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We give some criteria for a-minimally thin sets and a-rarefied sets associated with the stationary
Schrodinger operator at a fixed Martin boundary point or co with respect to a cone. Moreover, we
show that a positive superfunction on a cone behaves regularly outside an a-rarefied set. Finally
we illustrate the relation between the a-minimally thin set and the a-rarefied set in a cone.

1. Introduction

This paper is concerned with some properties for the generalized subharmonic functions
associated with the stationary Schrodinger operator. More precisely the minimally thin sets
and rarefied sets about these generalized subharmonic functions will be studied. The research
on minimal thinness has been exploited a little and attracted many mathematicians. In 1949
Lelong-Ferrand [1] started the study of the thinness at boundary points for the subharmonic
functions on the half-space. Then in 1957 Naim [2] gave some criteria for minimally thin
sets at a fixed boundary point with respect to half-space (see [3] for a survey of the results in
[1,2]).In 1980 Essén and Jackson [4] gave the criteria for minimally thin sets at oo with respect
to half-space, and furthermore they introduced rarefied sets at co with respect to half-space,
which is more refined than minimally thin set. Later Miyamoto and Yoshida [5] extended
these results of Essén and Jackson from half-space to a cone. In this paper, we will deal with
the corresponding questions for the generalized subharmonic functions associated with the
stationary Schrodinger operator.
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To state our results, we will need some notations and preliminary results. As usual,
denote by R"(n > 2) the n-dimensional Euclidean space. For an open subset set S ¢ R”,
denote its boundary by 0S and its closure by S.LetP = (X, x,,), where X = (x1,x2,...,%X5-1),
and let |P| be the Euclidean norm of P and |P — Q| the Euclidean distance of two points P
and Q in R™. The unit sphere and the upper half unit sphere are denoted by S"~! and S"!,
respectively. For P € R"” and r > 0, let B(P,r) be the open ball of radius r centered at P in
R", then S, = 0B(O, r). Furthermore, denote by dS, the (n—1)-dimensional volume elements
induced by the Euclidean metric on S,.

For P = (X,x,) € R", it can be reexpressed in spherical coordinates (r,0), © =
(61,0, ...,0,) via the following transforms:

n—-1
x| = rH sinf; (n>2), x,=rcosb, (1.1)
=1
and if n >3,
k-1
Xp_k+1 = ¥ COS GkH sinf; (2<k<n-1), (1.2)

j=1

where 0<7r<00,0<0;<or (1<j<n-2;n>3)and -7r/2<60,1 < (Bxr/2)(n>2).
Relative to the system of spherical coordinates, the Laplace operator A may be written
as

n—18+62+A*
r or or2 2’

(1.3)

where the explicit form of the Beltrami operator A* is given by Azarin (see [6]).

Let D be an arbitrary domain in R", and «#p denotes the class of nonnegative radial
potentials a(P) (i.e.,, 0 < a(P) = a(r) for P = (r,©) € D) such that a € L{’OC(D) with some
b>n/2ifn>4and withb=2ifn=2orn=_3.

For the identical operator I, define the stationary Schrodinger operator with a potential

a(-) by

Ly=-A+a()l (1.4)

If a € Ap, then £, can be extended in the usual way from the space C8°(D) to an essentially
self-adjoint operator on L?*(D) (see [7, Chapter 13] for more details). Furthermore .2, has
a Green a-function Gf,(-,-). Here G},(:,-) is positive on D, and its inner normal derivative
0G}(-,Q)/0ng is nonnegative, where 0/0ng denotes the differentiation at Q along the
inward normal into D. We write this derivative by PI}(-,-), which is called the Poisson a-
kernel with respect to D. Denote by G, (-, ) the Green function of Laplacian. It is well known
that

GhH(,) <Gh(-) (1.5)
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for any potential a(-) > 0. The “inverse” inequality in some sense is much more elaborate.
When D is a bounded domain in R”, Cranston (see [8], the case n = 2 is implicitly contained
in [9]) have proved that

GaD('r') 2 M(D)G%(,), (16)

where M (D) = M(D, a) is a positive constant and independent of points in D. If a = 0, then
obviously M (D) =1.

Suppose that a function u# — oo is upper semicontinuous in D. We call u € [-oo, +00)
a subfunction for the Schrodinger operator £, if the generalized mean-value inequality

oGy, \(P,Q)
up) < [ w@—" " do(Q) (17)
S(Pp) nQ
is satisfied at each point P € D with 0 < p < infgesp|P — Q|, where S(P,p) = 0B(P,p),
GE(P,p)(” -) is the Green a-function of £, in B(P,r), and do(-) the surface area element on
S(P, p) (see [10]).

Denote by SbH (a, D) the class of subfunctions in D. We call u a superfunction
associated with £, if —-u € SbH (a, D), and denote by SpH (a, D) the class of superfunctions.
If a function u on D is both subfunction and superfunction, then it is called an a-harmonic
function associated with the operator £,. The class of a-harmonic functions is denoted by
H(a, D), and it is obviously SbH (a, D) N SpH (a, D). Here we follow the terminology from
Levin and Kheyfits (see [11-13]).

For simplicity, the point (1,0) on S"! and the set {©; (1,0) € Q} for a set Q C S"!
are often identified with © and Q, respectively. For = C R, and Q c S"!, the set {(r,0) €
R"; r e 5, (1,0) € Q} in R" is simply denoted by = x Q. In particular, the half space {(X, x,,) €
R”; x, > 0} = R, xS" ! will be denoted by T,,. We denote by C,,(Q) the set R, xQ in R” with the
domain Q ¢ §"! and call it a cone. For an interval I ¢ R, and Q ¢ §"!, write C,,(Q; 1) = IxQ,
Sx(&; 1) = I x0Q, and C,(£; 1) = C,(Q) N S,. By 5,(Q) we denote S,,(€; (0,+00)), which is
0C,(L2) - {O}. From now on, we always assume D = C,(Q) and write G (-,-) instead of
G, @ ()

Let Q be a domain on $"! with smooth boundary. Suppose that 7 is the least positive
eigenvalue for —A* on Q and the normalized positive eigenfunction ¢(©) corresponding to T
satisfies [, ¢*(©)dS; = 1. Then

(A" +7)p(@©) =0 on Q,
1.8
p(©) =0 on 0Q (19

(see [14, page 41]). In order to ensure the existence of T and ¢(©), we pose the assumption
on Q:if n > 3, then Q is a C**-domain (0 < a < 1) on S"! surrounded by a finite number of
mutually disjoint closed hypersurfaces (see e.g., [15, pages 88-89] for the definition of C**-
domain).

