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1. Introduction

We consider the following viscous version of the three-dimensional Camassa-Holm equations
in the periodic box Q = [0, L]

%( 2u —zx%Au) - vA(a%u - afAu) —ux (V X <aéu - “%A“» + plOVP = f(x,1),

Vou_o, (1.1)

u(x, ) = ur(x),

where p/py = o/po + oc%|u|2 — a?(u - Au) is the modified pressure, while i is the pressure,
v > 0 is the constant viscosity, and py > 0 is a constant density. The function f is a given
body forcing and ap > 0, a; > 0 are scale parameters. Notice & is dimensionless while a; has
units of length. Also observe that at the limitag =1, a3 =0, we obtain the three-dimensional
Navier-Stokes equations with periodic boundary conditions.
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We consider this equaton in an appropriate space and show that there is an attractor A
which all solutions approach ast — oo. The basic idea of our construction, is motivated by
the works of [1].

In addition, we assume that the function f(-,t) = f(t) € LIZOC(R; E) is translation
bounded, where E = D(A™1/2). This property implies that

t+1
2 2 2
91 = W sy = sup [ 1F(@) s < 12)

In [1] the authors established the global regularity of solutions of the autonomous
Camassa-Holm, or Navier-Stokes-alpha (NS-a) equations, subject to periodic boundary
conditions. The inviscid NS-a equations (Euler-a) were introduced in [2] as a natural math-
ematical generalization of the integrable inviscid 1D Camassa-Holm equation discovered in
[3] through a variational formulation. An alternative more physical derivation for the inviscid
NS-a equations (Euler-a) was introduced in [4-8].

In the book [9], Haraux considers some special classes of such systems and studies
systematically the notion of uniform attractor parallelling to that of global attractor for
autonomous systems. Later on, [10] present a general approach, that is, well suited to study
equations arising in mathematical physics. In this approach, to construct the uniform (or
trajectory) attractors, instead of the associated process {U,(t, T), t > 7, T € R}, one should
consider a family of processes {U(t,T)}, o € X, in some Banach space E, where the functional
parameter op(s), s € R is called the symbol and X is the symbol space including oy (s). The
approach preserves the leading concept of invariance which implies the structure of uniform
attractor described by the representation as a union of sections of all kernels of the family of
processes. The kernel is the set of all complete trajectories of a process.

In the paper, we study the existence of compact uniform attractor for the nonau-
tonomous three-dimensional Camassa-Holm equations in the periodic box Q = [0,L]>. We
apply measure of noncompactness method to nonautonomous Camassa-Holm equations
with external forces f(x,t) in LIZOC(R; E) which is normal function (see Definition 4.2). Last,
the fractal dimension is estimated for the kernel sections of the uniform attractors obtained.

2. Functional Setting

From (1.1) one can easily see, after integration by parts, that

%L} <a6u - a%Au) dx = J‘Qfdx. (2.1)

On the other hand, because of the spatial periodicity of the solution, we have [,Audx = 0.
As a result, we have d/ dtfga%udx = IQ fdx, that is, the mean of the solution is invariant
provided that the mean of the forcing term is zero. In this paper, we will consider forcing
terms and initial values with spatial means that are zero, that is, we will assume fQuT(x)dx =
[ofdx = 0and hence [ udx = 0.

Next, let us introduce some notation and background.

(i)We denote U = {¢p : ¢ is a vector-valued trigonometric polynomial defined on Q,
such that V- ¢ = 0 and fgtp(x)dx = 0}, and let H and V be the closures of ¥ in L3(Q)°



Abstract and Applied Analysis 3

and in H'(Q)?, respectively, observe that H*, the orthogonal complement of H in L2(Q)°, is
{Vp:pe HY(Q)} (cf. [11] or [12]).

