications 39 (2000), no. 12, 11-18.
, Existence theorems for a class of first order impulsive differential inclusions, Acta Mathe-
matica Universitatis Comenianae. New Series 70 (2001), no. 2, 197-205.
, Hyperbolic functional differential inclusions in Banach spaces with nonlocal conditions,
Functiones et Approximatio Commentarii Mathematici 29 (2001), 29-39.
, On first order impulsive differential inclusions in Banach spaces, Bulletin Mathématique
de la Société des Sciences Mathématiques de Roumanie. Nouvelle Série 44(92) (2001), no. 2,
165-174.
, An existence theorem for an hyperbolic differential inclusion in Banach spaces, Discus-
siones Mathematicae. Differential Inclusions, Control and Optimization 22 (2002), no. 1, 5-16.
, On an hyperbolic functional differential inclusion in Banach spaces, Fasciculi Mathe-
matici (2002), no. 33, 27-35.
, On second order impulsive functional differential equations in Banach spaces, Journal of
Applied Mathematics and Stochastic Analysis 15 (2002), no. 1, 47-55.
, On first order impulsive semilinear differential inclusions, Communications in Applied
Analysis 7 (2003), no. 2-3, 349-358.
M. Benchohra, S. Ntouyas, and A. Ouahab, Existence results for impulsive seminlinear damped
differential equations, International Journal of Applied Mathematics 11 (2002), no. 1, 77-93.
, Existence results for second order boundary value problem of impulsive dynamic equations
on time scales, Journal of Mathematical Analysis and Applications 296 (2004), no. 1, 65-73.
, Existence results for impulsive functional semilinear differential inclusions with nonlocal
conditions, to appear in Dynamics of Continuous, Discrete & Impulsive Systems.
M. Benchohra and A. Ouahab, Some uniqueness results for impulsive semilinear neutral functional
differential equations, Georgian Mathematical Journal 9 (2002), no. 3, 423-430.
, Impulsive neutral functional differential equations with variable times, Nonlinear Analy-
sis 55 (2003), no. 6, 679-693.
, Impulsive neutral functional differential inclusions with variable times, Electronic Journal
of Differential Equations 2003 (2003), no. 67, 1-12.
, Initial and boundary value problems for second order impulsive functional differential
inclusions, Electronic Journal of Qualitative Theory of Differential Equations 2003 (2003), no. 3,
1-10.




Bibliography 359

[94]

[95]

[96]

[97]

[98]

[99]

(100]
[101]
[102]
(103]
[104]
(105]
(106]
(107
(108]
(109]
[110]

[111]

[112]

[113]

[114]

[115]

, Multiple solutions for nonresonance impulsive functional differential equations, Elec-
tronic Journal of Differential Equations 2003 (2003), no. 52, 1-10.

M. Benchohra, A. Ouahab, J. Henderson, and S. Ntouyas, A note on multiple solutions for impul-
sive functional differential equations, Communications on Applied Nonlinear Analysis 12 (2005),
no. 3, 61-70.

V. I. Blagodatskih, Some results on the theory of differential inclusions, Summer School on Ordi-
nary Differential Equations, part II, Czechoslovakia, Brno, 1974, pp. 29-67.

V. 1. Blagodatskih and A. E. Filippov, Differential inclusions and optimal control, Akademiya Nauk
SSSR. Trudy Matematicheskogo Instituta imeni V. A. Steklova 169 (1985), 194-252, 255 (Rus-
sian).

H. F. Bohnenblust and S. Karlin, On a theorem of Ville, Contributions to the Theory of Games,
Annals of Mathematics Studies, no. 24, Princeton University Press, New Jersey, 1950, pp. 155—
160.

M. Bohner and P. W. Eloe, Higher order dynamic equations on measure chains: wronskians, discon-
jugacy, and interpolating families of functions, Journal of Mathematical Analysis and Applications
246 (2000), no. 2, 639-656.

M. Bohner and G. Sh. Guseinov, Improper integrals on time scales, Dynamic Systems and Appli-
cations 12 (2003), no. 1-2, 45-65.

M. Bohner and A. C. Peterson, Dynamic Equations on Time Scales: An Introduction with Appli-
cations, Birkhiuser Boston, Massachusetts, 2001.

M. Bohner and A. C. Peterson (eds.), Advances in Dynamic Equations on Time Scales, Birkhduser
Boston, Massachusetts, 2003.

A. Boucherif, Nonlocal Cauchy problems for first-order multivalued differential equations, Elec-
tronic Journal of Differential Equations 2002 (2002), no. 47, 1-9.

A. Bressan, On a bang-bang principle for nonlinear systems, Unione Matematica Italiana. Bollet-
tino. Supplemento (1980), no. 1, 53-59.

