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Using some potential theory tools and the Schauder fixed point theorem, we prove the existence of
positive continuous solutions with a precise global behavior for the competitive semilinear elliptic
system Au = p(x)uv’, Av = q(x)uvP in an exterior domain D of R?, subject to some Dirichlet
conditions, wherea > 1, f > 1,7 > 0, s > 0 and the potentials p, g are nonnegative and satisfy some
hypotheses related to the Kato class K (D).

1. Introduction

The study of nonlinear elliptic systems has a strong motivation, and important research
efforts have been made recently for these systems aiming to apply the results of existence and
asymptotic behavior of positive solutions in applied fields. Coupled nonlinear Shrodinger
systems arise in the description of several physical phenomena such as the propagation of
pulses in birefringent optical fibers and Kerr-like photorefractive media, see [1, 2]. Stationary
elliptic systems arise also in other physical models like non-Newtonian fluids: pseudoplastic
fluids and dilatant fluids [3, 4], non-Newtonian filtration [5], and the turbulent flow of a
gas in porous medium [6, 7]. They also describe other various nonlinear phenomena such
as chemical reactions, pattern formation, population evolution where, for example, u and
v represent the concentrations of two species in the process. As a consequence, positive
solutions of such are of interest.

For some recent results on the qualitative analysis and the applications of positive
solutions of nonlinear elliptic systems in both bounded and unbounded domains we refer to
[8-15] and the references therein.
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In these works various existence results of positive bounded solutions or positive
blowing-up ones (called also large solutions) have been established, and a precise global
behavior is given. We note also that several methods have been used to treat these nonlinear
systems such as sub- and super-solutions method, variational method, and topological
methods.

In this paper, we consider an unbounded domain D in R? with a nonempty compact
boundary 0D consisting of finitely many Jordan curves and noncontaining zero. We fix two
nontrivial nonnegative continuous functions ¢ and ¢ on 0D and some nonnegative constants,
a, b, c,dsuchthat a+c > 0and b +d > 0, and we will deal with the existence of a positive
continuous solution (in the sense of distributions) to the system:

Au=p(x)u"v’, in D

Av = q(x)usvﬂ, in D

Ussp = ay, v/op = by (1.1)
u(x) . v(x)
im ——~ =, = =d,
|x\~>ooll’1|x| |x\—>ooln|x|

wherea > 1, > 1, r > 0, s > 0 and p, g are two nonnegative functions satisfying some
hypotheses related to the Kato class K(D) defined and studied in [16, 17] by means of the
Green function G(x, ) of the Dirichlet Laplacian in D.

Our method is based on some potential theory tools which we apply to give an
existence result for equations by an approximation argument, then we use the result for
equations to prove, by means of the Schauder fixed point theorem, the existence result for
the system (1.1).

As far as we know, there are no results that contain existence of positive solutions to
the elliptic system (1.1) in the case where & > 0 and f§ > 0 and the weights p(x) and g(x) are
singular functions.

The study of (1.1) is motivated by the existence results obtained in [18] to the following
system

Au = p(x)g(v), inD
Av =pq(x)f(u), inD
Uspp = Ay, v/sp = by, (12)

u(x) . u(x) _
sewin(x]) ' resln(x])
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where A, y are nonnegative constants, the functions f, g : [0,00) — [0, c0) are nondecreasing
and continuous.

More precisely, it was shown in [18] that if the functions p := pf(0) and g := qg(w)
belong to the Kato class K (D), then there exist 19 > 0 and o > 0 such that for each A € [0, o)
and p € [0, po), the system (1.2) has a positive continuous solution (u, v) having the global
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asymptotic behavior of the unique solution of the associated homogeneous system, where we
have denoted by

w:=aHpyp +ch, 0 :=bHpy +dh, (1.3)

and the functions Hpgp and h are the harmonic functions defined, respectively, by (1.4) and
(1.5) below.