Let Bp be the class of the potential a € «/p such that

lim ra(r) = kg € [0, %), rt |r2a(r) - KQ' € L(1, o0). (1.9)

r— 0
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When a € Bp, the subfunctions (superfunctions) associated with £, are continuous (see, e.g.,
[16]). In the rest of paper, we will always assume that a € Bp.
An important role will be played by the solutions of the ordinary differential equation

n

-Q"(r) - ;1Q'(r) + (:—2 + a(r))Q(r) =0 (0<r<oo). (1.10)

When the potential a € «#/p, these solutions are well known (see [17] for more references).
Equation (1.10) has two specially linearly independent positive solutions V (r) and W (r) such
that V is increasing with

0<V(0+)<V(r) asr— +oo (1.11)
and W is decreasing with
+oo =W(0+) >W(r) 0 asr— +oo. (1.12)

We remark that both V(r)¢(©) and W (r)@(©) are harmonic on C,(€) and vanish continu-
ously on S, ().
Denote

2-n+\/(n-27+4(x+7) (113)
_ . .

+
lK

When a € Bp, the normalized solutions V(r) and W (r) of (1.10) satisfying V(1) = W(1) =1
have the asymptotics (see [15]):

V(r)=r%,  W(r)=r%, asr— . (1.14)

Set

x=it-i=\ =22 +4x+1), ¥ = (V)W) (1.15)

where y’ is their Wronskian at r = 1.

Remark1.1. If a =0and Q = S77, thenj =1,1; =1 -nand p(©) = (2ns;1)? cos 01, where
S = 202{T(n/2)} ! is the surface area of S"!.
We recall that

CVINWBHe©)p(®@) < Go(P,Q) < CV(nW (He(©)p(®), (1.16)
or

CVIOW ()p@)p(®) < G4(P,Q) < CV(HW (r)9(©)p(D) (117)



Abstract and Applied Analysis 5

forany P = (r,0) € C,(2) and any Q = (t,®) € C,(Q) satisfying 0 < r/t <4/50r0 < t/r <
4/5, where C; and C; are two positive constants (see Escassut et al. [11, Chapter 11], and for
a =0, see Azarin [6, Lemma 1], Essén, and Lewis [18, Lemma 2]).

The remainder of the paper is organized as follows: in Section 2 we will give our main
theorems; in Section 3, some necessary lemmas are given; in Section 4, we will prove the main
results.

2. Statement of the Main Results

In this section, we will state our main results. Before passing to our main results, we need
some definitions.

Martin introduced the so-called Martin functions associated with the Laplace operator
(see Brelot [19] or Martin [20]). Inspired by his spirit, we define the Martin function Mg
associated with the stationary Schrodinger operator as follows:

G4(P,Q)

Mg (P,Q) = CaBn Q)

(P,Q € Cu () x Cu(Q) \ (P, PY)), (2.1)

which will be called the generalized Martin Kernel of C,,(Q2) (relative to Py). If Q = P, the
above quotient is interpreted as 0 (for a = 0, refer to Armitage and Gardiner [3]).

It is well known that the Martin boundary A of C,(Q) is the set 0C,(L2) U {oo}.
When we denote the Martin kernel associated with the stationary Schrodinger operator by
ME(P,Q)(P € Cu(R2),Q € 0C,(L2) U {oo}) with respect to a reference point chosen suitably,
we see

MG(P,0) =V (r)p(©),  Mg(P,0) = KW(r)p(©) (2.2)

for any P € C,,(€Q), where O is the origin of R” and K a positive constant.
Let E be a subset of C,(€2) and let u be a nonnegative superfunction on C,(€2). The
reduced function of u is defined by

RE(P) = inf{v(P) ‘v e ®F } (2.3)

where ®% = {v € SpH(a,C,(Q)) : v >0 on C,(Q), v>u on E}. We define the regularized
reduced function RE of u relative to E as follows:

RE(P) = Jlim_inf RE(P). (2.4)

It is easy to see that RE is a superfunction on C, ().

If E C Cp(Q) and Q € A, then the Riesz decomposition and the generalized Martin
representation allow us to express ﬁi’f‘é Q) uniquely in the form G u + M{v, where G, and
M{,v are the generalized Green potential and generalized Martin representation, respectively.
We say that E is a-minimally thin at Q with respect to C,(L2) if v({Q}) = 0. At last we remark
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that Ag = {Q € A : C,(Q) is a-minimally thin at Q}, where A is the Martin boundary of
Cn(Q).
Now we can state our main theorems.

Theorem 2.1. Let E C C,,(Q) and a fixed point Q € A\ Ag. The following are equivalent:

(a) E is a-minimally thin at Q;
(b) ﬁi{g(.,@ # M?;(‘, Q)/

(c) inf{RE"

Mglj(-,Q) :w is a generalized Martin topology neighbourhood of Q} = 0.

If u is a positive superfunction, then we will write p,, for the measure appearing in the
generalized Martin representation of the greatest a-harmonic minorant of u.

Theorem 2.2. Let E C C,,(Q) and a fixed point Q € A\ Ag. Suppose that Q is a generalized Martin
topology limit of E. The following are equivalent:

(a) E is a-minimally thin at Q;
(b) there exists a positive superfunction u such that
u(P)

PIEI(IQIII’EEW > puu({Q1), (2.5)

(c) there is an a-potential u on C,(Q) such that

u(P)

Wﬁw (P — Q;P €E). (2.6)

A set E in R" is said to be a-thin at a point Q if there is a fine neighborhood U of Q
which does not intersect E \ {Q}. Otherwise E is said to be not a-thin at Q. A set E in R" is
called a-polar if there is a superfunction # on some open set w such that E C {P € w : u(P) =
o}

Let E be a bounded subset of C,,(Q). Then RE,, () (P) isbounded on C, (2), and hence

a6
the greatest a-harmonic minorant of Rﬁm () (P) is zero. By the Riesz decomposition theorem
a0,

there exists a unique positive measure A}, associated with the stationary Schrodinger operator
L, on C,(Q) such that

REfo ooy (P) = GEAL(P) (27)
for any P € C,(L2), and \A{ is concentrated on Bg, where
Bg = {P € C,,(Q) : E is not a-thin at P}. (2.8)

For a = 0, see Brelot [19] and Doob [21]. According to the Fatou’s lemma, we easily know the
condition (b) in Theorems 2.3 and 2.4.
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Theorem 2.3. Let E C C,(Q) and a fixed point Q € A\ Ao. Suppose that Q is a generalized Martin
topology limit point of E. The following are equivalent:

(a) E is a-minimally thin at Q;

(b) there is an a-potential G} u such that

lim QP‘( )

P—>QPEEG (P, P) _[M (P, Q)du(P), (2.9)

(c) there is an a-potential Gy’ such that i ME(P,Q)dp' (P) < oo and

Gai (P)

W (P — Q,P € E) (210)

Theorem 2.4. Let E C C,(Q), Qo € C,(Q) and a fixed point Q € A\ Ay. Suppose that Q is a
generalized Martin topology limit point of E. Then E is a-minimally thin at Q if and only if there
exists a positive superfunction u such that

u(P) o u(P)
PR Ca Q) T P8 G0 P —
The generalized Green energy yg (E) of A% is defined by
BE = (capa 212)
Cu(Q)

Let E be a subset of C,,(®) and Ex = E N I (Q), where I (Q) = {P = (,Q) € C,(Q) : 2k <
r < 2k} The previous theorems are concerned with the fixed boundary points. Next we will
consider the case at infinity.

Theorem 2.5. A subset E of C,,(Q2) is a-minimally thin at co with respect to C,(Q) if and only if
® -1
Zyg(Ek)w<2k)V<2k) < 0. (2.13)
k=0

A subset E of C,,(Q2) is a-rarefied at oo with respect to C,,(€), if there exists a positive
superfunction v(P) in C, (£2) such that

v(P)

inf ————= ECH,, .
Pecy @ MZ (P, o0) 0, < (2.14)

where

H,={P=(r,0) € C,(Q) : v(P) >V (r)}. (2.15)
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Theorem 2.6. A subset E of C,,(Q) is a-rarefied at oo with respect to C,, () if and only if
Zw(zk)xgz(ﬁk) < 0. (2.16)
k=0

Remark 2.7. When a = 0, Theorems 2.5 and 2.6 reduce to the results by Miyamoto and Yoshida
[5]. When a = 0 and Q = S""!, these are exactly due to Aikawa and Essén [22].
Set

, u(P)

,a)= inf —— 2 _
c(v,a) peg:(g)Mg(P,oo)

(2.17)

for a positive superfunction v(P) on C,(€2). We immediately know that c¢(v, a) < co. Actually
let u(P) be a subfunction on C,(2) satisfying

limsup u(P) <0 (2.18)
P—Q,PeC,(Q) ’

for any Q € 0C,(R2) \ {O} and

u(P)
_ = e .
P:(r,(sal)lelz:n(g) V(r)e(©) (@) <o (2.19)

Then we see ¢(a) > —oo (for a = 0, see Yoshida [23]). If we apply this to u = —v, we may
obtain ¢(v, a) < co.

Theorem 2.8. Let v(P) be a positive superfunction on C,(Q). Then there exists an a-rarefied set E
at oo with respect to C, (Q) such that v(P)V(r)™ uniformly converges to c(v, a)p(©) on C,(Q) \ E
asr — oo, where P = (r,0) € C,(Q).

From the definition of a-rarefied set, for any given a-rarefied set E at oo with respect
to C,(Q) there exists a positive superfunction v(P) on C,(£2) such that v(P)V(r) ' >1onE
and c(v, a) = 0. Hence v(P)V (r) ™" does not converge to c(v,a)p(©) =0on Easr — oo.

Let u(P) be a subfunction on C, (L) satisfying (2.18) and (2.19). Then

o(P) = €(a)V(r)p(©) —u(P), (P =(r,0)¢cCy(Q) (2.20)
is a positive superfunction on C,(Q) such that c(v,a) = 0. If we apply Theorem 2.8 to this

0(P), then we obtain the following corollary.

Corollary 2.9. Let u(P) be a subfunction on C,(Q) satisfying (2.18) and (2.19) for P € C, ().
Then there exists an a-rarefied set E at oo with respect to C,,(€) such that v(P)V(r)™" uniformly
converges to €(a)p(©) on C,(Q) \ Eas r — oo, where P = (r,0) € C,(Q).

A cone C,(Q) is called a subcone of C,(Q) if Q' C Q, where Q' is the closure of Q' C
sl
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Theorem 2.10. Let E be a subset of C,,(Q2). If E is an a-rarefied set at co with respect to C, (L), then
E is a-minimally thin at oo with respect to C,(Q). If E is contained in a subcone of C,, () and E is
a-minimally thin at co with respect to C, (L), then E is an a-rarefied set at oo with respect to C, ().

3. Some Lemmas
In our arguments we need the following results.

Lemma 3.1. Let Eq, Ey,...,E,, CC,(Q) and Q € A.

(i) If E1 € Ep and E, is a-minimally thin at Q, then Eq is a-minimally thin at Q.
(ii) If E1, Ey, ..., Ey, are a-minimally thin at Q, then \J;_, Ex is a-minimally thin at Q.
(iii) If Eq is a-minimally thin at Q, then there is an open subset E of C, () such that E; C E
and E is a-minimally thin at Q.

we see (i) holds. To prove (ii) we note that REx, is an

PI’OOf Since RM“( ,0) < RM“( Q) 5(Q)

a-potential for each k and

ZR?}“( o2 M{¢ (-, Q) quasieverywhere on UEk, (3.1)
“ k=1

Uk Ex
50 Ry ()

and u > M (-,Q) on E; \ F for some a-polar set F. Let v be a nonzero a-potential such that
v=ocoonkF, and let

is an a-potential. Finally, to prove (iii), let u = ﬁijﬁ (.q)- Then u is an a-potential
a0

Z={P e Cu(Q) : u(P) +v(P) > ML (P,Q)}. (3.2)
Then Z is open, E; C Z and R% Ma (g SUTU, S0 RZ M (.Q) is an a-potential and Z is a-minimally
thin at Q. O
Lemma 3.2 (see [24]). Consider
oG, (P, Q) 0
S VW), (3)
n
0G4 (P, Q) _ 0
o = VO We© 7 "’( ) (3.4)

forany P = (r,0) € C,(Q) and any Q = (t, D) € S,(Q) satisfying 0 <t/r <4/5 (resp., 0 <r/t <
4/5). In addition,

3Gy(P,Q) _ ¢(©) dp(®)  r¢(©) dp(®)

3.5
ong S -1 Ong +|P—Q|" Ong (3:5)

forany P = (r,0) € C,,(Q) and any Q = (t,®) € S,(Q; ((4/5)r, (5/4)r)).
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Lemma 3.3 (see [24]). Let u be a positive measure on C, (2) such that there is a sequence of points
P = (1,0;) € Cu(Q), 1 — oo (i — oo) satisfying

