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Spectrum of cosmic rays follows a broken power law over twelve orders of magnitude. Since ubiquitous power laws are
manifestations of the principle of least action, we interpret the spectrum accordingly. Our analysis complies with understanding
that low-energy particles originate mostly from rapidly receding sources throughout the cosmos. The flux peaks about proton rest
energy whereafter it decreases because fewer and fewer receding sources are energetic enough to provide particles with high enough
velocities to compensate for the recessional velocities. Above 1015.6 eV the flux from the expanding Universe diminishes below the
flux from the nearby nonexpanding part of the Universe. In this spectral feature, known as the “knee,” we relate to a distance of
about 1.3 Mpc where the gravitational potential tallies the energy density of free space. At higher energies particles decelerate in a
dissipative manner to attain thermodynamic balance with the vacuum. At about 1017.2 eV a distinct dissipative mechanism opens
up for protons to slow down by electron-positron pair production. At about 1019.6 eV a more effective mechanism opens up via pion
production. All in all, the universal principle discloses that the broad spectrum of cosmic rays probes the structure of space from
cosmic distances down to microscopic details.

1. Introduction
Cosmic rays [1, 2] impinge on Earth’s atmosphere with
energies that have been measured over twelve orders of
magnitude. The particle flux versus energy, when displayed
on the log-log plot, compiles mostly from straight lines; that
is, the data follows a broken power law [3–9]. Since the power
law is a manifestation of the principle of least action in its
original form by De Maupertuis [10–13], we are motivated
to use this universal imperative to account for particle
propagation from cosmic origins to observatories on Earth.
Not only does the spectrum of cosmic rays display power
laws, but also other astronomical observations display scalefree patterns [14]. Furthermore, we are motivated to employ
the ubiquitous law of nature because it has helped to interpret
propagation of light from Type Ia supernovae [15] as well as
to reevaluate some other astronomical observations [16–18].
Since production of particles often couples with emission of
light, we find the thermodynamic tenet, where everything

depends on everything else, as justifiable approach to analyze
also the cosmic ray spectrum.
Today, one century since the discovery of cosmic rays,
wealth of data has been acquired about these perplexing
particles and understanding has emerged, yet it seems hard
to put all pieces of the puzzle together [19–21]. Undoubtedly
the principle of least action also fails to exhaust all open
questions, but the holistic perspective may provide some new
thoughts how to interpret data.

2. The Least-Time Principle
The principle of least action in its original form generalizes
Fermat’s least-time principle for propagation of energy in
any form, that is, not only in the form of light. Thus the
universal law of nature simply says that evolution, that is,
changes of state, will consume difference in energy of any kind
in least time [12, 13]. For instance, when a particle with mass
𝑚 propagates with velocity v along its least-time path, that
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is, along geodesic, the conservation of quanta requires that a
change in kinetic energy 𝐸𝑘 = 2𝐾 = 𝑚V2 equates changes in
scalar 𝑈 and vector 𝑄 potentials; that is,
𝑑𝑡 2𝐾 = −k ⋅ ∇𝑈 + 𝑑𝑡 𝑄,

(1)

where the change 𝑑𝑡 2𝐾 = 𝑑𝑡 𝑚V2 in kinetic energy is
invariably coupled with changes both in the scalar potential
−v ⋅ ∇𝑈 = v ⋅ 𝑚a and in energy 𝑑𝑡 𝑄 = V2 𝑑𝑡 𝑚 = V2 𝑑𝑡 𝐸/𝑐2
which is dissipated from the system to its surroundings or vice
versa. The change in mass 𝑑𝑡 𝑚 is for many changes of state,
for example, for chemical reactions, small and even minute;
nevertheless, if it is omitted, the account is incomplete and
conceptual conundrums will follow. Hence 𝑑𝑡 𝑚 ought to be
acknowledged and transcribed to the dissipative change in
energy 𝑑𝑡 𝑄 by the familiar mass-energy equivalence in the
vacuum.
The equation of evolution (1) from one state to another
can be derived from the notion of probability in statistical
mechanics of open system [13, 22]. It is also easy to recognize,
just as De Maupertuis did, that (1) is Newton’s 2nd law of
motion for a change in momentum p = 𝑚v in its original
complete form when multiplying with velocity v; that is,
F = 𝑑𝑡 p | ⋅k,
F ⋅ k = 𝑑𝑡 (𝑚k) ⋅ k = k ⋅ 𝑚a + V2 𝑑𝑡 𝑚,

(2)

