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The purpose of this paper is to consider a modified hybrid steepest-descent method by using
a viscosity approximation method with a weakly contractive mapping for finding the common
element of the set of a common fixed point for an infinite family of nonexpansive mappings and the
set of solutions of a system of an equilibrium problem. The sequence is generated from an arbitrary
initial point which converges in norm to the unique solution of the variational inequality under
some suitable conditions in a real Hilbert space. The results presented in this paper generalize and
improve the results of Moudafi (2000), Marino and Xu (2006), Tian (2010), Saeidi (2010), and some
others. Finally, we give an application to minimization problems and a numerical example which
support our main theorem in the last part.

1. Introduction

The convex feasibility problem (CFP) is the problem for finding points in the intersection of a
finite family of closed convex subsets C;,i = 1,2,..., N in the framework of Hilbert spaces,
that is, to find a point X such that
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This problem plays an extremely important role in various fields, especially in applied
mathematics and physical sciences; moreover, it has a great impact role on the real-world
applications (see [1, 2]). The well-known applications are the theory of optimization [3, 4],
image reconstruction by the projection method [5], signal processing problems [6], and
model for the problem in sensor networks [7], as some powerful examples.

We focus on the important subclass of convex feasibility problems, in which finitely
many sets are given. Each set can be specified in various forms, such as the fixed point set
of a nonexpansive mapping, the set of solutions of the variational inequality, and the set
of solutions to an equilibrium problem. In a framework of Hilbert spaces, there are some
applications of convex feasibility problems in various disciplines such as image restoration,
computer tomograph, and radiation therapy treatment planning [8].

Throughout this paper, we assume that H is a real Hilbert space with inner product
(+,-) and norm || - ||, and let C be a nonempty closed convex subset of H. Let & = {F;} . be
bifunctions from C x C to R, where R is the set of real numbers, and I' is an arbitrary index
set. The system of equilibrium problems is to find x € C such that

Fi(x,y) >0, VyeC, jel. (1.2)

If I is a singleton, then problem (1.2), reduced to the equilibrium problems, is to find x € C such
that

F(x,y) >0, VyeC. (1.3)

The set of solution of (1.3) is denoted by EP(F). The above formulation (1.3) was shown
in [7] to cover monotone inclusion problems, saddle point problems, variational inequality
problems, minimization problems, optimization problems, vector equilibrium problems, and
Nash equilibria in noncooperative games. In other words, the EP(F) is a unifying model for
several problems arising in physics, engineering, science, optimization, economics, and so
forth; Combettes and Hirstoaga [9] introduced an iterative scheme for finding a common
element in the solution set of problem (1.3) in a Hilbert space.

The equilibrium problems include fixed point problems, optimization problems,
variational inequalities problems, Nash equilibrium problems, noncooperative games, and
economics and the equilibrium problems; as special cases see, for example, [7, 10-14]. Some
methods have been proposed to solve the equilibrium problem; see, for instance, [15-22].

Let B: C — H be a mapping. The variational inequality problem, denoted by VI(C, B),
is to find x € C such that

(Bx,y-x)>0, VyeC (1.4)

Existence and uniqueness of solutions are the most important problems of VI(C, B). The
variational inequality problem has been extensively studied in the literature, see, for example,
[23, 24] and the references therein. It is known that if B is a strong monotone and Lipschitzian
mapping on C, then VI(C, B) has a unique solution. Variational inequalities are among the
most interesting and important mathematical problems and have been studied intensively
in the past years since they have wide applications in the optimization and control,
economics and transportation equilibrium, and engineering science. For these reasons, many
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existence results and iterative algorithms for various variational inclusions have been studied
extensively by many authors. For details, see [2, 7, 23-25] and references therein.

On the other hand, iterative methods for nonexpansive mappings have recently been
applied to solve convex minimization problems. Convex minimization problems have a great
impact and influence in the development of almost all branches of pure and applied sciences.

A mapping T : C — C is called nonexpansive if |[Tx — Ty|| < ||x — y||, for all x,y € C.
We use F(T) to denote the set of fixed points of T, thatis, F(T) = {x € C : Tx = x}. Recall that
a self-mapping f : C — C is a contractive mapping on C if there exists a constant a € [0, 1)
such that || f(x) = f(y)|| < allx —y||, for all x,y € C. A mapping B: H — H is said to be a
k-Lipschitzian if there exists a constant k > 0 such that ||Bx — By|| < k||x - y||, forall x,y € C.
The concept of quasi-nonexpansive was introduced by Diaz and Metcalf [26]. The mapping
T is said to be quasi-nonexpansive if || Tx — p|| < |lx — p||, forall x € C and p € F(T).

In 2000, Moudafi [27] introduced the viscosity approximation method for a
nonexpansive mapping T : C — C. Let f be a contraction on H, starting with an arbitrary
initial xg € H, defining a sequence {x,} recursively by

X1 = O f (X)) + (1 —an)Tx,, VYn2>0, (1.5)

where a, is a sequence in (0, 1). Xu [28] proved that under certain appropriate conditions on
{an}, the sequence {x,} generated by (1.5) converges strongly to the unique solution x* € C
of the variational inequality

(I-f)x*, x=x*) >0, VxeF(T). (1.6)
In 2006, Marino and Xu [29] introduced the following iterative scheme:

Xn+1 = Y f(xn) + (I — 2, A)Tx,, VYn>0. (1.7)

It was proved that if the sequence {a,} of parameters satisfies appropriate conditions, then
the sequence {x,} generated by (1.7) converges strongly to the unique solution of the
variational inequality

((A-yf)x*,x—-x*) >0, VxeF(T), (1.8)
which is the optimality condition for the minimization problem

1
xrer}rl(rTl) E(Ax,x) — h(x), (1.9)

where h is a potential function for yf (i.e., b'(x) = yf(x), for x € H). Assume A is strongly
positive bounded linear operator. It can be referred that there is a constant y > 0 which
satisfies the following property:

(Ax,x) > ¥|lx|>, Vxe€H. (1.10)
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In 2007, Suzuki [30] extended Moudafi's viscosity approximations with MeirKeeler
contractions and presented very simple proofs of Xu’s theorems by concidering Moudafi’s
approximations.