A. Bressan and G. Colombo, Extensions and selections of maps with decomposable values, Studia
Mathematica 90 (1988), no. 1, 69—86.

A. 1. Bulgakov, Continuous selections of multivalued mappings, and functional-differential inclu-
sions with a nonconvex right-hand side, Matematicheskii Sbornik 181 (1990), no. 11, 1427-1442.
, Some problems of differential and integral inclusions with a nonconvex right-hand side,
Functional-Differential Equations (Russian), Perm Politekh. Inst., Perm, 1991, pp. 28-57.

, Integral inclusions with nonconvex images and their applications to boundary value prob-
lems for differential inclusions, Matematicheskii Sbornik 183 (1992), no. 10, 63—86.

A. L. Bulgakov, A. A. Efremov, and E. A. Panasenko, Ordinary differential inclusions with internal
and external perturbations, Differentsial’nye Uravneniya 36 (2000), no. 12, 1587-1598, 1726.

A. L. Bulgakov and V. V. Skomorokhov, Approximation of differential inclusions, Matematicheskii
Sbornik 193 (2002), no. 2, 35-52.

A. 1. Bulgakov and L. I. Tkach, Perturbation of a convex-valued operator by a Hammerstein-
type multivalued mapping with nonconvex images, and boundary value problems for functional-
differential inclusions, Matematicheskii Sbornik 189 (1998), no. 6, 3-32.

L. Byszewski, Theorems about the existence and uniqueness of solutions of a semilinear evolution
nonlocal Cauchy problem, Journal of Mathematical Analysis and Applications 162 (1991), no. 2,
494-505.

, Existence and uniqueness of mild and classical solutions of semilinear functional-
differential evolution nonlocal Cauchy problem, Selected Problems of Mathematics, 50th Anniv.
Cracow Univ. Technol. Anniv. Issue, vol. 6, Cracow University of Technology, Krakow, 1995, pp.
25-33.

L. Byszewski and H. Akca, On a mild solution of a semilinear functional-differential evolution
nonlocal problem, Journal of Applied Mathematics and Stochastic Analysis 10 (1997), no. 3, 265—
271.

L. Byszewski and V. Lakshmikantham, Monotone iterative technique for nonlocal hyperbolic dif-
ferential problem, Journal of Mathematical and Physical Sciences 26 (1992), no. 4, 345-359.




360

[116]

[117]
[118]
[119]
[120]
[121]
[122]
[123]
[124]
[125]
[126]
[127]

[128]

[129]

[130]
[131]
[132]
[133]

[134]

[135]

[136]

[137]

[138]

[139]

Bibliography

L. Byszewski and N. S. Papageorgiou, An application of a noncompactness technique to an investi-
gation of the existence of solutions to a nonlocal multivalued Darboux problem, Journal of Applied
Mathematics and Stochastic Analysis 12 (1999), no. 2, 179-190.

A. Cabada and E. Liz, Discontinuous impulsive differential equations with nonlinear boundary
conditions, Nonlinear Analysis 28 (1997), no. 9, 1491-1497.

D. A. Carlson, Carathéodory’s method for a class of dynamic games, Journal of Mathematical Anal-
ysis and Applications 276 (2002), no. 2, 561-588.

C. Castaing and M. Valadier, Convex Analysis and Measurable Multifunctions, Lecture Notes in
Mathematics, vol. 580, Springer, Berlin, 1977.

K. C. Chang, The obstacle problem and partial differential equations with discontinuous nonlin-
earities, Communications on Pure and Applied Mathematics 33 (1980), no. 2, 117-146.

F H. Clarke, Yu. S. Ledyaev, and R. J. Stern, Asymptotic stability and smooth Lyapunov functions,
Journal of Differential Equations 149 (1998), no. 1, 69—114.

C. Corduneanu and V. Lakshmikantham, Equations with unbounded delay: a survey, Nonlinear
Analysis 4 (1980), no. 5, 831-877.

H. Covitz and S. B. Nadler Jr., Multi-valued contraction mappings in generalized metric spaces,
Israel Journal of Mathematics 8 (1970), 5-11.

G. Da Prato and E. Sinestrari, Differential operators with nondense domain, Annali della Scuola
Normale Superiore di Pisa. Classe di Scienze. Serie IV 14 (1987), no. 2, 285-344 (1988).

K. Deimling, Multivalued Differential Equations, de Gruyter Series in Nonlinear Analysis and
Applications, vol. 1, Walter de Gruyter, Berlin, 1992.

K. Deng, Exponential decay of solutions of semilinear parabolic equations with nonlocal initial
conditions, Journal of Mathematical Analysis and Applications 179 (1993), no. 2, 630-637.