𝑑𝑡 2𝐾 = −k ⋅ ∇𝑈 + 𝑑𝑡 𝑄,
where the familiar term 𝑚a of acceleration is identified with
the gradient of 𝑈, since 𝑑𝑡 = v ⋅ ∇, as well as the change in
mass 𝑑𝑡 𝑚 with dissipation 𝑑𝑡 𝑄 = V2 /𝑐2 𝑑𝑡 𝐸 using the massenergy equivalence 𝑑𝑚 = 𝑑𝐸/𝑐2 for the conversion of bound
energy in mass to energy 𝐸 of freely propagating photons in
the vacuum which is characterized by the squared speed of
light 𝑐. So, the least-time imperative is equivalent to Newton’s
notion of net force as it should. Namely, the least-time path
points along the resultant force.
The use of mass-energy equivalence (see (2)) in the
context of a seemingly nonrelativistic equation may though
raise the eyebrows. Note that here 𝐸 = 𝑚𝑐2 for the vacuum
is regarded merely as the special form of the general form
2𝐾 = 𝑚V2 , known as vis viva [23] in the 18th century,
most notably, by du Châtelet, s’ Gravesande, Leibniz, and
de Maupertuis. Later, when kinetic energy was reduced to
𝐾 = (1/2)𝑚V2 , the notion narrowed to quantify only
changes in the body’s motion, thereby ignoring concomitant
changes in the surrounding energy landscape. For example,
when a particle of cosmic origins slows down by losing
energy via dissipative processes, the surrounding vacuum will
absorb the emitted energy, and hence its state will change
too. In other words, every change in the state of system is
coupled with corresponding change in its surrounding energy
density [12, 13]. Thus, any equation of motion is incomplete
if it ignores motional changes in the surroundings that are
concurrent with changes in the state of a particle. Therefore,
we conclude that the general principle of nature applies also to
the cosmic rays that propagate along least-time paths through
the evolving Universe.

The principle of least action is, of course, widely used in
physics; however, it is primarily used in the nondissipative
and deterministic form as was devised by Lagrange. In
contrast, according to (1), the dissipative evolution from one
state to another is a nondeterministic process. An outcome
of this nonholonomic process depends not only on the initial
state but also on the taken path. History emerges because the
motion consumes its driving forces which, in turn, affect the
motion and so on. In other words, when variables cannot
be separated, the equation of evolution (see (1) and (2))
cannot be solved exactly. Although Maupertuis’ form did not
meet the onetime expectations of a computable law, there is
nothing wrong with it. On the contrary, it accurately accounts
for evolving nature.
Undoubtedly our reappraisal of the least-time principle
in its old original form prompts many a physicist to query for
physical assumptions that underlie the tenet. These grounds
are minimal and elementary. Namely, quanta of actions
are regarded to embody everything, including the vacuum
[24]. Specifically the photon is the quantum of action. Its
invariance is quantified by Planck’s constant ℎ = 𝐸𝑡 as the
product of photon’s energy 𝐸 and period 𝑡. The photon, as the
most elementary action, is a force carrier that moves energy
from the system to its surroundings. For instance, X-rays
are emitted when electrons are forced to curve on a path.
Additionally, the photon itself will lose energy by shifting
to red in quest of attaining energetic balance with its surroundings when propagating from the energy-dense nascent
Universe to the energy-sparse contemporary surroundings.
In other words, no system can change from one state to
another without either absorbing or emitting energy.
Maupertuis’ principle does not divide the system to an
invariant body of mass propagating along some path. Instead
integration of momentum p (of a body) on its path x yields
the entity known as the action 𝐴 = ∫ p ⋅ 𝑑x = 𝑛ℎ. It
sums the system in question from quantum of actions up to
a certain integer 𝑛. This 18th century perception of nature
in geometrical terms of geodesic actions was consistent and
comprehensive. For instance, the dissipative change in mass
(see (2)) did not puzzle Euler who quantified the change in
mass as a change in the geodesic curvature of an action’s path
relative to the straight paths of universal reference, that is, the
vacuum. Thus the concept of mass as Euler’s characteristic
merely quantifies how much rays of light will deviate in the
vicinity of a body away from their otherwise straight paths
in the free space [18, 25]. This quality of mass is, of course,
contained in general relativity too.
In general, the least-time consumption of free energy
results in a sigmoid curve, whose central region dominates on
the log-log scale as a power law [13]. Similarly the least-time
free energy consumption by several mechanisms over a range
of energies yields a series of sigmoid curves that follow each
other as consecutive lines on a log-log plot; that is, the data
follows a broken power law as the spectrum of cosmic rays.
Since the broken power law characterizes the cosmic ray
spectrum, we will employ the universal least-time principle to
examine the flux of particles over the entire range of measured
energies with the aim of relating spectral features to certain
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mechanisms of free energy consumption. So, we will not
provide some specific new results on any particular aspect
of cosmic rays; instead we will compile a holistic account on
the propagation of particles across cosmic distances down to
microscopic details of dissipation.
Of course, many an expert may not be in need of
comprehensive interpretation by the general principle of
physics but prefers a particular mechanistic explanation for
each spectral characteristic. We do not discard mechanisms
either but see them only in the service of least-time free
energy consumption. By the same token we do not regard
the power-law characteristic merely as a phenomenological
model but a fundamental consequence.
It is perhaps worth emphasizing that the general principle
of least time does not unveil specific mechanisms of energy
transfer. It only relates a change in the spectral index with
the change from one mechanism to another. Therefore we
are only able to associate a distinct change with a particular
mechanism based on what is known by previous studies about
the onset energy. Of course, it is conceivable that in a given
spectral band there are two or more main mechanisms. For
example, it has deduced that along with particle production
processes toward the end of the spectrum, and also the
composition of flux changes [26–28]. We cannot exclude
these model-dependent conclusions but prefer to account
for the changes in spectral index by the least number of
parameters that are needed in our model.

