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This work deals with the nonlinear stability of the elliptical restricted three-body problem with oblate and radiating primaries
and the oblate infinitesimal. The stability has been analyzed for the resonance cases around w;, = 2w, and w, = 3w, and also the
nonresonance cases. It was observed that the motion of the infinitesimal in this system shows instable behavior when considered
in the third order resonance. However, for the fourth order resonance the stability is shown for some mass parameters. The motion
in the case of nonresonance was found to be unstable. The problem has been numerically applied to study the movement of the
infinitesimal around two binary systems, Luyten-726 and Sirius.

1. Introduction

The study of equilibrium points and their stability in
restricted three-body problems has attracted the attention
of many researchers in the past century, as the stable and
unstable resonant motions explain many of the celestial
phenomena. The nonlinear stability in circular and ellipti-
cal restricted three-body problem was studied in detail by
many authors. Markeev [1] employed numerical and analytic
methods to study the stability of equilibrium points and
periodic motions of nonlinear Hamiltonian systems in cases
of resonance. Gyorgyey [2] studied the nonlinear stability
of motions around the triangular equilibrium point L. The
work was further elaborately studied by various authors
([3-6], et al.) taking into account various other perturbing
forces. Ferraz-Mello [7] used the averaging of the elliptic
asteroidal problem to study the first order resonance. Henrard
& Caranicolas [8] and Henrard [9] used the perturbation
method to study the resonance. Further [10-16] and many
others extended the work and explored various aspects of the
problem.

In order to investigate the stability of the triangular
liberation points the Hamiltonian is simplified by apply-
ing Birkhoff’s transformation. The normalization method
adopted is outlined as follows:

(i) The quadratic form H, should be reduced so that it
corresponds to the normal oscillations modes. This
transformation is performed by means of real, linear,
and canonical changes of variables.

(ii) After the quadratic part H, has been reduced to
normal form, a nonlinear 27 periodic Birkhoft trans-
formation is required to suppress the third-degree
term Hj.

(iii) The final step is obtaining a Hamiltonian function
normalized to fourth order terms obtained by simpli-
tying H, by means of a canonical Birkhoff transfor-
mation.

If H, is a function of definite sign, then by the virtue of
Liapunov’s theorem the equilibrium is stable. Otherwise, if
H, is not a function of definite sign, then the stability is
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investigated by means of Arnold’s theorem given by the
following.
Let the Hamiltonian satisfy the three conditions:

(1) The characteristic equation of the linearized system
has pure imaginary roots are +iw,, +iw,.

(2) The frequencies w;, w, satisty the inequalities k,w, +
k,w, # 0for 0 < |k;| + |k,| < 4, where k; and k, are
integers.

(3) The inequality C,yw?+C},w,w,+Cpyw’ # 0is fulfilled.

If the above three conditions are satisfied, then the equilib-
rium points are stable.

The above-mentioned methodology has been used to
investigate the nonlinear stability of the elliptic restricted
three-body problem with bigger and smaller primaries and
infinitesimal as oblate spheroid and also both the primaries
as source of radiation. The paper is divided into following
sections. Section 1 gives general introduction. The equations
of motion are presented in Section 2, and also the triangular
equilibrium points are obtained. Existence of resonance in
circular case is briefly discussed in Section 3. The normaliza-
tion of the Hamiltonian is done in Section 4. The second order
terms are normalized retaining the third and fourth order
terms by using a linear canonical transformation of variables.
The stability in third and fourth order resonances is analyzed
in Sections 5 and 6, respectively. The stability in nonresonance
case is dealt in Section 7 of this paper. The stability of
the system has been analyzed using the KAM theorem.
The equations used in the intermediate calculation in the
sections are given in the Appendix. Numerical applications
are presented in Section 8. The discussion and conclusion are
drawn in Section 9.

2. Equation of Motion and Existence of
Triangular Points

The differential equation governing the motion of the oblate
infinitesimal mass under the radiation and oblateness of the
primaries is represented as follows [17]:

" oU
x" =2y = ¢(ef) I

Y
y"+2x':¢(e,f)(—;—j
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Here prime (') denotes the differentiation with respect to
the true anomaly f. U, and U, denote the partial differen-
tiation of U with respect to x and y, respectively. a and e
represent the semimajor axis and eccentricity of the elliptic
path followed by the two primaries. A, A,, and A, are
the oblateness parameter of the primaries and infinitesimal,
respectively. q,, q, are the radiation factors of the primaries,
respectively.