B. C. Dhage, Multi-valued mappings and fixed points II, Tamkang Journal of Mathematics 37
(2006), no. 1, 27—46.

B. C. Dhage, A. Boucherif, and S. Ntouyas, On periodic boundary value problems of first-order per-
turbed impulsive differential inclusions, Electronic Journal of Differential Equations 2004 (2004),
no. 84, 1-9.

B. C. Dhage, J. Henderson, and J. J. Nieto, Periodic boundary value problems for first order
functional impulsive differential inclusions, Communications on Applied Nonlinear Analysis 11
(2004), no. 3, 13-25.

A. Domoshnitsky, Factorization of a linear boundary value problem and the monotonicity of the
Green operator, Differentsial’'nye Uravneniya 28 (1992), no. 3, 390-394, 546.

, On periodic boundary value problem for first order impulsive functional-differential non-
linear equation, Functional Differential Equations 4 (1997), no. 1-2, 39—46 (1998).

A. Domoshnitsky and M. Drakhlin, Nonoscillation of first order impulse differential equations
with delay, Journal of Mathematical Analysis and Applications 206 (1997), no. 1, 254-269.

Y. Dong, Periodic boundary value problems for functional-differential equations with impulses,
Journal of Mathematical Analysis and Applications 210 (1997), no. 1, 170-181.

Y. Dong and E. Zhou, An application of coincidence degree continuation theorem in existence of
solutions of impulsive differential equations, Journal of Mathematical Analysis and Applications
197 (1996), no. 3, 875-889.

K.-J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Graduate
Texts in Mathematics, vol. 194, Springer, New York, 2000.

L. H. Erbe, H. I. Freedman, X. Z. Liu, and J. H. Wu, Comparison principles for impulsive par-
abolic equations with applications to models of single species growth, Journal of the Australian
Mathematical Society. Series B 32 (1991), no. 4, 382—400.

L. H. Erbe, S. C. Hu, and H. Wang, Multiple positive solutions of some boundary value problems,
Journal of Mathematical Analysis and Applications 184 (1994), no. 3, 640-6438.

L. H. Erbe, Q. Kong, and B. G. Zhang, Oscillation Theory for Functional-Differential Equations,
Monographs and Textbooks in Pure and Applied Mathematics, vol. 190, Marcel Dekker, New
York, 1995.

L. H. Erbe and W. Krawcewicz, Nonlinear boundary value problems for differential inclusions y'" €
F(t, y,y"), Annales Polonici Mathematici 54 (1991), no. 3, 195-226.




Bibliography 361

[140]

[141]

[142]
[143]
[144]
[145]

[146]

[147]
[148]

[149]

[150]
[151]
[152]
[153]

[154]

[155]
[156]
(157]
[158]
[159]
[160]
[161]
[162]

[163]

, Existence of solutions to boundary value problems for impulsive second order differential
inclusions, The Rocky Mountain Journal of Mathematics 22 (1992), no. 2, 519-539.
L. H. Erbe and A. C. Peterson, Green’s functions and comparison theorems for differential equations
on measure chains, Dynamics of Continuous, Discrete and Impulsive Systems 6 (1999), no. 1,
121-137.

, Positive solutions for a nonlinear differential equation on a measure chain, Mathematical
and Computer Modelling 32 (2000), no. 5-6, 571-585.
K. Ezzinbi and J. H. Liu, Nondensely defined evolution equations with nonlocal conditions, Math-
ematical and Computer Modelling 36 (2002), no. 9-10, 1027-1038.
, Periodic solutions of non-densely defined delay evolution equations, Journal of Applied
Mathematics and Stochastic Analysis 15 (2002), no. 2, 113-123.
H. O. Fattorini, Second Order Linear Differential Equations in Banach Spaces, North-Holland
Mathematics Studies, vol. 108, North-Holland, Amsterdam, 1985.
A. E Filippov, Classical solutions of differential equations with the right-hand side multi-valued,
Vestnik Moskovskogo Universiteta. Serija I. Matematika, Mehanika 22 (1967), no. 3, 16-26 (Rus-
sian).
D. Franco, E. Liz, J. J. Nieto, and Y. V. Rogovchenko, A contribution to the study of functional
differential equations with impulses, Mathematische Nachrichten 218 (2000), 49-60.
M. Frigon, Application de la théorie de la transversalité topologique a des problemes non linéaires
pour des équations différentielles ordinaires, Dissertationes Mathematicae 296 (1990), 75.
M. Frigon and A. Granas, Théoremes d’existence pour des inclusions différentielles sans convexité,
Comptes Rendus de ’Académie des Sciences. Série I. Mathématique 310 (1990), no. 12, 819—
822.
M. Frigon and D. O’Regan, Boundary value problems for second order impulsive differential equa-
tions using set-valued maps, Applicable Analysis 58 (1995), no. 3-4, 325-333.
, Existence results for first-order impulsive differential equations, Journal of Mathematical
Analysis and Applications 193 (1995), no. 1, 96-113.
, Impulsive differential equations with variable times, Nonlinear Analysis 26 (1996),
no. 12, 1913-1922.