The system of two equations in (1.1) has been treated in exterior domains of R", n >
3 in [19], and existence of positive bounded continuous solutions is established. The main
difficulty in the present work is the case of the domain D C R?. More precisely, the function
h defined by (1.5) behaves as In(|x|) at infinity for n = 2, unlike the case n > 3 where this
function is bounded at infinity.

Throughout this paper, we denote by Hpg the unique bounded continuous solution
of the Dirichlet problem

Aw=0 in D,

b = (1.4)

w(x) _
e ()

0,

where ¢ is a nonnegative continuous function on 0D.
The function h is defined on D by

h(x) =2x lim Gp(x,y). (1.5)
\y|~>+oo

First, we recall the following result about this function h.

Proposition 1.1 (see [16]). The function h defined by (1.5) is harmonic and positive in D and
satisfies

lim h(x) =0, @ =

x—z€dD x| —+ooIn|x|

(1.6)

Taking into account these notations, we use some potential theory tools and an
approximating sequence in order to prove the following first result concerning the existence
of a unique positive continuous solution to the boundary value problem:

Au=p(x)u’, inD

/oD = a9 (1.7)

u(x) _
x—owlnlx|
where y > 1, ¢ is a nontrivial nonnegative continuous function on 0D and a, c are two
nonnegative constants with a + ¢ > 0. More precisely we establish the following.
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Theorem 1.2. Let p be a nonnegative function such that the function p = ypw' ! belongs to the Kato
class K(D). Then problem (1.7) has a unique positive continuous solution satisfying for each x € D

cow(x) <u(x) <w(x), (1.8)

where w is defined in (1.3) and the constant ¢y € (0,1].

Next we exploit this result to prove the existence of a positive continuous solution
(u, v) to the system (1.1). For this aim we denote by

wy ;= a+ch, (1.9)

00 :=b+dh, (1.10)

and we need to assume the following hypothesis on the functions p and g.

(H) p and g are nonnegative measurable functions in D such that
x — p(X)O X)W (%),  x — q)wi(x)8) " (x) (1.11)

are in K(D).
Using the Schauder fixed point, we prove the following main result.

Theorem 1.3. Under the hypothesis (H), the problem (1.1) has a positive continuous solution (u, v)
satisfying for each x in D

aw(x) < u(x) < w(x),

(1.12)
00(x) < v(x) < H(x),

where w, 0 are defined by (1.3) and c¢1, ¢> € (0,1].

In order to state these results and for the sake of completeness, we give in the sequel
some notations, and we recall some properties of the Kato class K(D) studied in [16, 17].

Let us denote by B(D) the set of Borel measurable functions in D and by B*(D) the set
of nonnegative ones. We denote also by Cy(D) the set of continuous functions in D having
limit zero at D, by C(D U {co}) = {f € C(D) : limpy . f(x) exists} and by Co(D) = {f €
C(D) : limjy| - o f(x) = 0}. We note that C (D U {o0}) is a Banach space endowed with the
uniform norm || f|o = sup,.p|f (x)].

First we recall that if ¢ is a nonnegative continuous function on 0D, then from [20,
page 427] the function Hpy € C(D U {oo}) and satisfies limy,_, . Hpp(x) = C > 0.

For any f in B*(D), we denote by V f the Green potential of f defined on D by

Vf(x):= fD G(x,y)f(y)dy, (1.13)
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and we recall that if f € Llloc(D) and Vf € Llloc(D), then we have in the distributional sense
(see [21, page 52])

A(Vf)=-f inD. (1.14)

Furthermore, we recall that for f € B*(D), the potential V f is lower semicontinuous in D
and if f = fi + fo with f1, fo € B"(D) and Vf € C*(D), then V f; € C*(D) fori € {1,2}.

Let (X;,t > 0) be the Brownian motion in R? and P* be a probability measure on the
Brownian continuous paths starting at x. For any function g € B*(D), we define the kernel V,

by

V,f(x) = EX <ITD e~ hhaX:)ds f(Xt)dt), (1.15)

0

where E* is the expectation on P* and 7p = inf{t > 0: X; € D}.
If g is a nonnegative function in D such that Vq < oo, the kernel V, satisfies the
following resolvent equation (see [21, 22])

V=V, +V,(qV) = Vy+ V(qV,). (1.16)
So for each u € B(D) such that V (qlu|) < oo, we have
(I=Va(g))(I+V(g))u=(I+V(q))(I-Ve(q.))u=u (1.17)
and for each u € B*(D), we have
0< V,(u) < V(). (1.18)

Now we recall the definition of the Kato class which contains in particular a wider class of
singular functions near the boundary of the domain D.