(ii)We denote P : L*(Q)> — H the L? orthogonal projection, usually referred as
Helmbholtz-Leray projector, and by A = —PA the Stokes operator with domain D(A) =

(HZ(Q))3 N V. Notice that in the case of periodic boundary condition, A = —Al|p(a) is a self-
adjoint positive operator with compact inverse. Hence the space H has an orthonormal basis
{w;j };’fl of eigenfunctions of A, thatis, Aw; = \;w;, with

0<Ai <A< <e-r, Aj—+oo, as j— oo, (2.2)

in fact, these eigenvalues have the form |k|*4sr/L? with k € Z% \ {0}.
(iii)We denote (-,-) the L?*-inner product and by | - | the corresponding L?-norm. By
virtue of Poincaré inequality, one can show that there is a constant ¢ > 0 such that

c|Aw| < ||wll < ¢ Aw|  for every w € D(A) (2.3)
and that

c|A1/2uJ| < wllg < c"1|A1/2w| for every w € V. (2.4)

Moreover, one can show that V = D(A'/?) (cf. [11, 12]). We denote ((-,-)) = (A'/2-, A1/2.) and
|-l = |A2+| the inner product and norm on V, respectively. Notice that, based on the above,
the inner product ((-,-)), restricted to V, is equivalent to the H! inner product

[u,v] = aé(u,v) + a%((u,v)) foru,veVv (2.5)

provided a; > 0. We denote V' is the dual of V.

Hereafter, ¢ will denote a generic scale invariant positive constant, which is
independent of the physical parameters in the equation and may be different from line to
line and even in the same line.

3. Abstract Results

Let E be a Banach space, and let a two-parameter family of mappings {U(t,T)} = {U(t, )t >
T, T € R} acton E:

U,t):E—E, t>1, TR (3.1)

Definition 3.1. A two-parameter family of mappings {U(t, )} is said to be a process in E if

Uf,s)U(s,t)=U(, 1), Vi>s>1,TER,
(3.2)
U(r,t)=1d, T€eR.
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A family of processes {U(t,7)}, o € %, acting in E is said to be (E x Z, E)-continuous,
if for all fixed tand 7, t > 7, T € R, the mapping (u, o) — U (t, T)u is continuous from E x X
into E.

A curve u(s), s € Ris said to be a complete trajectory of the process {U(t, T)} if

U(t, t)u(t) =u(t), Vvt>t, teR. (3.3)

The kernel X of the process {U(t,T)} consists of all bounded complete trajectories of
the process {U(t,T)}:

K = {u(’) | u(-) satisfies (3.3) and |[u(s)||p < M, for s € R}. (3.4)
The set

K(s) ={u(s) |u(:)e X} CE (3.5)

is said to be the kernel section at time t=s, s € R.

For convenience, let B; = UgesUssiU 5 (s, £) B, the closure B of the set Band R, = {teR|
t > 7}. Define the uniform (w.r.t. o € X) w-limit set w,x(B) of B by w;x(B) = Ni>B: which
can be characterized, analogously to that for semigroups, the following:

Y € wrx(B) & there are sequences {x,} C B, {o,} CZ%, {t,} CR;
(3.6)
such that t, — +o00 and U, (t,, T)x, — y (1 — o0).

We recall characterize the existence of the uniform attractor for a family of processes
satisfying (3.6) in term of the concept of measure of noncompactness that was put forward
first by Kuratowski (see [13, 14]).

Let B € B(E) its Kuratowski measure of noncompactness «(B) is defined by

«(B) = inf{6 > 0 | B admits afinite covering by sets of diameter < &}. (3.7)

Definition 3.2. A family of processes {Uy(t,T)}, 0 € %, is said to be uniformly (w.r.t. o €
%) w-limit compact if for any 7 € R and B € B(E) the set B; is bounded for every t and
limtﬁooK(Bt) =0.

We present now a method to verify the uniform (w.r.t. o € %) w-limit compactness
(see [15, 16]).

Definition 3.3. A family of processes {Uy(t, T)}, o € Z, is said to satisfy uniformly (w.r.t. o €
%) Condition (C) if for any fixed 7 € R, B € B(E), and € > 0, there exist ty = {(7, B,¢) > 7 and
a finite dimensional subspace E; of E such that

(i) P(UsesUpst, U (t, T)B) is bounded; and

(i) |(I = P)(UoesUiyUs (t, T)x) [ < €, Vx € B,

where P : E — E; is a bounded projector.
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Therefore, we have the following results.