On the other hand, Yamada [31] introduced the following hybrid iterative scheme for
finding the variational inequality:

Xn41 = Txy — pr,B(Tx,), Vn >0, (1.11)

where B is k-Lipschitzian and 7-strongly monotone operator with k > 0,77 >0, 0 < p < 217/k?,
then he proved that if {1,} satisfies some appropriate conditions, then {x,} generated by
(1.11) converges strongly to the unique solution of variational inequality

(Bx*,x—-x*) >0, xe€F(T). (1.12)

In 2010, Tian [32] combined (1.7) and (1.11) and considered the following general
iterative method:

X1 = oy f (xn) + (I = pa,B)Tx,, VYn>0. (1.13)

If the sequence {a,} of parameters satisfies appropriate conditions, then the sequence {x,}
generated by (1.13) converges strongly to the unique solution x* € C of the variational
inequality

((yf —uB)x*,x —x*) <0, Vxe F(T). (1.14)

Later, Saeidi [33] introduced the following modified hybrid steepest-descent iterative
algorithm for finding a common element of the set of solutions of a system of equilibrium
problems for a family & = {F; : CxC — R,j =1,2,..., M} and the set of common fixed
points for a family of infinitely nonexpansive mappings S = {S; : C — C}, with respect to
W-mappings (see (2.14)). The proposed scheme was defined by

— Fm F, 71F
yn - Wn ™M N e ]rzz,n]rll,nxnl

Xpe1 = Pxn+ (1= )T - X,B)yn, VneN,

(1.15)

where B is a relaxed (y,r)-cocoercive, k-Lipschitzian mapping such that r > yk®. Then,
under weaker hypotheses on coefficients, he proved the strong convergence of the proposed
iterative algorithm to the unique solution of the variational inequality. Zhang et al. [34]
introduced a modified iterative algorithm by using a viscosity approximation method with a
weakly contractive mapping with respect to W-mappings (see (2.14)). They defined

X1 = 0y Dxy + (1= a )W, JP2, T2 JB x, VneN, (1.16)

rnnlr,n

where @ is a sr-weakly contractive self-mapping on C, and {a,} is a sequence in (0,1). They
proved that under certain appropriate conditions imposed on {a,}, the proposed iterative
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algorithm converges strongly to the common element of the set of common fixed points of
an infinite family of nonexpansive mappings and the set of a finite family of equilibrium
problems.

In this paper, motivated and inspired by the previously mentioned above results, we
consider a modified hybrid steepest-descent method by using a viscosity approximation
method with a weakly contractive mapping for finding the common element of the set
of common fixed points for an infinite family of nonexpansive mappings with weakly
contractive mappings and the set of solutions of a system of equilibrium problems. The
sequence generated from an arbitrary initial point xo € H which will converge in norm
to the unique solution of the variational inequality under some suitable conditions in a
real Hilbert space. Furthermore, we give an application to minimization problems and a
numerical example which support our main theorem in the last part.

2. Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. We denote
weak convergence and strong convergence by notations — and —, respectively. Recall that
when the metric (nearest point) projection Pc from H onto C assigns to each x € H, the
unique point in Pcx € C satisfies the property

¢ — Pexr]| = min{jx - y|]. (2.1)

The following characterizes the projection Pc.
An important problem is how to find a solution of VI(C, B). It is known that

u € VI(C,B) & u = Pc(u - \Bu), (2.2)

where A > 0 is an arbitrarily fixed constant, and Pc is the projection of H onto C.
We recall some lemmas which will be needed in the rest of this paper.

Lemma 2.1. Foragivenz€ H,u € C,
u=Pze=(u-z,v-u)>0, YoveC (2.3)
It is well known that Pc is a firmly nonexpansive mapping of H onto C and satisfies
| Pex - Py || < (Pex - Pey,x—y), Vx,y € H. (2.4)
Moreover, Pcx is characterized by the following properties: Pcx € C and for all x € H,y € C,

x — Pcx,y— Pcx) <0. (2.5)
y
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Definition 2.2. A mapping @ : C — H with domain D(®) and range R(®) in H, Alber and
Guerre-Delabriere [35] defined a sr-weakly contractive mapping by the following:

Jox - @y| < x~yll - (lx-yl)), V¥xyeD@), 26)

for some o : [0,+00) — [0,+0o0) which is a continuous and strictly increasing function such
that o is positive on (0, +o0) and o (0) = 0. If or (t) = (1 — k)t, then @ is said to be contractive
mapping with the contractive coefficient k. If o (t) = 0, then @ is said to be nonexpansive. If
o (t) =0and y = @y, then @ with a fixed point y is said to be qusi-nonexpansive.

Definition 2.3. A mapping B : C — H is said to be an 7-strongly monotone if there exists a
constant 77 > 0 with the following property:

(Bx-By,x-y)>n|x-y|>, vxyeC (2.7)

Definition 2.4. A mapping B : C — H is said to be relaxed (y,r)-cocoercive if there exist two
constants y > 0 and r > 0 which satisfies the following property:

(Bx-By,x-y) > ~y||Bx-By|" +r|lx-y|’, VxyeC (28)
Lemma 2.5 (see [28]). Assume that {a,} is a sequence of nonnegative real numbers such that

anm < (1 -l)ap+0, n>0, (2.9)

where {1} is a sequence in (0,1), and {0, } is a sequence in R such that
(1) 20ty In = o0,
(2) limsup, _,  0n/1n <00r 372 [On] < o0.

Then lim,, _, xa, = 0.

Lemma 2.6 (see [36]). Let C be a closed convex subset of a real Hilbert space H and let T : C — C
be a nonexpansive mapping. Then I — T is demiclosed at zero, that is, x, — x,x, — Tx, — 0 implies
x =Tx.

Lemma 2.7 (see [37]). Let C be a closed convex subset of H. Let {x,} be a bounded sequence in H.
Assume that

(1) the weak w-limit set wy,(x,) C C,

(2) for each z € C, lim,, _, o, ||x, — z|| exists.

Then {x,} is weakly convergent to a point in C.
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Lemma 2.8 (see [38]). Each Hilbert space H satisfies Opial’s condition, that is, for any sequence

{xn} C H with x, — x, the inequality,

lim inf |, - x| < liminf |, - y]], (2.10)

holds for each y € H with y # x.

