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We discuss the dynamical behaviors of impulsive stochastic reaction-diffusion neural networks
(ISRDNNs) with mixed time delays. By using a well-known L-operator differential inequality
with mixed time delays and combining with the Lyapunov-Krasovkii functional approach, as
well as linear matrix inequality (LMI) technique, some novel sufficient conditions are derived
to ensure the existence, uniqueness, and global exponential stability of the periodic solutions for
ISRDNNs with mixed time delays in the mean square sense. The obtained sufficient conditions
depend on the reaction-diffusion terms. The results of this paper are new and improve some of
the previously known results. The proposed model is quite general since many factors such as
noise perturbations, impulsive phenomena, and mixed time delays are considered. Finally, two
numerical examples are provided to verify the usefulness of the obtained results.

1. Introduction

In recent years, neural networks (NNs) with time delays have received considerable attention
due to their extensive applications in solving some optimization problems, associative
memory, classification of patterns, and other areas. In implementation of NNs, however, time
delays are unavoidably encountered. It has been found that the existence of time delays may
lead to instability and oscillation in a neural network. Therefore, the analysis of the dynamical
behaviors such as stability, periodic oscillation, and chaotic behavior are necessary work for
practical design of delayed NNs [1-12]. Zheng and Chen [1] studied the exponential stability
for delayed periodic dynamical systems. In [2], the global exponential stability and periodic-
ity of a class of recurrent NNs with time delays are addressed by using Lyapunov functional
method and inequality techniques. In the factual operations, however, the diffusion phenom-
ena could not be ignored in NNs when electrons are moving in asymmetric electromagnetic
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fields. So we must consider that the activations vary in space as well as in time. The NNs
with diffusion terms can commonly be expressed by partial differential equations [13-33].
The authors in [13, 19, 20] have dealt with obtaining sufficient conditions for the global expo-
nential stability and periodicity of delayed reaction-diffusion neural networks (RDNNs).

As is well known, besides delays and diffusion effects, impulsive phenomena can
be found in a wide variety of evolutionary process, particularly in some biological systems
such as biological NNs and bursting rhythm models in pathology, as well as optimal control
models in economics, frequency-modulated signal processing systems, and flying object
motions, in which many sudden and sharp changes occur instantaneously, in the form of
impulse. For example, in implementation of electronic networks, the state of the networks
is subject to instantaneous perturbations and experiences abrupt change at certain instants,
which may be caused by switching phenomenon, frequency change, or other sudden noise,
that is, it exhibits impulsive effects. As artificial electronic system, neural networks are often
subject to impulsive perturbations that in turn affect dynamical behaviors of the systems
[17, 18, 25-27]. In [17, 26, 27], the global exponential stability for the equilibrium point of
impulsive RDNNs with delays was investigated.

However, the models studied in the above mentioned papers have been largely
restricted to deterministic RDNNs. In the real world, a real system is usually affected by
external perturbations which in many cases are of great uncertainty and hence may be treated
as random. As pointed out by Haykin [34] that in real nervous systems synaptic transmission
is a noisy process brought on by random fluctuations from the release of neurotransmitters
and other probabilistic causes. Hence, it is of significant importance to study stochastic effects
for the neural networks. In recent years, the dynamic behavior of stochastic NNs, especially
the stability of stochastic NNs, has become a hot study topic. Very recently, several kinds
of NNs with delays and stochastic effects have been investigated [22, 28-30]. Lv et al. [22]
and Xu et al. [29] have obtained some criteria to guarantee the almost sure exponential
stability and mean square exponential stability of an equilibrium solution for RDNNs with
continuously distributed delays and stochastic influence, respectively. It is noticed that the
authors do not take impulsive phenomena and diffusion effects into account on the dynamic
behaviors of RDNNs.

It is well known that not only diffusion effects and delays cannot be avoided but also
the existence of impulsive and stochastic effects is extensive in the NNs. Moreover, the inter-
connection weights b;;, 5,-]-, Ei]-, self-inhibition a; and inputs J; in the NNs may be variable with
time, often periodically. Therefore, it is necessary to consider impulsive and stochastic effects
to the stability of RDNNs with mixed time delays and their periodic limits. Unfortunately, to
the best of our knowledge, the existence and global exponential stability of periodic solutions
have been seldom considered for ISRDNNs with variable coefficients and mixed time delays.
Due to the simultaneous presence of impulsive stochastic effects, reaction-diffusion phe-
nomena, periodicity, variable coefficients, and mixed time delays, the dynamical behaviors
become much more complex and therefore pose significant difficulties in the analysis.