Theorem 3.4. Let X be a metric space and let {T(t)} be a continuous invariant semigroup T (#)X = X
on X. A family of processes {Us(t,T)}, o € X, acting in E is (E x X, E)-continuous (weakly) and
possesses the compact uniform (w.r.t. o € X) attractor Ay satisfying

Az = wos(By) = wrs(Bo) = | JKo(0), VT €ER, (3.8)
oEX
if it
(i) has a bounded uniformly (w.r.t. o € X) absorbing set By, and
(ii) satisfies uniformly (w.r.t. o € X) Condition (C).

Moreover, if E is a uniformly convex Banach space, then the converse is trise.

4. Uniform Attractor of Nonautonomous Camassa-Holm Equations

This section deals with the existence of the attractor for the three-dimensional nonau-
tonomous Camassa-Holm equations with periodic boundary condition. To this end, we first
state some the following results.

Proposition 4.1. Let f(x,t) € L} ((0,T); D(A™/2)) and let uy € V. Then problem (1.1) has a
unique solution u(t) such that forany T > T,

ueC([r,T);V)nL*([r,T); D(A)), % e L*([r,T); H), (4.1)

and such that for almost all t € [7,T) and for any w € D(A),

<% (“5” + “fAu>,w>D(A), + v<A<a§u + a%Au),w>D(A),
+ (B afu+atdu,w) (42)
= (f,w),
here
(B(w,v),w) = (B(u,0),w) - (Bw, ), u) s

= (B(v)u - B*(v)u, w)

for every u,v,w € V.

Proof. We use the Galerkin procedure to prove global existence. The proof of Proposition 4.1
is similar to autonomous Camassa-Holm in [1]. O
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If we denote v = a(z)u + (fou, the system (1.1) can be written as

do +vAv + B(v)u + B*(v)u = Pf,
dt (4.4)

v(x,T) =v:(x) € H.

In [1] the authors have shown that the semigroup S(t) : V. — V (t > 0) associated with the
autonomous system (4.4) possesses a global attractor in V and D(A). The main objective of
this section is to prove that the nonautonomous system (4.4) have uniform attractors in V
and D(A).

Now recall the following facts that can be found in [15].

Definition 4.2. A function ¢ € L} (R; E) is said to be normal if for any & > 0, there exists 77> 0
such that

t+7
supf [l(s) ||éds <e. (4.5)
ter J t

We denote by L2(R; E) the set of all normal functions in L? (R;E).

loc

Remark 4.3. Obviously, L2(R;E) c L(R;E). Denote by L2(R;E) the class of translation
compact functions f(s), s € R, whose family of #(f) is precompact in L? (R; E). It is proved

in [15] that L2(R; E) and L2(R; E) are closed subspaces of Li(R,' E), but the latter is a proper
subset of the former (for further details see [15]).

We now define the symbol space H(cp) for (4.4). Let a fixed symbol op(s) = fo(s) =
fo(-,5) be normal functions in L120 (R; E), that is, the family of translation { fo(s + h), h € R}
forms a normal function set in L{ ([T1,T2]; E), where [Ty, T>] is an arbitrary interval of the
time axis R. Therefore,

H(00) = H(fo) = [folx,s+h) |heR]

loc

) (4.6)

Now, for any f(x,t) € H(fo), problem (4.4) with f instead of f, possesses a
corresponding process {U(t,T)} acting on V. As is proved in [10], the family {Uf(t,7) |
f e H(fo)} of processes is (V x H(fy); V)-continuous.

Let

Ky ={vs(x,t) for t € R | vs(x,t) is solution of (4.4) satisfying|lvs(-,t)|lz < My Vi € R}

(4.7)
be the so-called kernel of the process {U(t,T)}.
Proposition 4.4. The process {U ¢ (t, T)} associated with (4.4) possesses absorbing sets
By = {v | [[v]l < 7o},
(4.8)

Bi={v||Av| <n}.
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Proof. The proof of Proposition 4.4 is similar to autonomous Camassa-Holm equation. O
The main results in this section are as follows.