3. Spectral Characteristics
For the principle to be universal also in the context of cosmic
rays, it ought to make sense of the particle propagation over
the entire broad band of energies spanned by the particles
of cosmic origins. Moreover, each change in the flux ought
to be associated with an onset or ending of free energy
consumption by a particular mechanism. So, in the following,
we will proceed to relate, step by step, each spectral band to a
particular process.
3.1. Stationary Flux. Fine features of the cosmic ray spectrum
are customarily exposed so that the flux is presented when
multiplied by kinetic energy 𝐸𝑘 𝛾 raised to a power of the
spectral index 𝛾. The conventional choice 𝛾 = 3 is motivated,
as we will show below, because it corresponds to the flux
produced by a steady-state partition of sources. Namely, the
evolutionary equation of motion (see (1)) integrates to the
familiar virial theorem [29], 2𝐾+𝑈 = 0, in the particular case
when the system has already attained a free energy minimum
state. At the steady state there is no net dissipation; that is,
𝑑𝑡 𝑄 = 0, and hence at thermodynamic balance the least-time
paths are stationary.
We find from the equipartition theorem that the steadystate flux must fall as one over the cube of kinetic energy,
that is, 𝐹 ∝ 1/𝐸𝑘 3 , to comply with a constant total flux
𝐼 of particles integrated over all energies in unit time per
unit area originating from a maximum entropy partition
Φ(𝐸𝑘 /𝑘𝐵 𝑇) of sources in a constant volume, here simply a
sphere 4𝜋𝑟𝑜 3 /3 with radius 𝑟𝑜 , over the density of 𝑛 states

3
𝑔(𝐸𝑘 /𝑘𝐵 𝑇)𝑑(𝐸𝑘 /𝑘𝐵 𝑇) = 4𝜋𝑛2 𝑑𝑛 = 4𝜋𝐸𝑘 2 𝑑𝐸𝑘 /(𝑘𝐵 𝑇)3 with
average energy 𝑘𝐵 𝑇; that is,
𝐼=∫

∞

0
∞

𝐹𝐸𝑘 Φ (𝐸𝑘 /𝑘𝐵 𝑇) 𝑔 (𝐸𝑘 /𝑘𝐵 𝑇) 𝑑𝐸𝑘
𝑘𝐵 𝑇
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(𝑘𝐵 𝑇)
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(3)

is a constant.
So, when the observed flux is multiplied with 𝐸𝑘 3 , the
published data of several measurements [30–45] are roughly
constant in the range from some million gigaelectron volts
(eV) to about billion gigaelectron volts (Figure 1).
When 𝐹 ⋅ 𝐸𝑘 3 quantity is steady, it means that the particles
within this energy range will arrive to detectors with the same
energy, on average, as they have left from their sources. So,
we reason that the flux above 1015.6 eV, known as the “knee,”
stems from sources which are approximately stationary, and
hence these sources of particles must be, by and large, in
the local nonexpanding part of the Universe. According to
astronomical observations, this realm comprises the Milky
Way galaxy and the Andromeda galaxy together with nearby
smaller galaxies, that is, the Local Group [46, 47] (Figure 2).
Obviously 𝐹 ⋅ 𝐸𝑘 3 data (Figure 1) are not exactly steady
above the “knee,” but there are regions, especially higher up
in energy, where the flux decreases faster and slower than
𝐹 ∝ 1/𝐸𝑘 3 . So, there must be other processes within the
nonexpanding realm of the Universe to be accounted for,
besides variation in the flux, for example, due to velocity
dispersion of sources.
3.2. High-Energy Flux. At higher energies, that is, above
1017.2 eV, known as the “2nd knee,” the flux falls clearly more
rapidly than 𝐸𝑘 −3 . This means, according to the profound
principle of nature, that kinetic energy of particles exceeds
the source potential in these sparse surroundings where they
are detected. The energy difference between the system and
its surroundings, that is, the free energy, is consumed so that
the high-energy particles will slow down. In other words,
the kinetic energy of particles is transferred to the potential
energy of the surroundings, that is, to the photon-embodied
vacuum [24, 25].
Earlier two dissipative mechanisms have been identified
[48–51]. The first of them opens up for protons with kinetic
energy above ∼1017.2 eV. The spectral index changes because
the protons will decelerate by producing pairs of electrons
and positrons. We recognize these leptons as quantized
actions in the form of “vortices” that materialize from the
quantized actions embodying the vacuum due to dissipative
perturbations, that is, “turbulence” induced by the highenergy protons (Figure 3). Our geometric description of a
particle in terms of a quantized action is merely a consistent
consequence of the least-action principle. It integrates any
momentum p over its least-time path x of propagation to
a multiple 𝑛 of Planck’s constant ℎ; that is, ∫ p ⋅ 𝑑x = 𝑛ℎ
[52]. At even higher energies, above ∼1019.6 eV, known as
the GZK cutoff, the other dissipative mechanism opens up
for protons to decelerate even more effectively by producing