Gou(P;) = J‘ )G?Z(P,-,Q)dy(t,(l)) <o (1=1,23,...; Q=(tD) € Cy(Q)). (3.6)

n

Then for a positive number €,

f W (1) p(®)du(t, D) < oo,
C,(Q;(€,00)

3.7
WR) (3.7)

im Ve(@)du(t,®) =
R—ow V(R) Cp(Q;(0,R)) Y 8

Lemma 3.4 (see [24]). Let v be a positive measure on S, () such that there is a sequence of points
P; = (r;,0;) € Ci(Q), 1i — oo (i — o0) satisfying

f wdv(@ <o (1=1,2,3,...; Q= (D) € C,(Q)). (3.8)
$,(Q) ong

Then for a positive number €,
1 99(®)
W)t —2—>dv(t,®) < oo,
1(Q(€,00)) one

(P( ) (3.9)
1

lim W(R)

VOt
R—w V(R) Su(Q(0,R))

dv(t, @) =

Lemma 3.5. Let u be a positive measure on C,,(L2) for which G¢ u(P) is defined. Then for any positive
number A the set

(P = (r,0) € C4(Q) : GEu(P) > AV (r)p(©)) (3.10)

is a-minimally thin at co with respect to C,,(€2).

Lemma 3.6. Let v(P) be a positive superfunction on C, () and put

v(P)

. o(P)
pec @ M (P, o0)’

inf ————.
pec @ Mg (P,0) (3.11)

c(v,a) = co(v,a) =

Then there are a unique positive measure p on C,(Q) and a unique positive measure v on S, (L) such
that

U(P) = c(v, a) M{ (P, ) + co(v, a) M, (P, O)

9GS (P,Q) (3.12)

- f G2,(P,Q)du(Q) + f dv(Q),
Cn(Q)

Sn

aTlQ

where 0/ 0ng denotes the differentiation at Q along the inward normal into C,,(Q).
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Proof. By the Riesz decomposition theorem, we have a unique measure y on C,(€) such that
0P = [ GHPQAQ) +hP) (P eCy@)), 6.13)

where h is the greatest a-harmonic minorant of v on C,(€). Furthermore, by the generalized
Martin representation theorem (Lemma 3.8) we have another positive measure v' on 0C,, ()U
{00} satisfying

h(P) =f ME (P, Q)dv'(Q)
0C, (Q)Ufoo}
= M{(P, )V ({o0}) + MG (P,0)v'({O}) (3.14)

+f MG(P,Q)dv'(Q) (P € Cu(Q)).
Su(@)

We know from (3.11) that v'({o0}) = ¢(v, a) and v'({O}) = co (v, a).
Since

Ga(P,P) _ (3Gy, (P,Q))/dng

M (P,Q) = li = , 3.15
aPQ) =, M@ Gy Py P~ (3G2, (B, Q))/dng (3.15)
where P is a fixed reference point of the generalized Martin kernel, we also obtain
a u 0G4 (P,Q)
h(P) = c(v, a) Mg (P, %) + co(v, a) Mg (P, O) + —5 Q) (PeCu(Q)
si@  Ong
(3.16)
by taking
-1
0GE (P,
dv(Q) = {—Q( - Q)} dv'(Q) (Q € S.(Q)). (3.17)
anQ
Hence by (3.13) and (3.16) we get the required. O

Lemma 3.7. Let E be a bounded subset of C,,(R2), and let u(P) be a positive superfunction on C, ()
such that u(P) is represented as

P} = fc @

n

0G4(P, Q)

g dvu(Q) (3.18)

GE,(P, Q)djun(Q) + f
) S (Q)

with two positive measures p,(Q) and v, (Q) on C,(Q) and S, (Q), respectively, and satisfies
u(P) > 1 forany P € E. Then
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Agas)sf )V(t)(P(‘I’)d#u(tzq))"'f V(O (@) dv, (t, D). (3.19)

S5n(Q)

n

When u(P) = IAif(P)(P € Cn(Q)), the equality holds in (3.19).

Proof. Since \f is concentrated on Bg and u(P) > 1 for any P € B, we see that

AG(E) = f ) dAg(P) < f y u(P)dAg(P) -
) j Cu(@) R (@) ¢ f ENE) <j Cu(@) %IZQ)M%(PO De(Q)- |
In addition, we have
RE () (Q) S MAQ ®) =V(Hyp(®)  (Q=(t®) € Ca(Q)), (3:21)
Since
an(Q) %Z’Q)d&@) <lim; iglf% J‘cn@ G% (P, P,)dA%(P) (3.22)

for any Q € 5,(R2), where P, = (r,,0,) = Q + png € C,(L2) and ng is the inward normal unit
vector at Q, and

J‘c @ G, (P, P,)dAg (P) = ﬁi/%(‘,oo) (Py) < Mg (Pp,00) = V(1,)9(0,), (3.23)

we have

(D)

a < -1
dAR(P) S V(O =5 =

J‘ 0G4, (P, Q) (3.24)
Cu(@ '

anQ

for any Q = (t,®) € S,(Q). Thus (3.19) follows from (3.20), (3.21), and (3.24). Because ﬁf(P)
is bounded on C,,(€2), u(P) has the expression (3.18) by Lemma 3.6 when u(P) = ﬁf (P). Then

the equalities in (3.20) hold because ﬁf(P) =1 for any P € Br (Doob [21, page 169]). Hence
we claim if

‘uu<{P € Ca(Q) : Ry, Ly (P) < MA (P, 00) }) -0, (3.25)
Va <{Q = (t, D) € S(Q) : wﬂg(m < V(t)t-1M }> =0,  (3.26)
Cu(Q) aTlQ an(p

then the equality in (3.19) holds.
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To see (3.25) we remark that
{PeCu@): REy .., (P) < MG(P,0)} € (Ca () \ B,

#u(Cn(€2) \ Be) = 0.
To prove (3.26) we set

B ={Q € S,(Q) : E is not a-minimally thin at Q},

e= {P €E:RE, . (P) < M&(P, oo)}.

Then e is an a-polar set, and hence

ﬁE\e

. )
Rz (.0 = Ryms (.0

13

(3.27)

(3.28)

(3.29)

for any Q € S,,(2). Consequently, for any Q € B, E \ e is not also a-minimally thin at Q, and

SO

MZ(P,Q)dn(P) = liminf f M (P, P"dn(P)
J‘Cn(g) o(P,Q)dn(P) PoQPeRe ) al )dn

for any positive measure 7 on C,(€), where

Ga (P, P)

Mg (P,P) = G

(PP € C\(Q)).