Theorem 4.5. If fo(x,s) is a normal function in LIZOC(R; V'), then the processes {Uy,(t,T)}
corresponding to problem (1.1) possess compact uniform (w.rt. T € R) attractor 2y in V
which coincides with the uniform (w.rt. f € H(fo)) attractor Ay, of the family of processes

{Us(t,7)}, feH(fo)

Ao = A(fy) = wo(fy)(Bo) = U K(0), (4.9)
feH(fo)

where By is the uniformly (w.r.t. f € H(fo)) absorbing set in V, and Ky is the kernel of the process
{U¢(t, T)}. Furthermore, the kernel Ky is nonempty for all f € JH(fo).

Proof. As in the previous section, for fixed N, let H; be the subspace spanned by wy, ..., wn,
and H, the orthogonal complement of H; in H. We write

u=u+uy; u €Hy, uy € Hyforany ue H. (4.10)

Now, we only have to verify Condition (C). Namely, we need to estimate |u,(t)|, where
u(t) = w1 (t) + uy(t) is a solution of (4.4) given in Proposition 4.1.
Letting w = u, in (4.2), we have

1d
2dt <tx%|u2|2 + “%”112”2) + v<Lt§||ug||2 + a%lAu2|2>
+ <§ (u, agu + a%Au),m) (4.11)
= (Pf,u2>/
Notice that
12 v,
|(Pfu)| < |f |l < a2 + Z“o”uzn . (4.12)

0

From the above inequalities we get

> (sl + @) + 2 (ol + Ao
+ <E (u, agu + a%Au),m) (4.13)

2
It

—_ 2 .
va,
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Since B satisfies the following inequality (see [1, 12]):
| (B, v),w)| < cllulliiolo o], Yu,0,w eV, (4.14)

then by Young’s inequality,

| <l§ (u, aéu + a%Au),u2> |
< c(alull + ol Aull ) o]z (415)

%
< 1 <a5||u2||2 + a%|Au2|2> + M (g, 1,70, 71)-

Thus, we obtain

1d ) ) v , .

3 i (@l + @l )®) + 5 (aflwl + afl Awl)
Tik (4.16)

< Mi(ag, a1,70,11) + ~—o-.
)
Therefore, we deduce that

1d 2 2 2 2 v 5 2 ’ )
§E<“0|”2| + a[|uz| >+ E)tm+1<a0|u2| + 22 |us > .
4.17

C 2
< M+ ;lflv”

Here, M1 = Mi(ag, a1, 19,71) depends on A,,.1, and is not increasing as \,,.1 increasing.
By the Gronwall inequality, the above inequality implies

200 12 & 22010112
aplua|” + aqjual|

< <“§|u2(to + 1) + afJuz (to + 1)||2>€_V)L’"”(t_(t°+l))

(4.18)
t
+ ZM, + 2z e VAma(t=s) |f|%,,ds.
Vhmir v Jpn
Applying [10, Definition4.1 and Lemmall 1.3] for any ¢; >0, € = &1/ oc%,

2 t

X eI £ ds < £ (4.19)

v to+1 3
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Using (2.2) and letting t; =tp + 1+ 1/vA i In 3r§/ €1, then t > t; implies

2M1 €1
Y1 3
Vel (4.20)
(aéluz(fo + 1)|2 + a%HuZ(tO + 1)”2>e—vlm+1(t—(to+1)) < rge—v)umu(t—(toﬂ)) < %
Therefore, we deduce from (4.18) that
lual> <e, Vt>t, feH(f), (4.21)

which indicates {Uf(t,7)}, f € H(fo) satisfying uniform (w.t.r. f € H(fy)) Condition (C)
in V. Applying Theorem 3.4, the proof is complete. O

According to Propositions 4.1 and 4.4, we can now regard that the families of processes
{Us(t, )}, f€H(fo)for (1.1) are defined in D(A) and By is a uniformly (w.r. t. f € H#(fo))
absorbing setin D(A).

Theorem 4.6. If fo(x,s) is normal function in LfOC(R; V'), then the processes {Ujy,(t,T)}
corresponding to problem (1.1) possesses compact uniform (w.r.t. T € R) attractor Uy in ngr =D(A)
which coincides with the uniform (w.rt. f € HK(fo)) attractor Ay, of the family of processes

(Ut 7)), feL(fo):

Ay = Aoy = woe(sy(Br) = | £5(0), (4.22)
fe#(fo)

where By is the uniformly (w.r.t. f € H(fo)) absorbing set in D(A) and Ky is the kernel of the
process {U ¢ (t, T)}. Furthermore, the kernel Ky is nonempty for all f € H(fo).