4

Advances in Astronomy

F × Ek3 10−24 (eV2 m−1 s−1 sr−1 )

10

Knee

2nd knee

c

R

u


0.1
11

Ankle

12

13

Proton
Cream
RUNJOB
JACEE
CASAMIA
Hegra
Akeno
Tibet
IceTop
Gamma

14

15
16
17
log(Ek ) (eV)

ro




GZK

Bow
1

r

18

19

20

21

Figure 2: Schematic view angle of the Universe opens from a blue
dot (at right) that signifies the Earth. Particles that arrive to our
detectors with velocity V have departed either with the same velocity
(green arrow) from sources in the nearby nonexpanding sphere
of the Universe within a radius 𝑟𝑜 (green circle) or with a higher
velocity (blue arrow) from sources that are receding with velocity 𝑢
as exemplified to reside at a distance 𝑟 (yellow arc). No particle with
velocity V < 𝑐 will attain our observatories from the perimeter of the
Universe at 𝑅 (red arc) that is expanding with the speed of light 𝑐.
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Figure 1: Flux of cosmic rays 𝐹 multiplied by 𝐸𝑘 3 is reproduced
from published data (see text for references) without recalibration
for unbiased assessment by the principle of least action. Coloring
merely serves to emphasize various spectral regions. Comparison of
data with the computed flux (orange line) via (5) indicates that most
particles below 1015.6 eV, known as the “knee,” have departed from
sources in the expanding Universe, whereas above the “knee” the
calculated flux from a stationary system with the characteristic 𝐸−3
(green dashed line) via (3) implies that recorded particles originate
from sources in the nearby nonexpanding part of the Universe. The
close match of computed flux with data at the “knee” provides an
estimate for the radius 𝑟𝑜 ≈ 1.3 Mpc (with ±10% uncertainty shown
by grey lines) of the nonexpanding part of the Universe. Above the
knee the flux decreases as 𝐸−3.1 because protons will slow down first
by producing photons and eventually neutrinos (green line). Then,
above 1017.2 eV, known as the “2nd knee,” the flux decreases as 𝐸−3.3
because protons will slow down more effectively producing pairs of
electrons and positrons (blue line), and then above 1019.6 eV the flux
decreases approximately as 𝐸−6 , known as the GZK cutoff, by the
even more effective pion production (purple line). The decelerated
protons by various mechanisms will return to lower energies. The
reflux from the meson production (violet line) will give rise to the
“ankle” at about 1018.6 eV above which the flux decreases as 𝐸−2.8 and
likewise the reflux from the lepton production (dark green) will give
rise to the “bow” at about 1016.4 eV above which the flux decreases as
𝐸−2.9 .

pions. We recognize these mesons as “wavelets” that emerge
from turbulence in the surrounding quanta of action [25, 53].
We picture the steady-state vacuum as laminar (straight)
flows of quanta at the speed of light [24, 25, 53]. The ultrahigh-energy cosmic rays will perturb these uniform and
stationary flows to turbulent trajectories that will materialize
as particles. This view of a quantized vacuum parallels
thoughts about void by the old 𝑎-tomistic tenet [54]. Since the
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Figure 3: When high-energy protons slow down, pairs of electrons
(e− ) and positrons (e+ ) will materialize from quanta of actions,
that is, from photons that embody the vacuum in pairs of opposite
polarization. The resulting leptons are described as quantized
actions in toroid forms (shown above as color coded by charge).
Accordingly, when ultra-high-energy protons decelerate, pions 𝜋+
(𝑢𝑑), 𝜋− (𝑢𝑑), and 𝜋𝑜 (𝑢𝑢 and 𝑑𝑑) will materialize from the photonembodied vacuum. Each of these pseudoscalar mesons, described as
a quantized action in a wavelet form, comprises arcs of two quarks
(𝑢, 𝑢, 𝑑, 𝑑) joined by a gluon (g), that is, by a high-frequency photon.