, First order impulsive initial and periodic problems with variable moments, Journal of
Mathematical Analysis and Applications 233 (1999), no. 2, 730-739.
A. Goldbeter, Y. X. Li, and G. Dupont, Pulsatile signalling in intercellular communication: experi-
mental and theoretical aspects, Mathematics Applied to Biology and Medicine, Wuerz, Winnipeg,
1993, pp. 429-439.
J. A. Goldstein, Semigroups of Linear Operators and Applications, Oxford Mathematical Mono-
graphs, Oxford University Press, New York, 1985.
L. Gérniewicz, Topological Fixed Point Theory of Multivalued Mappings, Mathematics and Its
Applications, vol. 495, Kluwer Academic, Dordrecht, 1999.
A. Granas and J. Dugundji, Fixed Point Theory, Springer Monographs in Mathematics, Springer,
New York, 2003.
D. J. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Notes and Reports in
Mathematics in Science and Engineering, vol. 5, Academic Press, Massachusetts, 1988.
D. J. Guo and X. Liu, Multiple positive solutions of boundary-value problems for impulsive differ-
ential equations, Nonlinear Analysis 25 (1995), no. 4, 327-337.
J. K. Hale, Ordinary Differential Equations, Pure and Applied Mathematics, John Wiley & Sons,
New York, 1969.
J. K. Hale and J. Kato, Phase space for retarded equations with infinite delay, Funkcialaj Ekvacioj.
Serio Internacia 21 (1978), no. 1, 11-41.
J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional-Differential Equations, Applied
Mathematical Sciences, vol. 99, Springer, New York, 1993.
S. Heikkild and V. Lakshmikantham, Monotone Iterative Techniques for Discontinuous Nonlinear
Differential Equations, Monographs and Textbooks in Pure and Applied Mathematics, vol. 181,
Marcel Dekker, New York, 1994.




362

[164]
[165]
[166]
(167]
[168]
[169]
[170]

[171]

[172]
[173]

[174]

[175]
[176]
(177)
(178]
(179]
(180]
[181]

[182]

[183]

[184]
[185]

[186]

[187]

Bibliography

J. Henderson (ed.), Boundary Value Problems for Functional-Differential Equations, World Scien-
tific, New Jersey, 1995.

J. Henderson, Double solutions of impulsive dynamic boundary value problems on a time scale,
Journal of Difference Equations and Applications 8 (2002), no. 4, 345-356.

, Nontrivial solutions to a nonlinear boundary value problem on a time scale, Communi-
cations on Applied Nonlinear Analysis 11 (2004), no. 1, 65-71.

E. Hernédndez Morales, A second-order impulsive Cauchy problem, International Journal of Math-
ematics and Mathematical Sciences 31 (2002), no. 8, 451-461.

S. Hilger, Ein MafSkettenakiil mit Anwendung auf Zentrumsannigfaltigkeiten, Ph.D. thesis, Uni-
versitit Wiirzburg, Wiirzburg, 1988.

Y. Hino, S. Murakami, and T. Naito, Functional-Differential Equations with Infinite Delay, Lecture
Notes in Mathematics, vol. 1473, Springer, Berlin, 1991.

Sh. Hu and N. S. Papageorgiou, Handbook of Multivalued Analysis. Vol. I. Theory, Mathematics
and Its Applications, vol. 419, Kluwer Academic, Dordrecht, 1997.

M. Kamenskii, V. Obukhovskii, and P. Zecca, Condensing Multivalued Maps and Semilinear Dif-
ferential Inclusions in Banach Spaces, de Gruyter Series in Nonlinear Analysis and Applications,
vol. 7, Walter de Gruyter, Berlin, 2001.

E. Kappel and W. Schappacher, Some considerations to the fundamental theory of infinite delay
equations, Journal of Differential Equations 37 (1980), no. 2, 141-183.

S. K. Kaul, Monotone iterative technique for impulsive differential equations with variable times,
Nonlinear World 2 (1995), no. 3, 341-354.

S. Kaul, V. Lakshmikantham, and S. Leela, Extremal solutions, comparison principle and stability
criteria for impulsive differential equations with variable times, Nonlinear Analysis 22 (1994),
no. 10, 1263-1270.