Proof. Using Proposition 4.4, we have the family of processes {Uf(t,7)}, f € H(fo)
corresponding to (4.4) possesses the uniformly (w.r.t. f € H(fo)) absorbing setin D(A).
Now we testify that the family of processes {U(t,T)}, f € H(fo) corresponding to
(4.4) satisfies uniform (w.r.t. f € H(fy)) Condition (C).
Letting w = Au, in (4.2), we have

3 51 (el Af) v afl A + a2 472 )
+ (B(w adu+ oG Au), Auy ) (4.23)
= (Pf, Auz).
Notice that
3/2 |f|%/' YV ool 4372, |2
|(Pf, Aw)| < |fl]| A% 2] < et LAY (4.24)
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Therefore, we get

3 i (el + el + 5 (Auf + 2|4 )
+<B<u a0u+a1Au> > (4.25)
|f|v'
T va?

To estimate (B (u, aou + alAu)) Auz) we recall some inequalities ([1, 11, 12, 14]): for every
u,v € D(Ay),

2|2 |02 Ao |2
|B(u,v)| < ¢ (4.26)
jul'’?| Ao |[o];
and [12]
1/2
|Aw|
W) < cllw|l{ 1+ 1o (4.27)
|| () I ||< g)q||w||2

from which we deduce that

1B(14,0)] < clul | V0] V0 e, (428)

1/2
| Aul*
[[ullllo <1 +log
R

|A3/Zv|2 1/2
lul|Av|{ 1+log ——5 .
k Ml Ao]

Expanding and using Young’s inequality, together with the first one of (4.29) and the second
one of (4.26), we have

and using (4.27),

-

|B(u, v)| < ¢ (4.29)

| (B(u asu + cxlAu>>,Au2>|
< |<B<u1,a0u + alAu> Au2> | + |<E<u2, a%u + a?Au),Auz>|
< L2 fus || Awal ([ + @] Au]) + clua]/*| w2 (B ul] + | Aul ) 40

LY, 2
< Z <zx§|Au2|2 + zx%|A3/2u2| > + Mz(zxo,le,ro,rl), t >ty + 1,
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where we use

and set

Thus, we have

|Aur[* < Al |, (4.31)
L=1+log Aot (4.32)
A

Ld 2 2\ ¥ ) )
5&(“5””2” + | A > N E(aﬁlAuzl + a%|A3/2u2| )
li (4.33)
< M2 + —-
va1

Here M, = My (e, a1, 10, 71) depends on A,,.1, and is not increasing as A,,.1 increasing.
By the Gronwall inequality, the above inequality implies

agluzl® + af Au

< (allua(to + DI + o Aus (tg + DI e =01

(4.34)
t
2M, + 2 efv)tm+1(tfs}|f|2,ds‘
Vhna o v ) v
Applying [10, Definition4.1 and LemmalIl 1.3] forany &1 >0, € = &1/ a%,
2 t
= g VAma(t=9) |f|%/,ds <& (4.35)
v to+1 3
Using (2.2) and lett; =ty +1+1/v),u1n 3rf/ €1, thent > t; implies
vhml (4.36)
<a6”u2(t0 + 1)”2 + lxﬂAuz(to + 1)|2>6_V)Lm+1(t_(t0+1)) < r12€—v)tm+1(f—(f0+1)) < %
Therefore, we deduce from (4.34) that
|Auw|* <e, Vt>t, feH(fo), (4.37)

which indicates {U¢(t,7)}, f € H(fo) satisfying uniform (w.t.r. f € H(fo)) Condition (C)

in D(A).

O
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5. Dimension of the Uniform Attractor

In this section, we estimate the fractal dimension (for definition see, e.g., [10, 12, 17, 18]) of
the kernel sections of the uniform attractors obtained in Section 4 by applying the methods
in [19].