leptons and mesons are produced from the massless quanta
embodying the vacuum, the proton deceleration by dissipation couples with changes in mass in agreement with (1).
The decelerated protons will, of course, return to lower
energies, and hence they will contribute to the flux below
the threshold energy of particle production [51]. The proton
pile-up is particularly pronounced for the pion production
resulting in the “ankle” at 1018.6 eV, where the reflux of
decelerated protons matches the efflux due to less effective
electron-positron pair production. In agreement with previous calculations [48, 51], we argue by general energetic considerations that the threshold energies and rates of these two
dissipative processes are related to each other by the mesonlepton mass ratio 𝑚𝜋 /𝑚𝑒 ≈ 265. This anticipated difference
in the threshold energies is readily verified within margin
but the relative rates are much more difficult to evaluate
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from the ultra-high-energy data with large uncertainties and
apparent difficulties in calibration of datasets with each other
(Figure 1).
This perception of the ultra-high-energy data prompts
us to reanalyze the range from 1015.6 to 1017.2 eV, that is, the
flux between the “knees.” Admittedly the data as a whole
(Figure 1) does not prove unambiguously our insight that
the spectral index does change at about 1016.4 eV, to be
known as the “bow,” but several sets of data indicate this
characteristic. We attribute the increase seen above 𝐸𝑘 −3
reference level in the range from the “bow” to the “2nd
knee,” as argued above, to the proton pile-up resulting from
deceleration by the electron-positron production. The prior
decrease below 𝐸𝑘 −3 reference level in the range from the
“knee” to the “bow” calls for yet another mechanism of
dissipation. So, we propose that the protons slow down by
producing neutrinos and quanta of light from the photonembodied vacuum (Figure 4). We regard these dissipative
processes plausible because in general changes in particle
momentum couple with dissipation of photons, for example,
as Bremsstrahlung, as well as with dissipation of neutrinos,
for example, from decays processes. Moreover, there is a
background of neutrinos in the Universe just as there is
the cosmic microwave background radiation. The proposed
proton deceleration by the photon and neutrino production
is on one hand less effective than e− e+ production but on
the other hand the pathway opens up once kinetic energy
exceeds potential of the surrounding vacuum and because of
this mechanism there is no characteristic threshold energy.
Moreover, we think that it is not a mere coincidence
that the proton reflux rate between the “ankle” and the
onset of GZK cutoff is comparable to the proton efflux rate
between the “2nd knee” and the “ankle” due to deceleration
by e− e+ pair production. Namely, e− e+ annihilation as a
reverse reaction allows the decelerated protons to adjust their
kinetic energy to the surrounding potential. Since the pions
themselves decay to electrons and positrons as well as to
neutrinos and photons, we reason that the proton reflux rate
between the “bow” and the “2nd knee” is comparable to the
proton efflux rate between the “knee” and the “bow” due to
deceleration by the neutrino and photon production.
The rates of free energy consumption via this diversity of
mechanisms, just as the rates of all least-time mechanisms, are
proportional to the free energy [13]. Therefore the flux across
the energy scale compiles from sections of straight lines when
plotted on the log-log scale where intersections of sigmoid
curves appear as rounded. The particular parameter values
of power law lines (Figure 1, caption) depend on mechanistic
details of the particle production that have already been
studied by particle physics as well as on the number of
sources versus energy that has been screened by astronomy.
We cannot obtain these numeric values for cross sections
and estimates of sources from the general principle, but we
are able to require consistency. For example, the slopes for
consecutive energy bands (Figure 1) have been outlined to
follow the data so that the reflux of decelerated protons from
the electron-positron pair production adds to the flux below
its onset energy and accordingly the reflux from the pion
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Figure 4: When high-energy protons slow down, pairs of neutrinos
(]) with opposite sense of circulation (color coded) will materialize
from quanta of actions, that is, from photons that embody the
vacuum in pairs of opposite polarization. The resulting leptons are
described as single-quantum actions in circular forms. Additionally,
the high-energy protons may decelerate by breaking apart the photon pairs to yield two quanta of light (𝛾) with opposite polarization.

production adds to the flux below its onset. Moreover, the
onset energies of electron-positron pair production and the
pion production are required to comply with the pion-toelectron mass ratio.
We motivate these constraints for the consecutive bands
over extracting a least-square fit, because uncertainties and
apparent differences in calibration between experimental
datasets are large and because their manipulation would
certainly be beyond our competence.
3.3. Flux at Intermediate Energies. At energies below the
stationary 𝐸𝑘 −3 -region, that is, below 1015.6 eV, known as the
“knee,” the flux falls less rapidly (Figure 1). According to
the law of nature, this means that the total source potential
exceeds the kinetic energy. Therefore the particles must
originate also from receding sources in the expanding part
of the Universe. Obviously a particle with 𝐸𝑘 value that is
measured at its arrival must have departed at a higher kinetic
energy 𝐸𝑘𝑢 to offset the recessional velocity 𝑢 of its source. So,
although there are more and more receding sources within
a larger radius 𝑟 of integration, fewer and fewer of them are
energetic enough to launch particles to high enough speeds
for the particles to arrive at 𝐸𝑘 which is absorbed in detection.
We compute the particle flux arriving at a given kinetic
energy 𝐸𝑘 from the expanding Universe of radius 𝑅 = 𝑐𝑇 at
its current age 𝑇 using Hubble’s law [55]:
𝑐𝐻 =

𝑐 𝑐2 (𝑢 − 𝑢𝑜 )
=
=
𝑇 𝑅
𝑟 − 𝑟𝑜

2

(4)
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by summing up receding sources over the expanding space
from 𝑟𝑜 that defines the radius of nonexpanding space up to
𝑟𝑐 that corresponds to the maximal recessional velocity 𝑐 − V
of a source that may still deliver the particle to arrive at 𝐸𝑘 ;
that is,
𝐹∝∫