Based on the above discussions, in this paper, we aim to challenge the analysis problem
on dynamical behaviors of ISRDNNs with mixed time delays. By applying a well-known L-
operator differential inequality with mixed time delays and combining with the Lyapunov-
Krasovkii functional approach, as well as linear matrix inequality (LMI) technique, we have
derived some easy-to-test sufficient conditions for the existence and exponential stability
of the periodic solutions for ISRDNNs with variable coefficients and mixed time delays.
The obtained criteria depend on the reaction-diffusion terms. The results of this paper are
new and they complement previously known results. Furthermore, we do not need the



Abstract and Applied Analysis 3

differentiability of the time-varying delays. Two examples are employed to demonstrate the
effectiveness of the obtained results that are less restrictive than recently known criteria.

Notation. Throughout this paper, the following notations will be used. R* and R™"
denote the n-dimensional Euclidean real space equipped with the norm | - | and the set of
all n x n real matrices, respectively. Trace(-) denotes the trace of the corresponding matrix
and I denotes the identity matrix with appropriate dimensions. For square matrices A and B,
the notation A > (>, <, <) B denotes A - B is positive-definite (positive-semidefinite, negative,
negative-semidefinite) matrix. L denotes the well-known L-operator given by the Ito formula.
Let w(t) = (wi(b),...,wy(t))T is an n-dimensional standard Brownian motion defined on
a complete probability space (L, F, { F;};5, P) with a natural filtration {F;},,, generated by
{w(s) : 0 < 5 < t}. E(-) stands for the mathematical expectation operator. Z* is the set of
nonnegative integral numbers.

PC[(-00,0] x Q,R"] = {¢g : (-0,0] x Q — R" | ¢o(s*,x) = ¢(s,x) for s € (—o0,0],
¢(s™,x) exists for s € (-o0,0], ¢(s™,x) = (s, x) for all but at most countable points s €
(—00,0]}, where ¢ (7, x) and ¢(t*, x) denote the left-hand limit and the right-hand limit of
@ (t, x) at time ¢, respectively. Especially, let PC = PC[(-o0, 0] xQ, R"]. For ¢¢ € PC, we always
assume that ¢ is bounded and introduce the norm ||¢|| = sup__ .. (Zi,; q;iz(s))l/z.

Let PCZ;U [(=o0,0] x ,R"] denote the family of all bounded Fy-measurable, PC[(-oo,
0] x Q,R"]-valued random variables ¢, such that |l¢||. = sup__ .. E lg(s)]* < oo. Especially,
let P(Clbro = P(Clbf(J [(-o0,0] x Q,R"]. Let u = (uq,... ,un)T € R" and L?(Q) is the space of scalar
value Lebesgue measurable functions on Q which is a Banach space for the L,-norm:

1/2
||u||2=<j9|u<x>|2dx) . uelXQ), (L1)

where | - | is Euclid norm of a vector u € R".

2. Model Description and Preliminaries

Consider the following ISRDNNSs with mixed time delays system:

&0 ou;(t, x)
du,-(t,x)=§a—xl<Dil ox )dt

+ [—ai(t)ui(t,x) + b () £ (uj(t, x)) + Dby (1) f (uj(t = 7(t), %))
j=1 j=1

no_ t _
+Zbij(t) I ki]'(t - S)f] (u]-(s, x))ds + ]I(t)] dt
=1 —

+ D0 (f/x,u(t,x),u(t - T(t),x)>dw,-(t), t>0, t#t, x€Q, ke Z",
j=1

ui(t, x) = wi(t",x) — Opu; (", x), t=t, x€Q, keZ",
2.1)

wherei € N = {1,2,...,n}, n > 2, corresponds to the number of units in an NN; the time
sequence fj is called impulsive moment and satisfies 0 < typ < t; < +++ < fx < fjq1 < ---,
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limg _, o tk+1 = 00; Bi are some real constants; x = (x, .. .,xm)T € Q, Qis a compact set with
smooth boundary 0Q and mesQ > 0 in space R™, where mesQ is the measure of the set
€; u;(t, x) represents the state of the ith neuron at time t and in space x; b;;(t), l;i]- (t), and E,-j ()
denote the strength of the jth neuron on the ith neuron, respectively; f;, fj, and 7]. denote the
activation functions of the jth neuron at time ¢ and in space x; J; denotes the external inputs
on the ith neurons; a;(t) is the rate with which the ith unit will reset its potential to the resting
state in isolation when disconnected from the network and external inputs at time ¢ and in
space x; T(t) represents the transmission delay with 0 < 7(f) < 7, T is a constant; smooth
functions Dy; >0 (i=1,2,...,n, [ =1,2,...,m) stand for the transmission diffusion operators
along the ith neuron; the delay kernel k;;(-) is the real value nonnegative continuous function
defined on (0, +o0); u;(t7, x) and u;(t*, x) denote the left-hand limit and the right-hand limit
of u;(t, x) at time t, respectively. We assume u;(tx, x) = u;(tf, x).

oij(t, x,u(t, x),u(t - (t),x)) (i,j = 1,2,...,n) denotes the weight function of random
perturbation.