H. Kellerman and M. Hieber, Integrated semigroups, Journal of Functional Analysis 84 (1989),
no. 1, 160-180.

M. Kirane and Y. V. Rogovchenko, Comparison results for systems of impulse parabolic equations
with applications to population dynamics, Nonlinear Analysis 28 (1997), no. 2, 263-276.

M. Kisielewicz, Differential Inclusions and Optimal Control, Mathematics and Its Applications,
vol. 44, Kluwer Academic, Dordrecht, 1991.

E. Klein and A. C. Thompson, Theory of Correspondences, Canadian Mathematical Society Series
of Monographs and Advanced Texts, John Wiley & Sons, New York, 1984.

N. N. Krasovskii and A. I. Subbotin, Game-Theoretical Control Problems, Springer Series in So-
viet Mathematics, Springer, New York, 1988.

V. Lakshmikantham, D. D. Bainov, and P. S. Simeonov, Theory of Impulsive Differential Equa-
tions, Series in Modern Applied Mathematics, vol. 6, World Scientific, New Jersy, 1989.

V. Lakshmikantham, S. Leela, and S. K. Kaul, Comparison principle for impulsive differential equa-
tions with variable times and stability theory, Nonlinear Analysis 22 (1994), no. 4, 499-503.

V. Lakshmikantham and S. G. Pandit, The method of upper, lower solutions and hyperbolic partial
differential equations, Journal of Mathematical Analysis and Applications 105 (1985), no. 2, 466—
477.

V. Lakshmikantham, N. S. Papageorgiou, and J. Vasundhara, The method of upper and lower
solutions and monotone technique for impulsive differential equations with variable moments, Ap-
plicable Analysis 51 (1993), no. 1-4, 41-58.

V. Lakshmikantham, S. Sivasundaram, and B. Kaymakcalan, Dynamic Systems on Measure
Chains, Mathematics and Its Applications, vol. 370, Kluwer Academic, Dordrecht, 1996.

V. Lakshmikantham, L. Z. Wen, and B. G. Zhang, Theory of Differential Equations with Un-
bounded Delay, Mathematics and Its Applications, vol. 298, Kluwer Academic, Dordrecht, 1994.
A. Lasota and Z. Opial, An Application of the Kakutani—Ky Fan Theorem in the Theory of Or-
dinary Differential Equations, Bulletin de I’Académie Polonaise des Sciences. Série des Sciences
Mathématiques, Astronomiques et Physiques 13 (1965), 781-786.

R. W. Leggett and L. R. Williams, Multiple positive fixed points of nonlinear operators on ordered
Banach spaces, Indiana University Mathematics Journal 28 (1979), no. 4, 673—688.




Bibliography 363

[188]
[189]

[190]

[191]
[192]
[193]
[194]
[195]
[196]
[197]
[198]
[199]
[200]
[201]

[202]

(203]
[204]
[205]
[206]
[207]
[208]
[209]
(210
[211]
[212]

[213]

J. H. Liu, Nonlinear impulsive evolution equations, Dynamics of Continuous, Discrete and Im-
pulsive Systems 6 (1999), no. 1, 77-85.

X. Liu and G. Ballinger, Existence and continuability of solutions for differential equations with
delays and state-dependent impulses, Nonlinear Analysis 51 (2002), no. 4, 633—-647.

X. Liu, S. Sivaloganathan, and S. Zhang, Monotone iterative techniques for time-dependent prob-
lems with applications, Journal of Mathematical Analysis and Applications 237 (1999), no. 1,
1-18.

X. Liu and S. Zhang, A cell population model described by impulsive PDEs—existence and numer-
ical approximation, Computers & Mathematics with Applications 36 (1998), no. 8, 1-11.

E. Liz, Existence and approximation of solutions for impulsive first order problems with nonlinear
boundary conditions, Nonlinear Analysis 25 (1995), no. 11, 1191-1198.

, Abstract monotone iterative techniques and applications to impulsive differential equa-
tions, Dynamics of Continuous, Discrete and Impulsive Systems 3 (1997), no. 4, 443—452.

E. Liz and J. J. Nieto, Positive solutions of linear impulsive differential equations, Communications
in Applied Analysis 2 (1998), no. 4, 565-571.

G. Marino, P. Pietramala, and L. Muglia, Impulsive neutral integrodifferential equations on un-
bounded intervals, Mediterranean Journal of Mathematics 1 (2004), no. 1, 93-108.

M. Martelli, A Rothe’s type theorem for non-compact acyclic-valued maps, Bollettino della Unione
Matematica Italiana (4) 11 (1975), no. 3, suppl., 70-76.

M. P. Matos and D. C. Pereira, On a hyperbolic equation with strong damping, Funkcialaj Ekvacioj
34 (1991), no. 2, 303-311.