𝑟𝑐

𝑟𝑜

𝑓V
2
4𝜋 (𝑟 − 𝑟𝑜 ) 𝑑𝑟,
𝐸𝑘𝑢 3

(5)

where the arrival rate of particles with velocity V from a
source receding with velocity 𝑢 suffers from Doppler shift
𝑓 = V/(𝑢+V). We express 𝐸𝑘𝑢 −3 dependence on kinetic energy
𝐸𝑘𝑢 = 𝐸𝑜 [(1 − (𝑢 + V)2 /𝑐2 )−1/2 − 1] at the shell of departure
using the familiar Lorentz factor 𝛾 = (1 − V2 /𝑐2 )−1/2 that
defines 𝐸𝑘 = 𝐸𝑜 (𝛾 − 1) in terms of the rest energy 𝐸𝑜 = 𝑚𝑐2 .
When 𝐸𝑘𝑢 > 𝐸𝑘 , the source’s recessional velocity 𝑢 will be
compensated so that the particle will arrive with velocity V =
𝑐𝐸𝑘 /(𝐸𝑘 + 𝐸𝑜 ).
We assume by (5) that the flux is isotropic. This assumption is more and more motivated with decreasing energy,
that is, with increasing radius of integration over the sources.
Conversely, we expect that the flux would be more and more
anisotropic as the radius of integration over the sources
narrows with increasing energy, especially above the knee,
and ultimately is limited only to our own galaxy. Undoubtedly
the flux decreases rapidly not only due to the effective e− e+
pair and even more effective 𝜋 production but also due to
the number of sources diminishing with decreasing limit of
integration. This prediction about emerging anisotropy with
decreasing number of sources, though, is not fully falsifiable
because at ultrahigh energies the number of particles may not
be sufficient.
Moreover, it may not be easy to localize the ultrahigh
energy sources because in general high-energy fluxes are
more susceptible to loss of momentum and concurrent
changes in direction than low-energy fluxes. This familiar
energy-dependent dispersion manifests itself, for instance,
so that blue light refracts more than red. Moreover, the
general principle of least time does not say anything about
specific mechanisms of dispersal, such as turbulent magnetic
fields. These complicated processes facilitate the least-time
dispersal of energy from the high-energy sources to the lowenergy surroundings but we cannot calculate their effects on
anisotropy. Yet, the proposed tenet is in line with optical
observations; namely, radiation is more and more isotropic
with decreasing energy.
Numerical integration of (5) carried out by Mathematica
[56] closely matches measured data when setting 𝑟𝑜 /𝑅 = 3.2 ⋅
10−4 . The corresponding distance 4.4 ⋅ 106 ly follows from the
estimated age of the Universe 𝑇 = 𝑅/𝑐 = 13.8 billion years.
The distance 𝑟𝑜 is in agreement with astronomical observations that have revealed objects receding when further away
than 1.5 Mpc [46, 47].
Our computation for the proton flux by (5) reproduces
the change in the spectral index at about 1015.6 eV, where
the “knee” is seen in the plot 𝐹 ⋅ 𝐸𝑘 3 versus 𝐸𝑘 as a hump
(Figure 1). We reason that the excess above the horizontal
line that designates the stationary-state flux results from
those sources which are just barely drifting away from us.

According to the general law this means that energy densities
among the bodies, that is, gravitational potential, and the
potential in their surroundings, that is, the energy density
of free space, are comparable to each other in this intriguing
zone of delicate thermodynamic balance [25, 53].
Obviously our view of space within 𝑟𝑜 as stationary is
only a guiding approximation, since the nearby sources are
actually moving toward us (see (4)) and exhausting their
potential energy in producing particles and photons. When
departing from the stationary-state approximation we expect
the flux to decline above 1015.6 eV slightly faster than 𝐸𝑘 −3 in
addition to the proposed dissipative mechanism of neutrino
and photon production.
3.4. Low-Energy Flux. At even lower energies, for example,
below 1013 eV, the measured flux [57–66] is approximately
proportional to 𝐸𝑘 −2.7 , which is in agreement with computation by (5) (Figure 5).
The flux increases with decreasing 𝐸𝑘 because the summation with decreasing velocity V extends to include more
and more receding sources with increasing recessional velocity 𝑢 in the expanding Universe (Figure 2). This conclusion about origins of low-energy particles is in line with
observations. Particles with lower and lower energy are more
and more likely to originate from extragalactic sources [67].
Conversely, there are point-like high-energy sources in our
galaxy [68].
When 𝐸𝑘 decreases further, the flux levels off toward
a maximum, which is according to (4) dictated by the
rest energy 𝐸𝑜 . The computed line matches data when 𝐸𝑜
is set to the proton rest energy. The low-energy end of
flux decreases approximately as 𝐸𝑘 −1 . When the sources’
recessional velocities 𝑢 tend toward the speed of light 𝑐, the
arrival rate will decline since the particles will suffer more
and more from the Doppler shift (Figure 6). Obviously in
the limit of a source receding at the speed of light no particle
originating from it will arrive to our detectors.