Take 77 = A% in (3.30). Since

M (P, )
lim — o =
P—Q,PeC,(Q) G¢ (Po, P)

e

109(@) | 9GG (R, Q)
anq) aTLQ

-1
} , (Q=(D) € Sa(Q)),

we obtain from (3.15)

o (D G2(P, P
(D) lim inf f —f( - )
Ong P —Q,PeE\e Cr(Q) M{ (P, )

d\a(P) = V (Bt d)\%(P)

J‘ 0G4 (P, Q)
Ca(Q) one

for any Q € (t, @) € By. Since

Ga (P, P') L
Vo pr oy PEP) = T Rige (o) (P) =1
J‘Cn(Q) Mé(P', OO) E( ) Mgg (P’, OO) Mg(»,oo)( )

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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forany P' € E \ e, we have

109 (D)

0G4 (P, Q) .
—=———d\(P) =V (1)t 3.35
[ T e = viort 2 (335)
for any Q = (t, ®) € B, which shows
0G4 (P, Q) 109(®)

{ Q=(t,®d) € S,(Q) : dA&(P) < V(t)t } CS.(Q)\B..  (336)

c@  Ong one

Let h be the greatest a-harmonic minorant of u(P) = ﬁf(P), and let v/, be the generalized
Martin representing measure of h. We claim if

RE(P) = h (3.37)
on C,(Q), then v,,(5,(Q) \ B;) = 0. Since

0G3 (P,
dv;<Q>=%dvu<Q> (Q € 5,() (338)

from (3.15), we also have v,(5,(Q) \ B;) = 0, which gives (3.26) from (3.36).
To prove (3.37), we set u* = ﬁf(P) — h. Then

w+h=RE=RE  <RE+Rf (3.39)

and hence
RE-h>u -RE >0, (3.40)
from which (3.37) follows. O

Lemma 3.8 (the generalized Martin representation). If u is a positive a-harmonic function on
C,(Q), then there exists a measure p,, on A, uniquely determined by u, such that p,,(Ao) = 0 and

u(P) = L ME(P,Q)dua(Q) (P e Cul(Q), (3.41)

where A is the same as the previous statement.

Remark 3.9. Following the same method of Armitage and Gardiner [3] for Martin
representation we may easily prove Lemma 3.8.
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4, Proofs of the Main Theorems

Proof of Theorem 2.1. First we assume that (b) holds, and let u = Rﬁﬁ (,Q)- Since ME(-, Q) is
a0

minimal, the Riesz decomposition of u is of the form v + £ M (-, Q), where v is an a-potential

associated with the stationary Schrodinger operator on C,(Q2) and 0 < ¢ < 1. Since u =

MY (-, Q) quasieverywhere on E and RE+lu=v+ ¢M{ (-, Q) = u quasieverywhere on E,

RE. 5 =RE<RE+eu<v+eMS(,Q) = 1%5%(,/@. (4.1)

Hence ¢(M{,(-,Q) —u) =0, so € = 0 by the hypothesis and (a) holds.
Next we assume (a) holds, and let w,, be a decreasing sequence of compact neighbor-

hoods of Q in the Martin topology such that (,, w, = {Q}. Then ﬁfwgl(”'("y is a-harmonic on

Cn(Q) \ wy,, and the decreasing sequence {IAQJEMQ ?J'"Q)} has a limit & which is a-harmonic on
2,

C,(Q). Since h is majorized by ﬁil,, Q)" it follows that h = 0 and (c) holds.
ac,

Finally we assume (c) holds, then there is a Martin topology neighborhood w of Q

such that ﬁip?’ o7 M, (-, Q). Since (b) implies (a), the set E () w is a-minimally thin at Q and
&
so IQ;?;(‘_)’Q) is an a-potential. Then I?i%(_,@ is an a-potential and we yield (b). O

Proof of Theorem 2.2. Obviously we see that (c) implies (b). If (b) holds, then there exist ¢ >
uu({Q}) and a Martin topology neighborhood w of Q such that u > ¢M{,(-,Q) on ENw. If

ﬁi/f?z[(‘iQ) = M{(-,Q), then u > ﬁfﬂw > ¢M{(-,Q), and this yields contradictory conclusion

that p, = €6g + pu-ema(,0) > Hu({Q})0q, where 8¢ is the unit measure with support {Q}.

Hence ﬁf/p ((‘»),Q) #M{ (-, Q). Thus E(w is a-minimally thin at Q, and so (a) holds.
Finally we assume (a) holds. By Lemma 3.1 there is an open subset U of C,(Q2) such

that E C U and U is a-minimally thin at Q. By Theorem 2.1 there is a sequence {w,,} of

Martin topology open neighborhoods of Q such that RE(m y(Po) < 27™. The function u; =

MG(Q
> ﬁl]{/fg(w 6), being a sum of a-potentials, is an a-potential since u;(Py) < oco. Further, since
~E e,
RMQ?iQ) = MZ (-, Q) on the open set E (" wy,
u1 (P)

———— —w (P—Q;Pel), 4.2

Mg (P, Q) (42)
and so (c) holds. O

Proof of Theorem 2.3. Clearly (c) implies (b). To prove that (b) implies (a), we suppose that (b)
holds and choose A such that

Geu(P
lim inf ot (D)

p—Q,peeGY (P, P) >A> IMQ('/ Q)dpu. (43)
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Then Ggpu > AGE (Po,-) on E N w for some Martin topology neighborhood w of Q. If v denotes the
swept measure of 6p, onto E Nw, where 6p, is the unit measure with support { Py}, then it follows that

Gau > ARgQ‘;’P = AG&v (4.4)

on Cy(Q). Let {K,} be a sequence of compact subsets of C,(Q) such that |J,, K, = C,(Q), and let
G& n denote the a-potential RS Mo (.Q)" Then

J‘ﬁﬁa(./@dv = f Gevdp, < A fca pdp, = A f M (.- (4.5)
Letting n — oo, we see from our choice of A that
Rt o) = [ MG Qv < A7 [ ME(, Q< 1= MERL, Q) (46)

then E Nw is a-minimally thin at Q by Theorem 2.1, and so (a) holds.