The boundary conditions and initial conditions are given by

u;(t,x) =0, (tx)€[0,+00) x 08,
2.2
ui(to +s,x) = gi(s,x), (s,x) € (-o0,0] xQ, (22)

where ¢ = ((Ifl,...,([}n)T S P(C?O.

In fact, some famous NNs models became a special case of system (2.1). For example,
when o;; = 0,1, j € N, the special case of system (2.1) is the model which has been
investigated [25, 27, 32]. When 6 =0, i = 1,2,...,n, k € Z*, then system (2.1) becomes
stochastic RDNNs with mixed delays, which has been considered in [22, 29]. If 8% = 0 and
0;j=0,1i,j € N, k € Z*, system (2.1) reduces to the deterministic system with mixed time
delays:

du;(t Oui(t
l;t() Zax< ! gx( )> (t)”’(t“zblf(t)f](“f(t x)

j=1
(2.3)

+ Zbl](t)f] (”;(t 7(t),x)) + sz](t)f kij(t - S)f (u,(s x))ds + Ji,

j=1

the dynamical behaviors of the special case for model (2.3) have been discussed by many
authors [19, 20]. Therefore, the model (2.1) is new and more general than those discussed in
the previous literature.

Throughout this paper, we assume that the following conditions are made.

(Al) Suppose that a;(t) > 0, bij(t),Eij(t), Eij(t),"r(t) > 0 and J;(t) are all continuously
periodic functions defined on [0, +o0) with common period w > 0. Moreover,

L

I;i]- = max{ibl](t

Pt } ii]' = max { |El](t)

da; = min {a;(t)}, bij =
i in {a;(t)}, b te()w{ te[0,c0]

te[0,w]

ij

i,jeN.
(2.4)
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(A2) Tﬁere exist Bositiveﬁdiagonal matrices L/ = diag(L{r P ,Li),LJ? = diag(L{ S .,Lﬁ),
Lf= diag(Lf,. ) .,L{,), such that for all 73,772 € R

|£i(m) = fi(m2)] < L |1 = 112,

(1) = F5 )| < Ly = a1, 25)

|7j(711)_7j(712)|5L{|711—712, i=12,...,n

(A3) The delay kernel k;; () : [0,+00) — [0,+c0), (i,j € N) are real-valued nonnegative
continuous functions that satisfy the following conditions:

(i) fo 7 kij(s)ds =1,
(i) kij(s) < x(s) for all s € [0, +o0), in which x(s) : [0,+c0) — R" is continuous

and integral and satisfies fg “x(s)e™ds < +oo, where the constant 77 denotes
some positive number.

(A4) For w > 0, there exists g € Z* such that ty + w = tx1q and Oix + w = Oiksg), k € Z7,i €
N.

(A5) There exist nonnegative constants 6; and y; such that
(0i(t,x,&,6)) - 0ilt, x,&,6)) (0i (t,x, 8, 6)) = 0i(t, %, 8,6)) " < 6:|& =& +vilgh —ail*, (26)
for all ¢, 6, ¢, 6; € R,0i(t,x,¢,6) = (oult,x,é,6),...,0m(t,x,¢,6)) is the ith row

vector of o(t,x,¢,¢6),i € N.

For convenience, u;(t, x), ¢i(s, x) are denoted as u;(t)or u;, gsi(s) or ¢;, respectively, if
no confusion should occur.

Definition 2.1. An equilibrium point u* = (uj,u3,...,u;) of system (2.1)-(2.2) is said to be
globally exponentially stable in the mean square sense if there exist positive constants ¢ and
M > 1 such that

Ellu(t,x) = u*|l, < M||g = u*|| &™), t>t5>0. (2.7)

Definition 2.2. The system (2.1)-(2.2) is said to be globally exponentially periodic in the mean
square sense if (i) there exist one w-periodic solutions; (ii) all other solutions of the system
converge exponentially to it in the mean square sense as t — +oo.