The coordinates of the triangular equilibrium points
(u,v) in linear terms of the perturbing forces are given as
follows:

1 1
== ——26>A
“=3 M+(2 2
1 28
(5-3)#

3 5 2 A A
v=£(1——8+—e2(—1+28)——1+—2
2 3 3 3 3

(5 50)8+(5+50) 8

Hered=1-a,5,=1-¢; i=1,2.
The Lagrangian equation of motion of the problem is
written as follows:
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Hence, the perturbed Hamiltonian function of the problem is
given by
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where p, and p, are the generalized components of momen-
tum. The nature of motion near the two equilibrium points
will be the same as the two triangular equilibrium solutions
are symmetrical to each other. Hence, we consider the motion
near the equilibrium point L, for further calculations. To
study the stability near this equilibrium point, we shift the
origin to L, by the change of variables given by

(8)

X=u+q;
y=v+ay o
Px=Put P

and p, =p,+p,

where (1, v) denotes the triangular equilibrium point L, and

py=-"

(10)
py=u

3. Characteristic Roots and Existence of
Resonance in Circular Case

Restricting the Hamiltonian to H, alone, the characteristic
equation is obtained as [18]

Mr@-A"-CHN+AC -B" =0, (1)

2_1 _ _ 20,25 .94
(wy,) _2[11{1 27u(1 y)<1+9ﬁ1+9ﬁ2+ 95

x(l—§8—6A1—3A2—6A3>].

Figures 1-3 show the correlation between w and y for varying
values of the oblateness of the infinitesimal. For the figures,
the following values of the perturbing factors are taken: 3, =
B, =001,A, = A, = 0.0001,and 6 = 0.001.

In order to discuss the existence of resonance, firstly we
consider the case when w; = w,. Solving (13) for the case, we
obtain

94 119
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Assume the frequencies w, and wz, are given by the relation

{A(O)} and w2 = {)L34} where /\1 23,4 are the roots
of the characterlstlc equation (11), when e = 0. The values are
obtained as

119 61 172
+ ?Al + zAz + 17A3>]’

(13)

Solving the above equation for value of y < 1/2, we get
that the region of stability defined by first approximation
is

V69 <1 4, 4, 1880 119

1
371 R _5

O<u< +
“ 9 9

(15)
+ %AZ + 34A3>
Thus, the value of p admisible for stable equilibrium

point for the case w; = w,, when e = 0, is given
as
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FIGURE I: Correlation between frequency and mass ratio for A; = 0.
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FIGURE 2: Correlation between frequency and mass ratio for A; = 0.0001.
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FIGURE 3: Correlation between frequency and mass ratio for A, = 0.0L

1 = 0.0385209 - 0.4191216 — 0.795884A 1® = 0.013516 + 0.2717915A, — 0.1393217A,
~0.407974A, — 0.682187A, — 0.00891747f, (16) - 0.23296416A, — 0.14312830 (18)
- 0.008917473, —~0.0030453f3, + 0.0030453f,

Following the similar procedure, we obtain the critical value
of y when w, = 2w, and w; = 3w, as follows: L. . .
4. Normalization of the Hamiltonian

(02) _
p = 0.0242939 + 0.4941323A, - 0.2532947A, The Hamiltonian given by (8) is expanded about the

— 0.4235419A., — 0.26021538 (17) ~ Lagrangian point given by (6). Neglecting the terms inde-
} pendent of p; and g;, we get the following representation of
—0.0055365p; + 0.00553653, Hamiltonian:
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Now, expanding the Hamiltonian function given by (8) in the
powers of p; and g; 1 < i < 2, we obtain

(19)

H= SO:HK
k=0 (20)

H=H,+H +H,+H,+Hs+---.

Here, H, = f(u,v, p,,, p,)= constant, H; = 0. H,, H;, and H,
are expression in second, third, and forth order terms of p;
and g;.

Now, consider the canonical transformation [q;,q,,
p1.p,] which transform into [q}, g5, p}, p5]-

That is,
(91> 92> P1P>] = [qi,qé,Pi,Pé] N (21)
a, a,q —-a,q a, (1 - wfbl)
N=|B 2% G 9 (1 - w%bz) (22)
0 aby a(l1-b) G

0 -ab, —a, (1 - bz) G

Using the canonical transformation, the Hamiltonian in the
variables will be of the following form:

Lo any lon o2
H = E(Pl +oiq)’) - E(I)l + wyqy)
ecos f n ” I
——lag, +bp," +¢ 4o
1 +ecos f [ 4y TP, TP, ]
23
Len, 2ny lrn 2p (23)
or H = E(Pl twq, )_E<Pl +“’2‘l2)
N h lay Toy 1ya Iy
+ Z 0‘10‘271]’2q2 9, p2 pl

a+y=3

where o = o) + &,y =y + 95

Here wf = —{/\(1(2}2 and wg = —{/\(3(2}2 are the frequencies
of the linear system with Hamiltonian H, and given by the
relation:

+3A,

3uA
A4—/\2<—1—%(13—20y)+6A1+ ‘“2 !

3uA 27 2
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1/26 8 8 4
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Equating the similar coefficients of h,, , ., and H, ,, ., upto

the third order terms, the value can be evaluated in terms of
p',q;', which are given in the Appendix.