M. D. P. Monteiro Marques, Differential Inclusions in Nonsmooth Mechanical Problems, Progress
in Nonlinear Differential Equations and Their Applications, Birkhduser, Basel, 1993.

J. J. Nieto, Basic theory for nonresonance impulsive periodic problems of first order, Journal of
Mathematical Analysis and Applications 205 (1997), no. 2, 423-433.

, Impulsive resonance periodic problems of first order, Applied Mathematics Letters 15
(2002), no. 4, 489-493.

, Periodic boundary value problems for first-order impulsive ordinary differential equations,
Nonlinear Analysis 51 (2002), no. 7, 1223-1232.

S. Ntouyas, Initial and boundary value problems for functional-differential equations via the topo-
logical transversality method: a survey, Bulletin of the Greek Mathematical Society 40 (1998),
3-41.

S. Ntouyas and P. Ch. Tsamatos, Global existence for second order functional semilinear equations,
Periodica Mathematica Hungarica 31 (1995), no. 3, 223-228.

, Global existence for second order semilinear ordinary and delay integrodifferential equa-
tions with nonlocal conditions, Applicable Analysis 67 (1997), no. 3-4, 245-257.

, Global existence for semilinear evolution equations with nonlocal conditions, Journal of
Mathematical Analysis and Applications 210 (1997), no. 2, 679-687.

, Global existence for semilinear evolution integrodifferential equations with delay and non-
local conditions, Applicable Analysis 64 (1997), no. 1-2, 99-105.

, Global existence for second order functional semilinear integrodifferential equations,
Mathematica Slovaca 50 (2000), no. 1, 95-109.

N. S. Papageorgiou, Existence of solutions for hyperbolic differential inclusions in Banach spaces,
Archivum Mathematicum 28 (1992), no. 3-4, 205-213.

S. K. Patcheu, On a global solution and asymptotic behaviour for the generalized damped extensible
beam equation, Journal of Differential Equations 135 (1997), no. 2, 299-314.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Applied
Mathematical Sciences, vol. 44, Springer, New York, 1983.

G. Pianigiani, On the fundamental theory of multivalued differential equations, Journal of Differ-
ential Equations 25 (1977), no. 1, 30-38.

C. Pierson-Gorez, Problemes aux Limites Pour des Equations Différentielles avec Impulsions, Ph.D.
thesis, Universite Louvain-la-Neuve, Louvain, 1993.

A. Pli§, On trajectories of orientor fields, Bulletin de I’Académie Polonaise des Sciences. Série des
Sciences Mathématiques 13 (1965), 571-573.




364

[214]
[215]
[216]

[217]

[218]
[219]

[220]
[221]

(222
[223]
(224
[225]
[226]

[227]

[228]
[229]
[230]

[231]

Bibliography

A. Ponosov, A. Shindiapin, and J. J. Miguel, The W -transform links delay and ordinary differential
equations, Functional Differential Equations 9 (2002), no. 3-4, 437-469.

R. T. Rockafellar, Equivalent subgradient versions of Hamiltonian and Euler-Lagrange equations in
variational analysis, SIAM Journal on Control and Optimization 34 (1996), no. 4, 1300-1314.
Y. V. Rogovchenko, Impulsive evolution systems: main results and new trends, Dynamics of Con-
tinuous, Discrete and Impulsive Systems 3 (1997), no. 1, 57-88.

A. M. Samoilenko and N. A. Perestyuk, Impulsive Differential Equations, World Scientific Series
on Nonlinear Science. Series A: Monographs and Treatises, vol. 14, World Scientific, New Jersey,
1995.

H. Schaefer, Uber die Methode der a priori-Schranken, Mathematische Annalen 129 (1955), 415—
416.

G. N. Silva and R. B. Vinter, Measure driven differential inclusions, Journal of Mathematical Anal-
ysis and Applications 202 (1996), no. 3, 727-746.

D. R. Smart, Fixed Point Theorems, Cambridge University Press, London, 1974.

G. V. Smirnov, Introduction to the Theory of Differential Inclusions, Graduate Studies in Mathe-
matics, vol. 41, American Mathematical Society, Rhode Island, 2002.

D. E. Stewart, Existence of solutions to rigid body dynamics and the Painlevé paradoxes, Comptes
Rendus de I’Académie des Sciences. Série 1. Mathématique 325 (1997), no. 6, 689—-693.

J. P. Sun, A new existence theorem for right focal boundary value problems on a measure chain,
Applied Mathematics Letters 18 (2005), no. 1, 41-47.