Lemma 2.3 (see [24]). Let Q bea cube |x;| <d; (I1=1,...,m)and let h(x) be a real-valued function
belonging to C*(Q) which vanish on the boundary dQ of Q, that is, h(x)|aq = 0. Then

oh
hzxdxgdzj —
fQ ) ! ol 0x

dx. (2.8)

i
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Remark 2.4. The boundary conditions of the investigated RDNNSs in [22, 24, 26-28, 35] are
all the Neumann boundary conditions. The obtained global exponential stability criteria are
independent of diffusion term. In other words, these criteria are same whether the diffusion
terms exist or not. However, it is also common to consider the diffusion effects in biological
systems (such as immigration [36]). In this paper, we investigate dynamical behaviors
of ISRDNNs with Dirichlet boundary conditions and mixed delays. The obtained criteria
depend on the reaction-diffusion terms. The Lemma 2.3 plays a key role in the reported
criteria which are dependent of diffusion terms.

Lemma 2.5 (see [4]). Let p,q,r, and P, (k € Z*) be nonnegative constants, and function V(x) €
PC?(R",R*), LV associated with system (2.1), satisfy the following inequalities:

LV (x(t)) < —pV(x(t)) + q sup V(x(s)) +r J:OO k(s)V(x(t—-s))ds, t#t, t>0,

t-T<s<t

(2.9)
V(x(t)) < peV(x(£)), keZt,

where x(s) is the same as (A3). Assume that

() p>q+r ;" «x(s)ds;
(ii) there exist constants M >0, a > 0 such that

n
[ [ max{1,pc} < Me™, nez*. (2.10)
k=1

Then

EV(x(t)) < MEVoe @t >4, (2.11)

where EVy = sup___.«EV(x(s)), A € (0,7) satisfies A <p - ge\™ —r fgoo x(s)etds.

Remark 2.6. The above result (2.11) on the impulsive delay differential inequality is an exten-
sion of continuous case in [37] and will play an important role in the following qualitative
analysis of ISRDNNSs with mixed time delays.

Lemma 2.7 (see [38]). Let a,b € R" and X be an n x n positive definite matrix, then

2a"b < a"Xa+b"X b (2.12)

3. Main Results

This section deals with obtaining sufficient conditions that guarantee the existence and global
exponential stability of periodic solution for the system (2.1)-(2.2).

Theorem 3.1. In addition to (A1)-(A5) and further assume that
(A6) p>q+r1[;* K(s)ds,
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(A7) there exist constants M > 1,1 € (0,1) and a € [0, X) such that

n
H max{1,fr} < Me*, neZz*,
= (3.1)

+0o0
A<p-ge' - rf x(s)e**ds,
0

where

> ¥ max{ai}],
ieN (3.2)

)/ pr = max{ (1 - 6%},

AT +r;;%xw]f
r= Smax([Bs

D; = min {Dy},

1<i<m

then system (2.1)-(2.2) is globally exponentially periodic in the mean square sense.
Proof. For any ¢ = (1,-..,¢)", ¢ = (p1,-..,9x)" € PCh, let u(t) = (@ (t), ..., un(t) and
u(t) = (u(t),... ,gn(t))T be the solutions of system (2.1)-(2.2) starting from ¢ and ¢, respec-

tively.
Let z;(t) = u;(t) — u,(t), from (2.1), we get

dz(t) = iai< l,ag’(t)>dt+ [—al(t)zz(t) +Zb1](t)<f1(“](t)) fi (E](t)»

j=1

+Zb17(t ) (Fi e =70)) = fi (w,t - 7(1)))
+Zn:5ij(t)r kij(t—5)<7j(ﬂj(s))—]_‘j@j(s)))ds dt
j=1 -

+ Z [0 (t, x, u; (), wi (£ — T(t))) — 03 (£, x, w,(F), u; (¢ — T(1))) | dwj (t).
-1
] (3.3)

n

Construct the Lyapunov functional V (t) = [, 3\, z7(t)dx, i € N,
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for t = t, from (2.1) and (A4), we have
V(ty) = f Zz (t)dx = j Z i(t) — (k)] °d
- f ) Z [14: (b + @) — w,(t)] *dax = Lz (1 - 6)? [ﬁi (£ q) - Ei(t;)]zdx (3.4)
i=1 i=1
< I;%?\zx(l - 0)? J;} g [wi(t +w) - gi(t;)]zdx = rlrelaNx(l - Qik)ZV(t;),

when t € (t_1, tx], the infinitesimal operator of LV (f) along with system (3.3) is