Lemma 2.9 (see [39]). Each Hilbert space H satisfies the Kadec-Klee property, that is, for any
sequence {x,} with x, — x and together with ||x,|| — |x|| implies ||x, — x|| — 0.

For solving the equilibrium problem, let us give the following assumptions for a
bifunction F of C x C into R which were imposed in [9, 40]:

(A1) F(x,x) =0forallx € C;

(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forall x,y € C;

(A3) for each x,y,z € C, limyoF(tz + (1 - t)x,y) < F(x,y);

(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous.

Lemma 2.10 (see [9, 40]). Let C be a nonempty closed convex subset of H, and let F be a bifunction
of C x C into R satisfying (A1)—-(A4). If r > 0 and x € H, then there exists z € C such that

F(z,y) + %(y— z,z—x)>0. (2.11)

Lemma 2.11 (see [9]). Let C be a nonempty closed convex subset of H, and let F be a bifunction of
C x C into R satisfying (A1)-(A4). For r > 0 and x € H, define a mapping JF : H — C as follows:

JE(x) = {ZEC :F(z,y) + %(y—z,z—x} >0, \'/yeC}, (212)

forall x € H. Then, the following conclusions hold that

(1) JE is single-valued;

(2) JE is firmly nonexpansive, that is, for any x,y € H,

@ - < JF@ - IFw)x-y); (213)

(3) F(J}) = EP(F);

(4) EP(F) is closed and convex.
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A family of nonexpansive mappings has been considered by many authors (see [41-
52] and references therein). Recently, Shang et al. [47] improved the results of Kim and Xu
[53] from a single mapping to a finite family of mappings in the framework of Hilbert spaces.

Now, we consider the mapping W,, defined, as in Shimoji and Takahashi [48], by

un,n+1 =1,
un,n = Ynsnun,nﬂ + (1 - Yn)I/
un,n—l = Yn—lsn—lun,n + (1 - Yn—l)Ir

Ui = VSl + (1 - 1)1, (2.14)

U1 = Vi1 Sk + (1= ye-1) 1,

Uy = 12SUns + (1-12)1,
Wy i=Up1 = 1S1Un2 + (1-11)1,

where ¥y, Yn-1, - . ., 71 are real numbers such that 0 <y, < 1and 53, Sy, ... are an infinite family
of mappings of H into itself. Nonexpansivity of each S; ensures the nonexpansivity of W,.

Lemma 2.12 (see [48]). Let H be a real Hilbert space H. Let S1,S», ... be nonexpansive mappings
from H into itself such that (\;— F(Sy) #0and {y1, 2, ...} are real numbers such that0 <y, <b <1,
forall n > 1. Then, for every x € H and k € N, the limit lim,, _, o, U, X exists.

Using Lemma 2.12, one can define the mapping W from H into itself as follows:

lim Wyx = lim U, x, Vxe€ H. (2.15)

n—oo n—oo

Such W is called the W-mapping generated by S1,S,,...and y1, 12, .. ..

Lemma 2.13 (see [48]). Let H be a real Hilbert space H. Let S1,S», .. . be nonexpansive mappings
from H into itself such that (\,— F(S,) #0and {y1,y2, ...} are real numbers such that 0 <y, <b <1,
foralln > 1. Then, F(W) = ;21 F(Sy).

3. Main Results

In this section, we will introduce an iterative scheme by using a modified hybrid steepest-
descent method for finding the common element of the set of common fixed points for an
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infinite family of nonexpansive mappings with weakly contractive mappings and the set of
solutions of a system of equilibrium problems in a real Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, such that C+C C
C.Let S ={S; : C — C} bea family of infinitely nonexpansive mappings, and let F = {F;
j=1,23,..., M} be a finite family of bifunctions C x C to R satisfying (A1)—(A4). Assume that
O :=(NZ F(S)) N (ﬂ?fl EP(F;)) #0. Let B be a k-Lipschitzian and n-strongly monotone mapping
on Cwith k >0, 1> 0. Let @ be a sr-weakly contractive self-mapping on C with a € [0,1). Denote
the collection of all weakly contractive ® on C by C. Let 0 < p < 2n/k* and 0 < y < p(n-pk?*/2) = 7.
Let the mapping W, be defined by (2.14) and {rj,,} ?;11 be a sequence in (0, 00). If {x,} is the sequence
generated by x1 € C and

wn = WTl rM n’ ]r2n 11, nxnl

3.1)
X1 = Ay D(x,) + (I — ayuB)w,, VYneN,

where {a,} is a sequence in (0, 1) and satisfies the following conditions:

(C1) limy,—, ity = 0and 3,774 ay = 00;

(C2) limy, ol @ns1 — atu| = 0;

(C3) limy olynet = Yl = 0;

(C4) liminf, o7}, >0, forall j € {1,2,..., M}.

Then, the sequence {x,} converges strongly to x* = Po(I — uB + y®)x* which is the unique solution
of the variational inequality

((uB - y®)x*,x* -x) <0, VYx€O, (3.2)

which is the optimality condition for the minimization problem

xrer}:l(n) (Bx, x) — h(x), (3.3)

where h is a potential function for y® (i.e., h'(x) = y®(x), for x € H).

Proof. We will divide the proof of Theorem 3.1 into several steps.