The next transformation is obtained by making the
substitution of variables:

B B
Q1=Eq1+w_lpl

1
P; = Ewl% + P
) (25)

) A
9 = 5‘12 + w_2p2

gL
b= 5@t 1py
So that the Hamiltonian of (23) got converted to the form:

H = ww,q,p; +10,9,p,

< " ey " (26)
! a e, "y "y
+ Z h ocloczylyqu 1q2 2pl 1p2 ’
a+B=3
where the coefficient of third order terms of 1’ w0y, y, d€PENS

on wy, (i = 1,2) and h,,,,,, which are given in the
Appendix. Finall}r, we apply the Birkhoft’s transformation of
the form (g j", Pj "Yto (Q > Pj) and nullify all the third-degree
terms except those giving rise to resonance of the form w, =
2w,. For this, take the generating function of the form:

S= q‘iP1 + q;P2 + €S, + €S+ e (27)

Choose S; in such a way so that

— 0S; 0H, 0S; 0H.
H.=H 3T ZST2 )
s=Hyv ), (aQ. P, 0P, 9Q; (28)
j Ul J Ui
H, (Qj,Pj) =1w0,Q, P, +1w,Q,P, (29)
Let
S3 = Z g‘xl“z)’l)’z ?IQZZPFP;Z (30)

a+y=3

where gy o 00 (@FY =3), @ =a;+a,, y =y, +y,aretobe
determined satistying (28).
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H3 = Z h al(xzylyqu‘xlqzazplylpzyz (31)

a+y=3
Now substituting the values of H,, H; in (28) and (29) and
equating the coefficients of like powers of the powers of the
variable we obtain
W

g _ %1% Y2 (32)
a0 Y2 (“1 — Yl) wy + (042 - Yz) L)

5. Stability in Third Order Resonance

From (32), it can be observed that substituting different values
of a,y; i = 1,2), where « +y = 3 and 0w, = 2w,,
the denomination of RH.S. of (32) vanishes giving rise to
resonances for two set of values of & and y rendering S; in
determinate. Let

D" =(o; —y;)w, + (&, = y,) w, then for w, = 2w, (33)

Casel. When o = 1,a, = 0,9, = 0,7, = 2, we have D" = 0.

Case 2. When «; = 0,0, = 2, Y, = Ly, = 0, again we have
D" =0.

Thus, in resonant case w; = 2w, using Birkhoft’s transfor-
mation, it is not possible to cancel H; of the Hamiltonian. In
this case H; retain two resonant terms with coefficients /'y,
and ', ,,. Thus, Hamiltonian reduces to the following form:

H = 10,Q, P, + 1w0,Q,P, + hllOOZQIPZZ + h’ozmpng’ (34)

! _ 12 _ 2
where ' 100y = X905 + 1002 and g1 = (=5 /20;) (Y100 +

1X1002)
Applying canonical change of variables

1 0 0
Ql = ((U )1/2 (Ql - lPl)
1
1 0 0
Q2 = (w )1/2 (Q2 - lPZ)
’ (35)
1/2
w
p = ( 12) (—Q} - )
()"
P, = 22 (Q-P)
the Hamiltonian equation (34) becomes
H = 2H(QF + PP) - 2 (QF + 1Y)
w, 0,02 0 02 0,0
+ W {x1002 (Q1Q2 - QB -2p Qz) (36)

* Y1002 (ZPSQgQ? + P{)Q(z)z - Plopzoz)}
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If X3 300+ Vigoy # 0, then the canonical transformation in polar
coordinates is given by

Q(l) = (2”1) Sin (¢1 - 01) >
P = (2’"1)1/2 cos (¢, —0,);
, (37)
1
Q= (2r)) ” sin (¢2);
Pg = (2”1)1/2 cos (ﬁbz) >
where 0, is given as
. Y1002
sinf, = 75
2
(T002 * Yio02)
) (39)
sinf, = 1002 7
/2
(%002 * Yio02)
Thus, the Hamiltonian will of the form
H
= 2w, — W,y
(39)

1/2 1/2 .
- [“’2 (xfooz + onoz) ry (r) " sin (¢, +2¢,)

() ¢

Now, to find the value of H,, let us assume x7y,, + ¥, = O.
Then the normalized form of H, is given as

H, =Cy (QI’PI)Z +Cy; (Q, P) (Qy Py)

- Cp (Q, B

(40)

with the help of generating function S, chosen, so that it
satisfies

3s, oH, S, oH, )
;(an oP;  0P; 0Q; FHa0 )

where K, is the nonhomogenous part of (40):

05; 8y O'H,
9P; 0Q; IPQ,

H, (QuP) + ).
ij

(42)
38, 9°S; oH,

; 35, S, oH,
£:3Q; 0POP; 0Q,

£3Q; 0Q.0P; 9P,

The coeflicients C,, C,;, and C, are given as
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1D (4
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22
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1
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2
W, W, ( 2

+ )’fooz) + m Xoo12 T ngIZ)
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20°
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- (xouo + J’ouo) +2 (Xo111 %1020
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4
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2

4
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Cop = zwya,b) Hyggp + —5 (H4000 + ¢ Hy9
2 2w;

4b2
217 31y dr 49, H
+ G g0 + G H 1300 + 6 Hogeo ) + — \Ha200

2 3 272 2
+36H 3 + 6czH0400) + g“’z (J’ooos + xooos)
2
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+ w_g (x0201 + )’0201) - m (J’woz

w.