LV(t) = fQ 23> zi(t)

i=1
{Z;( ale(lt)> ai(t)zi(t)

v by @ ®) ()] + S (F @ t-re)) - 7 (w ¢-71)))

=i =
+ i@i,»(t) ft kij(t - s) [7,» (@;(s)) - £ (Ef(s)ﬂ ds } dx
= -0

+ J;g Z [Gi (t/ X, El(t)/al(t - T(t))) - Ui(t/ X, El(t)/ El(t - T(t)))]
i=1

X [Gi(t/ xrﬁi(t)/ﬁi(t - T(t))) - Oi(tl x,gi(t), Ei(t - T(t)))]de‘
(3.5)

Combining Cauchy inequality with (A2) yields
t — —
fQ zi(t) J' Kij(t =) [£;@(6) - F; (1)) | ds dx
< f9|zi(t)| L Kij(s)L!|z(t - 5)|ds dx = fo Kij(s)L{IQ|z,~(t)||zj(t —5)|dx ds
<Lzl [ KLzt ds < ;q[nzimna (] K,-,-<s>||z,.<t_s>||2ds)z]
_ _ +00 2
= 3o+ 3] ([ (K6 (K 60) Pzt = )]s )

<3ttt 3 ([ K- 9l
(3.6)
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According to Green’s formula [37] and the Dirichlet boundary condition, we get

f Sz ( af;x(l ) )dx = —i J; Dﬂ<a§;§lt)> x. (37)

=1

Moreover, from Lemma 2.3, we have

5 Lz Dil<a;;(lt)> f Z—ll(zl(t)) dx < - f immIGN(D)( (1) dx.  (38)

=1 1 =1

From (A1)-(A3), (A5) and (3.5)-(3.8), we have

LV(#) < —222( =iz l(t)||z>

=1 i=1

b |1

n 1<
+zz{—al |zl<t>||2+2(|b”|L Iz®lallz 1) + 52,

)
j=1
<||zl |3 + <J‘ Kl](s)”z](t—s)”2 s))

S(p

ij

L () 2t - r(t))llz) } + 2 (Billz 1B + yillzitt - T(1)3)

i=1

iz( ) l<t>||2>

=1i=1

=2

' {—zaiuzxt)né + 0 [Bu [ (=015 + 1z ®)115)
j=1

=1
+]§; by Lf(ﬂzi(t)u% + <Lw Kij(s)||zj(t - 5) ||§d5>>

7 [b L] (=01 + |56 - 7))
j=1

} + (601 + vllzit - ®)13)

i=1
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ZZ mlnlEN(D ) Zmln(ﬁ,)
-1 l ieEN

[ff;aNX<ZlbulL > (I mN< d >
+rl%aNx<Zn: L{> +max ]}Z:'||z,(if)||2 [Zmax(

n n
< Sl =) + Smax(
i=1 i=1 /€

) maX{Yz}]

b)) fo ()3l 1 o)l (3.9)

From (3.4), (3.9), (A6), (A7) and Lemma 2.5, we know

EV(t) < MEVoe @ Pt >, (3.10)

which means that
f N E[u:(t) - u,(H]*dx < M| - || 2e™P", £ >t (3.11)
Q=1
By the integral property of measurable functions, we can derive

f Z[ul(tﬂu) w(1))2dx < Mg - g|*e P!, >t ae. (3.12)

In the light of (374 lzil)* < n >, |zif?, for any z; € R*, we obtain

f Z|ﬂi(t +w) —ui(t)|dx < VMl - ¢|le P!t >t ae. (3.13)
Q=1
Noticing that
k
;(t + kew) =;(t) + D [wi(t + rw) - wi(t+ (r - Dw)], i€ N. (3.14)

r=1
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For any given t > ¢, by (3.12), we can see that

I Dt + rw) =t + (r — 1w)]dx
Q r=1
k k
= f klim D [(t + rw) =it + (r — Dw))]dx < VnM|| - qf||klim e 0P -t
Qr—7® ]

k
_ ~0.5(a-P)t 1: -0.5(a-p)(r-1w
<VnM|lg - glle dim > e /

(3.15)

therefore, limy _, . u; (f + kw) exists a.e.

Let (t) = (@i1(b),..., 0. (1)) be the solution of system (2.1)-(2.2) starting from ¢, by
U;(t) = limg_, o u; (t + kw), then 1(t) is well defined and is a periodic function with period w.
Supposing that o(t) = (1(f),... ,6n(t))T is another w-periodic solution of system (2.1)-(2.2)
starting from ¢*, by similar method used before, it is easy to prove

féul(t —0i(t)]?dx = f i (t + kew) — 7 ( + kw)]*d
Q

i=1 (316)

< M| - ¢*|[Pe @ PR >4, ae.