Definition 1.4 (see [16]). A Borel measurable function s in D belongs to the Kato class K(D)
if

limsupf P(y)(;(x,y)|s(y)|dy=0’
a—=0  eD DNB(x,a) p(x) (1 19)
i p(v) :
lim su J‘ G(x,v)|s dy =0,
Mo ey Drflylzm) P(X) (x,y)[s(y)|dy

where p(x) = min(1,6(x)) and 6(x) denotes the Euclidian distance from x to the boundary
oD of D.

This Kato class is rich enough as it can be seen in the following example.
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Example 1.5 (see [16]). Let q(x) = 1/(1 + |x|)**(6(x))" for x € D. Then

g€ K(D) ifand onlyif A <2< p- (1.20)

Remark 1.6. Let p > 1 and A, u € R such that A < 2 - (2/p) < u. Then using the Holder
inequality and the same arguments as in the proof of the precedent example it follows that
for each f € LP(D), the function defined in D by f(x)/(1 + |x|)**(6(x))* belongs to K (D).

Next, we recall some properties of K(D).

Proposition 1.7 (see [16, 17]). Let q be a nonnegative function in K(D). Then one has

(i) ag = SUp, yep fD(G(x, z)G(z,v)/G(x,y))q(z)dz < oo.
(i) The function x — (6(x)/ (1 + |x|))q(x) is in LY(D). In particular g € L}OC(D).
(iii) Vg € Co(D).

(iv) For any nonnegative superharmonic function v in D and all x € D, one has

fD G(x,y)v(y)q(y)dy < ago(x)- (1.21)

The following compactness results will be used and they are proved, respectively, in
[17] and [16].

Proposition 1.8 (see [17, Lemma 3.1]). Let hy be a positive harmonic function in D, which is
continuous and bounded in D and let q be a nonnegative function belonging to K(D). Then the
family of functions:

Fo={] Gotwmpmay: Il <af (122)

is uniformly bounded and equicontinuous on D U {oo}. Consequently, it is relatively compact in
C(DU {oo}).

Proposition 1.9 (see [16, Lemma 4.3]). Let h be the function defined by (1.5) and let q be a
nonnegative function in K(D). Then the family of functions:

g = {%LG(vy)h(y)P(y)dy; |p| Sq} (1.23)

is uniformly bounded and equicontinuous on D U {oo}, and consequently it is relatively compact in
Co(D).
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As a consequence of these Propositions, we obtain the following.

Corollary 1.10. Let g be a nonnegative function in K (D). Then the family of functions:
1
* Gl y)w dy; |pl < } 1.24
{ o) fD (v, y)wo(y)p(v)dy; lp| < q (1.24)

is relatively compact in C (DU {o0}).

Proof. Since

wo(y) _a+ch(y) h(v) h(y)
= < — ] < —_— .
wo(x) a+ch(x) ~ max{ 1, h(x) ) ~ 1+ h(x)’ (1.25)
then the result follows from Propositions 1.8 and 1.9. O

The following result will play an important role in the proofs of Theorems 1.2 and 1.3.

Proposition 1.11 (see [17, Proposition 2.9]). Let v be a nonnegative superharmonic function in D
and q be a nonnegative function in K(D). Then for each x € D such that 0 < v(x) < o, one has

exp(—ag)v(x) < v(x) - Vo(qo) (x) < v(x). (1.26)

2. Proof of Theorem 1.2
First we give two Lemmas that will be used for uniqueness.

Lemma 2.1 (see [23]). Let ¢ be a function in B* (D) and & be a nonnegative superharmonic function
in D. Then for all z € B(D) such that V({|z|) < coand z+ V({z) =8, one has 0 < z < 0.