H. R. Thieme, “Integrated semigroups” and integrated solutions to abstract Cauchy problems, Jour-
nal of Mathematical Analysis and Applications 152 (1990), no. 2, 416—447.

A. A. Tolstonogov, Differential Inclusions in a Banach Space, Mathematics and Its Applications,
vol. 524, Kluwer Academic, Dordrecht, 2000.

C. C. Travis and G. E. Webb, Cosine families and abstract nonlinear second order differential equa-
tions, Acta Mathematica Academiae Scientiarum Hungaricae 32 (1978), no. 1-2, 75-96.

, Second order differential equations in Banach space, Nonlinear Equations in Abstract
Spaces (Proceedings of Internat. Sympos., University of Texas, Arlington, Tex, 1977), Academic
Press, New York, 1978, pp. 331-361.

A. S. Vatsala and Y. Sun, Periodic boundary value problems of impulsive differential equations,
Applicable Analysis 44 (1992), no. 3-4, 145-158.

J. Wu, Theory and Applications of Partial Functional-Differential Equations, Applied Mathemati-
cal Sciences, vol. 119, Springer, New York, 1996.

K. Yosida, Functional Analysis, 6th ed., Fundamental Principles of Mathematical Sciences,
vol. 123, Springer, Berlin, 1980.

E. Zeidler, Nonlinear Functional Analysis and Its Applications. I. Fixed-Point Theorems, Springer,
New York, 1986.




Index

Symbols
y-Lipschitz, 5

A

a priori bounds, 109, 246, 296, 304, 322
absolutely continuous, 24, 95, 102, 168
Avery-Henderson theorem, 6

B

Bochner integrable, 2, 292
Bohnenblust-Karlin theorem, 4
bounded, 1, 2

C

Carathéodory, 9, 25, 292

completely continuous, 3

condensing, 4, 27, 39, 41, 45, 62, 63, 80, 82,
96, 118, 140, 187, 205, 213, 221, 245

cone, 5, 6, 150, 153, 159, 160, 339, 340

contraction, 5, 7, 19, 23, 24, 57, 60, 62, 85, 88,
89, 94, 95, 102, 107, 118, 133, 145, 209,
217, 224, 269, 272, 292, 299, 346,
350-352

cosine family, 8, 13, 58

Covitz and Nadler theorem, 5, 54, 62, 63, 85,
118, 199, 222, 269

D

decomposable, 3, 114, 133, 224, 273, 292,
299, 300

delay, 63, 318

densely defined operator, 8, 253, 254

E
evolution inclusion, 37, 42, 50

G

graininess, 312

Green’s function, 159, 218, 339

Gronwall’s lemma, 189, 246, 251, 296, 305,
328, 332

H
Hille-Yosida condition, 9, 254, 255, 257, 273
hyperbolic, 13, 291, 301

I

impulsive, 12

infinitesimal, 7, 12, 13, 37, 50, 58, 107, 108,
120, 136

initial value problem, 14, 26, 30, 63, 74, 80, 85,
90, 95, 115, 119, 134, 147, 165, 167, 184,
229, 235,254,273, 311, 312, 314, 325

integrable bounded, 347

integral solution, 254, 255, 257, 261, 262,
264-266, 269, 270, 273, 276-278, 282,
283, 285-288, 290

integrated semigroup, 8

K
Krasnosel’skii twin fixed point theorem, 6
Kuratowski measure of noncompactness, 4

L

Leggett-Williams fixed point theorem, 6

Leray-Schauder, 30, 35, 63, 69, 118, 130, 133,
243, 246, 249, 251, 264, 291, 292, 297,
299, 301, 305, 307, 313, 315-317, 320,
323-325, 333, 338, 339

Lipschitz, 9

lower semicontinuous, 3, 25, 33, 84, 92, 99,
103, 114, 115, 133, 224, 225, 273, 286,
292

lower semicontinuous type, 300

lower solution, 43, 62, 167, 168, 184, 198, 242,
247

M

Martelli, 4, 25, 27, 29, 63, 118, 199, 219

measurable, 2, 3

mild solution, 13, 20, 37, 42, 50, 108, 136

modified problem, 26, 44, 48, 169, 185, 243,
249, 251

multiple solutions, 5, 147, 159, 165

N

neutral, 63, 74, 95, 276, 277, 282, 285, 287,
290, 318, 323

Niemytzki operator, 3, 300

nondensely, 253, 254, 264, 276, 277, 285, 290

nonlinear alternative, 4



366

nonlocal condition, 119, 122, 136, 253, 254,
260, 264, 290
nonresonance, 199, 209, 217, 227