Therefore, we can conclude that the system (2.1)-(2.2) is globally exponentially periodic in
the mean square sense. This completes the proof of Theorem 3.1. O

Next, omitting condition (A4) and using LMI technique, another sufficient condition
ensuring the global exponential stability of periodic solution for the system (2.1)-(2.2) in the
mean square sense is derived.

Theorem 3.2. Suppose that (A1)-(A3) and (A5) hold. If there exists a positive definite diagonal

matrix P, positive definite matrices Z1, Z,, nonnegative constants p,q,r, and P, (k € Z*), such
that

Q) p>q+ rfgm x(s)ds,

(ii) there exist constants M > 1, A € (0,1) and a € [0, A) such that

n
[ max{1,p} < Me™, nez, (3.17)
k=1

and A <p - qe’™ —r [[* x(s)e**ds,
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(iii)
—PD*—-D"P-PA-ATP+PBLf + L/BTP + R, + PBL/=,L/BP

+00 _ _

+ J‘ K(s)dsPBLIE, LB P+ pP <0, Z{'+R,—qP <0, ;' —rP <0, CTPCy - pP <0,
0

(3.18)

then the system (2.1)-(2.2) is global exponential periodic in the mean square sense. Where

A=diag(ay,...,a,), B=(by),., B= <Eif>nx,; B= <5if>nxn’

Pr = IgaNx{(l - Qik)z}, R, = diag(6y,...,64), R, = diag(y1,.-.,Yn),

(3.19)
s < D < D, )
D* = dlag<zd—;’,...,zd—2’>, Ci = diag(1 - 01, ..., 1 - Ope).
1=1 9 1=1 4
Proof. Define the following Lyapunov functional:
V(t) = f zI (t)Pz(t)dx, (3.20)
Q
when t = t;, we have
V() -V (1) = 2 (G)CTPCuz(ty) - 7 (1)PP=(8)dx
Q
(3.21)

= f 21 (8) <c£PCk - ﬁkP>z(t;)dx <0.
Q

For t > ty, t#t, the infinitesimal operator of LV (t) along with (3.16) is

0 0z
LV (t) = f (—ZTPz+zTP—>dx+J trace( o’ Po)dx
i a7 )+ | trace(oPo)

<2 sz< S or (Dugs ) - Az + Bga0) + BR-1)  322)

=1 axl axl

t _
+ BJ‘ x(t— s)sz(s)ds> dx + f trace<5TP6) dx,
% Q
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where
g(z(t)) = (gl (Zl (t)) ----- gn(zn(t)))T/ 0= (Gij (t/ X, é:/ g;) - Gij(t/ X, éi/ gi))nxn
3z1) = Bzt -11))),..., Gulzalt - 7)),
3E6) = @ @6, @), gEO) = @G0 - fH(0), 323

gi(z(t-T1)) = fi (@t 7)) - fi ((t -7(1),
g(z) = F,@) - F, (), j=12....n.

By employing (3.8), (A5) and Lemma 2.7, we have

LVSZJ‘

< - 2T ())PD*z(t) - 2" (1) PAz(t) + z" (1) PBLf z(¢)
Q

+2T ()PBL z(t - 7(t)) + 2 (1) PB fm

K(S)L?Z(t - s)ds)dx
0

+ J' <zT(t)Rlz(t) + 2T (t - 7(t)) Roz(t - T(t))>dx
Q
< I [ZT(t) <—PD* ~D"P-PA-ATP+PBL + L/BTP + R1>z(t)
Q

+ 2T () PBL/ 2, LI BT Pz (t) + 27 (t - T(H) 2 2(t - 7(t))

+00 _ .
+ f x(s)z" (1) PBL/ =, L BTPz(t)ds] dx
0

+ L <zT(t —7(t))Roz(t — T(t)) + ﬂm x(s)z" (t-8)Z; z(t - s)ds>dx

< f [ZT(t) < -PD*-D*"P-PA-A"P+PBL/
Q

. - +00 _ — .
+L'B"P + R, + PBL/Z,L/B"P + j x(s)dsPBL/Z,Lf BTP> z(t)
0

+00

+2T (¢ T (3" + Re) = -7(0) + [

x(s)z! (t - s)E;lz(t - s)ds] dx
0

< f [zT(t) ( -PD*-D*"P-PA-ATP+PBLf + L/B'P
Q

~ ~ +00
+R, + PBL/=,L/B'P + J

x(s)dsPBL/=,L/B P + pP) 2(t)
0
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+zI (t—1(t)) <511 + Ry - qP)z(t —-T(t)) + f x(s)z! (t-s) <E£1—7P>Z(t—s)d5] dx
0