Fe tFea P2 7F2 7H
TknJ k-1, Vk-2,n 2nltTn

Step 1. We will show that {x,} is bounded. Let p € ©. By takmg Sk =

for k € {1,2,3,...,M} and & = I, for all n € N. Since ],k," is nonexpansive for each k =
1,2,3,..., M, then, we have

[ s n



10 Abstract and Applied Analysis

From Lemmas 2.11 and 2.12, it follows that

[lxni1 = pll = lany®(xn) + (I = anuB)on - p||

< o[y @ (xa) = y@(p) || + at

any®(x,) + (I - auB)W,SMx, - p”

a0, (Y®(xn) = pBW, SN (p) ) + (I - aupuB)W, S, = (I - a,uB) W, S|

YO (p) - uBW, S} (p) |
+ || (I - aupB)W,SMx, — (I - “n#B)Wn%nMP”

< any{lxn =pll =72 ([l =PI} + anlly®(p) - pB(P) || + (1 - @) || 30 = p|

ly®(p) - uB(p)||
Ty

IN

(L= an(t =) lxn = pll + an(r -7y)

d(p) - uB
. max{ — ly®(p) - uB(p)|l }
Ty
(3.5)
By mathematical induction, it becomes
O(p) +uB
|xn = || < max{ |1 = pl|, Iy (Pi)_ _/; 2l }, Vn>1, (3.6)
and we obtain that {x,} is bounded. So are {W,SM(x,)} and {®(x,)}.
Step 2. We claim that
lim ||$5x, - S5 x, ][ =0, (3.7)

for every k € {1,2,3,..., M}. From Step 2 of the proof in [54, Theorem 3.1], we have for
ke{1,2,3,...,M},

F F
k x k

llm Tkne1 v 1 - Tkn

n—oo

xn|| = 0. (3.8)
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Note that for every k € {1,2,3,..., M}, we obtain

&k _ Fea yF2 . 7F2 7F1 _ 7Fk @k 1
\sn - rkn Tk-1,nJ Tk-2,n ront i — rkn (3'9)
So, we have
ok ak _ Fr auk-1 Fi cwk 1
||\;"x7’l =SS Xn| = Tin Xn = Jrignn Spe1%n
Fr auk-1 Fr  evk-1 Fr  ek-1 Fx c\»k 1
< T Sn Xn = JreaSun Xn + Tt Sn Xn = Jrgn Sp1Xn
Fr auk-1 Fi c\.k 1 c\‘k 1 c\»k 1
< faSn Xn T Jrgpa ™~ S Xn
Fr auk-1 Fr  evk-1 Fr1 avk-2 Fra1 k-2
< renSn Xn T JrgnSu Xn|| T [ Uncn e Xn T Incimnm S Xn
+ ”%fl_zxn %k %xn
Fr k-1 Fr k-1 Fr1 auk-2 Fr1 k-2
< Tkn Xn = Jrpa Sn Xn|| T ncnSn X0 = Incim Sn Xn
. F> &1 F @1 Fl F
+ + "o SpXn — r2,n+1 nXn|| + x” Tinel Xn

(3.10)

Now, apply (3.8) to (3.10), we conclude (3.7).

Step 3. We may assume that B, = (I — a,uB). Let {w,} be a bounded sequence in C. Then, we
show that lim,, _, .|| By+1wn—B,wy|| = 0. Indeed, since {w,} is bounded and B is a Lipschitzian
mapping, now, from condition (C2), we have

||Bn+1wn - ann” = ”(I - an+1/ftB)wn - (I - anﬂB)wn”
= ||ans1uBw, — anpBw,||
(3.11)
= plans1 — ayl||Bwy||

< Mll“n+1 - “n|1

where M is an approximate constant such that My > max{sup,,,[|Bwy||}. Hence ||By1w, —
B,w,|| — 0asn — oo.
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Step 4. We show that lim,, _, oo ||Wy1w,, — Wyw,|| = 0. By the definition of W, it follows that
Whi1wn = Wywu|l = ||yna, NSNUns1t,N-1Wn + (1 = Y, N ) Ui, N-1Wh
= Yu,NSNUpN-1wWn = (1 = Yo, ) U No120n |
< |y, SNUna1, N-1Wn = Y1, N SNU N1 |
+ |1, N SNU,N-1wWn = Y, N SN U N-1 w0 |
+ ||Uns1, N-1wn = Yot N U1, N-1Wn — U N-1 W + Yo NUn N-1 W03 ||
< Y, NIISNU 1, N1 — SNUN-1wWnl| + | Yns1,N = YN || SN U, N-1204]|
+ U1, N-1Wn = Un, N1 + || Ynst, NU i1, N-1@n = Yo NUn, N1 |
< Yt N U1, N1 Wn = U N @l + |y, N = YN | ISNUn, -1 |
+ U1, N-1wWn = Uy N1 + || Ynet, N Ut N1 Wi = Y NU 1, N—1 0 |
+ ||y N U1, N-1Wn = Yo, NU i N1 Wi ||
< Vs, NI Ui, N-1Wn = Un Nl + |Yner,N = YN | |SN U N-1204 |
+ U1, No1wn = U Noawh| + | Ynst,N = YN | U1, N1 |

+ Y N Uns1, N-1Wn — Uy N-1 0|

< |ynsin + 1+ Yo | U, N-1w0n — U N @a| + 2Mo | Ynsa,N = Ya N

7

(3.12)

where M, is an approximate constant such that M, > max{supnzl{||Silln,i_1wn||},

supn20{||Un+1,i_1wn||} |i=1,2,...}.S5ince 0 < y,; < 1forallm >1andi=12,...,N, we
compute

IUn+1,N-120n = Up,N-1w04]|
= || ¥ns1, N1 SN-1U 1, N—2Wn + (1 = Va1, N-1) U1, N—2Ws
—= YuN-1SN-1Un,N-2wWn = (1 = Yun-1)UnN-2wh]|
< || ¥ns1,N-1SN-1U 1, N—2Wn = Y, N-1 SN-1U N2 ||
+ || Ui, N2wn = Y1, Nc1 U1, N—2Wp — U N-2Wh + Y, N-1 U N2 W ||
< lymer, N-1SN-1Uni1, N-2Wn = Ynse1,N-1 SN-1 U, N2 |
+ ||yns1,N-1 SN U N-2Wy = Yu,N-1SN-1U i N—2Ws ||

+ ”un+1,N—2wn - un,N—an” + ||Yn+1,N—1un+1,N—2wn - Yn,N—lun,N—an”
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< Y1, N-1[ISN-1U g1, N2Wy = SN—1 Uy, N2 |
+ [Yns1,n-1 = Yun-1 [ISN-1 U N2 Wa || + U1, N-2wn — Uy N—2wh|
+ Iy, N1 U1, N—2Wn = Va1, N-1 U N—2 W |
+ ||yns1, N U N-2Wh = Yo, N1 U N2 Ws ||
< Y1, N-1 [ U1, N—2Wn — U, N2 |
+ [Yne,n-1 = YuN-1 [ ISN-1 U N2 Wa || + U1, N2 wn = U N—2wh|
+ Y, N-1 [[Uns1,N-2Wp — U, N-2Wh | + |Yne1,8-1 = Y, N-1 | U, N—2wn |