2 2
(xom + )’0111)

NS R

2
+ x1002) -

2
w5

- m (xgolz + ygmz)

(43)

Consequently, the Hamiltonian of the dynamical system
reduces to the form as

2
H = 1w0,Q, P, +1w0,Q,P, — Cyy (Q, P})

+Cy, (QP) (QP,) - Cy (Q2P2)2 +0 |Q|5

(44)

If X200, + Vigoy = 0and Cy +2C;, +4C,, # 0 then by virtue of
Markeev’s theorem (Markeev 1967) the equilibrium is stable.

6. Stability in Fourth Order Resonance

The Hamiltonian H in this case will be written as

H = 1,9, p, + 10,9,p,

D e m oo 49

+ z h leoczylyqualqzazplhpzyz + O |q l

a+y=4
where |g"| = (ql * qz * Pl * P;)l/z and h,oclocz)’ﬂ’z depend on w;
and h, , ,,, . Now, using Birkhoff’s transformation by means

1027172

of generating function S where S$ = S, + S5 + S, ..., choose
S, such that H, takes the normalized form which is given as
follows:

E =-Cy (QI’PI)Z +Cy; (Q, P) (Qy Py)

~Cop (erpz)2

(46)

where

— 3S, 0H, S, oH,
H,=H s ek R S}
. 4+Z<BQ- 9P, 0P, 0Q,

j J J

3S, 9*°H, 0S 2S, 0°S, OH
+Z_3 2_3+Z_3 e
1,] L]

9P, 9P0Q; 0Q; | +dQ; oPdP; 9Q,

08 9%y oH,
£:3Q; 0Q0P; 0P,

That is,

Z(%@_%@>+K4:O (48)

~\0Q; P, 0P, 0Q;

where K, is the nonhomogeneous part of (45), where homo-
geneity is considered in terms of product Q;P;.

Here,
S; = Z Y0071, ?ngzplylpzyz
aty=3
H, = H, = 1w,Q; Py + 10,Q, P, (49)
H,;=0
Let Hy = Yaupslaay),,QUQ P'P and S, =

Yary=4 Joycryy, 1'Q5*PI' P> where Geyayy,y, ar€ to be deter-
mined satisfying (48). Substituting the values in (48) and



equating the coeflicient of similar powers and different
nonhomogeneous terms to zero, we have

_ t(cofficient of K,) (50)

Gaony: (o =) wy + (g = 9,) @y

In the above equation, when substituting different values
(a9, i = 1,2 and w; = 3w, the denominator of
(50) vanishes for two sets of values of & and y giving rise
to resonant terms 1,0;Q, P; and ly;;oP,Q3. Thus, the new
Hamiltonian is obtained as

H = 10,Q, P, + 1w,Q,P, + {11003Q1P23 + 10310P1Q§
-Cy (lel)2 +Cyy (QP) (QP,) (51)

- Cp2 (szz)z}

where [, 5 and [y, are given by

Lo %y hiseo hy105 _ wihgy,
1003 2 03 503 T D0, 207
! ! ! !
2R 001 M 012 3K g003h 10
1 (2w; — w,) 1w,
! ! ! !
+ 20 3002 0102 P ion P 1002
1w, 1 (w; - 2w,)
(52)
- {_wlhonz _ higos | hiaor _ w1h0310}
0310 = 2 3
2w, 2 2w 2w;
! ! ! !
2R g0M 000 P ii0M 0210
1w +2w,) 1w,
! ! ! !
20 02107 0201 P o300 0111
1w - 2w,) 1w,

where the values h, , , , are given in the Appendix. Let

Lioos = *1003 + ¢ Y1003> a0

2

W
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Now, using the transformation (35) and assuming that
x%oos + yf003 + 0, the Hamiltonian reduces to the form

= o, (04 2) - 2 (2 + 1) {1 (07

+ P2+ % (Q% + P?) (Q% + )

i wzl;/g {on (onz - 3Q22) (9610031310 - )’1003Q(1)) (55)
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+0 IQIS)}

Applying transformation in polar coordinates given by (39)
where 6, = 0 and 6, is given by the relations:

x
sinf, = 1003 ,
(x2 2 )1/2
X1003 1 Yioo3 (56)
cos, = ~ Y1003

12"
(%3003 + ¥i003)
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Hence, the normalized Hamiltonian in the polar form is given
by

H =3w,r; —w,r, + [Czorl2 + C11T172C027’§
w 2 2 1/2
?2 {3 (‘x1003 + )’1003)} (57)
7y (rlrz)l/2 .sin (0, +30,) + O {(rl + rz)s/z}]

Assume

a = |Cyy +3Cy; +9C,|

12 (58)
and d = l3w2 (xfom + J’foo3)

Now, for the Hamiltonian of the form equation (63), the
stability is decided based on the following theorem:

(1) If for a Hamiltonian of perturbed motion, the inequal-
ity

12
(x%003 + )’foo3) #0, andd>a (59)

is simultaneously satisfied, then the equilibrium point
is unstable.