Next we suppose that (a) holds. By Lemma 3.1 there is an open subset U of C,, () such that
E C U and U is a-minimally thin at Q. By Theorem 2.1 there is a sequence {wy} of Martin topology
open neighborhoods of Q such that

UnNw,
ZRMOR( 0) Po) < oo. (4.7)
Let y' = 3, vy, where v, is swept measure of 6p, onto U N w,,. Then
a a UNwy,
[ My (P) = 5 [ My (P) = SR Ry <0, )

and (2.10) holds since

G&v, = Rgfy;: 5 =Ga(Py,) (4.9)

on the open set U N wy, 50 (c) holds. O

Proof of Theorem 2.4. Since (2.11) is independent of the choice of Qy, we may multiply across
by M{(Qo, Q). Thus we may assume that Qy = Py and claim that

Gou(P)

hm mf
Q G§ (P, P)

- [ Mae, Q) (4.10)

for any a-potential G p. According to Fatou’s lemma, we may yield

Gou(P)

hm inf m

JMg(P, Q)du(P). (4.11)
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Since C,,(Q) is not a-minimally thin at Q, we know that

g.u( )

lim inf
(POI P)

< [ Ma e Q) (4.12)

from Theorem 2.3. Hence the claim holds.

When E is a-minimally thin at Q, we see from (4.10) and the condition (b) of
Theorem 2.3 that (2.11) holds for some a-potential u. Conversely, if (2.11) holds, then we
can choose A such that

u(P) ... u(P)
Plg%lzglefEG“ . D) >A> hlgrLleG‘é(Po,P) (4.13)
and define G}, u by min{u, AG{, (P, -)}. Then by (4.10)
Gou(P) . Gou(P) J‘ .
Ph_r)réllglefE—GQ(PO’ P A> lllglllélf—c (B, D) ME(P,Q)du(P), (4.14)
and it follows from Theorem 2.3 that E is a-minimally thin at Q. O

Proof of Theorem 2.5. By applying the Riesz decomposition theorem to the superfunction

Rﬁ,m o) ON C,(Q), we have a positive measure p on C, (£2) satisfying

Gou(P) < oo (4.15)

for any P € C,(Q2) and a nonnegative greatest a-harmonic minorant H of ﬁixﬂ (-00) SUch that
a0

Rie () = Gou(P) + H. (4.16)

We remark that M{, (-, o0) (P € C,(Q)) is a minimal function at co. If E is a-minimally thin at

oo with respect to C,, (L), then RE , 3 is an a-potential, and hence H = 0 on C,(£2). Since
o

)
M“( ooy (P) = MG (P, 0) (4.17)
for any P € Bg, we see from (4.16) that
Gou(P) = M3(P, o) (4.18)

for any P € Bg. Take a sufficiently large R from Lemma 3.3 such that

W
*V(R) L (Q:(0,R])

VOP@)du(t, @) < ;. (@.19)
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Then from (1.16) or (1.17),

1
f Go (P, Q)du(Q) < 7My(P, )
Ca(€4(0,R])

forany P = (r,0) € C,,(Q2) and r > (5/4)r, and hence from (4.18)

[ e Myw e
Cn(€[R,0))

forany P = (r,0©) € Bg and r > (5/4)r. Divide G}, u into three parts as follows:

Gou(P) = AP (P) + AP (P) + AP (P) (P = (r,0) € Cu(Q)),
where

AP (P) = f Go(P,Q)du(Q),

Cn(Q;(251,2k42))

AV -

GH(P,Q)du(Q),
Ca(€(0241])

Ayan=f G&(P,Q)dp(Q).

Ca(Q[2%42,00))

Now we claim that there exists an integer N such that

BeNT(Q) C {p = (1,0) € C,(Q) : AP (P) > }LV(r)(p(@)} (k > N).

When we choose a sufficiently large integer N1 by Lemma 3.3 such that

w (2")
V(25) Jeu@i024)

1
V() e(D)du(t, @) < ic, (k> Ny),

1
f W(Op@du(t, @) < 7= (k> Ny)
Cn(Q;[22,00)) 2

for any P = (r,0) € I}(2) N C,, (), we have from (1.16) or (1.17) that

AP(P) < TV()p©) (k= Ny),

AP(P) < V(9@ (k2 Ny).

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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Put

log R
N = max{Nl, [@] +2} (427)

Forany P = (r,©) € BE N [(Q) (k > N), we have from (4.21), (4.22), and (4.26) that

AP P) 2 f Gh(P,Qp(Q) - AV (P) - AP (P) 2 [V (Np(©),  (@28)

Cn(€;[R,00))

which shows (4.24).
Since the measure )Lgk is concentrated on Bg, and By, C B N I (), finally we obtain
by (4.24) that

Yo(Ex) = f

Ca(Q

S f
Be,

<4 f { f G&,(P,Q)dA%. (P)}dﬂ(Q)
Cp, (Q;(2k-1,2k+2)) Cu(Q)

4

) (Gag, )dag, (p)

V(r)p(©)dAL (r,0) < 4 JB AP (P)drz (P)
‘ (4.29)

IN

[ V(Op@)du(t,®) (k> N),
Cyu (Q;(2k1,2k+2))

and hence

SyaEw (V) s 3

[ W (Hp(@)du(t, )
k=N k=N 7 Cn(€;(2k-1,2k+2))

(4.30)

J W (H)p(@)du(t, ®) < oo
Cn((2N1,00))

from Lemma 3.3, (1.11) and Lemma C.1 in ([11] or [13]), which gives (2.13).
Next we will prove the sufficiency. Since

Rt (o (Q) = ME(Q, 0) (431)

for any Q € Bp, as in (4.17), we have

Ya(Ex) = fB M(Q, 0)dA, (Q) 2V (2F) fB @)L, (£ D) (Q= (D) € Cu(Q),
k ' (4.32)
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and hence from (1.16) or (1.17), (1.11), and (1.12)

Rl (P) SC:V()9©) | WHp@)dAE, (£ ®) < GV (np@)V (2X) W (2) yd (Ex)

BEk
(4.33)

for any P = (r,©) € C,(Q) and any integer k satisfying 2¢ > (5/4)r. Define a measure y on
Ca(€2) by

[oe]

u(Q) = kZ:‘z)d)»Zk(Q) (Q € Cu(Q;[1,00))), (4.34)

0 (Q e Cu((0,1))).