Lemma 2.2. Let u be a nonnegative continuous function in D U {oo}. Then
u is a solution of (1.7) if and only if u = w -V (pu?) in D. (2.1)

Proof. Let u be a nonnegative continuous solution of (1.7). First, we will prove that u(x) <
w(x) in D. Since Hpy is bounded, then lim,, _, o, ((t(x) — aHp(x))/h(x)) = lim, _, o, ((u(x) —
aHpp(x))/In|x|) = c. Consequently, for € > 0 there exists M > 0 such that

u(x) —aHpy(x) < (c+€)h(x) for |x| > M. (2.2)
This implies that the function v, = w + eh — u satisfies

Av, =-p(x) u" <0 in D
v.=0 on 0D (2.3)

liminf o, (x) > 0.
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Hence by [20, page 465], we get u(x) < w(x) + €h(x) in D. Since ¢ is arbitrary, this implies
that u(x) < w(x) for each x € D. Now, since p = ypw!'™! € K(D), then pu'~! € K(D). Hence it
follows from Propositions 1.8 and 1.9 that V(aHppu?~') and V (chpu'~!) belong to C (D) with
boundary value zero, which implies that V (pwu!~!) belongs to C(D) with boundary value
zero. So, V (pu') belongs to C(D) with boundary value zero. Consequently, using Corollary 7
page 294 in [20], we deduce that the function u —w + V (pu") is a classical harmonic in D with
boundary value zero and satisfying lim|y|— o, (((x) — w(x) + V(pu')(x))/ In|x|) = 0. Thus by
[20, page 419], we have u —w + V(pu') = 0in D. So u = w — V (pu") and this proves necessity.

Now, we prove sufficiency. Let u be a nonnegative continuous function in D satisfying
the integral equation u = w — V(pu"). Since p is nonnegative and p = ypw'™! € K(D), then
u < w and pu'~! € K(D). This implies, by using Propositions 1.8 and 1.9 that V (aHpyppu' )
and V(chpu'~!) arein C (D) with boundary value zero. Consequently, V (pu?) is in C (D) with
boundary value zero. Hence, Au = Aw — A(V (pu’)) = pu’ (in the sense of distributions) and
u is a solution of (1.7). O

Now we prove Theorem 1.2

Proof of Theorem 1.2. First we show that problem (1.7) has at most one continuous solution.
Let u, v be two continuous solutions of (1.7). Then, by Lemma 2.2 we have u = w — V(p uY)
and v =w-V(pv")in D.Putz =v—-uand {(x) = (0" (x) —u'(x))/(v(x) —u(x)) if u(x) #ov(x)
and ¢(x) = 0 whenever u(x) = v(x). Then we have { > 0 and z + V(p¢z) = 0 in D. Using
Lemma 2.1, we deduce that z = 0 and so u = v.

Next, we prove the existence of a positive continuous solution to (1.7). We recall that
w = aHpy + ch and p = ypw'™! € K(D). Put ¢y = e where the constant a; is defined in
Proposition 1.7. We define the nonempty closed bounded convex set A by

A={ueB"(D):cyw<u<sw}. (2.4)
Let T be the operator defined on A by
Tu = w - Vs(pw) + V5 (pu — pu"). (2.5)
We will prove that T maps A to itself. Indeed, for each u € A, we have

Tu = w = Vp(pw) + Vi (pu — pu’)
<w - V;(pu") (2.6)

<w.

On the other hand, since the function pu — pu' > 0, we deduce by Proposition 1.11 that Tu >
w — V5(pw) > cow. Hence, TA C A.
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Next, we prove that T is nondecreasing on A. Let 11, up € A such that u; < uy. Since
for each y € D, the functiont — p(y) t—p(y)t" is nondecreasing on [0, w(y)] we deduce that

Tu; —Tuy = Vj <f)u2 - puD -V (f)ul - pu{)
= Vﬁ[(ﬁuz - P”D - <15u1 - P“{)] (27)
> 0.