If the inequality signs in (59) change its position and the
Hamiltonian contains no terms of the order higher than the
fourth, then the equilibrium point is stable.

2
- 0,Cyp +3Cy; +
0 are simultaneously satisfied, then the
12

(2) If the conditions (xf003 + J’fooa)
9Cy, =
equilibrium point is stable. But if (x7gy; + ¥:003)
0,Cyy + 3Cy; + 9C;, # 0, then the stability w111
be decided by higher order terms than the fourth
involving further resonances. It needs separate inves-
tigation.

The values of C,, C,,, and C, for w, = 3w, are given as
1 (4
3 {al (H4000 + ¢ Hz 0
6w;

2 3 4 42
+ ¢ Hypgo + ¢ Hyzpo + ¢ H0400)} + {al by (szoo

N | —

27

+ 3¢ Hyzg0 + 6512H0400)} - sz (x§030 + )’0030)

le

9

(xiozo + )’1020) 10 (xglzo + J’élzo)
9002

(xfon + )’fou) + % (x(z)ou + y§201) >

N |

22
a a

Cyy = 18wla’b? Hyygp + ——2 o 2 {6H 00 +3 (6, + )
2

“Hzpg0 + (C12 +4c6 + ‘322) Hyyp0 +366 (6 +6,)

22 2 2,2
“Hyz0 + 651"2H0400} 3a,a;b; (szoo +36,H 300

2
) aa’b;
+ 66 H0400) 2 {szoo +3¢H300

2 2/, 2 3“’ 2
+6¢; Ho4oo} T3 (‘x1002 + )’1002) +— 10 (xomz

9 18
+ J’éou) - % (x§021 + ngZI) -y (xglzo

2
+ J’0120) +2 (Xo111%1020 + Yor11Y1020)

4

T o (x0111x1020 + J’0111)’1020) >
2

3 2
2 242 )
Cop = wzazb Hyyo + =5

3w;

(H4ooo +6Hjzg0

a4b2

2 3 4
+ 6 Hypo + G Hyzpo + 6 H0400) (szoo

2

2 D (2 2
+ 36, Hy300 + 66, Ho4oo) +—= (x0003 + )’1002)

2 2
6 /2 2 (xlooz + )’1002)
+— (xozm + )’0201) -
W, 6

> 2
. M 3;‘(’)2 (orz * Yoorz)-
(60)

7. Stability in Nonresonance Case

Equation (30) gives the coefficient of S; in terms of coeffi-
cients of Hj reducing H; = 0. Also S, in (42) and (44) is
chosen, so that E retains only terms in normal form (34).
Now §; can be expanded as

3 3 3 3
S3.= GooosPs + Jo030P1 + 90300Q; + F3000Q
2 2 2
+ 9210021 Q2 + 92010Q1 P1 + 92001 Q0 P>
2 2 2
+ 91200Q1 + 902101 + 90201 Q2 P,
2 2 2
+ 91020P1 Q1 + Go120P1 Qa + Goo21 P1 P (61)
2 2 2
+ 9102 P, Q1 + 90102 P, Q2 + Goon P2 P
+ 91110Q1 QP + 911011 Q2 P, + 91011Q1 P Py

+ 9111 QP P,
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Substituting the required values in (42), the Hamiltonian in
the nonresonant case reduces to the form (57), where the
coefficients C,, C,;, Cy, are given as

3 3
* ! ! ! !
Czo - hzozo - h3000h0030 - h2010h1020
IToN 1w,
1 ! ! 1 ! !
+ ———hy 000 — —hyp10R
1(2w1 — ‘02) 012072001 1w, 11101011

1 ! !
- ——h5100M0021>
1(2(,01 +w2) 2100770021

4 ! !
(@, — 2y hoa10M1002

4 ! !
12000012

*
Ch=hy,+

1w +2w,)

4 ! !

m 210070021

(62)
4 b 2

! !
P UR— hyi0 — —H5010R
20010120 20100111
1 (2w; — w,) 1w,

- ih’

2 2
lwl 1101

! !
- —hy,nh
1020

02017°1011

- ih’

1110
1w,

hl

0102°

3 3

* ! ! ! !