4. Discussion
The spectrum of cosmic rays has been also earlier recapped,
piece by piece, by power laws. Here we point out that the
power-law dependence is not merely a phenomenological
model but an inevitable consequence of the least-time free
energy consumption. The profound principle allows us to
recognize the unity in phenomena that underlie parameters
of the broken power law as well as to assign each change
in the spectral index to an onset or ending of a process
with characteristic energy. Yet, we would like to emphasize
that this holistic comprehension of particles’ origins and
propagation is not exactly new yet insightful in revealing that
the cosmic ray spectrum reports from the structure of cosmos
in line with other astronomical observations.
The principle of least action is, of course, well established
in physics. However, its original form due to Maupertuis
used in this study distinguishes from the more familiar
Lagrange’s form by accounting for dissipative processes, that
is, evolution from one state to another. The evolutionary
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Figure 5: Proton flux 𝐹 versus energy 𝐸𝑘 compiled from many
measurements, available from Database of Charged Cosmic Rays
[79] (see text for references), displays the low-energy spectrum
about the flux maximum that is governed by the proton rest energy
𝐸𝑜 = 𝑚𝑝 𝑐2 ≈ 109 eV. The computed line (orange line) has been
scaled in energy to match the data to reveal that the proton flux with
decreasing energy originates from more and more distant sources in
the expanding part of the Universe.

character is necessary to acknowledge the influx of particles
from the expanding cosmos as well as to account for the
efflux ultrahigh protons and reflux high-energy protons in
lepton and meson production processes. Moreover, we find
the thermodynamic tenet, where everything depends on
everything else, motivated because observations have shown
that the average energy density of cosmic rays ∼1 eV/cm3 is
comparable to those of other energy densities, namely, to
that of visible starlight ∼0.3 eV/cm3 , galactic magnetic field
∼0.25 eV/cm3 , and cosmic microwave background (CMB)
radiation ∼ 0.25 eV/cm3 [69]. In other words, the Universe
evolves so that any difference in energy will be consumed in
least time. This tendency toward balance yields also nearly
perfect black body spectrum and uniformity at the largest
scale [18].
Nevertheless, many a specialist may at first mistake the
adopted thermodynamic tenet as a naı̈ve or dubious method,
for instance, when we compute the flux from the expanding
Universe without resorting to general relativity. However, the
familiar Lorentz factor 𝛾 = 𝑑𝑡/𝑑𝜏 = (1−V2 /𝑐2 )−1/2 used in the
calculation (see (5)) follows from the least-time imperative
in the limit of Euclidean continuum, where an infinitesimal
change in the kinetic energy 𝑑(2𝐾) → 𝑑𝑠2 equates
infinitesimal changes in the potential energy 𝑑𝑈 → 𝑐2 𝑑𝜏2
and in the dissipation 𝑑𝑄 → 𝑐2 𝑑𝑡2 (Figure 7). Additionally,
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Figure 6: Features in the low-energy end of the spectrum are
enhanced when proton flux 𝐹 is divided by energy 𝐸𝑘 . The figure
is compiled from many measurements that are available from
Database of Charged Cosmic Rays [79] (see text for references). The
computed line (orange line) has been scaled in energy to match the
data to reveal that the low-energy end of flux originates mostly from
rapidly receding sources in the expanding part of the Universe.

as introduced, the relation 𝐸 = 𝑚𝑐2 , which is often deemed
only as relativistic, is regarded by the old principle as a special
case of vis viva; that is, 2𝐾 = 𝑚V2 . So, our results do not differ
dramatically from previous calculations for any particular
spectral feature. The only true difference is that we interpret
the entire spectrum using one and the same tenet.
Moreover, it may seem curious that we assign the change
in the flux known as the “knee” at 1015.6 eV to a zone
of delicate thermodynamic balance where the gravitational
potential due to bodies, for example, galaxies, and the potential contained in the contemporary surrounding vacuum
density are comparable to each other. We specifically do not
relate the “knee” to any mechanism such as acceleration and
propagation of supernova shock waves [70]. However, by the
general principle, a force of any kind is nothing but an energy
difference per distance in the continuum limit between the
system and its surroundings. And hence which way the
difference is merely dictates the direction of ensuing motion,
that is, to be attractive or repulsive, when the free energy is
consumed [15, 17, 24]. At a free energy minimum, there is no
net force, and hence those trajectories are stationary. By the
same token we are not in need of more sophisticated models
than Hubble’s law to account for the particles that originate
from the expanding Universe. We see the same law to apply
likewise also for the contracting (i.e., gravitationally bound)
nearby Universe, when explaining anomalies [18, 71, 72].
Hubble’s law itself can be understood as an expression of
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Figure 7: According to the principle of least action an infinitesimal
change 𝑑𝑠 (blue arrow) in the kinetic energy (2𝐾) along the leasttime path (black arrow) equates with an infinitesimal change 𝑐𝑑𝜏
(green arrow) in the scalar potential (𝑈) and infinitesimal change
𝑐𝑑𝑡 (red arrow) in dissipation (𝑄). Thus the familiar Lorentz factor
𝛾 = 𝑑𝑡/𝑑𝜏 follows when the curved least-time path is approximated
by straight sections.