-pV(t)+qg sup V(s)+r f+m x(s)V(t - s)ds.
0

—o0o<s<t
(3.24)
It follows from the condition (iii) and (3.24) that we have
+00
LV(t) <—pV(t)+q sup V(t)+ rf x(s)V(t - s)ds. (3.25)
—oo<s<t 0
By Lemma 2.5, we obtain
Aain (P)E||Z(DI3 < EV () < Amax(P) [l = 2™, (3.26)
We know that
. < max(P (=)t /2 (3.27)
1201 < | 7= o~ ol e , .
that is,
max P — —
EJa 0 )], </ 75 e = oll,e @02, vz >0, (3.28)
where
-)‘max(P)
= > 1. 3.29
M=\ T 2! 029

Similar to the proof of Theorem 3.1, we know that the system (2.1)-(2.2) is globally
exponentially periodic in the mean square sense. This completes the proof. O

Remark 3.3. In [23], the authors have considered the stability problems of RDNNs, however,
they have not considered impulsive stochastic effect and reaction-diffusion terms. To the
best of our knowledge, no LMI-based stability results have been reported for ISRDNNs with
mixed time delays in the literature.

Since an equilibrium point can be viewed as a special periodic solution of RDNNs
with arbitrary period, we can consider ISRDNNs in system (2.1) with parameters a;(t) = a;,

bl](t) - bl]r bl](t) - bZ]/ bl](t) - bl]/ ]l(t) ]1/ T(t) =T, O-l](t x,u u ) - O Where alr bl]rbljr
blj, Ji are constants. Then, according to the results obtained so far, if the sufficient conditions
in Theorems 3.1 or 3.2 are satisfied, a unique periodic solution becomes a periodic solution

with arbitrary positive constants as its period. So, the periodic solution reduces to a constant
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solution, that is, an equilibrium point. Moreover, all other solutions globally exponentially
converge to this equilibrium point in the mean square sense as t — +co. To this end, by
applying Theorems 3.1 or 3.2, we can easily get the following results.

Corollary 3.4. Suppose that (A1)-(A5) hold for ISRDNNSs in (2.1)-(2.2) with parameters a;(t) =
a;, bi(t) = byj, byj(t) = by, bi(t) = by, Ji(t) = Ji, T(t) = 7, 03i(t, x,u*,u*) = 0, where a;, by,
Eij, Eij, Ji are constants, if Oy € [0,2],i € N, k € Z*, then there exists a unique equilibrium point
of system (2.1)-(2.2), which is globally exponentially stable in the mean square sense.

Corollary 3.5. Suppose that (A2)-(A3), (A5) for system (2.1)-(2.2) with a;, bi]-,Eij,Eij,]i being
constants and Oy € [0,2], i € N,k € Z* hold. If there exist a positive definite diagonal matrix
P, positive definite matrices 21, =, nonnegative constants p,q,r, and Py, (k € Z*), such that
)p>q+r fgoo x(s)ds,

(ii) there exist constants M > 1, L € (0,1) and a € [0, X) such that

[ [ max{1,pi} < Me™, nez, (3.30)
k=1

and X < p - qe’™ —r [[* x(s)e**ds,

(iii)
_PD*-D"P-PA-ATP+PBLf + L'BTP+ R, + PBL/Z,L/B"P

+00 _ .
+ f K(s)dsPELfsszBTP +pP<0, E'+R,-qP<0, 5,'-rP<0, (3.31)
0

C{PCi - pP <0,

then the system (2.1)-(2.2) has a unique equilibrium point, which is globally exponentially stable in
the mean square sense.