< Yur,n-1 + 1+ Yo, N U1, N2wWn = U N2 w4 |

+ 2M3 | Yne1,N-1 = Yn,N-1

7

(3.13)

where Mj is an approximate constant such that Mz > max{sup,.{[|Sillyi-1wnll},
supnzo{ {Ups1i-1wn} | i=2,3,...}. It follows that

Ui, N-1n = UnN-1Wn|| € 2M3|yne1,n-1 = YaN-1| + 2M3|Yni1,N-2 = Yu,N-2|
+ | U1, N-3wyn — U N-3Wh ||

N-1
<2M; Z [Yns1,i = Yui| + [Uni1,1w0n — Unpwy||

i

N-1

=2M; Z |Yns1,i = Y|

i=2

+ |lyne1,181@0n + (1 = Yns11)Wn = Yu1 S1w0n = (1 = Y1) wn |

N-1
<2M; Z [Yns1,i = Yni]-

i=1
(3.14)

Substituting (3.14) into (3.12), it yields that

N-1

Whi1wn = Wy || < 2Mo|Ynaa,N — Y| + 2Yn+1,NM3Z [Yne1i = Y
i=1

(3.15)
N
< ZMZ |Yns1,i = Vi,

i=1

where M is an approximate constant such that M > max{M,, M3}. By condition (C3), we
obtain that |[W, 1w, - W,w,|| — 0Oasn — oo.
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Step 5. We will show that
Hm o = x| = 0. (3.16)

We observe that
1351 = Xnll = || @y @ (xn) + (I = apuB)wy — ay 1y D (x4-1) — (I = ap1 puB) w1 ||
< ey (@ (xn) = D(x4-1)) + (I — anpB)wy — (I — appuB)w, ||
+ ||y (e = ctn2) D (1) + pr(an = 1) Bros |
S any{llxn = xnall = 7w (120 = Xpal) } + (1 = @ T) |y — wpa |l + 2Mafan — an

< ‘an”xn - xn—lll + (1 - anT)”wn - wn—l” + 2M4|an - “n—llr
(3.17)

where M, is an approximate constant such that My > max{sup,,{[|®(xs-1)l},
sup 5, { |Bwyu-1||}}. We compute

< ||W,,$,’}4x,, — W,SMx, || + ||W,1$Q4xn,1 WM x4 ||

”wn - wn—l” = ||Wn%£lv{xn - Wn—lgnM_lxn—l

+ ||Wn9§,]1v£1xn—1 - Wn—lgﬁflxn—l ) (318)
< ”xn Xn— 1” +| Mlxn 1||
|| Wasity xns = Waa S|
By Step 2 and Step 4, we have immediately concluded from (3.17) that
lxns1 = xnll < @nyllxn — xXpall + (1 = anT) |wn — Wy || + 2Myla, — a1
S anyllxn — xp1ll + (1 = an?)||xn — Xp-1]| + 2Malay, — ap-1| (3.19)
< (1 - an(T - Y)) ”xn - xn—l” + 2M4|un - an—1|'
By Lemma 2.5, we have lim,, _, o |[xy+1 — x5|| =0
Step 6. We will show that
lim ||\s X, — k1 n”:o, Vk=1,2,...,M—1. (3.20)

n—oo
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Forany p € © and forall k = 1,2,..., M -1, note that ]fk’:ln is firmly nonexpansive. Then by
Lemma 2.11, we get

2

ak+1 _ Frn o»k Fin
"sn X _P” - rk:l,n ] +;np|
Fien @k Fk+1 C\*k
S < rk+1n rk+1np’ xn p>
(3.21)
< Xn — Xn — P>
_1 kil k. |I?
=5 ([l P|| R I e )
and, hence,
2 2 2
R I i I R
(3.22)

< ||xn—p||2— ”%k”x - &kx, ’

By (3.22), we compute

1 =PI = lany®(xa) + (I = @upB) e, - p||*

2
any®(x,) + (I - auB)W,SMx, - p”

2
a, (Y®(xn) — uBp) + (I — ayuB)W,SMx, - (I - anyB)p“
2
= @2|ly®Cen) - puBp||* + || (1 - aupuB) W, S, = (I - aupuB) W, S)p||
+2ay, <Y(I)(xn) - uBp, (I - ayuB)W,SMx, — (I - an‘uB)Wn%ﬁAp>

< @2 ly®(x,) - uBp|* + (1 - a, s

+ szn<YCD(xn) uBp, W, n\sMxn Wn%nMp>
+ 262 (YO (xy) - uBp, BW, S} x, - BW,Sp )

2
<a, 2 i“s,]zlen—p”

+2ay <Y(D(xn) - Y(D(P)/ Wn%nMxn - Wn%nMp>
+2a,(y®(p) - uB(p), Wa)'x ~ WuS2'p )

+ 202 y®(x) - puBp || BWaSY x, ~ BW,Sp)|
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2
<a? 2 i“s,],len—p”

+ 2any {||xn = pll = 7 ([0 = p) } |20 - p
+ 20, (YO(p) - pB(p), WaSh x, - W, S0p )
+ 200 || y®(xn) — uBp| ”BWn%ﬁ”xn - BWn%ﬁ/Ip”

< @2 |ly®(xn) - uBp||’ +<1 20,7 + 02T +2any>|‘”2/l —p”2

+ 20, (YO (p) - pB(p), WS 2 = W,SMp )

+ 20l y®(x) - puBp|| || BW, S, - BW, S p |
2
%=1

2
S0 = p|| + aly @) - By

|

+ay, (anT
+2(yD(p) ~ B (p), WaS1'xs - WaS)'p )

+ 2, 0Ce) - e | BW, S, - B,

)

< (1-2au(r - Y))(”xn P” _”\9 X — SE
+ay, <txn7'2||xn = p|I* + [y ®(xa) - uBp||®
+ 2<Y(1)(p) - uB(p), W, SMx, - Wn%nMP>
+ 2|y (x) - uBp| | BW. S %, — BWaSp ).