the principle of least action (see (1)). It maintains that the
acceleration 𝑐𝐻 = 𝑐2 /𝑅 = 𝐺𝑀/𝑅2 , that is, the equivalence
principle, follows from the quest for keeping the energy 𝑀𝑐2
of the universal background, that is, the vacuum, in balance
with the gravitational potential 𝐺𝑀/𝑅 of the total mass 𝑀
within radius 𝑅 of the Universe [24, 73].
The ageing of the Universe and its concomitant decrease
in energy density are invariably related to each other when
everything is understood as being composed of quantum of
actions whose total number 𝑛 and measure of each ℎ = 𝐸𝑡 are
invariants. In other words, as is stated by Noether’s theorem,
the integrated action ∀2𝐾𝑑𝑡 = 𝑛ℏ over the Universe is invariant. However, we do understand that the universal imperative
(see (5)) does not explicitly expose how the various sources
of cosmic rays have evolved in their capacity of expelling
particles. We are only able to state that this kind of ageing
or other changes that might have accumulated between
primordial and contemporary processes, in their capacity to
yield particles, will show up as a change in the spectral index
of ultra-low-energy flux away from 𝐸−1 characteristic when
such data will be recorded. Moreover, in this low-energy
region of the spectrum, we expect flux versus energy to
report from the expansion of Universe in the same way as the
magnitude versus redshifts of Type Ia supernovae does [15].
Moreover, we emphasize that the principle of least action
in its original form supplies us only with scalable functional
forms, not with absolute numbers. Additionally, it has been

well acknowledged that the cosmic ray data itself, compiled
from many measurements over the huge span of energy,
is easily subject to miscalibration and uncertainty which
compromise evaluation of theoretical explanations.
Our description of the vanishing flux at ultrahigh energies
by particle production may seem to parallel earlier accounts,
where protons are portrayed to decelerate when interacting
with cosmic microwave background (CMB) radiation [48–
51]. Yet, there is a distinction. Namely, we think that the
vacuum is mostly embodied by paired photons, not only by
single photons of CMB [17, 24]. Darkness reigns because
electromagnetic fields of the paired quanta cancel each other,
yet the quanta themselves prevail in propagation to all
directions which gives rise to the vacuum energy density.
The vacuum of this nature may seem to resemble renewed
ideas about a dynamical vacuum [74] to explain dark energy.
However, we do not introduce the photon-embodied vacuum
to account for dark energy. In fact, there is no compelling
evidence for such a parameter when the data on Type Ia
supernovae is interpreted by the principle of least action [15].
According to the old 𝑎-tomistic tenet, where everything
is composed of basic building blocks, that is, the quanta
of actions by modern lingo, elementary particles, in this
particular case of proton deceleration, electrons, positrons,
and pions as well as neutrinos are naturally understood to
materialize from the quanta that embody the vacuum in
high-energy conditions. Indeed, high-frequency motion in
the dynamical Casimir effect produces quanta of light from
the seemingly dark vacuum [75]. Perhaps our portrayal on
the particle production seems overly pictorial but justified
because the same wordings that we use to describe ordinary
phenomena are expected to be applied across all scales.
The description of particles as quantized actions is more
convincingly motivated by the fact that least action paths
reproduce measured properties [25].
Currently, how the protons ever acquire ultrahigh energies is somewhat puzzling. Hence, many ongoing studies
aim at localizing and characterizing these sources. Magnetic
fields of galaxies and supernovae, for example, have been
considered already early on as mechanisms of acceleration
[76]. The higher the energy is the more anisotropic the flux is
for the reason that the sources, which are capable of delivering
high-energy particles, are few in numbers and close by.
Conversely, the lower the energy is the more isotropic the
flux is from numerous sources throughout the Universe. That
is to say, we do not discard that the ultrahigh energy data
displays signatures of particular mechanisms. Yet, we find
it worth reminding, when explaining the whole spectrum
by the general physical law, that the mass of a particle, as
Euler defined it in terms of geodesic curvature [77], quantifies
the geometry of particle’s quantized action in relation to
the geometry of freely propagating actions that embody the
surrounding space, that is, the vacuum [24, 25]. In other
words, the mass is not an invariant but depends on the
surrounding curvature. So, the protons will strike detectors
on Earth with ultrahigh energies, because their mass will
increase on the way from the high-density, that is, curved
nascent ambiences in an active galactic nucleus, to the lowdensity flat surroundings of our observatories. The same
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effect imposed by the surrounding energy density on particles
is witnessed when solar neutrinos climb up in flavor, that is,
increase in mass, when they traverse through Earth [78].
In summary, the principle of least action as the supreme
law of nature provides a simple yet comprehensive tenet to
understand how the broad spectrum of cosmic rays probes
the structure of space from its gigantic cosmic spans down to
its microscopic details of photon-embodied vacuum.
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