4. Illustrative Examples

Example 4.1. Consider the system (2.1) with two neurons on Q = {((x1,)T | 0<x; <1, I =
1,2} C R?, the boundary conditions and initial conditions are given by

ui(t,x) =0, (tx)€[0,+00) x 08,
(4.1)
u;(s,x) = 251n7rx1x§, i=1,2, (5,x) € (—o0,0] x Q,

where t =k, k € Z*, x(s) = kij(s) = se™, f;() = fi(n) = f,(n) = (1/30) (I +1|+|n~1]), n =
m=2, L]f = L]f = L{ =1, d=¢=1,j1=1,2 Dy =Dy =05Dy =03,Dp =07, 7(t) =
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0.02 = 0.01sin2urt, T = In2,a,(t) = 10.9 — 4cos2urt, ax(t) = 11 — sin2xt, 0 = -1+ k, k €
Z+, 61' = Yi = 1

oij(t, x, ui(t, x), ui(t — 7(t), x)) = ?(tanh(ui(t, x)) + tanh(u; (t — 7(t), x))),

b11(t) =03 +0.1sin2art, bip(f) =0.4+0.1sin20rt, by (f) = 0.2 + 0.1 cos 2urt,
by (t) = 0.3 — 0.1 cos 2urt, En(t) = 0.2+ 0.1sin 2rt, I;lz(t) =0.3-0.2cos2rt,

(4.2)
boi(t) = 0.5 +0.1cos2rt, by(t) =04 —0.1sin2t, by (t) = 0.1 - 0.2sin 2urt,

bia(t) =0.25-0.1sin2t, by (t) =0.2—-0.1cos2t, bxn(t) = 0.1 - 0.1cos2rt,

Ji(t) = 1 +sin2xt, Jo(t) =2 + cos2urt.

Direct computation shows that p = 5.65, g + rfgoo x(s)ds = 445. LetA =02, a=0,M =1,
and T = In2 satisfying A < p — ge'™ — r [;* x(s)e**ds. The simulation results are shown in
Figures 1-6. When x, = 0.1, the states surfaces of u(t, x1,0.1) are shown in Figures 1 and
2, while x; = 0.1, the states surfaces of u(t,0.1,x;) are shown in Figures 3 and 4, they are
illustrated that the system states in (2.1) and (2.2) converge to periodic solutions. In order to
see it clearly, we also draw the curves of the states when x; = 0.1, x; = 0.1 in Figures 5 and 6.
Hence, it follows from both Theorem 3.1 and the simulation study that system (2.1)-(2.2) is
globally exponentially periodic stable in the mean square sense.

Example 4.2. Consider an ISRDNNSs in (2.1) with parameters on Q = {(x1,x2)T | 0 < x <
1/2,1=1,2},

=

tr =05k, x(s) = kii(s) =se”’, D; = 1 i,7,1=1,2), J1(t) = sint, Jo(t) = cost,
] 8 ]
_B_ [0.25 0.25

20 05 -05 ., 1o
A= [0 2]’ B= [0.5 0.5]’ 0.25 0.25]’ Ri=R=D"= [o 1]'

fim) = Fim) =Fj(m) =sin3 +3, j=12,  7()=01-01sint.

(4.3)

Clearly, fi(7), fNj(q), 7].(11), (j = 1,2) satisfy the (A2) with Lf = Lf =LF = I, and
7(t), J1(t), J2(t) are continuously periodic functions with a common positive period 2.

Takingp=1,4g=02, r=01, A=01, a=0, =1, P=2L, C, =05, Z; =5, =
I,. By simple calculation, we can easily check (i), (ii), (iii), and (iv) in Theorem 3.2.

To this end, the conditions of Theorem 3.2 are satisfied, therefore, there exists exactly
one 2sr-periodic solution, and all other solutions converge exponentially to it in the mean
square sense as t — +oo.

Remark 4.3. In Examples 4.1 and 4.2, many factors such as noise perturbations, mixed time

delays, and impulsive effects are considered. Therefore, the results reported in [13, 14, 18-20]
do not hold in our examples.
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Figure 3: The surface of u;(,0.1, x,) when x;
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u(0.1, x2,t)

Figure 4: The surface of u,(t,0.1, x,) when x; = 0.1.
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04t
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Figure 5: The curve of u;(t,0.1,0.1) when x; = 0.1, x, = 0.1.

5. Conclusions

In this paper, the dynamical behaviors for ISRDNNs with mixed time delays have been
studied. By using an L-operator differential inequality with impulses and mixed time delays,
as well as linear matrix inequality technique, some novel sufficient conditions are derived
to guarantee the existence, uniqueness, global exponential stability of the periodic solutions,
and the global exponential stability of the equilibrium point in the mean square sense. To
the best of our knowledge, the results presented here have been not appeared in the related
literature. The obtained sufficient conditions depend on the reaction-diffusion terms. The
obtained results generalize and comprise those results with/without reaction-diffusion term,
impulsive operators, or noise disturbances in the previous literature. Finally, two numerical
examples are also provided in the end of the paper to show the effectiveness of our results.
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Figure 6: The curve of u,(t,0.1,0.1) when x; = 0.1, x, = 0.1.
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