C02 - hozoz - h0300h0003 - h0102h0201
lw, 1w,

1 1

! ! ! !
- —————hy000h0010 — — P01 P
1w, — 20w, 100270210 = 5, Hitor ors

1

! !
- —hp00h0010-
o, 120070012

Here,

* 1y 3 3 51
hzozo = _Ehzozo - mhwoo - 5“’1’70040’

* ! 1 ! wy wy
hi = wwyhggy, + Moo + —hoaag + —hygpy>  (63)
W, W, W, ()

3 3 1

* ! ! !
horor = _2_60%]"0004 - 2_w§h0400 - Ehozoz'
The values of h¢Ix1 waypy, Ar€ defined in the Appendix. Now if we
define
D= Czowg +Cp w0, + Cozwf (64)

the stability in this case is analyzed by applying the KAM for
the normalized Hamiltonian (32). The first two conditions are
satisfied except for the resonance cases, which is dealt with in
a separate section.
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8. Numerical Exploration

To numerically investigate the results obtained in the study in
the previous three sections, the values (xf002 + )’12002) for the
system with different values of y is tabulated in Table 1. But it
is observed that the value of y7y,, + X3y, # 0 for the various
values of perturbing factors considered. Hence, the motion
is unstable for small values of eccentricity e in third order
resonance. Similarly, for studying the fourth order resonance
case, the values of a and d are presented in Table 2. It is found
that the inequalities d < a and d > a are satisfied giving
rise to unstable and stable motion depending on the values of
p and for small values of e. For verifying the third condition
obtaining the values of D. It is clear from Table 3 that the value
of D # 0 for all values of q;,4,, A, A, A,and A;and D < 0
consistently; that is, any possibility that within the assumed
values D will vanish at any point does not arise. Hence, the
equilibrium points are stable.

Motion of an infinitesimal of assumed oblateness around
two binary systems, Luyten 726 and Sirius, has also been
explored numerically, by evaluating the deciding factors
discussed in the previous sections. The data related to the
two binary systems used in the calculation are presented in
Table 4.

For both the binary systems the oblateness of both the
primaries are assumed to be 0.001, whereas radiation pressure
q; = 0.99 and g, = 0.98 and values of all the deciding factors
are given in Table 5.

9. Discussion and Conclusion

The nonlinear stability of the elliptical restricted three-body
problem with radiating and oblate primaries and infinites-
imal satellite has been analyzed. The character of motion
is analyzed in the presence as well as in the absence of
resonance. If x%ooz + )’fooz = 0and C,,+C;, +4Cy, # 0then, by
virtue of Markeev’s theorem (Markeev, 1967), the equilibrium
is stable for third order resonance corresponding to w; = 2w,.
But, it is observed that for no value of q;,¢,, A, A,, and A;,
the value of x%, + ¥25,, = 0, which is clear from Table 2.
Hence, the motion is unstable for small values of eccentricity
“e” in third order resonance.

In the resonance cases of fourth order corresponding to
w; = 3w,, for different values of q;,q,, A, A,, and A;, the
values of a and d defined by (58) have been calculated. It is
found that the inequality d < a is satisfied giving rise to stable
motion depending on the values of q;,¢,, A, A,,and A and
for small values if e is as given in Table 3.

On the other hand, when resonance is not present the
values of term D, defined by (64), D # 0, which is clear from
Table 1. Thus, it can be concluded that the motion is stable in
nonresonance case by the use of KAM theorem.

It is observed that for both the binary systems the
movement of infinitesimal in 1:2 resonance shows instable
characteristic. However, system Luyten-726 shows stable
behavior for 1:3 resonance whereas the values of a and d in
the case of binary system Sirius suggest that the system will
be instable even in the fourth order resonance. In case of
nonresonant movement, it was found that on changing the
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TABLE 1: Values of X}, + ¥}y, for third order resonance case.

11

¢ € A A, As By B, « X1002 Y1002 Xl *+ Vo
0.01 0.02 0.001 0.001 0.001 0.0002 0.0001 0.0001 -0.41720 -6.19915 38.6035
0.02 0.02 0.001 0.001 0.001 0.0002 0.0002 0.0001 -0.69421 -4.84432 23.9494
0.03 0.02 0.0001 0.0001 0.0001 0.002 0.001 0.001 -1.1825 -3.96232 17.0983
0.0001 0.016 0.001 0.001 0.001 0.0002 0.0001 0.001 -200.227 -975.62 991925
0.000004 0.04 0.001 0.001 0.001 0.0002 0.00001 0.0001 -2665.54 -10322.6 1.13661x10°
TABLE 2: Values of a and d for fourth order resonance case.
U e A A, A, B B, o a d Nature
0.01 0.02 0.001 0.001 0.001 0.0002 0.0001 0.0001 1.15522x10* 2.86723x10° Stable
0.02 0.02 0.001 0.001 0.001 0.0002 0.0002 0.0001 2.15443x10° 2.22344x10° Stable
0.03 0.02 0.0001 0.0001 0.0001 0.002 0.001 0.001 2.33605x10° 1.01561x10° Stable
0.0001 0.016 0.001 0.001 0.001 0.0002 0.0001 0.001 2.53384x10° 1.26845x10° Stable
TABLE 3: Values of D for nonresonance case.
U € A, A, A, B B, @ W, o) D
0.01 0.02 0.001 0.001 0.001 0.0002 0.0001 0.0001 0.697033 0.208148 -109.123
0.02 0.02 0.001 0.001 0.001 0.0002 0.0002 0.0001 0.68135 0.205552 -49.9179
0.03 0.02 0.0001 0.0001 0.0001 0.002 0.001 0.001 0.568721 0.39769 -169.405
0.0001 0.016 0.001 0.001 0.001 0.0002 0.0001 0.001 0.664444 0.020441 -30022.702
0.000004 0.04 0.001 0.001 0.001 0.0002 0.00001 0.0001 0.677762 0.003967 -2.27342x10*
TABLE 4: Data related to binary systems.
Binary System M,(Mg) M,(Mp) a(AU) e
Luyten-726 0.101 0.99 1.95 0.62
Sirius 2.15 1.05 75 0.59
TABLE 5
Binary System A, Xoon + Vio a d D
0 1.33 x 10° 430 x 10" 1.80 x 10" 1.05 x 10
Luyten-726 0.001 1.33 x 107 4.01x 10" 2.00 x 10" -8.48 x 10"
0.01 6.11 x 107 3.46 x 10* 2.12x 10" 9.28 x 10°
0 5.03 x 10° 4.67 x 10° 1.81 x 10" -1.83 x 10"
Sirius 0.001 6.45 % 10" 3.34x 10° 2.00 x 10" 1.04 x 10°
0.01 4.88 x 10° 5.20 x 10° 2.12x 10" —1.94 x 10"