(3.23)

So, we obtain

ak+1

2
i~ 55, | € (1= 200 (= 1)) [0 = I = s = I

+ an<anT2||xn = plI” + aully®(x) - puBp||*
+2<y(I>(p) uB(p), W, x, - WnC“MP>

+ 200, a] | YD ()~ B || || BWo S0, - BW, S )
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< lloen = x| (|2 =l + [l2n1 = p1)
+a, <an72||xn —p|I* + ||y (xn) - pBp||?
+2<y<I>(p) uB(p), W, SMx, - anﬁwr’>

+ 20, u ||y @ (x) - ,qu””BWn\s Xp— BWn%nMp”).

(3.24)
Using condition (C1) and (3.16), we obtain
Tim ||k, - 5 1x, | =0, V=12, M-1. (3.25)
Step 7. Next, we show that
lim [[x, - W,S$Mx, || = 0. (3.26)
Since
| Xn = WSy o || < llotn = Xnoa || + {[xne1 = Wa Sy x,
= lxn = Xueall + atu || f (xn) = PBWu S (3.27)
< lotn = 2w [l + |y f (xn) = pB2ca |,
by condition (C1) and (3.16), we get [|x, - W,S$Mx,|| — 0Oasn — oo.

Step 8. We show that z € ©. The weak w-limit set of {x,}, w.(x,) is a subset of ©. Let z €
Wy (x,), and let {x,,} be a subsequence of {x,} which converges weakly to z. By Step 6,
without loss of generality, we may assume that

xp, —z, Vkel{l,2,...,M-1}. (3.28)

We need to show that z € ©. At first, note that by (A2) and giveny € Cand k € {1,2,..., M -
1}, we have

1

Tk+1n

<y - %ﬁ*lxn, %ﬁ*lxn - %’,ﬁxn> > Frn (y, %’,‘l”xn). (3.29)

Thus,

oek+1 ok

) Xp, — 8, Xn

k+1 M~ Tn M ~k+1

<]/ - %nm Xty s r > 2 Fin <]// xnm> (3.30)
k+1,n,,
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By (A4), F(y,-) is a lower semicontinuous and convex, thus, weakly semicontinuous. By
condition (C3) and (3.20), imply that

%k+ x _ ek

o Xrim = S Xtn (3.31)
Tk+1,m,,
in norm. Therefore, letting m — oo in (3.30) yields
Feia(y,z) < lim Fiy (y, %ﬁj}xnm> <0, (3.32)

forally € Hand k € {1,2,..., M —1}. Replacing y with y; = ty + (1 —t)z with t € (0,1) and
using (A1) and (A4), we obtain

0= Fea(ye, yt) <tFa(yuy) + (1= £)Fea (ye, 2) < tFia (Y v). (3.33)

Hence, Fra(ty + (1-t)z,y) > 0,forallt € (0,1) and y € H. Letting t — 0% and using (A3),
we conclude Fiy1(z,y) >0, forally € H and k € {1,2,..., M}. Therefore,

M
z € (\EP(F;) = EP(¥). (3.34)
j=1

Next, we show that z € (Z; EP(S;). By Lemma 2.12, we have for all z € C,

W,z — Wz, (3.35)

and F(W) = NZ, F(S;). Assume that z ¢ F(W), then z#Wz. Therefore, from Opial’s
property of Hilbert space, (3.26), (3.34), and (3.35), we have

liminf||x,, - z| < liminf||x,,, - Wz||
m— o0 m— o0

< liminf {

m— o0

Xy = Wi, SMx, |+ ||wnms“s,f)fﬂxnm - anz” + [ W,z - Wz}
< liminf{||x,, — z| + [|[Why,, z - Wz||}
m— oo
< liminf||x,, - z||.
nm— oo
(3.36)

This is a contradiction. Therefore, z must belong to F(W) = NZ; F(S;).

Step 9. We show that limsup,, _, _((uB — y®)x*, x* — x,,) < 0, where x* = Po(I — uB + y®)x*.
By Banach’s contraction mapping principle, it guarantees that Po(I — uB + y®) has a unique
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fixed point x* which is the unique solution of (3.2). Let {x,, } be a subsequence of {x,} such
that

khm ((UB - y®)x*, x* — x, ) = limsup((uB — y@)x*, x* — x,,). (3.37)

n— oo

Without loss of generality, we can assume that {x,, } converges weakly to some z € C. It

follows that from Lemma 2.6 and lim, _, |[X4+1 — X,|| = O that z € ©. Hence by (3.2), we
obtain
limsup((4B - y®)x", x" - xu) = ((uB - y®@)x", x" - z) < 0. (3.38)

Step 10. Finally, we show that x,, — x*. As a matter of fact, we have

nt = %17 = [|any®(ea) + (I - aupiB)o, — x°|*

2

any®@(x,) + (I - anyB)Wn%ﬁ’Ixn - x*

2
an (Y®(x) — uBx*) + (I — anuB)W, 3N x,, - (I—amuB)x*”

22|y (xn) - uBx* || + ” (I - ayuB)W,SMx, — (I - Lt,,,uB)Wn%n]VIx"‘”2

+ 200, (YO () = pBX", (I = auuB) WS}, = (I - aupB)WoSx" )

IN

7)% 120 — 7|2

a,
+ 2zxn<y(I)(x,,) — uBx*, W,SMx, - W,,s“s;“x*>
—2a (YD (xy) ~ pBx", BW, S x, — BW, Sx" )
< @ [ly®(x,) - pBx®||* + (1 = aym)|fxn - x°|

+ 2an<y(D(xn) —yD(x"), W, SMx, °‘Mx*>

+ 2an<y¢)(x ) — uB(x*), W,SMx, - W, sMx >

- 242 My, - BW,3Mx*

< @ [ly®(x,) - pBa®||* + (1 = aym)|lxn - x*|
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+ 20ty ([l = x| = ([l = 2}l = 7
+ 20, (YO (") = B ("), WoShc, - Wy )

+ 200 ||y @ (x) — uBx*||

|qu3%xn—3mg%yx*

< @2 |ly®(x,) - uBx*||” + (1 — 20,7 + 27 + Zany> [E—
+ 200, (YO(x) = pB(x"), W, S)x, — W, S )

+ 200 ||y @ (x) — uBx* ||

|qu%yxn—3mg%yx*

< (1-2a, (7= 7))llxn — x*|17

+ay <an7'2||xn - x| + an||y®(x,) — uBx* :

+ 2<Y(D(x*) - ﬂB(x*)r Wn%nMxn - Wn%nMx*>

+ 2aupt| Y@ (xn) = pBx”

|Bwn%;‘4xn — BW,SMx*

).