P

partial ordering, 159, 168

Perturbed, 345

precompact, 53, 111, 112, 127, 140, 259, 267,
268, 280, 322

R

regressive, 312-314, 325, 329

right dense, 311-313, 318, 334, 339
right dense continuous, 312

S

Schaefer theorem, 4

selection, 4, 55, 56, 61, 84, 87, 89, 94, 101, 106,
114, 118, 132, 133, 144, 273, 288, 292,
298-300, 347, 351

semigroup, 7, 8, 12, 37, 50, 62, 107, 108, 120,
136, 254, 261

semigroup Cp, 7

separable Banach space, 3, 12, 50, 63, 108, 120,
136, 192, 200, 253, 264, 277, 285, 291

sine family, 8

solution integral, 255, 278, 282, 286, 287

T

three fixed points, 6, 151, 154
truncation operator, 44, 169
twin fixed point theorem, 6, 165
type M, 25

U

uniformly continuous, 7

upper semicontinuous, 2, 4, 5, 9, 25, 41, 124,
171, 173, 292, 347, 349

upper solution, 168, 169, 174, 184, 190, 242

A\
variable times, 229, 235, 241, 301

Index



	Dedication
	Preface
	1. Preliminaries
	1.1. Definitions and results for multivalued analysis
	1.2. Fixed point theorems
	1.3. Semigroups
	1.4. Some additional lemmas and notions

	2. Impulsive ordinary differential equations & inclusions
	2.1. Introduction
	2.2. Impulsive ordinary differential equations
	2.3. Impulsive ordinary differential inclusions
	2.4. Ordinary damped differential inclusions
	2.5. Notes and remarks

	3. Impulsive functional differential equations & inclusions
	3.1. Introduction
	3.2. Impulsive functional differential equations
	3.3. Impulsive neutral differential equations
	3.4. Impulsive functional differential inclusions
	3.5. Impulsive neutral functional DIs
	3.6. Impulsive semilinear functional DIs
	3.7. Notes and remarks

	4. Impulsive differential inclusions with nonlocal conditions
	4.1. Introduction
	4.2. Nonlocal impulsive semilinear differential inclusions
	4.3. Existence results for impulsive functional semilinear differentialinclusions with nonlocal conditions
	4.4. Notes and remarks

	5. Positive solutions for impulsive differential equations
	5.1. Introduction
	5.2. Positive solutions for impulsive functional differential equations
	5.3. Positive solutions for impulsive boundary value problems
	5.4. Double positive solutions for impulsive boundary value problems
	5.5. Notes and remarks

	6. Boundary value problems for impulsive differential inclusions
	6.1. Introduction
	6.2. First-order impulsive differential inclusions withperiodic boundary conditions
	6.3. Upper- and lower-solutions method for impulsive differentialinclusions with nonlinear boundary conditions
	6.4. Second-order boundary value problems
	6.5. Notes and remarks

	7. Nonresonance impulsive differential inclusions
	7.1. Introduction
	7.2. Nonresonance first-order impulsive functional differentialinclusions with periodic boundary conditions
	7.3. Nonresonance second-order impulsive functional differentialinclusions with periodic boundary conditions
	7.4. Nonresonance higher-order boundary value problems forimpulsive functional differential inclusions
	7.5. Notes and remarks

	8. Impulsive differential equations & inclusions with variable times
	8.1. Introduction
	8.2. First-order impulsive differential equations with variable times
	8.3. Higher-order impulsive differential equations with variable times
	8.4. Boundary value problems for differential inclusionswith variable times
	8.5. Notes and remarks

	9. Nondensely defined impulsive differential equations & inclusions
	9.1. Introduction
	9.2. Nondensely defined impulsive semilinear differential equationswith nonlocal conditions
	9.3. Nondensely defined impulsive semilinear differential inclusions with nonlocal conditions
	9.4. Nondensely defined impulsive semilinear functionaldifferential equations
	9.5. Nondensely defined impulsive semilinear functional differential inclusions
	9.6. Notes and remarks

	10. Hyperbolic impulsive differential inclusions
	10.1. Introduction
	10.2. Preliminaries
	10.3. Main results
	10.4. Notes and remarks

	11. Impulsive dynamic equations on time scales
	11.1. Introduction
	11.2. Preliminaries
	11.3. First-order impulsive dynamic equations on time scales
	11.4. Impulsive functional dynamic equations on time scales with infinite delay
	11.5. Second-order impulsive dynamic equations on time scales
	11.6. Existence results for second-order boundary value problems ofimpulsive dynamic equations on time scales
	11.7. Double positive solutions of impulsive dynamic boundaryvalue problems
	11.8. Notes and remarks

	12. On periodic boundary value problems of first-order perturbed impulsive differential inclusions
	12.1. Introduction
	12.2. Existence results
	12.3. Notes and remarks

	Bibliography
	