value of Aj, there is a sign change for both the systems, so
there may exist certain values of A; for which D vanishes.
Other than those values, the system shows stable behavior in

nonresonant case.

Appendix
The values of i

3 2
hyo10 = a1 by (HZIOO +2¢1Hypg0 + 3¢ Hosoo) >

2 2
hyo1 = —ajab, (H2100 +2¢Hypo0 + 3¢ Hoaoo) >

2
hio11 = —2aia,b,b, (H 00 + 3¢, Hpsgo) »

2
hino = 2a a5, {Hz00 + (6 + &) Hyzgg

wycyy,y, 11 terms of (g;, p;) are given as

_ 3;3

hgo30 = ayb; Hysoo5

h = a’ (Hyoo + ¢ Hyyoo + ¢2Hypgo + ¢ H
3000 = @1 \ {23000 T 1112100 T €1 421200 + € 110300 ) >

3,2
hi020 = a1 b; (Hy00 + 36 Hos0) »

+3¢,6,Hyz00) »

2,2
oo = —3a;byayb,H 5
2
h100 = 319, JL-”Hsooo +(2¢; + &) Hyjgp

2
+¢p (e +¢;) Hipgo + 3C1QH0300} >
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272
hi002 = @130, (Hiz00 + 3¢ Hpsp) »
h = a,a’b {H +2¢,Hy 0 + 3¢2H, }
0210 = 413,01 1113100 211200 2420300 >
hoor, = 3a,a5b,biH
0012 142910, 1 30,
2
hi200 = 4145 {3H3000 + (¢ +26,) Hyjg0
2
+6 (2¢; +2¢,) Hypgp + 3C1%Ho3oo} >
2,2
o120 = 3,0, b] (Hi200 + 36 Hys0)
2
hoiy = —2a5a,b,b, (Hiz00 + 3¢,Hps00) »
2
hio = —2a3a,b, {Haig0 + (61 + &) Higgo
+ 3,6, Hpsg0} »
hoaor = —a5b, (Haygo + 26,Hy200 + 363 Hoso )
0201 = ~429 \ 100 21200 96, H0300 ) >
3,2
Roi02 = @;0) (Hy00 + 36, Hoso0)
3,3
hooos = =05 H 30>
3 2 3
ho300 = & (Hsooo +GHy 00 + 6 Hipo + CzHoaoo) >
4,4
hooso = a,b; H 05
h :a4(H + ¢ Hyyoo + CCHoppo + CCH
4000 = A1 \H1a000 T C1f3100 + € Hp200 T €1 f1300
4
TG H0400) >
42 2
hayoa0 = a1 b} (szoo + 3¢ Hy309 + 6 H0400) >
2,2 242
hoozy = 6aibja,byH
2 2
hyso0 = @) {6H4ooo +3 (6 +6) Hygo
2 2
* (Cl +4c6 + %) Hyygo + 316, (6 + &) Hyzgo
22
+6¢/¢ H0400} R
2 2,2 2
hoxao = a1y b; (szoo + 3¢, Hy300 + 66, H0400) >
2 272 2
hy, = a1ayb; (szoo + 3¢ Hyz0 + 66 Ho4oo) >
44
ho00s = 4,0, H 005
hosoo = @ (H. H ’H. H
0400 = 95 \ 4000 T Q13100 + & 2000 + 6 11300
4
+ %H0400) >
42 2
o = ayb; (szoo + 3¢, Hj0 + 66, H0400) >
h = —4a.a b b>H,
0013 1420193120400