Then from (2.13) and (4.33)

0

caue) - | GHPQMK(Q) = NRiy (P (435)

Cau(Q k=0

is a finite-valued superfunction on C,(£2) and

Gau(e) > GHPQWE Q) = Ry (P = V(11p(©) (436)

n

for any P = (r,0) € Bg,, and from (1.16) or (1.17)

Giu(P) > C'V(r)p(©) (4.37)

for any P = (r,0) € C,,(€; (0,1]), where

C'=GC f W () (D) du(t, ). (4.38)
Cn(€2[5/4,00))

If we set

E'=|JBr, E1=EnCu(L(0,1]), C=min(C,1), (4.39)
k=0

then

E' c {P = (r,0) € C,(Q); G&u(P) > CV (r)p(©)}. (4.40)
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Hence by Lemma 3.5, E’ is a-minimally thin at co with respect to C,(Q); namely, there is a
point P’ € C,(Q) such that

REfs oy (P) # ME(P, 00). (4.41)

Since E' is equal to E except an a-polar set, we know that

Rie ooy (P) = Riiga (o) (P) (4.42)
for any P € C,,(€), and hence

Rl () (P) # MG (P, 0). (4.43)
So E is a-minimally thin at co with respect to C,,(£2). O

Proof of Theorem 2.6. Let a subset E of C,,(€) be an a-rarefied set at co with respect to C,(€2).
Then there exists a positive superfunction v(P) on C,(€2) such that c(v, a) = 0 and

ECH,. (4.44)

By Lemma 3.6 we can find two positive measures y on C,(Q2) and v on S, (€2) such that

o(P) = co(v, ) MA(P,0) + | ., Ga(PQdu©)
+f wdv(Q) (P € Cu(Q)) o
s 0ng e
Set

u(P) = co(v,a)MZ(P,0) + B (P) + B (P) + Bl (P), (4.46)

where

B0 - | - oron GBI+ jsn(g;m“]) %I;Q’MQ),B;“ ()

) ,[ Cu(©;(241 2642)) CalbQau@Q)+ f S(Q;(2K1,2842)) %I;Q)EMQ)’ Bék) " (4.47)

- f G.(P,Q)du(Q)
Cn(€;[2K2,00))

0G4(P,Q)

+I dv(Q) (PeCu(Q);k=1,23,...).
S, (9;[2542,00)) a?’lQ
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First we will prove there exists an integer N such that

H,NI(Q) C {p = (r,0) € (Q); B (P) > %V(r)}

(4.48)

for any integer k > N. Since v(P) is finite almost everywhere on C,(L2), we may apply

Lemmas 3.3 and 3.4 to

[ RQ g

f , CalPQdk(Q) S

respectively; then we can take an integer N such that

W (2-1)

1
V() o(®)du(t, ®) < ——,
V(2K1) Je, @021 PO D) = 70c,

1
W) p(D)du(t,d) <
fcn(g;[zk%)) (Op(@)u(t®) <

w(2) Op (@) 1
— V)t dv(t, @) < ,
V(Zk_l) $,(Q;(0,251]) ® One (t, @) 12JoC>

1‘/’()

W)t dv(t,®) < ——

fSn(Q;[2k+Z,m)) - 12]QC

for any integer k > N, where

Jo =sup p(9).
Qe

Then for any P = (r,0) € [}(Q) (k > N), we have

B (P) < CoJaW (r) jc o,V OP @ D)

%
+ CJaW (r) V(t)t! (r)
S, (€2;(0,2517)

ag( ) awit, @) < L)

from (1.16) or (1.17), (3.3) or (3.4), (4.50), and (4.52), and

B (P) < G2 JoV (r) W (t) (D) dpu(t, D)

Cu(€;[252,00))
+CaJaV(r) w (e 220 v
S (Q[22,00) ono

dv(t,®) < —=

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)
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from (1.16) or (1.17), (3.3) or (3.4), (4.51), and (4.53). Further we can assume that
6xco(v,a)Jo < V(rW(r)™ (4.57)

forany P = (r,0) € It (Q) (k > N). Hence if P = (r,0) € I, (Q) N H, (k > N), we obtain

B (P) > v(P) - @ ~-B¥(P) - B (P) > @ (4.58)
from (4.46) which gives (4.48).
We see from (4.44) and (4.48) that
1
B (P) > EV(2k) (k> N) (4.59)
for any P € Ey. Define a function ux(P) on C,(Q) by
u(P) = zv(zk)_lsg"’(P). (4.60)
Then
uk(P)Zl (PEEk/kZN)/
- . 9G4 (P, Q) (4.61)
wP) = [ GeQ@+[ FEEEan©)
with two measures
D) = 2V(25) 7 du(Q)  (Q e Ca(; (251,22))),
0 (Q € Ca(€; (0,251]) U C(Q; [242, o0))), o
(@) = |2V @) Q) (Qesi (@ @2)), |
"o (Q € S (€ (0,21]) U S, (Q; [262, 0))).
Hence by applying Lemma 3.7 to uj (P), we obtain
ey <2v () | V()g(@)du(t, )
Cp(Q;(271,2k42)) (4.63)
K\ ! _10p(D)
+2v(2 ) Ln(wkmm» V! =g —dv(t,®) (k2 N).
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Finally we have by (1.11), (1.12), and (1.14)

© dp(®
ZW<2">)L§2(E,<) < fc . W(t)<p((D)d/4(t,(D)+J‘S W)t A )dv(t,(I)).

k=N (Q:(2N1,00)) ong
(4.64)

If we take a sufficiently large N, then the integrals of the right side are finite from Lemmas
3.3and 3.4.
Suppose that a subset E of C,,(Q2) satisfies

iw(zk)xg(a) < 0. (4.65)
k=0

Then we apply the second part of Lemma 3.7 to Ex and get

10p(®)
ancp

iw@k) {J V() p(®)du; (t, @) + L (

V)
k=1 Cn(Q2 (L)

dv;;(t,cp)} < o0, (4.66)

where p; and v} are two positive measures on C,(L2) and S, (£2), respectively, such that

SEe oy . . 0GH(P,Q) .,
R*(P) = fcn(g) G (P,Q)du (Q) +j @ dek(Q). (4.67)
Consider a function vy (P) on C,(€) defined by
0o(P) = i V<2k+1>ﬁfk (P) (P eCu(Q), (4.68)
k=—1
where
E 1 =En{P=(r0)eC,(Q);0<r<1}. (4.69)

Then vy (P) is a superfunction or identically co on C,,(€2). We take any positive integer ko and
represent vy (P) by

v (P) = v1(P) + va(P), (4.70)

where

k0+1

01 (P) = Zv<2’<+1)1§fk(1ﬁ), 0s(P) = i V<2k*1>ﬁfk(P). (4.71)

k=-1 k=ko+2
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Since y; and v} are concentrated on B, C Exn C,(Q) and B’Ek CExN 5,(Q), respectively, we
have from (1.16) or (1.17), (3.3) or (3.4), (1.11), and (1.12) that

f G& (P, Q)dui(Q) < GV (r')p(©') f W ()¢p(D@)dpi (t, D)
Cu(Q) Cu(Q)
< CZW(2k>V<2k>_1V(r’)(p(@')

g
Ca(Q

n

oG (P, Q)