Now, we consider the sequence (uy), defined by 1y = w—V;(pw) and ug,1 = Tug. Clearly ug €
A and uy = Tug > ug. Thus, using the fact that A is invariant under T and the monotonicity of
T, we deduce that

cow <ug <up < <up < w. (2.8)

Hence, the sequence (ui), converges to a measurable function u € A. Therefore, by applying
the monotone convergence theorem, we deduce that u satisfies the following equation:

u=w-Vi(pw) + Vs (pu—pu") (2.9)
or equivalently
u—Vi(pu) = w - V5(pw) — Vz(pu’). (2.10)

Applying the operator (I + V(p.)) on both sides of (2.10), we deduce by using (1.16) and
(1.17) that

u=w-V(pu"). (2.11)

Now, let us verify that u is a solution of the problem (1.7). Since p = ypw'~! € K(D), then by
Proposition 1.7, we have p € L! (D).

loc
Now, using the following inequality:

pu’ < pw’ < pw (2.12)

and the continuity of w in D, we obtain that pu! € Llloc(D). Using Proposition 1.7 and (2.12),
we obtain for each x € D

V() () < [ Gy )y < ap), 213)

which gives V (pu") € L| (D). Thus, by applying A on both sides of (2.11), we deduce that u
is a solution of

Au =pu’ (in the sense of distributions). (2.14)
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Using (2.12), we obtain that pu" and pw are in B*(D). So V(pu") and V (pw — pu") are two
lower semicontinuous functions. On the other hand, by Proposition 1.8 we have V(paHpy) €
C(D) and by Proposition 1.9 the function (1/h)V (ph) € Co(D). So V(pw) € C(D). Thus
V(pw — pu') = V(pw) — V(pu") is also an upper semicontinuous function. Consequently,
V(pw — pu¥) € C(D). Thus V(pu") = V(pw) — V(pw — pu’) € C(D). Therefore u € C(D).
Now, using Propositions 1.1 and 1.9, we deduce that lim,_,5pV (ph)(x) = 0. In addition,
since Hp¢ is bounded in D, we deduce from Proposition 1.7 lim, ,3p V(p)(x) = 0. So that
lim, _5pV (pw)(x) = 0. This in turn implies that lim,_,5pV (pu’) = 0. Which together with
(2.11) imply that u/5p = agp. On the other hand, we have

1 1 . ~
2V <allgll 7 VE) + 5V (h). (2.15)

Using Propositions 1.9, 1.8, and 1.1, we deduce that (1/ In|x|)V (pu?)(x) tends to zero as |x| —
oo and consequently lim|y|— o (1(x)/ In|x|) = c. This implies that u is a positive continuous
solution of (1.7). This completes the proof of Theorem 1.2. O
Remark 2.3. Let pg = y max(1, ||(p||w)pwg_1, where wy is given by (1.9). Then we have 0 < p <

po. So if we assume that pg € K(D), then p € K(D) and aj < az;. Moreover, the solution u of
(1.7) satisfies also the inequality:

e w<u<w inD. (2.16)

Next we give the proof of Theorem 1.3.

3. Proof of Theorem 1.3

We recall that wy = a + ch, 6y = b+ dhw = aHpy + ch and 8 = bHpy + dh. Define m
s+p-1

max(1, @l l¢llee), f = am a1 pOhws and g = pm quGg_l. Put c; = ¢ %7 and ¢
™%, where the nonnegative constants a; and ag are defined in Proposition 1.7.