3 3
hi300 = 145 {4H4ooo + (¢ + 3¢y) Hyygp + 46,6 Hggo

+26, (¢ + ¢) Hypgo + sz (3¢ +6) H1300} >
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hy10s = ala;bzz {2Hp200 + 3 (c; + &) Hysop

+ 12,6, Hygoo} »
hoo11 = _zala;blbz (szoo + 3¢, Hypq0 + 6622H0400) >
hoy1, = 3“1“;E’1E’22 (Hi00 + 46,Hoano)
hygos = _ala;b; (H 300 + 4¢1Houo)
hiior = —alaibz {3H3100 +2 (¢ +6) Hypgo

+3¢, (26 +6) Hyzoo + 1251622Ho400} >
hos10 = ala;bl {H3100 +2¢,Hyp00 + 3’szHlaoo

3
+4c, H04oo} R

(A1)
The coeflicients of h&l w1y, A€ given as
W hy010 +i hioao P00
0030 0050 ~ 72 w, W )

= Xo030 t o030

’ 1 3 h3p00
h1020 = <_g (h1020 5 wf

= X1020 T Y1020

! 1 3 h3000
thZO = (‘5 <h1020 - E wf

. 3601 1
+1 (Thoow - Z_wlhzoll> >

= X1020 T D10200

w h w
P B (N VU L I
0120 < 5 | Mooz + 5 w, | 202 2001

1 w h

. 2 2100

1 ("hmzo - —=hj+—— |,
2 2w, W w,

= X101 T Y1011

w h w
P N N VLN T
0120 < 5 | oozt —2w1 207 2001

(1 ) 3100 )
+i| —=hy g — —hyp; + ——
( 5 o120 20, 1011 0,0,

= Xo120 T o120
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h h h
r_ 2001 . 0120 2100
iy = <_w1h0021 T e trlog—— +——

1 W, W, W,

= X1011 T D1o011>

A ho120 _ hion _ h3100 vilh & hio
0021 = 2 L\ Poo21

w, W Wi, W,

B hagor )
2
Wy
= Xo021 T Dooz21>

w h h
P L U (A0 1 B P )
1002 ( 2w2< 1011 5 _2w§

h w h
. 0012 1 1101
w5 w,
= X1002 + V1002

[ hOZlO_hIIOI A hoia
0012 = o012t — — |t —

w; W, w,

_ hyg + h1200 )
2
w, w,w;

= Xoo12 T Doo12

I W, h1200 .
hoi = <__ <h1002 + === ] +i| —whgg;,
w, w,w

2
B hOZlO)
W,
= Xo111 T Dor11»

’ w2 3 . 3 2
hypio = <_Z (houo - 4_w2h0300> +1 <szh0003

h
+ Mool )
4

= Xo201 T Do201

I hoi0 . Pozoo . ho201
h — _— — +1 _h + —
0003 3 0003 >

w, w; wy

= X0003 T Yooo3

3
WooZ % higgo  ho0o
3000 3 w, w?

h
+il B 0w )]
( 0030 w?

w3
_ 1 :
Y [Yo030 + %0030
3
Wo—_ % hoyo1 h
0300 = g 2 0003
2

13

. h0300 hOlOZ
il o
w; w,

(,03

= _f [Yo003 + %0003

w 3w h
oo @ <—1h + Moato )
2010 2 5 Mooso + 5

1
h
v Moo _ 3h3000
3 2w?

w .
= 71 (Y1020 + %1020

2
! Wy hog @, 1
hyoor = = [<__2 - _2w1 hion + _wa hZIOO)

2w,
W hyy | w
+i| == hgpy + + 5 hyn
2 2w, 2]
2
@

= E [Yo120 + %0120

2
- W,y _h hie — haoor
2100 = 0021 t —
8 W w, wj

+ i(houo _ hyon _ hy100 )]
2
w, w; W w,

w’w
L) .
73 [Yoo21 + %0021 ]
w? w w h
!
hoaro = -2 __lhoom + _12 hoz1o + -t
2w, 2 2w; 2w,
N [ Mooz . Pizoo
R Bt OB +—
2w, 2 2w,
W2
2 .
=-——= +ix
20, [)’0021 0021]
w, w? h h h
P L 0111 1002 1200
1200 = ~ - + 2
8 W, w; W, w5
. hoio  Piion
+i| —hop+—5 ———
w; W, W,
w; w*
W, .
=g [Yoor2 + X012

) h
h’ __1 |:<—(Uh _ 0210)
1101 2 270012 )

2

an h

T <_2h1002 + 20 )]
W) W, W,

w .
= 71 (Yo + iXou ]
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, w w h
iy = - [<_1h0120 + 2100)
2 W, W W,

+i <_w1h0021 - %)]
1

W,

= BY (Y1011 + %1011 ]

, 2 3 5 hoa01
hy1p0 = — [(szhoo% + 4

W,
— wyhg300 ) ]

. h
+1<w2 0102
4
= — +ix
w [)’0201 0201]

2

(A.2)
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