S Q)

V<t)w(®>dy;;<t,cb>,f
) Sn ()

< C2W<2k>V<2k>_1V(T/)(p(@') L o V(t)t-l%?dv;(t, @)

(4.72)

for a point P’ = (r',@) € C,(Q), where r' < 25*1 and k < ko + 2. Hence we know by (1.11),
(1.12), and (1.14) that

n(P) SV()9@) 3 w(2) [

V() (D@)dp; (t, @)
k=ko+2 ()

' (4.73)
= (@
+V(p@) 3 w(2Y) L (Q)V(t)t’l gr(lq))dv;;(t,d)).

k=ko+2

This and (4.66) show that v,(P') is finite, and hence vy(P) is a positive superfunction on
Cn(Q). To see

. v(P)
c(vo, @) = Pelcr:fg) MZ(P,0) 0, (4.74)

we consider the representations of vy (P), v1(P), and v,(P) by Lemma 3.6 as follows:

vo(P) = c(vo, @) MG (P, ) + co(vs, a) ME(P,0)

oG, (P,
o[ @@+ [ ey Q)P
Ca(Q) () Q

n

= c(v1,a) M (P, ) + co(v1,a) M (P, O)

oGS (P, (4.75)
o[ e Qaun@+ [ D 0) 00
Cu(Q) () Q

n

= c(v2, a) M (P, 0) + co(v2, a) M (P, O)

+f 0G4, (P, Q)
Ca(Q

n o1 dv)(Q).

GHlP. Ok (@) + j

n



26 Abstract and Applied Analysis

It is evident from (4.67) that c¢(vy, a) = 0 for any k. Since c(vy, a) = c(v,, a) and

— 3 U2(P) UZ(P,) < < k f *
c(v2®) = L inf T o) S WP 0] kz%zvv(z ) oy O @)1 @)
(4.76)
< 1 0p(®)
+ W (2k f VIO ==L dvi (t,®) — 0 (kg — o0)
k:kzo+2 < ) 5.(@) ong ~*

from (4.66) and (4.73), we know c(vg, a) = 0 which is (4.74). Since ﬁfk =1lon Bg, C Er N
C.(Q), we know that

vo(P) > V<2k+1> > V(r) (4.77)

forany P = (r,©) € Bg, (k =-1,0,1,2,...). We set E' = U2 _, Bg,; then

E' C Hy,. (4.78)

Since E' is equal to E except an a-polar set S, we can take another positive superfunction v;
on C, () such that v3 = G{,n with a positive measure 7 on C,(€2), and vj is identically co on
S. Define a positive superfunction v on C,(£2) by

U =Ug + V3. (4.79)

Since c(vs, a) = 0, it is easy to see from (4.74) that c(v,a) = 0. In addition, we know from
(4.78) that E C H,,. Then the subset E of C,,(£2) is a-rarefied at oo with respect to C,(2). O

Proof of Theorem 2.8. By Lemma 3.6 we have

v(P) = c(v,a) M4 (P, ) + co(v, a) Mg (P,0O) + f o G4 (P,Q)du(Q)

n

(4.80)

8Gs,(P, Q)
Ty
s Ln@ Q)

anQ

for a unique positive measure y on C,(Q) and a unique positive measure v on S,(£2),
respectively; then

01(P) = v(P) - c(v,a) M{ (P, 0) — co(v,a)M{(P,0) (P = (r,0) € C,(Q)) (4.81)

also is a positive superfunction on C,(£2) such that

v1(P)

P=(r,é?ecn @ W o (4.82)
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Next we will prove there exists an a-rarefied set E at oo with respect to C,,(€) such that
v(P)V(r)™ (P =(1,0) € Ca() (4.83)

uniformly converges to 0 on C,(Q2) \ Easr — oo. Let {¢;} be a sequence of positive numbers
¢; satisfying ¢, — 0asi — oo, and put

Ei={P=(r,0) € C,(Q);,u1(P) 2¢V(r)} (k=1,23,...). (4.84)

Then E; (k = 1,2,3,...) are a-rarefied sets at co with respect to C,(2), and hence by
Theorem 2.6

0

Zw(zk)Ag((Ei)k) <o (i=1,2,3,...). (4.85)
k=0

We take a sequence {g;} such that

iw(zkpg((}si)k) < 21 (i=1,2,3,...), (4.86)
k=g;

and set
E=Uz2 Uz, (E)y (4.87)

Because ¢, is a countably subadditive set function as in Aikawa [25], Essén, and Jackson [4],

AY(Em) <D S AG(ENTLNL,) (m=1,23,...). (4.88)
i=1 k=g;
Since
0 [ee] [©e] [ee] [ee] o] [ee] 1
SAEIWE <X N P IAGENLNLIWE") = X SAGEIIW(2) < X% =1,
m=1 i=1 k=g; m=1 i=1 k=g; i=1
(4.89)

by Theorem 2.6 we know that E is an a-rarefied set at oo with respect to C,,(Q2). It is easy to
see that

v(P)V(r)™ (P =(r,0) € Cu(Q)) (4.90)

uniformly converges to 0 on C,(Q) \ Easr — co. O



28 Abstract and Applied Analysis

Proof of Theorem 2.10. Since )L“Ek is concentrated on Bg, C Exn C,(Q), we see that

Ya(Ex) = f Riig o) (PYAAE, (P) < f M{(P,00)dAf, (P) < JoV (241 ) AL (Ex), (491)
Cu(Q) Cn(Q)
and hence
SyaEow (29 v(2) " £ Sw (29 E, (192)
k=0 k=0

which gives the conclusion of the first part with Theorems 2.5 and 2.6. To prove the second
part, we put J;, = ming_5¢(0©). Since

Mg(, %) = V(p(©) > JV(r) = oV (2¥) (P =(r,0) € Ep),

A (4.93)
Ryia o) (P) = M (-, 0)
for any P = (r,0) € Bg,, we have
Ya(Ex) = fc o R (o (PN (P) 2 JoV (25) A8 (Ex). (4.94)
Since
o) o) 1
]éZ)LZz(Ek)W@k) < ZV(2’<> W(2’<>y5(Ek) <o (4.95)

k=0 k=0

from Theorem 2.5, it follows from Theorem 2.6 that E is a-rarefied at co with respect to C,,(€).
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