(3.39)

where

Ly =2a,(T-7Y),

_ 1
“2(r-y)

n (an72||xn — x| + ||y @ (xn) - ‘qu*”z
(3.40)

+ 2<Y(I)(X*) - /,tB(X*), Wn%nMxn - Wn%nM‘x*>

'BWn%nMxn — BW,SMx*

)

+ 2a,p||y®@(x,) — pBx*

It is easily to see that lim, I, = 0,3,,2; 1, = o0 and limsup, 6, < 0. By Lemma 2.5, we
conclude that x, — x*; this completes the proof. O

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H such that
C+C c C. Lt S = {5 : C — C} a family of infinitely nonexpansive mappings, and let
F=1{F :j=123,...,M} be a finite family of bifunctions C x C to R satisfying (A1)—(A4).
Assume that © = (N2 F(Si) N (ﬂ?ﬁl EP(F;)) #0. Let B be a k-Lipschitzian and n-strongly
monotone mapping on C with k > 0,11 > 0. Let @ be a sr-weakly contractive self~mapping
on C with a« € [0,1). Denote by C the collection of all weakly contractive mapping @ on C.
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Let 0 < p < 2nn/k*> and 0 < y < u(n — pk*/2) = 7. Let the mapping W, be defined by (2.14)
and {1} j-\fl be a sequence in (0,0). If {x,} is the sequence generated by x, € C and

wn = Wn TM n’ ]7‘2 nJtry, n'x"/ (341)

X1 = 0y ®@(x,) + (I — ayuB)w,, VYneN,

where {a, } is a sequence in (0, 1) which satisfies the following conditions (C1)—(C4), then the sequence
{xn} converges strongly to x* = Po(I — uB + @) (x*) which is the unique solution of the variational
inequality

((uUB-®)x*,x* —x) <0, Vx€O, (3.42)

which is the optimality condition for the minimization problem

xrerkl(n) (Bx, x) —h(x), (3.43)

where h is a potential function for y® (i.e., h'(x) = y®(x), for x € H).
Proof. Taking y =1, in Theorem 3.1, it is easy to obtain the desired conclusion. O

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H such that C +
C cC. LetS={S;:C — C}afamily of infinitely nonexpansive mappings, and let ¥ = {F;
j=1,23,..., M} be a finite family of bifunctions C x C to R satisfying (A1)—(A4). Assume that

= (NZ F(S))N (ﬂ;\fl EP(F;)) #0. Let B be a k-Lipschitzian and n-strongly monotone mapping
on C, and let f be a contraction self~mapping on C with a € [0,1). Denote by C the collection of all
contraction f on C. Let 0 < p < 2n/k*> and 0 < y < u(n — pk?/2)/a = 7/a. Let the mapping W,
be defined by (2.14) and {7} j-\fl be a sequence in (0, 00). If {x,,} is the sequence generated by x; € C
and

Wy = Wil TR TE X0, (3.44)

Xns1 =AY f (Xn) + (I — anpB)wn, VYn €N,

where {ay, } is a sequence in (0, 1) which satisfies the following conditions (C1)-(C4), then the sequence
{x,} converges strongly to x* = Po(I — uB + y f)(x*), which is the unique solution of the variational
inequality

((UB-yf)x*,x* —x) <0, Vxe€O, (3.45)

which is the optimality condition for the minimization problem

xrer}rl(n) (Bx x) —h(x), (3.46)

where h is a potential function for y f (i.e., h'(x) =y f(x), for x € H).
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Proof. Taking @ = f in Theorem 3.1, it is easy to obtain the desired conclusion. O

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H such that C+C C
C,andletF = {F; : j =1,2,3,..., M} be a finite family of bifunctions C x C to R satisfying (A1)-
(A4). Assume that © := ﬂ?ﬁl EP(F;) # 0. Let B be a k-Lipschitzian and n-strongly monotone mapping
on Cwith k > 0,1 > 0. Let @ be a sr-weakly contractive self-mapping on C with a € [0,1). Denote by
C the collection of all weakly contractivemapping on C, and let f € Cwitha =1. Let 0 < p < 217/k>
and 0 <y < p(n—puk?/2) = 7. Let {1, }?fl be a sequence in (0, c0). If {x,,} is the sequence generated
by x1 € C and

_ 1Fm F 1FH
wn — Jrmmn e ]rz,n]rl,nx‘r‘l/

(3.47)
X1 = Ay D(x,) + (I — ayuB)w,, VYneN,

where {a,} is a sequence in (0,1) which satisfies the following conditions (C1), (C2), and (C4) in
Theorem 3.1, then the sequence {x,} converges strongly to x* = Po(I — uB + y®)(x*), which is the
unique solution of the variational inequality

((uB—y®)x*,x* —x) <0, VYx€O, (3.48)

which is the optimality condition for the minimization problem

1
xrerF(rTl)E (Bx,x) — h(x), (3.49)

where h is a potential function for y® (i.e., h'(x) = y®(x), for x € H).

Proof. Taking W,, = 0 in Theorem 3.1, it is easy to obtain the desired conclusion. O

Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H such that C+C C
C, andlet S = {S; : C — C} a family of infinitely nonexpansive mappings. Assume that © :=
Nicy F(Si) #0. Let B be a k-Lipschitzian and n-strongly monotone mapping on C with k > 0,7 > 0.
Let @ be a sr-weakly contractive self-mapping on C with a € [0,1). Denote by C the collection of all
weakly contractive mapping ® on C. Let 0 < pu < 2n7/k?> and 0 < y < p(n — uk®/2) = 7. Let the
mapping W,, be defined by (2.14). If {x,} is the sequence generated by x; € C and

wy = Wyxy,
(3.50)
X1 = Ay D(x,) + (I — ayuB)w,, VYneN,

where {a, } is a sequence in (0,1) which satisfies the following conditions (C1)—(C3), then the sequence
{xn} converges strongly to x* = Po(I — uB +y®)(x*), which is the unique solution of the variational
inequality

((uB —y®)x*,x* —x) <0, VYx€O, (3.51)
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which is the optimality condition for the minimization problem

.1
xlgll-"l(rTl)E (Bx,x) — h(x), (3.52)

where h is a potential function for y® (i.e., h'(x) = y®(x), for x € H).