Process {U(t, T)} is said to be uniformly quasidifferentiable on {X(s)},cp if there is a
family of bounded linear operators {L(t,7;u) | u € K(s),t > 7,7 € R}, L(t,7;u) : E — E
such that

limsup  sup {U(t,t)o-U(t, T)u—- L(t, 7;u)(v—u)| 0.

e—0TeR wu,veK(s) IU - ul (51)
0<|u-v|<e

We want to estimate the fractal dimension of the kernel sections X (s) of the process
{U(t,T)} generated by the abstract evolutionary equation (4.4). Assume that {L(t,7;u)} is
generated by the variational equation corresponding to (4.4),

oyw=F(u,t)w, wl—m=w,€E, t>1, TER, (5.2)

thatis, L(t, T; u;)w; = w(t) is the solution of (5.2), and u(t) = U (¢, T)u, is the solution of (1.1)
with initial value u; € X(7). For natural number j € N, we set

T—+00 reR ueX(r) T

1 T+T
gj = lim sup sup <Tf Tr(F,(u(S):S))dS>r (5.3)

where Tr is trace of the operator.
We will need the following [10, Theorem VIIL.3.1].

Theorem 5.1. Under the assumptions above, let us suppose that U,cr X (T) is relatively compact in
E, and there exists q;,j = 1,2,..., such that

G, foranyj21,

Gny 20, qnyx1 <0, for some ng > 1, (5.4)

9 < Gny + (Gno = Gnov1) (o —j), Vj=1,2,....

Then,

dp(K(T)) < do =1+ —I™__ vreR. (5.5)

ng — qn0+1

We now consider (4.4) with f € L2(R; V). The equations possess a compact uniform
(wrt.f € H(f)) attractor Aur) and U, Kf(T) C HAw(p). By [10, 12], we know that
the associated process {Uf(t, 7)} is uniformly quasidifferentiable on {X(7)} . and the
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quasidifferential is Holder-continuous with respect to u; € Xj;(r). The corresponding
variational equation is

dw = —Aw — B(u,w) — B(w,u) = F'(u(t), Hw, W =w; €E, TER, (5.6)
where E(u,w) = —P(u x (V x w)), one can easily show that

(B’(u,w),e) = (B(u,w),0) — (B(6,w),u), for every u,w,0€ V. (5.7)

We have the main results in this section.

Theorem 5.2. Let f € L2(R;V"). Then the fractal dimension of the kernel sections of the uniform
attractor, dp K¢ (s), satisfy

dr K (s) < 1 (e qMer 5.8
FKy(s) < ¢ max e ) g A [ (5.8)
where
1 1™ 1 1 1
G = —Ilimsupsup= .ds, —=min{ —,—— ;. 5.9
sz Tﬁoop TG]ET T |f|V Y va% v)qa% ( )

Proof. Now we estimate the m-dimensional trace of F'(u(t),t). Let Q,, is the orthogonal
projector from H to Q,,H with orthonormal basis ¢, ..., ¢, € V. Similar to that of [1, 19],
we have

Tr(F'(u(t),t) - Qm)

UL cv 5/3
= DL (F'(u(t), )i, 9s) < == Jam
i=1

(5.10)
1/3
¢ ||u||1/2 201,12 4 2 2 aaf m
T (alulP + a3 Auf*) + c| Aul =) .
It follows from (4.2) that
1 T+T 1 1 T+T
lim sup sup—j <a%||u||2 + a%|Au|2>ds < —=lim sup sup— |f|%,,ds. (5.11)
T—o T€ER T VY Toow TERT T

By HOlder’s inequality we have

1 7+T 1 T+T 2/3
lim sup sup |Au|*3ds < lim sup sup<TJ |Au|2ds> , (5.12)

T—oo TER T T—oo TER T



14 Abstract and Applied Analysis
and we get

1 T+T G 2/3
lim sup sup |Aul*3ds < <—2> . (5.13)
a

T—o 7€R T 1

Therefore, from the above, we have

drKs(s) < c max L (& b i (5.14)
F —_ 4 4 M
f v301 \ o2 13/2 )L?/s ag/zx a?/zo

which concludes our proof. O
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