In order to use a fixed point theorem, we consider the nonempty closed convex set I
defined by

r= {(A,X) € <c<5u {oo}>>2 0<A< (1—c1)wﬂo, 0< < (1-@%}. (3.1)

For (), x) € I', we consider the following system:

Ay =p(0-6ox)'y", inD

Az = g(x)(w - wy L)z, in D

Ysep = ag, z/6D = by, (3.2)

limm—c im 29 _

= —= =d.
x—owolnlx] x—oon|x|
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Then by Theorem 1.2, the system 21 has a unique positive continuous solution (y, z) satisfy-
ing the integral equations

y(x) = w(x) - V(p(6 - 6ox) v*) (x), (3.3)

z(x) = 0(x) - V(q(w - wOJ\)Szﬂ> (x). (3.4)

Moreover, we have the following global inequalities:

aqw<y<w, 0<z<0, inD, (3.5)
roa anr m rl

P(6—60x) v" <pu'®” < Zaof, (3.6)

a(w-wo)’s < gw’ < TOg (3.7)

Let T be the operator defined onI'by T'(\, x) = ((w - v)/wo, (6 — 2)/6).
Since y, z satisfy (3.3) and (3.4) we deduce from (3.5), (3.6), hypothesis (H) and
Corollary 1.10 that the family of functions:

TT = { <wi0V(py“ (0-60x)"), %V(qzﬂ(w - wo)t)s>>; (Ly) € F} (3.8)

is relatively compact in (C (D U {o0}))?. This together with (3.5) imply that TT' C T

Next, we will prove the continuity of T with respect to the norm || - || defined on I by
1L OI = I Mlos + llxlleo- Let (A, xx)i be a sequence in I’ that converges to (A, y) € T with
respect to || - ||. Put (yx, zk) = T (Ak, xx) and (v, z) = T(A, x). Then we have

_ Y~V Zk—Z
(i zi) = (w2 = | = Lo il el (3.9)
Using (3.3), we obtain
yk=y =V (py"(6 - 60x)") - V(pyi (6-60xr)") 6.10)
=V (p[y"((6-00x)" = (6= 00xx)") ) + V(p(y" - i) (6 = Ooxr)")-
Now using the fact that
1
t*—n"=(t-1) I:aJ‘ (m+e(t- q))aldg] fort>0, >0, (3.11)
0

we deduce that

(v =y) +V(pe(yx - y)) = V(py*((6 = 60x)" = (6 = 6oxx)")), (3.12)
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where i (x) = ap(x) (0(x) - 80(x) i (x))" [y [&y(x) + (1 - )y(x)]“"de.
Clearly, we have

pi(x) < ap(x) (B(x) = B (x)x (x)) w0 (x)
SepEI0 (e) (3.13)

< mr+u—1ap(x) Qs(x) wg—l(x) — mr+a—1 f

Now, since f € K(D) then px € K(D) and Vpi < oo. Moreover, we obtain from (3.6) and
Proposition 1.7(iv) that

V(prlyk = y|) < V(pyi (0 = 6oxx)") + V (py” (0 - Boxx)")

o (3.14)
< —woaf.
a
So we can apply (I — Vp, (px.)) to (3.12) to obtain from (1.16) and (1.17) that
Yk =y = Vi (py"((0 - Box)" — (6= Ooxi)"))- (3.15)
On the other hand, we have
py*[ (0= 60x)" = (6 = Boxx)"| <py”"((0—60x)" + (6 - Boxx)")
< 2py"0” (3.16)
2 ~
< meof-

So from hypothesis (H), Proposition 1.7(iv) and the dominated convergence theorem, we
deduce that for each x € D, we have

Jlim V(py® (6~ 6ox)" ~ (6~ Ooxk)")) (x) = 0. (317)

This together with (1.18) and (3.15) implies that for each x € D, (yx(x)), converges to y(x)
as k — oo. Similarly we prove that for each x € D, (zx(x)), converges to z(x) as k — oo.
Consequently, as TT is relatively compact in C(D U {o0}), we deduce that the pointwise
convergence implies the uniform convergence. Namely, ||(yx — v)/wolle + || (zk = 2) /60l
converges to 0 as k — oo.

From the Schauder fixed point theorem there exists (A, y) € I'such that T(\, x) = (A, x)
or equivalently ((w-y)/wo, (0-2)/6p) = (A, x). Putu = w—wpl and v = 0-0x. Then (u, v) is
a positive continuous solution of the system (1.1) in the sense of distributions satisfying for
eachx e D

cw(x) <u(x) <w(x), c0(x) <v(x) <0(x). (3.18)

This completes the proof.
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