Proof. Taking F; = 0, for each j = 1,2,..., M in Theorem 3.1, it is easy to obtain the desired
conclusion. O

Corollary 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H such that C+C C
C,andlet S : C — C be a nonexpansive mapping with © := F(S) # 0. Let B be a k-Lipschitzian and
11-strongly monotone mapping on C with k > 0,71 > 0. Let @ be a sr-weakly contractive self-mapping
on C with a € [0,1). Denote by C the collection of all weakly contractive ® on C. Let 0 < p < 21/ k>
and 0 <y < p(n — uk?/2) = 7. If {x,} is the sequence generated by x1 € C and

X1 = Ay D (xy) + (I — ayuB)Sx,, VneN, (3.53)

where {a, } is a sequence in (0, 1) which satisfies the following conditions (C1)—(C3), then the sequence
{xn} converges strongly to x* = Po(I — uB +y®)(x*), which is the unique solution of the variational
inequality

((uB —y®)x*,x* —x) <0, VYx€O, (3.54)

which is the optimality condition for the minimization problem

.1
xlgll-"l(rTl)E (Bx,x) — h(x), (3.55)
where h is a potential function for y® (i.e., h'(x) = y®(x), for x € H).

Proof. Taking F; = 0, for each j = 1,2,..., M and replacing W, by nonexpansive mapping S
in Theorem 3.1, it is easy to obtain the desired conclusion. O

4. An Example and Numerical Result

In this section, we give a real simple numerical example of Theorem 3.1 as follows.
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Example 4.1. For simplicity,let H =R, C=[0,1], S, =1. Fx(x,y) =0, forallx,y € H, rj, =

1,j€123,...,.M, B=1, f(x)= xz/(l +x), ay, = 1/n for every n € Nand p = 1. Then
{xn} is the sequence generated by

2
X5, 1
- 1- — 4.1
Yl 2n(1 + x,,) * < 2n>xn' 1)

and z — 0asn — oo, where 0 is the unique solution of the minimization problem

minx? - x +In|x + 1| + K, (4.2)
xeC
where K is a constant.

Proof. We divide the proof into 4 steps.

Step 1. Using the idea in [55], we can show that

Jiix=Pex, ¥xeH, je(L2,..., M), (4.3)
where
X xeH-C
ch = |x| (4-4)
X, xeC

Since Fj(x,y) =0, forallx,y € C, j € {1,2,..., M}, with the definition of J,(x), forall x € H
in Lemma 2.13, we have

]f(x):{zeC:F(z,y)+%<y—z,z—x)20, VyEC}. (4.5)

By the equivalent property of the nearest projection Pc from H to C, we can conclude that if
we take x € C, ]ij]nx = Pcx = Ix. By (3) in Lemma 2.11, we have

M
(\EP(F;) = C. (4.6)
=1

Step 2. We show that

W, = 1. (4.7)
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S, is nonexpansive mapping. By (2.14) we have

Wi=U =S+ (1-11)l,

Wo=Uzy =11S1ilsp + (1-11)I = 1S1(1282Uns + (1= 12)I) + (1 —y1)I
=nrSiS2+y(l-1)Si+(1-n)l,

Wis=Us1 =nSilsp+ (1-11) =1S1(12SUs3+ (1-y2)I) + (1—y1)1 (4.8)
=11S51SUs3+y1(1-12)S1+ (1 -y1)I
=11125182(13S3Usa + (1 = y3)I) +11(1 = y2)S1+ (1 - y1) 1
=112)3515:S3 + 1112 (1 - 13)S1So + (1 - 12)S1+ (1 —11) L,

and we compute (2.14) in the same way as above, so we obtain

Wy=Uu1=1112 ¥uS1Son + 1172+ Yn-1(1 = ¥ ) S1S201

(4.9)
+1172 - Yu2 (1= Y1) S1Sona + -+ 11 (1= 12)S1+ (1 - 1) L.
Since S, = I, y, = B, n € N, hence,
W, = [ﬂ" B 1=p)+-+p(1-p) + (1 —[3)]1 = I. (4.10)
Step 3. We prove
x2 1
xn+1=—"+<1——>xn, x, — 0as n— oo, (4.11)
n(l+ x,) n
where 0 is the unique solution of the minimization problem
. 2
I)I(lelélx x+Injx+ 1|+ K. (4.12)

Since we let B = I, y be a real number, we choose y = 1. From (4.3), (4.4), and (4.7), we can
obtain a special sequence {x,} of Theorem 3.1 as follows:

x2 1
g=—2n o (1-2)x, 413
Tl n(l+x,) " (1 n)x (4.13)
Since S, = I, n € N, we have
(\F(Sn) = H. (4.14)

neN
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Table 1: The sequence values on each different iteration steps.

Iteration step (n) x(1) =0.15 Iteration step (n) x(1) =0.15
0 0.1500 7 0.0029

1 0.0196 8 0.0025

2 0.0100 9 0.0022

3 0.0067 : :

4 0.0050 403 0.0001

5 0.0040 404 0.0001

6 0.0034 405 0.0000

Sequence value

10° 10! 102

Iteration steps

Figure 1: The initial value x(1) = 0.15 and iteration steps n = 500.

Combining with (4.6), we obtain

0= ﬁEP(Fj) n <ﬁF(si)> =C=10,1]. (4.15)
j=1 i=1

It is obvious that {x,} — 0,and 0 is the unique solution of the minimization problem

minx? - x +Injx + 1| + K, (4.16)
xeC

where K is a constant number. O

5. Numerical Result

In this step, we give the numerical results (see Table 1) that support our main theorem as
shown by the plotting graph using MATLAB 7.11.0. We choose the initial values as x = 0.15
in Figure 1. From the example, we can see that {x,} converges to 0.
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